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STRESS CONCENTRATION FOR CLOSELY LOCATED INCLUSIONS IN
NONLINEAR PERFECT CONDUCTIVITY PROBLEMS

GIULIO CIRAOLO AND ANGELA SCIAMMETTA

ABSTRACT. We study the stress concentration, which is the gradient of the solution, when
two smooth inclusions are closely located in a possibly anisotropic medium Q c RY, N > 2.
The governing equation may be degenerate of p—Laplace type, with 1 < p < N. We prove
optimal L°° estimates for the blow-up of the gradient of the solution as the distance between
the inclusions tends to zero.

1. INTRODUCTION

When two inclusions are closely located, it may occur that the stress concentrates in some
region and it may cause a failure if any of the principal material strains exceed their respective
tensile failure strains. Hence, a theoretical study predicting the possible failure initiation is of
great importance for the applications and, in the last two decades, quantitative results for the
stress concentration in composite materials have been the goal of many studies.

Our study originates from the paper of Babuska et al. [4], where the problem of smooth
inclusions closely located in a background linear material was studied numerically. From the
mathematical point of view, one may consider a domain Q@ C RY, N > 2. representing the
background matrix, and two inclusions D§, Dg C Q which are located at small distance § and
far from the boundary of 2. The modeling problem is formulated as follows
a {div (ap(z)Vu) =0 in Q,

U= on 0f),

where o € C°(9Q) is a potential prescribed on the boundary of € and

_ [ 1 Q\(D;uD}),
a’“(f”)_{ k, D}UD2

with k € (0, +00) (see for instance [6]). In [4] the authors showed numerically that ||Vus| (o)
is bounded independently of the distance § between D% and Dg. Later, Bonnetier and Vogelius
[13] rigorously proved this result for N = 2 when D} and D? are two unit balls, and Li and Vo-
gelius [26] extended the results to general second order elliptic equations with piecewise smooth
coefficients. The problem was also studied for general second order elliptic systems by Li and
Nirenberg in [25].

The behavior of the gradient of the solution may be very different when k degenerates to zero
or infinity and one may have stress concentration close to the points where the inclusions touch
at the limit 6 = 0.
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In this paper, we are interested in the perfect conductivity case, i.e. when k = 4oc0. This
case is modeled by the problem

Au=0 in Qs
|Vu| =0 in D! i=1,2,

/ u, =0 i=1,2,
oD}

U= on 0f2,

(1.2)

where v denotes the outward normal to Df;, 1 =1,2, and we set
Qs =Q \ D% U Dg

(see for instance [6]). In the case of smooth inclusions, it has been proved that the optimal
blow-up rate of |Vu| is 6~1/2 for N = 2, it is (6] log §|)~! for N = 3 and 6~ for N > 4, see [1, 2,
3,5,6,7,8,9,10, 21, 22, 23, 24, 28, 29] and references therein. In addition to its mathematical
interest, the characterization of the gradient blow-up is relevant for the applications in composite
materials. Indeed, numerical simulations related to problem (1.2) may be difficult to perform
due to the presence of stress concentration, and in particular in the choice of the mesh which has
to be chosen finer and finer as ¢ tends to zero. The quantitative characterizations in the paper
mentioned before is helpful in this direction, since one can write the solution as us = v + ws
where vs is known and carries all the information regarding the blow-up, and Vws remains
uniformly bounded as § tends to zero and can be computed numerically.

The study of the gradient blow-up has been recently extended to nonlinear cases. In [19] the
authors study perfectly conductivity problems involving the p-Laplacian, with p > N (see also
[18, 27]). Nonlinear conductivities of this type may be found in several applications, and we
refer to [19, Section 1] for more details. The mathematical approach in [19] is purely nonlinear
and substantially differs from the ones adopted in the linear case.

In our recent paper [15], we studied anisotropic conductivities with anisotropy characterized
by a norm H : £ — H(£) with £ € RV, More precisely, we considered the anisotropic perfectly
conductivity problem

Ays =0 in €,
H(Vus) =0 in Dy, i=1,2,
H (Vus)VeH (Vus) -vds =0 i=1,2,
aDj
us = () on 012,

where D% and Dg are two Wulff shapes of possibly different radii, 25 = Q\ (D% U Dg), and AP{{
denotes the Finsler p—Laplacian

Aus = div(H (Vus) VeH (Vug) ) -

The main results in [15] are optimal estimates for the gradient blow-up. In accordance to the
isotropic case, we showed that the rate of blow-up is 6 /2 for N = 2, it is (8| logd])~t for N =3
and 0~! for N > 4, and we were able to detect the leading term (which is responsible of the
blow-up) as § tends to zero.

The purpose of this paper is to twofold: (i) we study the nonlinear conductivity problem for
anisotropic p-Laplace type equations for any 1 < p < N, therefore in the Euclidean case we
extend the results in [19] to the case 1 < p < N; (ii) we deal with anisotropic conductivity
problems, which may be of degenerate type.
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More precisely, we consider the problem

Afu(; =0 in Qg,
H(Vus) =0 in Dy, i=1,2,
(1.3) HP™ Y (Vus) VeH (Vug) -vds =0 i = 1,2,
oDi
us = @(x) on 09,

where D% and Dg are two Wulff shapes of possibly different radii R; and Rs, respectively,
Qs = Q\ (D} U D?), v is the outward normal to D}, and Af denotes the Finsler p—Laplacian

Alfus = div(HP™" (Vus) VeH (Vus) )
which has to be understood in the weak sense

HP™Y (Vus) VeH (Vug) - Vo dr =0 for any ¢ € Cp(9s) -
Qs
Problem (1.3) can be seen as the Euler-Lagrange equation of the variational problem
1 ,
(1.4) min {/ H(Vv)Pdx : H(Vv) =0 in D§, i = 1,2} ,
vewP() LP Ja
where
WiP(Q) = {ve W'(Q) : v=¢ondQ}.

We assume that the anisotropic distance of the inclusions from the boundary of €2 is uniformly
bounded by below, i.e.

(1.5) distyr, (0, Dy U D3) > K,
for some fixed K > 0 and that the distance between the two inclusions is very small, i.e.
disty, (Dj, D) =6,

for some 0 < 6 < dyg. Here, disty, denotes the distance in the ambient norm Hy (which is the
dual norm of H). ‘
We emphasize that the solution us to (1.3) is constant on each particle D with ¢ = 1,2, i.e.

(1.6) us =U; on Dj,

with ng € R, 7 = 1,2, and the values Z/{(S1 and Z/{g are unknowns of the problem and have to
be determined by solving the minimization problem (1.4). As we will show, the difference of
potentials Z/I51 — Z/{52 is responsible of the blow-up of the gradient of the solution as § — 0.

We are going to describe the limit behavior of the solution in terms of the solution of the
problem corresponding to § = 0 (when the two inclusions touch each other), which is given by

A;IUO =0 in &,

H(Vug) =0 in DI i=12,
(1.7) ST [ HPN (Vug) VeH (Vug) - vds = 0,

i=1,279Dg

up = ¢(x) on 0.

A remarkable point is the fact that the solution us does not converge to ug in the whole Qg (it
is not difficult to show that the gradient of ug is uniformly bounded). Instead, the convergence
in Ch®norm holds true in compact sets of ) not including the touching point between D}
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and D3 (which are the two inclusions at the limit § = 0). The behavior of us close to the limit
touching point is described in terms of the following quantity related to ug:

(1.8) Ro = HP™! (Vug) VeH (V) - vds .

oD}
We emphasize that Ry is one of the two addends appearing in the third condition of (1.7), and
we notice that the third condition in (1.7) is different from third condition in (1.3), since in (1.7)
it is required that the sum of the two integrals on 9D} and dD? vanishes.

Without loss of generality, we assume that the two inclusions aDg and 8D§ move along the
xn-axis as § — 0T. Since the inclusions are Wulff shapes, the limit-touching point on 8D§ is a
point of the form R; P, where P = (0,...,0,ty) € dBp,(0,1). The matrix V2Hy(P) is crucial
to describe the blow-up. More precisely, we denote by Q the matrix obtained by considering the
first N —1 rows and N — 1 columns of V2Hy(P), i.e.

02, Ho(P) ... 2, Ho(P)
2. o Ho(P) ... 92 ..  Ho(P)

(we shall use the variable z for the ambient space RV and ¢ for the dual space). We also recall
the definition of anisotropic normal vy at a point x, which is given by

vi(z) = Vel (v(z))
where v(z) denotes the outward Euclidean normal at . Our main result is the following.

Theorem 1.1. Let us be the solution to (1.3) and let Ry be given by (1.8). For any fized
T € (0,1/2] we have

(1.10) (1= 7)C.@n(8) + 0 (DN (3)) < [|H (Vus)lf ) < (14 T)C:@n(8) + 0(Dn(5))

as & — 07, with

5T N;1<p§N,
1 N+1
OO =TT P
1 N+1
551 l<p< 5
and
Ri+Ry\ 2
1.11 C, = 12) O 7 RyC,
1) (haaz) " e o

where Q is given by (1.9) and C depends on N and vy (P) - v(P).

Theorem 1.1 gives an optimal quantitative description of the blow-up of the gradient for
problem (1.3). Moreover, the estimates (1.10) provide an almost sharp characterization of the
leading term in the blow-up. Indeed, 7 may be chosen as small as desired which suggests that
us ~ C,®n () as 6 — 0T,

Compared to [19] we deal with nonlinear problems of p-Laplace type for any 1 < p < N.
Theorem 1.1 is the natural extension to the anisotropic p-Laplace conductivity problems studied
in [15]. The set-up of the proof of Theorem 1.1 differs from the classical ones used in the linear
cases and it is in the spirit of the ones adopted in [15] and [19]. More precisely, we define a neck
of width w > 0 (and sufficiently small) as the set

(1.12) Ns(w) ={z = (2/,zn) € Qs such that |Q%x'| < w, Hy(z) < max(Ry, R2)},
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(see Figure 1) where Q% is the square root of the matrix Q defined in (1.9). We first show that
Vugs remains uniformly bounded outside the neck as & — 07: this is achieved by using comparison
principles and employing some maximum principles for a suitable P-function. Beyond the
degeneracy of the operator, this is one of the major points where the extension to the degenerate
case requires new tools (see Remark 3.6 below). Then we focus on what happens inside the neck,
and we give sharp estimates on the difference of potential Utsl — Z/{52 as 6 — 0T, which leads to
(1.10).

FIGURE 1. Two anisotropic balls and the neck between them.

The paper is organized as follows. In Section 2 we give some preliminary results and set up
the notation. In Section 3 we prove some crucial maximum principles and in Section 4 we give
uniform estimates for the gradient in the region where it remains uniformly bounded. Section 5
is devoted to the proof of Theorem 1.1.

2. PRELIMINARIES

2.1. About norms in RY. In this subsection we recall some facts about norms in RN, N > 2.
Let H : RY — R be a norm, i.e.

(i) H is convex,

(i) H(¢) >0 for £ € RY and H(¢) = 0 if and only if £ = 0,

(iil) H(t€) = |t|H (&) for € € RN and t € R.
Since all norms in RV are equivalent, there exist two positive constants ¢, c2 such that

c1lé] < H(E) < eolé]  for any € € RY .

In our notation, Hy is a norm in the ambient space, and the dual space (still identified with RN )
is equipped by the dual norm H, therefore

Hy(x) = sup for ze€RY;
e20 H(E)
and analogously
z-§ N
H()=sup—>= for xze€R".
©) 240 Ho(§)

Hence, according to this notation, the norm of the gradient of a function u will be given by
using H.
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By assuming that H is smooth enough outside the origin, the homogeneity of H yields

(2.1) VeH(t§) = sign(t)VeH(§), for £#0 and t#0,
and
(2:2) VeH(E) € = H(E), for €eRY,

where the left hand side is taken to be 0 when & = 0. Moreover,
1
(2.3) VEH (L) = mng(g), for €#0 and t#0,

where Vg is the Hessian operator with respect to the ¢ variable; we also notice that

(2.4) VeH?(t6) = VZH?(€), for £€#0 and t#0.

Hence, (2.2) implies that

(2.5) 0L, H(EE =0,

with € # 0 and for every k = 1,..., N. Moreover, by differentiating (2.5) we obtain that
(2.6) e, HE)E + 02 H(E) =0

for € # 0.

The following properties hold provided that H € C! (]RN \ {0}) and the unitary ball {£ €
R™: H(§) < 1} is strictly convex (see [14, Lemma 3.1]):

(2.7) Ho (VeH(€) =1, for &eRV\ {0},
and
(2.8) H(VHy(z)) =1, for z¢cRY\{0}.

For & € RY and r > 0, the ball of center & and radius r in the norm H is denoted by

Bp(&o,r) = {6 €RY 1 H(¢ = &) <7}
analgously,
B, (z0,7) = {z € RY : Ho(z — z0) < 7}
denotes the ball of center xg and radius r in the norm Hy. A ball in the norm Hj is called the
Wulff shape of H.

Let Bp,(r) and Bp,(R) be two Wulff shapes centered at the origin, with » < R. It will be
useful to have at hand the explicit solution to the problem

Ay =0 in Bgy(R)\ Bg,(r),
(2.9) v=C_C,  on 0Bpy,(r),
v=Cgr on 0Bg,(R),

which is given by

P
TN +Cgr if 1<p<N,

(2.10) v(x) =

+Cr if N=np,

for any = € By, (R) \ B, (r).
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2.2. Existence and uniqueness. As mentioned in the Introduction, we consider the perfectly
conductivity problem (1.3), which is the Euler-Lagrange equation for the variational problem
(1.4). Tt is well-known that u € C1%(Qs) (see [17]). In the following we prove the existence and
uniqueness of solution.

Theorem 2.1. There exists at most one solution u € H'(Qs5) N CH*(Qys) of problem (1.3).

Proof. Let uy, us € H*(25) be two solutions of (1.3). By multiplying the first equation of (1.3)
by u; — ug and integrating by parts, for j € {1,2}, we have

0 = / HP (Vuy) VeH (Vauy) - V(ur — uz)de — / HY (V) ) Ve H(Vuy) (ur — us) - vds
Qs o0

2
+ Z CHP (Vi) VeH (V) (w1 — ug) - vds
i=1 7 9D;

= HP™ Y (Vuj) VeH (Vuj) - V(ug — ug)de
Qs

where in the last equality we used the fourth condition in (1.3) and the fact that u; = ug on
0f). Thus, by the strong convexity of H, we have

0= / (Hp_l (V1) VeH (Vuy) — HPH (Vug) Ve H (Vug))-V(ui—ug)dz > A |V (up — ug)|P dx > 0.
Qs Qs

Thus Vu; = Vue in 5 and, since uq; = us on 8ng, we have u; = ug in €. O

We define the energy functional

where u belongs to the set
A= {u € W2P(Q) : H(Va) = 0 on DL U Dg} .
Theorem 2.2. There exists a minimizer u € A satisfying

Ino[u] = min Io[v].
[u] = min Jos[v]

Moreover, u € WHP(Q5) N CH%(Qs) is a solution to (1.3).
Proof. The existence of the minimizer and the Euler Lagrange equation Af u = 0 follow from

standard methods in the calculus of variations. The only thing which we need to show is the
fourth equation in (1.3). Let 4,5 = 1,2 be fixed and let ¢ € C5°(£2) be such that

6= 1, on 6Df5,
1 0, on 9D’ for j#i.
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Since u is a minimizer, by integrating by parts we obtain

0 = — / div (H*~1(Vu)VeH(Vu)) ¢ dx
Qs

_ prl (VU) ng (VU) . V¢ dx — prl(Vu)VgH(VU)qﬁ -vds
Qs o0

+Z - HPY(Vu)VeH (V) - vds

= HP™ Y (Vu) VeH (Vu) - Vo do
oD%

and we conclude. O

3. MAXIMUM PRINCIPLES

In this section we prove some maximum principles for us, H(Vu) and for a P-function which
is suitable for our purposes.

We first recall that the Finsler p—Laplacian fulfills the maximum and comparison principles
(see for instance [12, Lemma 2.3]). In the following lemma, we show that the maximum and
minimum of us are attained at the boundary of  (and not on dD%, i = 1,2).

Lemma 3.1. Let us the solution to problem (1.3). The mazimum and the minimum of us are
attained on 0. In particular, we have that

max |ug| = max || .

s 1] = e o
Proof. From the maximum principle (see for instance [12, Lemma 2.3]) we have that |us| attains
its maximum on 0§25. By contradiction, let assume that maxus = Uél. From Hopf’s boundary
point lemma we have that |[Vus| > 0 on dD}, which contradicts the third condition of (1.3).
Analogously, the maximum can not be attained at D2, which implies the assertion. O

Before giving other maximum principles, we set some notation and prove some basic in-
equalities for the Finsler p—Laplacian. In order to avoid heavy formulas, we use the following
notation:

0 0? 0 0?
wz), wuii=———u(z), OgH=—H(), 0, H=—
(we recall that we are going to use the variable z € RY for the ambient space and the variable
¢ € RY for the dual space). Since

div (HP~Y(Vu) Ve H (Vu)) = [(p — 1) H"2(Vu) D, H(Vu) O, H(Vu) + Hp_l(Vu)(?ging(Vu)] uij

u; =

H(E)

at points where Vu # 0, by setting
_ _ 1
(3.1) aij = (0= DHP>(Vu)Og H(Va)e, H(Vu) + HYH(Vu) g H(Vu) = - 0, HY (Vu),

the Finsler p—Laplacian can be written as
(32) Afu = aijuij
at points where Vu # 0.

In the rest of this section, we shall give some maximum principles involving the second order
elliptic operator £ defined by

(3.3) Lv:= 81'(&1'3"[)]') .
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Lemma 3.2. Let u satisfy Afu =0 in some domain E, and assume that Vu # 0. Then

(3.4) Lu? =2(p— 1)HP(Vu).
Proof. From (2.2), (2.5) and (2.6) we have
Oiaij)u; = (p—1)(p—2)HP>(Vu)Oe, H(Vu)Oe, H(Vu) O, H(Vu)u; uy,
—_——
=H(Vu)
+(p — 1)Hp_2(Vu)8§i£kH(Vu) O, H(Vu)uj ugy,
=H(Vu)
+(p — 1)HP"2(Vu)0, H(Vu) ﬁgjékH(Vu)uj Uik
(S
=0

+(p — 1)HP"2(Vu)0g, H(Vu) 8§i5jH(Vu)uj wi + HP~1(Vu) Og’iéjng(Vu)uj gk s
ie.
Oi(aij)u; = (p—2) [(p — 1) HP*(Vu)Oe, H(Vu)0g, H(Vu) + Hp_l(Vu)aging(Vu)] Uik
and from (3.1) we obtain that
(3.5) Oi(aij)uj = (p — 2)apuiy, =0,
where the last equality follows from (3.2). Since
div (aijVuz) = 2a;;uiu; + 2uaijui; + 2ud;(ai;)u;
from (3.2) and (3.5) we have
div (aijVUQ) = 2a;;u;u;
and (3.1) yields
div (a;;Vu?) = 2(p — 1)HP(Vu),
which is (3.4). O
The following lemma will be useful to find a lower bound for LH (Vu)?.
Lemma 3.3. Let u be a smooth function. Then we have

N
N -1

a;

BC,

(3.6) a0, T (Vuuiguyy > = A+

where
A = 0, H(Vu)dg, H(Vu)uij + H(Vu)dZ ¢, H(Vu)ug,
~1

1 N _
B=H H(Vu)dZ ¢, H(Vu)ui; — (p — 1) HP"?(Vu)0e, H(Vu)de, H(Vu)ui; ,

and

1 9 N -1
C= NH(Vu)ﬁ&ng(Vu)uij -

N 6&H(VU)8§JH(VU)UZ] .

Proof. Let
Ay = (p— 1) HP*(Vu)de, H(Vu)de, H(Vu)uij, B = HP " (Vu)dF¢ H(Vu)uij
Ay = 0, H(Vu)dg, H(Vu)uij, Bz = H(Vu)d e H(Vu)ug; .

In terms of this notation we have that

1
QUi = A1+ By, and iagingz(Vu)uij = Ay + By,



10 GIULIO CIRAOLO AND ANGELA SCIAMMETTA

which implies that the right-hand side of (3.6) can be written as

A Uij N BC:(A1+B1)(A2+B2) N &_N—lA &_N—lA
N AtV N N—-1\N N "Y\N N 7
and after some computation we obtain that
Aj5Us5 N — AA B1B2
(3.7) N A—l—N_lBC— 1 2+N—1'

The left hand side of (3.6) is
(3.8) aijﬁgkngQ(Vu)uikujl = A1 A +pHp_l(Vu)a&H(Vu)(?gjH(Vu)@éikH(Vu)uikujl
+ HP (V) 0z ¢, H(Vu)z ¢, H(Vu)uipuj
We observe that
(3.9) A1 Ay = (p — 1) HP™2(Vu) (8¢, H(Vu)de, H(Vu)uiy)? .
Since aging (Vu) is semipositively definite and by using Kato inequality
aijﬁgk& H*(Vu)uguj > a0, H(Vu) g, H(Vu)uu
(see [30, Lemma 2.2]), we obtain that
(3.10) pHP~H(Vu)de, H(Vu)de, H(Vu)0F ¢, H(Vu)uipuy
= pHP" (Vu)dZ ¢, H(Vu) (8¢, H(Vu)uir) (8¢, H(Vu)uj) > 0.

The term
Hp(Vu)agigjH(Vu)aglﬁkH(Vu)uikuﬂ
is nonnegative definite as well. Indeed, the matrix 85215kH (Vu) has N — 1 strictly positive

eigenvalues and one null eigenvalue ([16, Lemma 2.4] and [16, Lemma 2.5]). Hence, we can write
the matrix

0z, H(Vu) = 0T AO,
where the matrix O is orthogonal and the matrix A is diagonal and such that
A = diag(p1, p2, - - -5 n—1,0)
with p; > 0 forany i =1,...,n — 1. Let U = (u;); j=1,..,n and U = OUOT. Then we have
HP(Vu)die, H(Vu) e, H(Vu)uguy = HP(Vu)Tr (OTAOUOTAOU)
= HP(Vu)Tr (A OUOTAOUOT)
—  HP(Vu)Tr (A(?Aﬁ) :

and from the definition of A and U we obtain
Hp(Vu)agiEjH(Vu)ﬁglEkH(Vu)uikujl = HP(Vu)uiujﬁ?j
= HY(Vu)piu, + HP(Vu) Y papti, > HP (Vu)pius,
itk
where we used that p; > 0. From Cauchy-Schwarz inequality, we obtain

HP(Vu)dZ ¢, H(Vu) D¢, H(Vu)uiug > HP (V) (itis)?

N —1
and hence

3.11 HP(Vu)d? . H(Vu)d?, H(Vu)u; s BB
(3.11) (Vu)Og¢, H(Vu)Oz e H(Vu)uigu = 37— -

From (3.7), (3.8), (3.9), (3.10) and (3.11) we obtain (3.6). O
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Lemma 3.4. Let E C RY be a domain and let u be such that Agu=0in E. We have

(3.12)

2(N+p—-2)(p—1)

L(H?(Vu)) > N

HP2(Vu) (9, H(V)de, H(Vu)u)?

where Vu # 0.
Moreover if E is bounded then H(Vu) satisfies the maximum principle.

Proof.
(3.13)

We first notice the following Bochner formula

aijO%H2(Vu) = aijﬁgk&HQ(Vu)uikuﬂ — aijO H* (Vu)uy;

where Vu # 0. Indeed, from (3.1) and (3.2) and since Afu = 0 we have

aijafj (H2(Vu)) = (Lijaj (angz(Vu)uzk) = aij(‘?gkle2(Vu)uikujl + al-jc‘)ng2(Vu)uijk

= (Iijagk&HQ(vu)uikUﬂ + ang2(Vu)8k( Q5 Uij ) - 85kH2(Vu)8k(aij)uij
A{){uzo

= aijagk&HQ(Vu)uikujl — 2H(Vu)0¢, H(Vu)aijiupui; ,

where Vu # 0. Then

(3.14)

ﬁ(HQ(Vu)) = amﬁzQ]HQ(Vu) + aileIHQ(Vu)uij = aijagk& HQ(Vu)uikujl ,

which proves (3.13).
By differentiating

H, _
Apu—O

with respect to xx where Vu # 0, we obtain

o, ((p — 1) HP"2(Vu) 9, H(Vu)de, H(Vu)ujp + HP L (Vu)oZ ¢ H (W)Ujk> =0.

We multiply the above equation by H(Vu)0e, H(Vu) and obtain

0 =

that is

H(Vu)de, H(Vu)d; ((p — V) H2(V) D, H(Vt) O, H (Vu)u g, + Hp_l(Vu)ﬁéng(Vu)ujk)
) <H(Vu)8§kH(Vu) <(p — 1) HP*(Vu)de, H(Vu)de, H(Vu)ujp; + Hp_l(Vu)aging(Vu)ujk>>

0; (H (V) H(V)) ((p — V) H2(V) D, H(V) O, H (Vu)uy, + Hp_l(Vu)aéng(Vu)ujk) ,

0; (H (Vu)de, H(Vu)) ((p — 1) H?*(Vu)de, H(Vu)de, H(Vu)ujy + Hp_l(Vu)ﬁiéjH(Vu)ujk>

— 9 (H(VU)B&H(VU) ((pfl)Hp_2(Vu)8§iH(Vu)8§jH(Vu)uijer_l(Vu)@gigjH(Vu)ujk>) ,

and from the definition of a;;, we have

(3.15)

Since

(3.16)

Oi (H (V) e, H(Vu) ((p — 1) HP 2 (Vu)Oe, H(Vu) e, H(Vu)uj

+Hp*1(vu)a§i§jﬂ(vu)ujk) = 0; (ay; H(V)de, H(Vu)ujy) .

0; (H(Vu)0e, H(Vu)) = 0¢, H(Vu)de, H(Vu)uy + H(Vu)dg ¢, H(Vu)uy,
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we have
Ok (H(Vu)0g, H(Vu)) 0; (H(Vu)dg, H(Vu))
- [8§iH(Vu)8§jH(Vu) + H(Vu)@?ifjH(Vu)] [851H(Vu)85kH(Vu)uli + H(Vu)dde, H(Vu)|usuy
= Og, H(Vu)O¢, H(Vu)0g, H(Vu)0g, H(Vu)uujg + H(Vu)ﬁgiH(Vu)ﬁgjH(Vu)@?lng(Vu)uliujk
+H(Vu) 0, ¢, H(Vu)de, H(Vu) g, H(Vu)uue + H(Vu)0Z ¢, H(Vu)O ¢, H(Vu)wiu,
From
£ £ (H2(Vu)) = 0 (a4 H (V) H(Vu)uze)
and (3.15) we obtain
%c (H*(Vu)) = (p— 1D)HP"*(Vu)de, H(Vu)de, H(Vu)d; (H(Vu)de, H(Vu)))ujp,
+HP N (V)0 ¢ H(Vu)d; (H(Vu)dg, H(Vu)) ujp
_ [(p — 2)HP~2(Vu)dg, H(Vu)dg, H(Vu)ujy, + HP2(Vu)dg, H(Vu)de, H(Vu)ujy
+HP N (Vu)0R ¢ H(Vu)use | 0; (H(Tu)dg, H(Vu)) |
and (3.16) yields
%.c (HX(Vu)) = (p— V)HP(Vu) (0, H(Va)de H(Vu)uy)?
+(p — 1) HP N (Vu)dZ ¢, H(Vu) (0, H(Vu)u) (0, H(Vu)up)
(3.17) +HP N (V)0 ¢ H (V) (0, H(Vu)w) (9, H(Vu)ujy)
+HP (V) (V) (aging(vu)ujk) (02 ¢ H(Vuyuy) .

From (3.6), (3.14) and (3.17) we obtain (3.12).

We set By = {x € E: Vu = 0}; since u € C1® then Ej is closed. From (3.6) we have that
H(Vu)? satisfies a maximum principle in £\ Ey and hence max H(Vu)? is attained at 0EUJE).
Since H(Vu) = 0 in Ep, we have that H(Vu) attains the maximum at OF, which yields that
the maximum principle holds. O

By using Lemmas 3.2 and 3.4 we can prove a maximum principle for a P-function which is
suitable for estimating the blow-up of the gradient. In particular, it takes care of the presence
of the neck Ns(w).

Let f € C?(2) be a cut-off function such that
.o . w
(3.18) If|=1in 05\ N5(w), f=0inN; (5) .
Moreover we choose f such that
f 2 2 1. w
. — < < — — .
(3.19) S<|VIP and VRIS i Ns(w) \AG ()

Theorem 3.5. Let u; be such that Allus =0 in Q5. Let f satisfy (3.18) and (3.19).
There exists Ao = Mo([| fllc2, [Hlles@B50,1))), with Ao = O(w™2) as w — 0%, such that the
function

(3.20) P(x) = f(z)H(Vus)? + I}
satisfies the maximum principle for any XA > Xg, i.e.
(3.21) max P(z) = max P(z)

€5 x€0Ns



STRESS CONCENTRATION IN NONLINEAR PERFECT CONDUCTIVITY PROBLEMS 13

for A > Xg.

Proof. We first notice that if P attains the maximum at a point g such that Vu(zg) = 0 then
zg € 952 Indeed, since P(zq) = \us(zo)? we have

f(x)H*(Vus(x)) + Mug(z)? < Aug(xg)?

for any = € Qs. In particular |us(z)| < |ug(zo)| for any = € Qs, and Lemma 3.1 yields that
o € ON.

Now let assume that P attains the maximum at a point z¢ such that Vus(zg) # 0. From
(3.12) and (3.4) we have

LP = a”(%f(x) 2(Vug) + 2ai;0; f (x)0; H*(Vug) + aijO f (x) H? (Vug)uij
(x) [ai;05H?(Vug) + a;jnO H?* (Vus)uij| + 2X(p — 1) HP(Vug)
(3.22) > a;j 7J]f(ac)]'{z(Vuzg) + 2a;;0; f ()0 H*(Vugs) + a;j0, f () H*(Vugs)uij

+f (@) (p — 1Ok HP~2(Vus) (0, H(Vus)de, H(Vug)uig)’
—|—2)\(p — 1)Hp(Vu5) ,

_ [2(N+p-2)(p—1)
vy [T 7 6T

Since H is 1-homogeneous, the quantities a;; H>~P(Vus), a;;:H37P(Vus) and 9¢, H are 0-homogeneous.
Hence there exists Cy depending only on || H||¢s (9B, (0,1)) Such that

(3.23) |lai; H2 P (Vug)|, |aij H> P (Vus)| < Co,and Cyt < |9, H(Vus)| < Co.
From (3.22), (3.23) and by using Cauchy-Schwarz inequality, we have
LP > [Mp—1) = CollVfllco] HP(Vus)
+ 200 = DONpVATCG? = C V2 oo | HY™H(Vus) |V

where we set

By choosing Ag large enough we obtain that LP > 0 for any A > )¢, and a simple calculation
shows that Ao depends only on ||H||c3(ap,(0,1)) and || f[lc2, and that Ao = O(w™?). O

Remark 3.6. We mention that there are other maximum principles for H(Vu) available in
literature. In particular, one can prove that

(3.24) LH(Vu)? >0

(see for instance [20] and [11]). Since £ is associated to the p-Laplace equation, (3.24) may appear
to be more natural to be considered. Unfortunately, (3.24) does not serve to our purposes, in
particular it can not be employed in the proof of Theorem 3.5 due to the presence of the term
u? in the P-function (another power of u would produce an analogous problem). This is the
reason why we considered the quantity £LH(Vu)? in Lemma 3.4.

4. BOUNDS FOR THE GRADIENT OUTSIDE THE NECK

As we have mentioned in the Introduction, we will show the following behaviour of the gradient
of ug: (i) it may have a blow-up at the point where the two inclusions touch and (ii) it remains
uniformly bounded far from that point. In this section we prove (ii), while (i) will be proved in
Section 5.

We first notice that the gradient of ugs is uniformly bounded on 92 independently of 4, i.e.
that there exists a constant C' > 0 independent of § such that

(4.1) max H(Vus) < C.
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Indeed, (4.1) follows from the following argument. We can choose a smooth domain A C Q
such that the inclusions D% and Dg are contained in A and such that A is far from 92 more
than K /2. The uniform bound on the gradient on 92 can be obtained by comparison principle,
in particular by comparing us to v, and v*, where v, and v* are the solutions to

Afv*:o inQ\ A4,

Ve = on 0F),

vx = mingg e on JA,
and

Ally* =0 in Q\ 4,

vt = on 0f2,

v =maxgne on 0A,
respectively.

It is clear that v, and v* are a lower and an upper barrier for ug, respectively, at any point
on Jf). Hence, the normal derivative of us can be bounded in terms of the gradient of v,, v*,
and thus H (us) can be bounded by some constant C' which depends only on K and ¢, which
implies (4.1).

Now we show that the gradient is uniformly bounded on the boundary of the inclusions at

the points which are not in the neck.

Lemma 4.1. Let us be the solution of (1.3) and let w > 0 be fized. There exists a constant
C > 0 independent of § such that

(4.2) max H(Vus) <C, i=1,2.
ODI\ONG (w)
Proof. Let z € dD} \ ONj(w) be fixed. Let By, (z0,71) be the interior touching ball to 9D} at
z (hence r1 < Ry), and define By, (20,72) as the exterior touching ball to D? centered at 2.
The proof consists in comparing the solution us to an upper barrier ¥ and a lower barrier v
for us at z, which are defined as the solutions to

A;,{@:O in BHO(ZO,TQ)\EHO(ZQ,T1)7

@:L{g on 8BHO(Z(],T’1),
U= maxy  on OB, (20,72),
and
A;IQIO n BHO(Z(),TQ)\BHO(Zo,Tl),
QZL{(% on 0Bg,(z0,71),

v = Ig}zncp on 0Bp,(z0,72),

respectively, where U} are defined in (1.6) (see (2.10) for the explicit expression). By evaluating
the gradient of ¥ and v at z and by using (2.8), we have

1N
N — P
p_lplxlg—r%%mp Qﬁl — if1<p<N,
rPt —p !
(4.3) H(V1(z)) = ! 2
rl_l
Us — max if N =p,
o o0 ln(rgrf) b
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and
1-N
N p—1
f Z/{é—ngg)n@ p_;l —y if1<p<N,
p 7,.11971 _ ,,4210*1
(4.4) H(Vu(z)) =
1 7'1_1
Uiy — minp| ———— if N =np.
® 00 7| In (rer ) P

Let 71 = cw for some small constant ¢ > 0. Since z is not in the neck, there exists a constant
a > 1 such that ro > ary for any § > 0, with a not depending on § (the constant « can be
explicitely calculated by considering the limit configuration for § = 0). Hence we have that

r% 1
(4.5) = < v forl<p<N,
=gt cw (1 —ar-! )
and
rit 1
(4.6) L for N =p.

In (rgrl_l) T cwlna

From (4.3)-(4.6) and Lemma 3.1 we find that
H(Vus(z)) < C

where C' depends only on the dimension NN, p, H<p||00(39) and w, and does not depends on §. [J

The arguments used for proving (4.1) and Lemma 4.1 can be used to prove that, in the limit
case 6 = 0, the gradient of ug remains uniformly bounded. Indeed, from Lemma 3.4 we have
that H(Vug) attains the maximum on 99y = 9Q U dD} U dD3. From the third condition in
(1.7), the maximum and minimum of Lemma ug are attained on 92. Hence, the bound on 92
can be obtained as done for (4.1). The bound on D} (and analogously the one on dD3) can
be obtained by comparison principle, more precisely by comparing ug and v; and vg, where v;
is the solution to Afvi =0in Q) 5[1), v; = Up on 0D6, 1 =1,2 v = maxgn ¢ and vy = mingg ¢
on 0f). Thus

(4.7) H(Vup) <C
in ﬁo.

Now we show that the gradient is bounded outside the neck, and we make explicit the depen-
dency on w.

Lemma 4.2. Let us be the solution of (1.3) and let w > 0. There exists a constant C > 0
independent of 0 and w such that

(4.8) ~max H(Vug) <
Q5\Ws (w)

¢
w

Proof. The maximum principle for the gradient of us (see Lemma 3.4) yields that the maximum
of H(Vu) in Qs \ Ns(w) is attained on 9(s \ Ns(w)).

From (4.1) and Lemma 4.1, we only need to prove uniform bounds for H(Vu) on ON, f(w),
where

(4.9) NG (w) = ONs(w) N {|Q2’| = +w}.
Let P be as in Theorem 3.5 (see formula (3.20)). From (3.18) we have that

max H?*(Vus) = max f(z)H?*(Vus) < max P(z) < max P(z),
ONE (w) ONE (w) ONE (w) Qs
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and Theorem 3.5 implies that there exists a constant A\g = O(w~2) such that (3.20) satisfies the
maximum principle for any A > \g and we obtain

max H?(Vus) < max P(z) = max P(z) .
NG (w) Qs s

Since [|usllco(q,) < l¢llcoan) (see Lemma 3.1) and Ao = O(w~2) (see Theorem 3.5), we have
that there exists a constant C' independent of § and w such that

P(x) = f(2)H*(Vugs) + M3 < f(x)H*(Vus) + Cw ™2,

and hence

max H?(Vugs) < max P(z) < max [ f(z)H?*(Vugs)] + Cw™2.
s FE(Vu) < s P(e) < s (2 H (V)]

Since f = 0 in N3(w/2), from (4.1) and Lemma 4.1 we find that there exists a constant C

independent on § and w such that

(4.10) max H (Vug) <

¢
NG (w) w

I

which completes the proof. O

We conclude this section by giving the relation between us and ug. We first notice that, from
Lemma 4.2 and [17, Theorem 2], for any fixed w > 0 we have that there exists & > 0 independent
of § such that

usllcrepcy < C for any compact set K C Q5 \ Ns(w),

where C' is a constant independent of §. This implies that us converges to ug in C1® outside
the neck, as shown in the following proposition.

Proposition 4.3. Let us be the solution of (1.3) and ug be the solution of (1.7).
There exists a constant 0 < o < 1 not depending on § such that

(4.11) lim [[us — uoller.eqs) = 0,

for any compact set E C Qqg. Moreover, for any i = 1,2 and for any neck Ns(w) of (sufficiently
small) width w we have

(4.12)
lim HP™ (Vus) VeH (Vug) - vds = / HP™ (Vug) VeH (Vug) - vds.
00 JaDi\ON;s (w) ODi\ON (w)

Proof. The proof is analogous to the one of [15, Proposition 4.5] (see also [19, Proposition 2.1)),
and we prefer to omit the details. O

5. PROOF OoF THEOREM 1.1

Lemma 5.1. Let 6,w > 0 and let Ry and Ns(w) be given by (1.8) and (1.12), respectively. Let
ugs be the solution to (1.3) and define

(5.1) Is(w) = / HP™ (Vus) VeH (Vug) - vds .
8D§08N5(’w)

There exists C > 0 independent of § and w such that
(5.2) lim |I5(w) — Ro| < Cw™ ™1,
6—0
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Proof. Since ug is the solution to (1.3), the divergence theorem yields
(5.3) Is(w) = / HP™Y (Vus) VeH (Vug) - vds — / HP™ Y (Vug) VeH (Vug) - vds .
oD} IDF\ONs(w)

We introduce a smooth auxiliary set E containing D; and not containing Dg such that OF
coincides with BD(I] in a neck of fixed width wg > 0. More precisely, E is such that D§ C E,
D2 C Q\ E for any § > 0, and 0E N Nj(w) C dD§ for w < wy. For simplicity of notation, we
set

OEY(w) := 0ENNs(w) and 0FE%*(w):= 0F \ N3(w).
Since H(Vuyg) is uniformly bounded in Qg (see 4.7), then

(5.4) )/ HP~ (V) VeH (Vug) - vds — Ro| < CuwM=1
OE (w)

for some constant C' independent of § and w.
By using that Aﬁu(s = 0 and applying the divergence theorem in E '\ (Ns(w) U D}) we obtain

/8E1( ) HP™! (Vus) VeH (Vus) - vds

/ HP™Y (Vus) VeH (Vug) - vds
EN(ONG (w))UaNG (w)))

+/ HP™ 1 (Vug) VeH (Vug) - vds,
OD;\ON;s(w)

where N (w) are defined by (4.9). Lemma 4.2 yields

) / HP™H (Vus) VeH (Vug) - vds| < %5;
EN(ON; (w))UON (w))) P
the third condition in (1.3) implies
Is = / HP™Y (Vus) VeH (Vug) - vds .
ODN\ON; (w)
Hence
C
(5.5) ’Lg - / HP™ 1 (Vug) VeH (Vug) - vds| < —9.
OB (w) wr
From (5.4), (5.5) and Proposition 4.3 we obtain (5.2). O

Let P € dD} N ONs(w). Let Bp,(yo,7) be a ball of center yo € B} and radius r. We shall
make use of the following values of the radius r. Let 1 be such that Bp,(yo,r) is tangent to
8D§ at P from the inside, and denote by r9 the radius of the concentric touching ball tangent
to 8D§ from the outside. Analogously, let B, (20, p) be a ball of center zy € B(% and radius p.
The radius p will be chosen to be p; or ps, which are defined as follows. Let py be such that
B, (20, p) touches 9D} at P form the outside, and let p; be the radius of the concentric ball
touching 8D§ from the inside (see Figure 5). In the following lemma we establish pointwise
bounds on the quantity inside Is in terms of r1, 79, p1 and ps. We assume that Z/lg — L{g > 0; the
case Z/lg — Ug < 0 is completely analogous.

Lemma 5.2. Let assume that U(Sl > Z/{g. There exists C' > 0 independent of § such that

_ Us — Us _ P—1(vy u - . Us —Us
50— (U)o wuy v v < - (L) o
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X

Xy

F1GURE 2. The choice of 1,72, p1, p2.

holds for any P € dD} N ONs(w).

Proof. Let v be given by
( p—N ;;—];7
.~
W —u) T e e o,
Pt gt

Q(ZL‘) — 1 2
In(ry " Hy(z —
In(ry "ry)

Notice that Afv =0 in RV \ {yo} and v = U} on OB, (yo,7i), i = 1,2. Let
(U —uz
—JL—%f ifl<p<N,
p—

N
1

p—1
T —T9

(5.7)
1742
Us —Us N = p,

and observe that M >0 for 1 <p < N and M <0 for p > N
We notice that we can find a constant M, not depending on J, such that if |[M| > M, then v

is a lower barrier for ug. In this case, since

Ur—u? N - p .
pf, S_ _1 ”1 iftl<p< N,
Tlpfl T2pf
H(Vu(P)) =
U —U5 1 if N=p
{ ln(ryfl) r1 ’

from the mean value theorem we have that there exists 7 € (11, r2) such that
1-N
p—1

Ut —u?
H P i R N
e
for any p > 1, and hence
Ul —u?
H(Vu(P)) > 2—=.
T2 —T1

(5.8)
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Thanks to (5.8) we can give an upper bound on the quantity HP~Y(Vus(P))V¢H (Vus(P)) -
v(P). Indeed, since v is a lower barrier for us and 8D§ is a level line for ug then

(5.9) VeH(Vus(P)) - v(P) = =VeH(v(P)) - v(P) = —H(v(P)) = —1,
where the last equality holds because P lies on a Wulff shape. From (5.8) and (5.9) we find

5.10) (TP Ve (Vus(P) (P < - ()"

If M < M, from elliptic estimates we have H(Vu;) < C, where C' does not depends on .
Indeed, from the mean value theorem we have

1 2 _
U1\ N
ro — 11 p—1

Since dD} is of class C3, us is constant on D}, [U} — UZ| < C(ry — 1), and the distance of P
from @D? is of size ro — 71, from interior regularity estimates [17] we have that H(Vus) < C,
where C' does not depends on §.

Hence

p—1
HP™H(Vus(P))VeH(Vus(P)) - v(P) < — <L§2 _2:15) Lc,

which gives the upper bound in (5.6).
The lower bound in (5.6) can be obtained by considering the function T given by

' @-pF = o
Ho(x —g)r=1 — py~ .
—(Us —Uf) N p_11V2 +U} ifl<p<N,
— o plp7 _ pQP*
u(x) =
l —1H 5
-} — e EECE D) 4y it N =p
ID(PQ :01)
in place of v and arguing as before, where now v serves as an upper barrier for u;s (see also Proof
of Step 1 of [15]). O
Let
5_%"’1’ D> % ,
_ -1 _ N+1
(5.11) Un(6) = < (log (1/8) 1 p= 31,
1 p < % .

We have the following lemma.

Lemma 5.3. Let w > 0 be fized. Then

(Rt R\ T N _
)P o HoP| ! () 10 O )1 ko(1)-Cu < Ty(w),
and

42 (R1+R _N-1 _
1) < ~(1-7) -1 P o alrl () QI 3 (0) (o) O,
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Proof. Let ¢ = (1 &£ 7) }2%1151?2' From (5.6) and [15, Lemma AppendixB.1] and [15, Lemma
AppendixB.2], we have

Us —Us p11 52+ |P — By?)) — C < HP Y (Vug(P))VeH(Vug(P)) - v(P
_<W) (I+0(6"+|P—Pol?) —C < (Vus(P))VeH (Vus(P)) - v(P)

up—uz N\ ) 2
§_<(5—}—CQPLPL> (1+O(5 —|—|P—P0’ ))—|—C,

where Q is defined by (1.9) and Pt is the projection of P over the orthogonal to Py. By
integrating over Z = D} N ONs(w), we obtain

. 1 .
(5.12) - (U} —ud) 11/(5+CQPL.PL)p_1do—(1+o(1))—CwN 1< Is(w)

_ 1
< — (U} —u2\? 1/
— (5 5) ] (5+CQPJ_.PJ_)P*1

do(1+ o(1))) + Cw™ L,

Hence, we have to understand the asymptotic behaviour of

A d
(5.13) I= / 7 —
J (0 +cQPL - PLY
as 0 — 0.
Since {zy = 0} is the orthogonal to P°, we write P+ as P+ = (2/,zy), where 2/ =
(z1,...,2n-1). The implicit function theorem guarantees that there exists a function ¢ :

{|0Y22'] < w} — R such that Ho(2',6(z')) = Ry, ¢(0) = & and (2/,6(z')) € Z. Hence

(5.13) becomes
/ V14 |Veo(x |2

(6 + cQua' - &P~ i

~>

{1Q!/22/|<w}
We recall that the point P = (2, ¢(2')) lies on a Wulff shape, which implies that

1 ,
= @y HoE) 2 o))

as 2’ — 0 and, by a change of variables, we find

1+ |Vpo(a)))?

N+1

— Oy Ho(Po)| 1 857 (e Q) / W,
{|y|< w} 1+|y| )p

c

6
Tedious by standard calculations show that
ly| M2

1im52_p\I/N / ————dy = Ky,
B ety T+ T = Ko

where Uy (6) is given by (5.11) and K, is a constant which depends only on N and p and can
be explicitly computed. Hence

(5.14) = (c 1Q)"F Ky |0ey Ho(Po)| ™ URH(6)(1 + o(1))
as § — 0. From (5.12) and (5.14) we obtain the assertion. O

In the following Proposition we give upper and lower bounds on the difference of potential
Uy —Uz.
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Proposition 5.4. For any fized T € (0,1/2) we have that
(1= 7)CUN(O)(1+0(1) < (U —U)" < (1+7)CUN(O)(1+0(1)),
where Cy is given by (1.11).
Proof. The proof follows straightforwardly from Lemma 5.3 and Lemma 5.1. O
We are ready to proof Theorem 1.1.

Proof of Theorem 1.1. By choosing w small enough and since the gradient stays uniformly
bounded outside the neck of width w (see Lemma 4.2), from Lemma 5.2 and Proposition 5.4 we
obtain the assertion. 0
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