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Cauchy–Schwarz Inequalities for Maps in
Noncommutative Lp-Spaces
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Abstract. In this paper, some generalized Cauchy–Schwarz inequalities
for positive sesquilinear maps with values in noncommutative Lp-spaces
for p > 1 are obtained. Bound estimates for their real and imaginary
parts are also provided and, as an application, a generalization of the un-
certainty relation in the context of noncommutative L2-spaces is given.
Next, a new norm on a noncommutative L2-space which generalizes the
classical numerical radius norm of bounded linear operators on a Hilbert
space is proposed and a Cauchy–Schwarz inequality for positive sesqui-
linear maps with values in the space of bounded linear operators from
a von-Neumann algebra into the noncommutative L2-space equipped
with this new norm is proved. These results are used to get representa-
tions of general positive linear maps with values into a noncommutative
Lp-space and into certain operator spaces in several different situations.
Some concrete examples are also given.
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1. Introduction

In this paper, we continue the generalization of the Cauchy–Schwarz inequal-
ity for various classes of positive maps and examine those cases that we have
not studied in our previously published papers [1–3]. The basic motivation for
this study relies in the representation theory of a variety of structures such
as algebras, modules, etc. Indeed, the key role that the Cauchy–Schwarz in-
equality plays in the ordinary representation theory of either *-algebras or
partial *-algebras, as basic ingredient for the Gelfand–Naimark–Segal repre-
sentation constructed by means of either a positive linear functional or from
a sesquilinear form with values in the complex field is well known. Replacing
these latter with either positive linear or sesquilinear maps makes sense in
view of the construction of more general representations.
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These considerations seem to be one of the main reasons for which,
since the famous Kadison–Schwarz inequality for positive maps between C∗-
algebras [18], several variants of the Cauchy–Schwarz inequality for operator-
valued maps have been studied; see Refs.[2,4,8,11,13–17,19,27]. In a recent
paper [2], we have proved that some kind of Cauchy–Schwarz-like inequalities
hold for positive maps taking values in certain ordered Banach bimodules over
*-algebras, in particular, in noncommutative L1-spaces. The natural question
which arises is whether this result can be extended to positive maps taking
values in the noncommutative Lp-spaces, with p > 1 and this is one of the
topics of our present paper.

The paper is organized as follows. After having introduced in Sect. 2, the
notation and some preliminary results, in Sect. 3, we obtain Cauchy–Schwarz-
like inequalities for positive maps on a von Neumann algebra with values in
the noncommutative Lp-spaces, with p > 1. The approach adopted in Ref.
[2] is not applicable if p > 1. For this reason, we develop here some different
techniques. The result is a generalized Cauchy–Schwarz inequality where a
factor 2 appears in the right hand side (Proposition 3.1). However, as proved
in Proposition 3.7, if Φ is a positive sesquilinear map from a vector space X
into the noncommutative Lp-space, with p > 1, the proper Cauchy–Schwarz
inequality is satisfied for couples of elements x, y ∈ X for which Φ(x, y) is
a normal operator. Proposition 3.7 and Corollary 3.8 find their motivation
in the Kadison–Schwarz inequality for normal elements (see Remark 3.9).
Furthermore, in Proposition 3.3, we give norm estimates and bounds for the
real and imaginary parts of a positive sesquilinear map with values in the
noncommutative L2-space. These bound estimates allow to obtain a general-
ization of uncertainty relations in this framework (Propositions 3.4 and 3.7).
In Remark 3.5, a possible physical interpretation of this result is proposed.
Next, motivated by a broad international research on the numerical radius
norm and related operator inequalities (see Ref. [5]), in Sect. 4, we introduce
a new norm on the noncommutative L2-space, which generalizes the classical
numerical radius norm of the space of bounded linear operators in Hilbert
space (see subsection 4.2 and Remark 4.2), and in Lemma 4.1, we show
that this is a well-defined norm. Then, in Corollary 4.3, we prove that every
positive linear map with values in a noncommutative L2-space satisfies the
Cauchy–Schwarz inequality with respect to this new norm. Finally, we con-
sider the space of bounded linear operators from a von Neumann algebra into
a noncommutative L2-space equipped with this new norm and we prove that
every positive sesquilinear map with values in this operator space satisfies the
Cauchy–Schwarz inequality in the operator norm. This result can be used to
represent, in a Banach space, positive linear maps from a unital *-algebra
into the space of bounded linear operators from a von Neumann algebra into
the noncommutative L2-space, with its standard norm (Remark 4.7). As ex-
plained in Remark 4.7, by applying the Cauchy–Schwarz inequalities obtained
in this paper and repeating the procedure of generalized GNS-construction
from Refs. [1–3], we obtain representations in (quasi) Banach spaces of the
general positive maps that we considered. Positive maps play in general an
important role in quantum physics, in quantum information theory (see Refs.
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[7,9,20]) and also in operator theory and linear dynamic, see Refs. [12,24,25],
and this was our main motivation for studying representations of these maps.
Thanks to Corollary 4.3, we are able to represent in a Banach space (and
not just in a quasi-Banach space) every positive linear map from an initial
*-algebra into a noncommutative L2-space, see Remark 4.7 for the details.
This fact was the main reason and motivation for introducing this new gen-
eralized numerical radius norm on the noncommutative L2-space. Finally, we
notice that the Cauchy–Schwarz inequalities for general positive sesquilinear
maps with values either in ordered Banach bimodules or in operator spaces
play an important role for generating representations and, moreover, produce
new related inequalities for certain classes of completely positive maps; see
the discussion in Ref. [2, Section 4]. At the end of the paper, we also discuss
a concrete example.

2. Notation and Preliminary Results

Throughout the paper, we will denote by B(X ,Y) the space of bounded linear
maps from the normed space X into the normed space Y. If X = Y, we will
simply write B(X ) = B(X ,X ). Let H be a Hilbert space. If T ∈ B(H), we
will denote by T ∗ its adjoint, by N(T ) and R(T ) its null space and the range
of T , respectively, and by ‖T‖ its norm.

Let M be a von Neumann algebra on a Hilbert space H equipped with a
faithful normal semifinite trace ρ defined on M+. For every p ≥ 1, we denote
by Lp(ρ) the Banach space completion of the *-ideal of M (see Refs. [21,22]):

Jp = {X ∈ M : ρ(|X|p) < ∞}
(where, as usual, |X| = (X∗X)1/2) with respect to the norm

‖X‖p = ρ(|X|p)1/p, X ∈ Jp.

We maintain the notation ρ for the natural extension of ρ to Lp(ρ). If p = ∞,
one defines L∞(ρ) = M and ‖ · ‖∞ = ‖ · ‖ (the operator norm in B(H)); then
if ρ is finite, it is L∞(ρ) ⊂ Lp(ρ) for every p ≥ 1. For 1 ≤ p < ∞, we denote
by Lp(ρ) the noncommutative Lp-space associated with ρ on M and consists
of all (possibly unbounded) operators X affiliated to M such that ‖X‖p < ∞.
If 1 < p < ∞, we write q for its conjugate exponent, 1/p + 1/q = 1.

Throughout this paper, we will often use the noncommutative Hölder’s
inequality (see, e.g., Ref. [22, Section 3]).

Lemma 2.1. [1, Lemma 4.8] Let M be a von Neumann algebra which is a
factor of type I or II, and ρ be a semifinite trace on M. Let W ∈ M such
that W ≥ 0 and W ∈ Lp(ρ). Then, there exists a sequence {Pn}n of finite
projections in M such that

lim
n→∞ ‖W (I − Pn)‖p = 0.

Remark 2.2. By the proof of Ref. [1, Lemma 4.8], each Pn = EW (1/n,∞),
where EW is the spectral measure corresponding to W ∈ M.



  128 Page 4 of 23 G. Bellomonte et al. MJOM

Lemma 2.3. Let ρ be a faithful, semifinite normal trace on a von Neumann
algebra M on the Hilbert space H. Let p > 1 and q = p

p−1 . Then,

• if A ∈ Lp(ρ) and B ∈ Lq(ρ), with A,B ≥ 0, then ρ(AB) ≥ 0;
• if A ∈ Lp(ρ) and B ∈ Lq(ρ), with A = A∗ and B = B∗, then ρ(AB) ∈
R.

Proof. Let first A+ ∈ Lp(ρ) and B+ ∈ Lq(ρ) ∩ L∞(ρ) with A+, B+ ≥ 0. If
P ∈ L∞(ρ) is any finite projection commuting with B+, then by Ref. [23,
Lemma 3.1], it is not hard to check that

ρ
(
A+B+P

)
= ρ(PB

1/2
+ PA+PB

1/2
+ P ) ≥ 0.

By Lemma 2.1, we can choose a sequence of finite spectral projections
{Pn} corresponding to B+ such that

‖B+ − B+Pn‖p → 0, as n → ∞.

Since ρ(A+B+Pn) ≥ 0 for all n, letting n → ∞ and applying Hölder’s
inequality yields

ρ(A+B+) ≥ 0.

Since this holds, for all B+ ∈ L∞(ρ) ∩ Lq(ρ), by passing to the limit, we
deduce that it also holds for all B̃+ ∈ Lq(ρ), with B̃+ ≥ 0.

Now, for arbitrary selfadjoint A ∈ Lp(ρ)∩L∞(ρ) and B ∈ Lq(ρ)∩L∞(ρ),
with A = A∗ and B = B∗, we can write

A = A+ − A−, B = B+ − B−,

with A± ∈ Lp(ρ) ∩ L∞(ρ) and B± ∈ Lq(ρ) ∩ L∞(ρ) and A±, B± ≥ 0. Hence,
by the above,

ρ(AB) = ρ(A+B+) − ρ(A+B−) − ρ(A−B+) + ρ(A−B−) ∈ R.

Finally, for general selfadjoint A ∈ Lp(ρ) and B ∈ Lq(ρ), choose se-
quences of selfadjoint elements {An} ∈ Lp(ρ) ∩ L∞(ρ) and {Bn} ∈ Lq(ρ) ∩
L∞(ρ), such that

An → A in Lp(ρ), Bn → B in Lq(ρ), as n → ∞.

Since ρ(AnBn) ∈ R for all n, letting n → ∞ and applying Hölder’s
inequality gives ρ(AB) ∈ R. �

A quasi *-algebra (A,A0) is a pair consisting of a vector space A and a
*-algebra A0 contained in A as a subspace and such that

• A carries an involution a 
→ a∗ extending the involution of A0;
• A is a bimodule over A0 and the module multiplications extend the

multiplication of A0. In particular, the following associative laws hold:

(ca)d = c(ad); a(cd) = (ac)d, ∀ a ∈ A, c, d ∈ A0;

• (ac)∗ = c∗a∗, for every a ∈ A and c ∈ A0.
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The identity or unit element of (A,A0), if any, is a necessarily unique
element e ∈ A0, such that ae = a = ea, for all a ∈ A.

We will always suppose that

ac = 0, ∀c ∈ A0 ⇒ a = 0
ac = 0, ∀a ∈ A ⇒ c = 0.

Clearly, both these conditions are automatically satisfied if (A,A0) has an
identity e.

Definition 2.4. Let Y be a Banach bimodule over the *-algebra Y0. We say
that Y is an ordered Banach bimodule over Y0 if

(i) Y is ordered as a vector space; that is, Y contains a (positive) cone K,
i.e., K ⊂ Y is such that K+K ⊂ K, λK ⊂ K for λ ≥ 0 and K∩(−K) = {0};

(ii) z∗Kz ⊂ K, ∀z ∈ Y0.

Example. Lp(ρ) is an ordered Banach bimodule over L∞(ρ).

Let X be a vector space and Y an ordered Banach module over Y0 with
positive cone K. Let Φ be a Y-valued positive sesquilinear map on X × X

Φ : (x1, x2) ∈ X × X → Φ(x1, x2) ∈ Y,

i.e., a map with the properties
(i) Φ(x1, x1) ∈ K,

(ii) Φ(αx1 + βx2, γx3) = γ[αΦ(x1, x3) + βΦ(x2, x3)],

for every x1, x2, x3 ∈ X and α, β, γ ∈ C.

Definition 2.5. Let (A,A0) be a quasi *-algebra and Φ : A × A → Y be a
positive sesquilinear map. The map Φ is called

• left-invariant if

Φ(ac, d) = Φ(c, a∗d), ∀ a ∈ A, c, d ∈ A0. (2.1)

If the quasi *-algebra is also normed, Φ is called
• bounded if there exists a constant M > 0 such that

‖Φ(a, b)‖Y ≤ M‖a‖‖b‖, ∀a, b ∈ A.

3. Generalized Cauchy–Schwarz Inequality for Lp-Valued
Positive Maps

In this section, a generalized Cauchy–Schwarz inequality for general positive
sesquilinear maps into Lp(ρ) is proved. The inequality has been studied in
Ref. [2] just in the case p = 1 (and not for p > 1). With this inequality at
hand, we can represent such positive Lp(ρ)-valued maps in a quasi-Banach
space (see Remark 4.7).

Since Lp(ρ) carries the operator involution, a positive sesquilinear map
Φ : X×X → Lp(ρ) is called hermitian if Φ(y, x) = Φ(x, y)∗ for every x, y ∈ X.
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Proposition 3.1. Let M be a von Neumann algebra with a faithful normal
semifinite trace ρ, let 1 < p < ∞, and let X be a complex vector space. If
Φ : X × X −→ Lp(ρ) is a positive sesquilinear map, then

‖Φ(x, y)‖p ≤ 2‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p , ∀x, y ∈ X.

Proof. Fix x, y ∈ X. If they are such that Φ(x, y) = 0, then the thesis follows.
Now, let x, y ∈ X be such that Φ(x, y) 
= 0 and choose a sequence {zn}n∈N ⊂
Lp(ρ) ∩ L∞(ρ) such that

zn −→ Φ(x, y) in Lp(ρ) as n → ∞.

Let zn = un|zn| be the polar decomposition of zn for all n ∈ N. Since
zn ∈ Lp(ρ), we have |zn|p−1 ∈ Lq(ρ), with q = p

p−1 and by Hölder’s inequality,

zn|zn|p−1 ∈ L1(ρ), ∀n ∈ N.

Therefore,

ρ(|zn|p) = ρ
(
u∗

nzn |zn|p−1
)

= ρ
(
zn|zn|p−1u∗

n

)
, ∀n ∈ N.

Hence,
∣
∣‖Φ(x, y)‖p

p−ρ
(
Φ(x, y) |zn|p−1u∗

n

)∣∣

≤ ∣
∣‖Φ(x, y)‖p

p − ‖zn‖p
p

∣
∣ +

∣
∣ρ

(
(Φ(x, y) − zn) |zn|p−1u∗

n

)∣∣

≤ ∣
∣‖Φ(x, y)‖p

p − ‖zn‖p
p

∣
∣ + ‖Φ(x, y) − zn‖p ‖|zn|p−1u∗

n‖q

≤ ∣
∣‖Φ(x, y)‖p

p − ‖zn‖p
p

∣
∣ + ‖Φ(x, y) − zn‖p ‖|zn|p−1‖q

=
∣
∣‖Φ(x, y)‖p

p − ‖zn‖p
p

∣
∣ + ‖Φ(x, y) − zn‖p ‖zn‖p−1

p , ∀n ∈ N.

Since zn → Φ(x, y) in Lp(ρ) as n → ∞, it follows that ‖zn‖p−1
p ≤ M for

all n ∈ N and some M > 0, hence we conclude that

ρ
(
Φ(x, y) |zn|p−1u∗

n

) −→ ‖Φ(x, y)‖p
p, as n → ∞.

For every n ∈ N, write

|zn|p−1u∗
n = ξ

(n)
1 − ξ

(n)
2 + i

(
ξ
(n)
3 − ξ

(n)
4

)
,

where ξ
(n)
j ∈ Lq(ρ) ∩ L∞(ρ) are such that ξ

(n)
j ≥ 0 for every j ∈ {1, . . . , 4},

ξ
(n)
1 ξ

(n)
2 = ξ

(n)
3 ξ

(n)
4 = 0, ξ

(n)
1 − ξ

(n)
2 = �(|zn|p−1u∗

n) and ξ
(n)
3 − ξ

(n)
4 =

�(|zn|p−1u∗
n) (the real and the imaginary part of |zn|p−1u∗

n, respectively).
Then, for all n ∈ N,

‖ξ
(n)
1 − ξ

(n)
2 ‖q = ‖ξ

(n)
1 + ξ

(n)
2 ‖q ≤ ‖ |zn|p−1u∗

n‖q

and
‖ξ

(n)
3 − ξ

(n)
4 ‖q = ‖ξ

(n)
3 + ξ

(n)
4 ‖q ≤ ‖ |zn|p−1u∗

n‖q.

Hence, we have

|ρ(
Φ(x, y) |zn|p−1u∗

n

)| ≤
4∑

j=1

|ρ(
Φ(x, y) ξ

(n)
j

)|, ∀n ∈ N.

Define the (scalar) sesquilinear forms

ϕ
(n)
j (a, b) := ρ

(
Φ(a, b) ξ

(n)
j

)
, a, b ∈ X, j = 1, . . . , 4.
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Since Φ is positive and ξ
(n)
j ≥ 0, each ϕ

(n)
j is a positive sesquilinear form on

X by Lemma 2.3. Applying the scalar Cauchy–Schwarz inequality to ϕ
(n)
j for

each j ∈ {1, . . . , 4} gives
4∑

j=1

∣
∣ρ

(
Φ(x, y) ξ

(n)
j

)∣∣ ≤
4∑

j=1

(ϕ(n)
j (x, x))1/2 (ϕ(n)

j (y, y))1/2

≤
⎛

⎝
4∑

j=1

(ϕ(n)
j (x, x))1/2

⎞

⎠

1/2 ⎛

⎝
4∑

j=1

(ϕ(n)
j (y, y))1/2

⎞

⎠

1/2

=

⎛

⎝ρ

⎛

⎝Φ(x, x)
4∑

j=1

ξ
(n)
j

⎞

⎠

⎞

⎠

1/2 ⎛

⎝ρ

⎛

⎝Φ(y, y)
4∑

j=1

ξ
(n)
j

⎞

⎠

⎞

⎠

1/2

≤ ‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p

∥
∥
∥
∥
∥
∥

4∑

j=1

ξ
(n)
j

∥
∥
∥
∥
∥
∥

q

≤ ‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p (‖ξ
(n)
1 + ξ

(n)
2 ‖q + ‖ξ

(n)
3 + ξ

(n)
3 ‖q)

≤ 2‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p ‖ |zn|p−1u∗
n‖q.

by using the Cauchy–Schwarz inequality in R
4 and the Hölder’s inequality.

Since

‖ |zn|p−1u∗
n‖q ≤ ‖ |zn|p−1‖q‖u∗

n‖∞ ≤ ‖|zn|p−1‖q = ‖zn‖p−1
p , ∀n ∈ N

it is
∣
∣ρ

(
Φ(x, y) |zn|p−1un

)∣∣ ≤ 2 ‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p ‖ |zn|p−1u∗
n‖q

≤ 2 ‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p ‖zn‖p−1
p , ∀n ∈ N(3.1)

and letting n → ∞ yields

‖Φ(x, y)‖p
p ≤ 2 ‖Φ(x, x)‖1/2

p ‖Φ(y, y)‖1/2
p ‖Φ(x, y)‖p−1

p .

Dividing both sides by ‖Φ(x, y)‖p−1
p 
= 0 gives

‖Φ(x, y)‖p ≤ 2 ‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p .

�

It is worth noting that, when p = 2, the constant 2 in the inequality
can be reduced to

√
2.

Remark 3.2. Let p = 2. If A ∈ L2(ρ) ∩ L∞(ρ), then

ρ(AA∗) = ρ
(
(�A − i�A)(�A + i�A)

)

= ρ
(
(�A)2

)
+ ρ

(
(�A)2

)
+ i

(
ρ(�A�A) − ρ(�A�A)

)
.

Since �A,�A ∈ L2(ρ), we have

ρ(�A�A) = ρ(�A�A).
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Hence, ρ(AA∗) = ρ((�A)2)+ρ((�A)2). By applying this equality in the proof
of Proposition 3.1, we deduce that for every n ∈ N,

‖|zn|p−1u∗
n‖2 = ‖|zn|u∗

n‖2 = (‖ξn
1 − ξn

2 ‖2
2 + ‖ξn

3 − ξn
4 ‖2

2)
1/2

= (‖ξn
1 + ξn

2 ‖2
2 + ‖ξn

3 + ξn
4 ‖2

2)
1/2

since ξn
1 ξn

2 = ξn
3 ξn

4 = 0 for every n ∈ N. However, by the Cauchy–Schwarz
inequality applied to the inner product in R

2, we get that for every n ∈ N,

‖ξn
1 + ξn

2 ‖2 + ‖ξn
3 + ξn

4 ‖2 ≤
√

2
(‖ξn

1 + ξn
2 ‖2

2 + ‖ξn
3 + ξn

4 ‖2
2

)1/2

=
√

2‖|zn|u∗
n‖2.

3.1. Estimates for the Real and Imaginary Parts of Positive L2(ρ)-Valued
Sesquilinear Maps

Motivated by Ref. [13, Lemma 1], we now provide norm estimates for the real
and imaginary parts of positive L2(ρ)-valued sesquilinear maps.

Proposition 3.3. Let Φ : X×X → L2(ρ) be a positive sesquilinear map. Then,
for all x, y ∈ X,

‖�Φ(x, y)‖2
2 ≤ ‖Φ(x, x)‖2 ‖Φ(y, y)‖2,

and
‖�Φ(x, y)‖2

2 ≤ ‖Φ(x, x)‖2 ‖Φ(y, y)‖2,

where

�Φ(x, y) =
Φ(x, y) + Φ(x, y)∗

2
, �Φ(x, y) =

Φ(x, y) − Φ(x, y)∗

2i
.

Proof. Fix any x, y ∈ X. We only prove the first inequality concerning
�Φ(x, y); the proof of the second one is analogous. By Lemma 2.3, it is

� (
ρ
(
(�Φ(x, y)) Φ(x, y)

))
= ρ

(�Φ(x, y)�Φ(x, y)
)

(3.2)

= ‖�Φ(x, y)‖2
2.

Indeed,

ρ
(
(�Φ(x, y)) Φ(x, y)

)
= ρ

(
(�Φ(x, y))2

)
+ i ρ

(
(�Φ(x, y)) (�Φ(x, y))

)
,

and by (3.2), both ρ
((�Φ(x, y)

)2
)

and ρ ((�Φ(x, y)) (�Φ(x, y))) are real, so

� (
ρ
(
(�Φ(x, y)) Φ(x, y)

))
= ρ

((�Φ(x, y)
)2

)
.

Let {zn} ⊂ L2(ρ) ∩ L∞(ρ) be such that zn → Φ(x, y) in L2(ρ) as n → ∞.
Then,

�zn =
zn + z∗

n

2
→ �Φ(x, y) =

Φ(x, y) + Φ(x, y)∗

2
in L2(ρ), as n → ∞.

For every n ∈ N, write

�zn = z+
n − z−

n , where z±
n ≥ 0 and z+

n z−
n = 0.

Then, ∣
∣� (ρ(Φ(x, y)�Φ(x, y)))

∣
∣ ≤ ∣

∣ρ
(
Φ(x, y)�Φ(x, y)

)∣∣,
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and, on the other hand, for every n ∈ N,
∣
∣ρ(Φ(x, y)(z+

n − z−
n ))

∣
∣ ≤ ‖Φ(x, x)‖1/2

2 ‖Φ(y, y)‖1/2
2 ‖z+

n + z−
n ‖2

= ‖Φ(x, x)‖1/2
2 ‖Φ(y, y)‖1/2

2 ‖z+
n − z−

n ‖2

as in (3.1). Letting n → ∞ on both sides yields

‖� (Φ(x, y)) ‖2
2 ≤ ∣

∣ρ(Φ(x, y)�Φ(x, y))
∣
∣

≤ ‖Φ(x, x)‖1/2
2 ‖Φ(y, y)‖1/2

2 ‖�Φ(x, y)‖2.

This completes the proof. �

Let us consider the partial *-algebra L†(D,H) of all closable operators
A such that the domain of A and its adjoint A∗ are, respectively, D(A) = D,
D(A∗) ⊃ D. The involution is defined by A† := A∗

�D.

Let Φ : L†(D,H) × L†(D,H) → L2(ρ) be a positive sesquilinear map.
Let A,B ∈ L†(D,H). We say that A,B admit a Φ-commutator, if there exists
C ∈ L†(D,H) such that

Φ(AX,B†Y ) − Φ(BX,A†Y ) = Φ(CX,Y ), ∀X,Y ∈ L†(D)b

where L†(D)b denotes the *-algebra of bounded operators of L†(D,H) such
that AD ⊂ D, A†D ⊂ D. In particular, if A = A†, B = B† are symmetric
operators and a Φ-commutator C exists, then C = iK with K = K†.

If A ∈ L†(D,H) is a symmetric operator (i.e., A = A†), we define a map
(ΔA)Φ : R → R

+ by

(ΔA)Φ(λ) = ‖Φ(A − λI,A − λI)‖1/2
2 , λ ∈ R

which can be interpreted as a sort of uncertainty of A.
Proposition 3.3 allows us to get an uncertainty relation for certain pairs

of symmetric operators.

Proposition 3.4. Let Φ : L†(D,H) × L†(D,H) → L2(ρ) be a positive sesquili-
near map and A,B,K ∈ L†(D,H) be symmetric operators satisfying
(a) Φ(AX,Y ) = Φ(X,AY ), Φ(BX,Y ) = Φ(X,BY ), ∀X,Y ∈ L†(D)b.
(b) Φ(AX,BY ) − Φ(BX,AY ) = Φ(iKX, Y ), ∀X,Y ∈ L†(D)b.
Then, for every λ, μ ∈ R, the following uncertainty relation holds:

(ΔA)Φ(λ)(ΔB)Φ(μ) ≥ 1
2
γΦ(K),

where γΦ(K) = ‖Φ(K, I)‖2

Proof. As one can prove by a direct easy computation, the condition (a)
implies that if A,B satisfy condition (b), then the same holds true for A−λI
and B − μI, for every λ, μ ∈ R, with the same operator K on the right hand
side. Then, from (b) A and B, admit a Φ-commutator iK and one obviously
has

Φ(A − λI,B − μI) − Φ(B − μI,A − λI) = Φ(iK, I). (3.3)
By Proposition 3.3, we obtain

‖�Φ(iK, I)‖2 ≤ 2‖Φ(A − λI,A − λI)‖1/2
2 ‖Φ(B − μI,B − μI)‖1/2

2
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and

‖�Φ(iK, I)‖2 ≤ 2‖Φ(A − λI,A − λI)‖1/2
2 ‖Φ(B − μI,B − μI)‖1/2

2 .

Taking into account (3.3), we can prove that Φ(K, I) is selfadjoint. Then,

‖Φ(K, I)‖2 ≤ 2‖Φ(A − λI,A − λI)‖1/2
2 ‖Φ(B − λI,B − λI)‖1/2

2 .

In other terms,
‖Φ(K, I)‖2 ≤ 2(ΔA)Φ(λ)(ΔB)Φ(μ).

�

Remark 3.5. The interest of Proposition 3.4 relies on its close analogy with
the uncertainty relations that in quantum physics are linked to the commu-
tation relations. The term γφ(K) can be interpreted as sort of mean value
of K with respect to Φ, while a term like (ΔA)Φ can be understood as the
variance of A with respect to Φ.

A statement analogous to Proposition 3.4 can be obtained in a more
abstract setting. Let (A,A0) be a quasi *-algebra with unit e and Φ : A×A →
L2(ρ) a positive sesquilinear map satisfying the left-invariance condition (2.1).
As before, if a, b ∈ A, we say th.at a, b admit a Φ-commutator, if there exists
c ∈ A such that

Φ(ax, b∗y) − Φ(bx, a∗y) = Φ(cx, y), ∀x, y ∈ A0.

For a ∈ A and λ ∈ R, we put

ΔΦ(a)(λ) = ‖Φ(a − λe, a − λe)‖2.

Proposition 3.6. Let Φ : A × A → L2(ρ) a left-invariant positive sesquilinear
map, a, b ∈ A be symmetric and assume that they admit a Φ-commutator
c ∈ A. Then, for every λ, μ ∈ R,

(Δa)Φ(λ)(Δb)Φ(μ) ≥ 1
2
γΦ(c),

where γΦ(c) = ‖Φ(c, e)‖2.

3.2. Cauchy–Schwarz Inequalities for Normal Elements in Lp(ρ)
Let ρ be a faithful, normal, semifinite trace on a von Neumann algebra M.
We have the following proposition.

Proposition 3.7. Let p > 1 and let Φ : X × X → Lp(ρ) be a positive sesquili-
near map. If x, y ∈ X are such that Φ(x, y) ∈ Lp(ρ) ∩ L∞(ρ) and Φ(x, y) is
normal, then

‖Φ(x, y)‖p ≤ ‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p .

Proof. If x, y ∈ X are such that Φ(x, y) ∈ Lp(ρ) ∩ L∞(ρ) and Φ(x, y) = 0,
the inequality holds true, so assume Φ(x, y) 
= 0. Let Vx,y denote the partial
isometry in the polar decomposition of Φ(x, y)

Φ(x, y) = Vx,y |Φ(x, y)|.
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Let

Π =
N∑

j=1

cjPj

be a simple operator-valued function in Lq(ρ)∩L∞(ρ), where Pj ’s are pairwise
orthogonal projections in Lq(ρ) ∩ L∞(ρ) and cj ’s are scalars. Then,

|ρ(Φ(x, y)Π)| ≤
N∑

j=1

|cj | |ρ(Φ(x, y)Pj)| (3.4)

≤
N∑

j=1

|cj | (ρ (Φ(x, x)Pj))
1/2 (ρ (Φ(y, y)Pj))

1/2

≤
⎛

⎝
N∑

j=1

|cj |ρ (Φ(x, x)Pj)

⎞

⎠

1/2 ⎛

⎝
N∑

j=1

|cj |ρ (Φ(y, y)Pj)

⎞

⎠

1/2

=

⎛

⎝ρ

⎛

⎝Φ(x, x)

⎛

⎝
N∑

j=1

|cj |Pj

⎞

⎠

⎞

⎠

⎞

⎠

1/2 ⎛

⎝ρ

⎛

⎝Φ(y, y)

⎛

⎝
N∑

j=1

|cj |Pj

⎞

⎠

⎞

⎠

⎞

⎠

1/2

= (ρ (Φ(x, x) (|Π|)))1/2 (ρ (Φ(y, y) (|Π|)))1/2

where in the second inequality, we have applied the Cauchy–Schwarz inequal-
ity to the sesquilinear forms ϕj : X × X → C, j ∈ {1, . . . , N}, given by

ϕj(x, y) = ρ(Φ(x, y)Pj), ∀x, y ∈ X

which are positive by the positivity of Φ and by Lemma 2.3, whereas in
the last inequality we applied the Cauchy–Schwarz inequality to the inner
product in R

N and in the last equality the fact that |Π| =
∑N

j=1 |cj |Pj since
PiPj = 0 whenever i 
= j. By the Hölder’s inequality, we get

(ρ (Φ(x, x) (Π)))1/2 (ρ (Φ(y, y) (Π)))1/2 (3.5)

≤ ‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p ‖Π‖q.

If Φ(x, y) is normal, then

|Φ(x, y)|p−1V ∗
x,y =

∫

σ(Φ(x,y))

sgn(z)|z|p−1 dE(z)

where E is the spectral measure of Φ(x, y) and sgn : σ(Φ(x, y)) → C is given
by

sgn(z) =

{
z

|z| , if z 
= 0

0, if z = 0.

By Lemma 2.1, for each m ∈ N, there exists a spectral projection Pm of
|Φ(x, y)| such that

‖|Φ(x, y)|(I − Pm)‖p ≤ 1
m

.
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Now, by Remark 2.2, we have Pm = F
(

1
m ,∞)

, where F is the spectral
measure corresponding to |Φ(x, y)|. Since tpχ[0, 1

m ](t) = (tχ[0, 1
m ](t))

p for all
t ∈ σ(|Φ(x, y)|), by spectral functional calculus, we have

|Φ(x, y)|p(I − Pm)p = (|Φ(x, y)|(I − Pm))p

and since (I − Pm)p = I − Pm = (I − Pm)q, we obtain:

‖|Φ(x, y)|p−1(I − Pm)‖q = ‖|Φ(x, y)|(I − Pm)‖p−1
p < m−(p−1). (3.6)

Let {Πn}n be a sequence of simple functions on σ(Φ(x, y)) converging
in supremum norm to the function

z → sgn(z)|z|p−1,

then
{∫

σ(Φ(x,y))
ΠndE

}

n
is a sequence of operator-valued functions converg-

ing to |Φ(x, y)|p−1V ∗
x,y in the operator norm. Let now for each n ∈ N con-

sider {A1, . . . , AN}, a set of pairwise disjoint Borel subsets of σ(Φ(x, y)) with
σ(Φ(x, y)) =

∑N
j=1 Aj such that

∫

σ(Φ(x,y))

ΠndE =
N∑

j=1

cjE(Aj)

for some scalars c1, . . . , cn (note that not only {A1, . . . , AN} but also N
and the scalars {c1, . . . , cN} depend on n). Now, Pm mutually commutes
with E(Aj) for each j since Pm is a spectral projection corresponding to
|Φ(x, y)| and E is the spectral measure corresponding to Φ(x, y) which is
normal and hence commutes with |Φ(x, y)|. Therefore, since the product of
two mutually commuting orthogonal projections is an orthogonal projection
too (see. e.g., Ref. [6, Theorem 2.8.4]), we get that, for every n ∈ N, the
operator

(∫
σ(Φ(x,y))

ΠndE
)

Pm is also a simple operator-valued function in
M because

(∫

σ(Φ(x,y))

ΠndE

)

Pm =
N∑

j=1

cjE(Aj)Pm

and E(Aj)Pm is orthogonal projection for every j ∈ {1, . . . , N}; moreover,
for all i 
= j, with i, j ∈ {1, . . . , N},

E(Aj)PmE(Ai)Pm = PmE(Aj)E(Ai)Pm = 0.

Furthermore, Pm commutes with V ∗
x,y. Indeed, since Φ(x, y) is normal, then

V ∗
x,y commutes with |Φ(x, y)| and since Pm is a spectral projection corre-

sponding to |Φ(x, y)|, we must have

PmV ∗
x,y = V ∗

x,yPm.
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Now observe that since Pm is a finite projection (i.e. ρ(Pm) < ∞) and hence
Pm ∈ Lq(ρ),

∥
∥
∥
∥
∥

(∫

σ(Φ(x,y))

ΠndE

)

Pm − |Φ(x, y)|p−1V ∗
x,yPm

∥
∥
∥
∥
∥

q

≤
∥
∥
∥
∥
∥

∫

σ(Φ(x,y))

ΠndE − |Φ(x, y)|p−1V ∗
x,y

∥
∥
∥
∥
∥

∞

∥
∥Pm

∥
∥

q
→ 0,

Therefore, by (3.6),

‖ |Φ(x, y)|p−1V ∗
x,y(Pm − I)‖q = ‖ |Φ(x, y)|p−1(Pm − I)V ∗

x,y‖q

≤ ‖ |Φ(x, y)|p−1(Pm − I)‖q‖V ∗
x,y‖∞

≤ ‖ |Φ(x, y)|p−1(Pm − I)‖q < m−(p−1).

Since
(∫

σ(Φ(x,y))
ΠndE

)
Pm is a simple operator-valued function in Lq(ρ) ∩

L∞(ρ) for each n and E(Aj)Pm ∈ Lq(ρ) for all j ∈ {1, . . . , N}, from (3.4)
and (3.5), we obtain

∣
∣
∣
∣
∣
ρ

(

Φ(x, y)

(∫

σ(Φ(x,y))

ΠndE

)

Pm

)∣
∣
∣
∣
∣

(3.7)

≤ ‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p

∥
∥
∥
∥
∥

(∫

σ(Φ(x,y))

ΠndE

)

Pm

∥
∥
∥
∥
∥

q

.

Letting n → ∞ on both sides of (3.7) yields, for every m ∈ N,
∣
∣ρ(Φ(x, y) |Φ(x, y)|p−1V ∗

x,yPm)
∣
∣ =

∣
∣ρ(Φ(x, y) |Φ(x, y)|p−1PmV ∗

x,y)
∣
∣

≤ ‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p ‖|Φ(x, y)|p−1PmV ∗
x,y‖q.

Hence, letting m → ∞, and using that

|Φ(x, y)|p−1PmV ∗
x,y → |Φ(x, y)|p−1V ∗

x,y, in Lq(ρ) as m → ∞,

we obtain

|ρ (|Φ(x, y)|p)| =
∣
∣ρ

(
Φ(x, y)|Φ(x, y)|pV ∗

x,y

)∣∣

≤ ‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p ‖|Φ(x, y)|p−1V ∗
x,y‖q.

Since ‖|Φ(x, y)|p−1V ∗
x,y‖q ≤ ‖|Φ(x, y)|p−1‖q = ‖|Φ(x, y)|‖p−1

q , dividing both
sides by ‖Φ(x, y)‖p−1

p gives

‖Φ(x, y)‖p ≤ ‖Φ(x, x)‖1/2
p ‖Φ(y, y)‖1/2

p .

This completes the proof. �

Motivated by Ref. [26, Theorem 1.3.1 (ii)], we give the following

Corollary 3.8. Let p > 1 and A be a ∗-algebra and ω : A → Lp(ρ) be a positive
linear map. If x, y ∈ A are such that ω(y∗x) ∈ Lp(ρ) ∩ L∞(ρ) and ω(y∗x) is
normal, then

‖ω(y∗x)‖p ≤ ‖ω(x∗x)‖1/2
p ‖ω(y∗y)‖1/2

p .
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Proof. Let x, y ∈ A and define Φω(x, y) = ω(y∗x). If ω(y∗x) ∈ Lp(ρ) ∩
L∞(ρ) is normal, the thesis follows by applying Proposition 3.7 to the positive
sesquilinear map Φω. �

Remark 3.9. Note that if A is a C∗-algebra with unit e and ‖ω‖ ≤ 1, then
for all a ∈ A such that ω(a) ∈ Lp(ρ) ∩ L∞(ρ) and ω(a) is normal,

‖ω(a)‖2
p ≤ ‖ω(a∗a)‖p‖ω(e)‖p ≤ ‖ω(a∗a)‖p,

hence, we obtain a certain link to Kadison–Schwarz inequality for normal
elements (see, e.g., Ref. [26, Theorem 1.3.1 (ii)]). In fact, Corollary 3.8 can
be viewed as an opposite or symmetric version of Ref. [26, Theorem 1.3.1 (ii)]
in the setting of noncommutative Lp-spaces, since there it is assumed that a
is a normal element, whereas we assume that ω(a) is normal in Corollary 3.8.

4. Generalized Numerical Radius Norm on L2(ρ) and Related
Cauchy–Schwarz Inequality

In this section, we introduce a new norm on L2(ρ) as a generalization of the
numerical radius norm on B(H). This norm is such that every L2(ρ)-valued
positive sesquilinear map satisfies the Cauchy–Schwarz inequality in this new
norm. Hence, this allows to represent such maps in a Banach space and not
just in a quasi-Banach space, see Remark 4.7.

Let M be a factor of type either I or II on a Hilbert space H, and let ρ
be a faithful semifinite trace on M. Let |||·|||2 : L2(ρ) → R

+ be given by

|||F |||2 = sup
W∈L∞(ρ)∩L2(ρ),

W≥0
‖W‖2≤1, ‖W‖∞≤1

‖WFW‖1.

Lemma 4.1. The map |||·|||2 is a norm on L2(ρ).

Proof. Let us first show that |||·|||2 is well defined. Let W ∈ L∞(ρ), W ≥ 0. If
F ∈ L2(ρ), then FW ∈ L2(ρ). If in addition W ∈ L2(ρ) and both ‖W‖2 ≤ 1
and ‖W‖∞ ≤ 1, then by the noncommutative Hölder inequality, WFW ∈
L1(ρ) and

‖WFW‖1 ≤ ‖W‖2 ‖FW‖2 ≤ ‖W‖2 ‖F‖2‖W‖∞ ≤ ‖F‖2.

Thus, |||·|||2 is well defined.
Homogeneity and the triangle inequality follow from the fact that ‖ · ‖1

is a norm.
Now assume |||F |||2 = 0, then WFW = 0 for every finite operator

W ∈ L∞(ρ) with W > 0. Let D ∈ L∞(ρ) ∩ L2(ρ) and write it as

D = D1 − D2 + i(D3 − D4), Dj ≥ 0,∀j ∈ {1, . . . , 4}.

Then, ‖Dj‖2 ≤ ‖D‖2 for each j ∈ {1, . . . , 4}.
By Lemma 2.1, for each j, there exists a sequence of finite projections

{P
(j)
n }n ⊆ M such that

lim
n→∞ ‖Dj(I − P (j)

n )‖2 = 0, ∀j ∈ {1, . . . , 4}.



MJOM Cauchy–Schwarz Inequalities Page 15 of 23   128 

Moreover, by the construction as in the proof of Ref. [1, Lemma 9.8], each
P

(j)
n = EDj

(
1
n ,∞)

for all n ∈ N and j ∈ {1, . . . , 4} where EDj
is the spectral

measure corresponding to Dj , hence P
(j)
n commutes with Dj

1/2 for all n ∈ N

and j ∈ {1, . . . , 4}.
Since for every n ∈ N and every j ∈ {1, . . . , 4}, P

(j)
n Dj

1/2P
(j)
n is a finite

positive operator, we get

ρ(FDjP
(j)
n ) = ρ(FDj

1/2Dj
1/2P (j)

n P (j)
n ) = ρ(F (Dj

1/2P (j)
n )2)

= ρ(Dj
1/2P (j)

n FDj
1/2P (j)

n )

= ρ(P (j)
n Dj

1/2P (j)
n FP (j)

n Dj
1/2P (j)

n ), ∀n ∈ N, ∀j ∈ {1, . . . , 4}
since Dj

1/2P
(j)
n = Dj

1/2P
(j)
n P

(j)
n = P

(j)
n Dj

1/2P
(j)
n , for all n ∈ N and j ∈

{1, . . . , 4}. Since WFW = 0 for every positive finite operator W , we get

ρ(FDjP
(j)
n ) = 0, ∀n ∈ N,∀j ∈ {1, . . . , 4}.

On the other hand, since

|ρ(FDj(I − P (j)
n ))| ≤ ‖FDj(I − P (j)

n )‖1 ≤ ‖F‖2 ‖Dj(I − P (j)
n )‖2 → 0,

as n → ∞, we deduce that ρ(FDj) = 0 for every j ∈ {1, . . . , 4}. Thus
ρ(FD) = 0 for every D ∈ L∞(ρ) ∩ L2(ρ), and therefore ρ(FF ∗) = 0. Thus
F = 0 since both ‖F‖2 = 0 and ‖ · ‖2 is a norm. �

Remark 4.2. If A ∈ Mn(C), the space of the n × n matrices with complex
entries, then for every x ∈ C

n, we have

|〈Ax, x〉| = tr(|X∗AX|),
where X ∈ Mn(C) is the operator having the vector x ∈ C

n in its first column
and the zero vector of Cn in all the other ones. In this way, the norm |||·|||2
can be considered as a generalization of the numerical radius norm.

Corollary 4.3. Let X be a vector space, Φ : X × X → (L2(ρ), |||·|||2) be a
positive sesquilinear map. Then, for all x, y ∈ X,

|||Φ(x, y)|||2 ≤ |||Φ(x, x)|||1/2
2 |||Φ(y, y)|||1/2

2 .

Proof. Let W ∈ L∞(ρ) ∩ L2(ρ) be such that W ≥ 0, ‖W‖2, ‖W‖∞ ≤ 1, and
define

ΦW (x, y) := WΦ(x, y)W, ∀x, y ∈ X.

Then, ΦW is a L1(ρ)-valued positive sesquilinear map. By Ref. [2, Proposition
3.1, case 7], we have

‖ΦW (x, y)‖1 ≤ ‖ΦW (x, x)‖1/2
1 ‖ΦW (y, y)‖1/2

1

≤ |||Φ(x, x)|||1/2
2 |||Φ(y, y)|||1/2

2 , ∀x, y ∈ X.

Taking the supremum over all such W yields the claim. �

Remark 4.4. As we will see later in Remark 4.7, by using Corollary 4.3, we
will be able to represent in a quasi-Banach space, whose quasi-norm is induced
by an Y-valued quasi-inner product (see Ref. [2]), every positive linear map
from a unital *-algebra into L2(ρ).
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Let Y = L2(ρ) be the completion of (L2(ρ), |||·|||2) and M be a factor of
type I or II. Now we consider the space B(M,L2(ρ)) and denote the operator
norm in B(M,L2(ρ)) by ‖ · ‖o.n..

Definition 4.5. A sesquilinear map Φ : X × X → B(M,L2(ρ)) will be called
positive if Φ(x, x)(T ) is a positive element of L2(ρ) for all x ∈ X whenever
T ∈ M and T ≥ 0.

Note that if we let K be the subset of B(M,L2(ρ)) consisting of all those
operators that map positive elements of M into positive elements of L2(ρ),
then it can be checked that K is a cone in B(M,L2(ρ)). Further, B(M,L2(ρ))
is in fact an ordered Banach bimodule over M where the multiplication is
defined as follows: for all a ∈ M and T ∈ B(M,L2(ρ)),

(a · T )(x) := T (ax) and (T · a)(x) := T (xa), x ∈ M.

The proof of Ref. [2, Proposition 3.1] motivates the one of the next
theorem.

Theorem 4.6. Let Φ : X × X → B(M,L2(ρ)) be a positive sesquilinear map.
Then, for all x, y ∈ X,

‖Φ(x, y)‖o.n. ≤ ‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n..

Proof. Let W ∈ L2(ρ) ∩ L∞(ρ) with W ≥ 0, ‖W‖2 ≤ 1, ‖W‖∞ ≤ 1 and Π
and Θ be two simple operator-valued functions in M

Π =
N∑

i=1

ciPi, Θ =
M∑

j=1

djQj ,

where ci, dj are scalars for every i ∈ {1, . . . , N}, j ∈ {1, . . . , M} and {Pi}
and {Qj} are families of mutually orthogonal projections and

∑N
i=1 Pi =

∑M
j=1 Qj = I. Then, if x, y ∈ X

|ρ(ΠWΦ(x, y)(Θ)W )| =

∣
∣
∣
∣
∣
∣

∑

i,j

cidj ρ(PiWΦ(x, y)(Qj)W )

∣
∣
∣
∣
∣
∣
.

Thus,
∣
∣
∣
∣
∣
∣
ρ

⎛

⎝
N∑

i=1

ciPiWΦ(x, y)

⎛

⎝
M∑

j=1

djQj

⎞

⎠ W

⎞

⎠

∣
∣
∣
∣
∣
∣

≤
∑

i,j

|ci| |dj | |ρ(PiWΦ(x, y) (Qj) W )|

=
∑

i,j

|ci| |dj |
∣
∣ρ

(
P 2

i WΦ(x, y) (Qj) W
)∣∣

=
∑

i,j

|ci| |dj | |ρ(PiWΦ(x, y) (Qj) WPi)| .

For each pair (i, j), define the sesquilinear form on X

ψij(x, y) = ρ(PiWΦ(x, y)(Qj)WPi) , x, y ∈ X.
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Since Φ is positive, each ψij is positive. Applying the Cauchy–Schwarz in-
equality to every ψij and using the fact that

∑
i Pi =

∑
j Qj = I, we obtain

∑

i,j

|ci| |dj | |ρ(PiWΦ(x, y) (Qj) WPi)|

≤
∑

i,j

|ci| |dj | (ρ(PiWΦ(x, x)(Qj)WPi))
1/2

· (ρ(PiWΦ(y, y)(Qj)WPi))
1/2

≤
⎛

⎝
∑

i,j

|ci| |dj |ρ(PiWΦ(x, x)(Qj)WPi)

⎞

⎠

1/2

·
⎛

⎝
∑

i,j

|ci| |dj |ρ(PiWΦ(y, y)(Qj)WPi)

⎞

⎠

1/2

=

⎛

⎝
∑

i,j

|ci| |dj |ρ(PiWΦ(x, x)(Qj)W )

⎞

⎠

1/2

·
⎛

⎝
∑

i,j

|ci| |dj |ρ(PiWΦ(y, y)(Qj)W )

⎞

⎠

1/2

≤
⎛

⎝
N∑

i=1

M∑

j=1

‖Π‖∞ ‖Θ‖∞ρ(PiWΦ(x, x)(Qj)W )

⎞

⎠

1/2

·
⎛

⎝
N∑

i=1

M∑

j=1

‖Π‖∞ ‖Θ‖∞ρ(PiWΦ(y, y)(Qj)W )

⎞

⎠

1/2

= ‖Π‖∞ ‖Θ‖∞ (ρ(WΦ(x, x)(I)W ))1/2 (ρ(WΦ(y, y)(I)W ))1/2

≤ ‖Π‖∞ ‖Θ‖∞|||Φ(x, x)(I)|||1/2
2 |||Φ(y, y)(I)|||1/2

2

≤ ‖Π‖∞ ‖Θ‖∞‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n.. (4.1)

Since this holds for all simple functions Π,Θ in M, given an unitary operator
U ∈ M, there exists a sequence {Πn}n of simple operator-valued functions
in M such that Πn → U as n → ∞ in operator norm. Thus, for every n ∈ N,
by Ref. [10, Proposition 3.4.5, Corollary 3.4.6], we get, for every x, y ∈ X,

|ρ ((U − Πn)WΦ(x, y)(Θ)W )| ≤ ρ(|(U − Πn)WΦ(x, y)(Θ)W |)
≤ ‖U − Πn‖∞‖WΦ(x, y)(Θ)W‖1 → 0, as n → ∞.

On the other hand, by (4.1), we have

|ρ (ΠnWΦ(x, y)(Θ)W )| ≤ ‖Πn‖∞‖Θ‖∞‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n.
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for every x, y ∈ X and as n → ∞ on both sides, we obtain

|ρ (UWΦ(x, y)(Θ)W )| ≤ ‖Θ‖∞‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n., ∀x, y ∈ X.

If now V is a convex combination of unitary operators in M, then we also
easily get

|ρ (V WΦ(x, y)(Θ)W )| ≤ ‖Θ‖∞‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n., (4.2)

for all x, y ∈ X.
Let m ∈ N and Am ∈ L1(ρ) ∩ L∞(ρ) be such that

‖Am − W Φ(x, y)(Θ)W‖1 <
1

2m

and let Zm be the partial isometry from the polar decomposition of Am,
choose a sequence {V

(m)
n }n∈N ⊂ M of convex combinations of unitaries in M

such that
V (m)

n → Z∗
m in the operator norm as n → ∞.

Then,
∣
∣
∣ρ

(
(V (m)

n − Z∗
m)WΦ(x, y)(Θ)W

)∣
∣
∣

≤ ‖V (m)
n − Z∗

m‖∞ ‖WΦ(x, y)(Θ)W‖1 → 0,

as n → ∞, for every x, y ∈ X. By (4.2), for every n ∈ N, it is
∣
∣
∣ρ

(
V (m)

n WΦ(x, y)(Θ)W
)∣
∣
∣ ≤ ‖Θ‖∞ ‖Φ(x, x)‖1/2

o.n. ‖Φ(y, y)‖1/2
o.n.,

for every x, y ∈ X. Letting n → ∞, we obtain that

|ρ (Z∗
mWΦ(x, y)(Θ)W )| ≤ ‖Θ‖∞ ‖Φ(x, x)‖1/2

o.n. ‖Φ(y, y)‖1/2
o.n.,

for every x, y ∈ X. Now, observe that for every x, y ∈ X,

|ρ(|Am|) − |ρ (Z∗
mWΦ(x, y)(Θ)W )| |

= |ρ(Z∗
mAm) − |ρ (Z∗

mWΦ(x, y)(Θ)W )| |
≤ |ρ(Z∗

m(Am − WΦ(x, y)(Θ)W ))|
≤ ‖Z∗

m‖∞‖Am − WΦ(x, y)(Θ)W‖1;

then by Ref. [10, Proposition 3.4.5, Corollary 3.4.6],

| ‖WΦ(x, y)(Θ)W‖1 − |ρ (Z∗
mWΦ(x, y)(Θ)W )| |

= | ‖WΦ(x, y)(Θ)W‖1 − ‖Am‖1 + ‖Am‖1 − |ρ (Z∗
mWΦ(x, y)(Θ)W )| |

≤ | ‖WΦ(x, y)(Θ)W‖1 − ‖Am‖1 | + |ρ(|Am|) − |ρ (Z∗
mWΦ(x, y)(Θ)W )| |

≤ 1
2m

+ ‖Z∗
m‖∞‖Am − WΦ(x, y)(Θ)W‖1 <

1
2m−1

, ∀x, y ∈ X.

Hence, for every x, y ∈ X,

‖WΦ(x, y)(Θ)W‖1 ≤ ‖Θ‖∞‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n. +
1

2m−1
.

Since this holds for all m ∈ N, we deduce that for every x, y ∈ X,

‖WΦ(x, y)(Θ)W‖1 ≤ ‖Θ‖∞‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n.. (4.3)
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Next, given a unitary U ∈ M, choose a sequence {Θn}n of simple operator-
valued functions in M such that Θn → U as n → ∞ in the operator norm.
Then, for every x, y ∈ X

‖WΦ(x, y)(Θn − U)W‖1 ≤ |||Φ(x, y)(Θn − U)|||2
≤ ‖Θn − U‖∞ ‖Φ(x, y)‖o.n. → 0, as n → ∞.

It follows that, for every x, y ∈ X,

‖WΦ(x, y)(Θn)W‖1 −→ ‖WΦ(x, y)(U)W‖1, as n → ∞.

However, by (4.3), for every x, y ∈ X,

‖WΦ(x, y)(Θn)W‖1 ≤ ‖Θn‖∞ ‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n. for all n,

hence, letting n → ∞ gives

‖WΦ(x, y)(U)W‖1 ≤ ‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n., ∀x, y ∈ X.

Once again, if V is a convex combination of unitaries in M, the same argument
shows that

‖WΦ(x, y)(V )W‖1 ≤ ‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n., ∀x, y ∈ X. (4.4)

Now let T ∈ M with ‖T‖∞ ≤ 1 and let {Vn}n ⊂ M be a sequence of convex
combinations of unitary operators in M such that Vn → T as n → ∞ in the
operator norm. Then, for every x, y ∈ X,

|‖WΦ(x, y)(Vn)W‖1 − ‖WΦ(x, y)(T )W‖1|
≤ ‖WΦ(x, y)(Vn − T )W‖1 ≤ ‖Vn − T‖∞ ‖Φ(x, y)‖o.n. → 0, as n → ∞.

Hence,

‖WΦ(x, y)(Vn)W‖1 → ‖WΦ(x, y)(T )W‖1, as n → ∞, ∀x, y ∈ X.

Since (4.4) holds for every Vn, then we can conclude that it is

‖WΦ(x, y)(T )W‖1 ≤ ‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n., ∀x, y ∈ X.

Since W ∈ M with W ≥ 0 and both ‖W‖∞ ≤ 1 and ‖W‖2 ≤ 1 has been
chosen arbitrarily, taking the supremum over all such W yields

|||Φ(x, y)(T )|||2 ≤ ‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n., ∀x, y ∈ X.

Finally, taking the supremum over all T ∈ M with ‖T‖∞ ≤ 1, we conclude
that

‖Φ(x, y)‖o.n. ≤ ‖Φ(x, x)‖1/2
o.n. ‖Φ(y, y)‖1/2

o.n., ∀x, y ∈ X.

This completes the proof. �
Remark 4.7. Let A be a unital *-algebra and Y an ordered Banach bimodule
over the *-algebra Y0. If Φ : A×A → Y is a left-invariant positive sesquilinear
map such that

‖Φ(x1, x2)‖Y ≤ 2‖Φ(x1, x1)‖1/2
Y ‖Φ(x2, x2)‖1/2

Y , ∀x1, x2 ∈ A

then, by Ref. [3, Theorem 3.2], Φ can be represented in a quasi-Banach space
whose quasi-norm is induced by an Y-valued quasi-inner product (see Ref.
[2]), whereas if in fact

‖Φ(x1, x2)‖Y ≤ ‖Φ(x1, x1)‖1/2
Y ‖Φ(x2, x2)‖1/2

Y , ∀x1, x2 ∈ A
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then Φ can be actually represented in a Banach space and not just in a
quasi-Banach one (see Ref. [2, Proposition 3.9]). These representations induce
further representations of positive linear maps from A into Y, see Ref. [3,
Corollary 3.10] and Ref. [2, Corollary 3.12] for the details. This fact was
the main motivation and purpose of Cauchy–Schwarz inequalities obtained
in this paper. However, since |||·|||2 ≤ ‖ · ‖2, then B(M, (L2(ρ), ‖ · ‖2)) ⊆
B(M,L2(ρ)), hence by obtaining a representation of general positive linear
maps from A into B(M,L2(ρ)) we can get in this way representations of
positive linear maps from A in B(M, (L2(ρ), ‖ · ‖2)).

Example. Let ρ be a finite trace. Let W ∈ L∞(ρ), with W ≥ 0. Let k ∈
C([0, ‖W‖] × [0, ‖W‖]) such that k ≥ 0. Then, for each x ∈ [0, ‖W‖], the
function ηx : [0, ‖W‖] → C defined by ηx(t) = k(x, t) is a continuous, positive
function on [0, ‖W‖]. Therefore, by the functional calculus, ηx(W ) defines
a positive operator in L∞(ρ). Let us define, for every x ∈ [0, ‖W‖] and
X,Y ∈ L2(ρ),

ϕ(X,Y )(x) = ρ(Xηx(W )Y ∗).
Then, ϕ(X,Y ) ∈ C([0, ‖W‖]) for all X,Y ∈ L2(ρ). Moreover, ϕ : L2(ρ) ×
L2(ρ) → C([0, ‖W‖]) is a bounded, left-invariant, positive sesquilinear map
(see Ref. [3]).

Let T ∈ L4(ρ) and consider the map

ϕ̃ : L2(ρ) × L2(ρ) → L2(ρ)

given by ϕ̃(X,Y ) = T (ϕ(X,Y )(W ))T ∗, for all X,Y ∈ L2(ρ), by functional
calculus it is also a bounded, left-invariant positive sesquilinear map. Now,
if A,B ∈ L∞(ρ) are such that A = A∗ and B = B∗, let K := i(AB − BA).
Then, K = K∗. Moreover, by some calculations, it can be checked that the
conditions of Proposition 3.6 are satisfied in this case.

Let us now suppose that T ∈ L4(ρ) and let

Φ : L2(ρ) × L2(ρ) → B(M,L2(ρ))

be given by

Φ(X,Y )(S) = Tρ (Xηx(W )Sηx(W )Y ∗) (W )T ∗

for all S ∈ M and X,Y ∈ L2(ρ). For each X,Y ∈ L2(ρ) and S ∈ M,
Φ(X,Y )(S) ∈ L2(ρ) ∩ L∞(ρ) and

|||Φ(X,Y )(S)|||2 ≤ ‖T‖2
4‖k‖2

∞ ‖X‖2 ‖Y ‖2‖S‖∞,

so Φ is a bounded, positive, left-invariant sesquilinear map from L2(ρ)×L2(ρ)
into B(M,L2(ρ)) and such that Φ(X,Y )(M) ⊂ L2(ρ) for all X,Y ∈ L2(ρ).
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[3] Bellomonte, G., Ivković, S., Trapani, C.: GNS Construction for C∗-Valued
Positive Sesquilinear Maps on a quasi *-algebra. Mediterr. J. Math. 21, 166
(2024)

[4] Bhatia, R., Davis, C.: A Cauchy–Schwarz inequality for operators with appli-
cations. Linear Algebra Appl. 223–224, 119–129 (1995)

[5] Bhunia, P., Dragomir, S.S., Moslehian, M.S., Paul, K.: Lectures on Numer-
ical Radius Inequalities. Infosys Science Foundation Series in Mathematical
Sciences, Springer, Cham (2022)

[6] Birman, M.S., Solomjak, M.Z.: Spectral Theory of Self-Adjoint Operators in
Hilbert Space, Mathematics and its Applications. D. Reidel Publishing Com-
pany, Dordrecht, Holland (1987)

[7] Chiribella, G., Davidson, K.R., Paulsen, V.I., Rahaman, M.: Positive maps and
entanglement in real Hilbert spaces, arXiv:2207.02510v2

[8] Choi, H., Kim, Y., Ko, E.: On operators satisfying the generalized Cauchy–
Schwarz inequality. Proc. Am. Math. Soc. 145, 3447–3453 (2017)

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2207.02510v2


  128 Page 22 of 23 G. Bellomonte et al. MJOM

[9] Dadkhah, A., Kian, M., Moslehian, M.S.: Decomposition of tracial positive
maps and applications in quantum information. Anal. Math. Phys. 14, 48
(2024)

[10] Dodds, P.G., de Pagter, B., Sukochev, F.A.: Noncommutative Integration and
Operator Theory. Progress in Mathematics, Birkhäuser, Cham (2023)
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