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Abstract: In this paper an innovative and simple Operational Modal Analysis (OMA) method for
structural dynamic identification is proposed. It combines the recently introduced Time Domain–
Analytical Signal Method (TD–ASM) with the Genetic Algorithm (GA). Specifically, TD–ASM is firstly
employed to estimate a subspace of candidate modal parameters, and then the GA is used to identify
the structural parameters minimizing the fitness value returned by an appropriately introduced
objective function. Notably, this method can be used to estimate structural parameters even for high
damping ratios, and it also allows one to identify the Power Spectral Density (PSD) of the structural
excitation. The reliability of the proposed method is proved through several numerical applications
on two different Multi Degree of Freedom (MDoF) systems, also considering comparisons with
other OMA methods. The results obtained in terms of modal parameters identification, Frequency
Response Functions (FRFs) matrix estimation, and structural response prediction show the reliability
of the proposed procedure.

Keywords: correlation function; Power Spectral Density; Structural Health Monitoring; Hilbert
transform; Genetic Algorithm; structural dynamic identification; Operational Modal Analysis

1. Introduction
1.1. Preliminaries and Problem Statement

The identification of the dynamic properties of a system, i.e., its natural frequencies,
damping ratios, and modal shapes, is nowadays common in many branches of engineering
and has been used for different purposes both in mechanical and in civil and aerospace
engineering applications [1]. It can be performed by using traditional Experimental Modal
Analysis (EMA) methods or Operational Modal Analysis (OMA) methods. EMA methods
require the knowledge of both structural excitation (input) and structural response (output),
while OMA methods allow one to identify the dynamic properties of a system, assumed
as linear and time-invariant [2], without knowledge of the structural excitation [3] that is
due to ambient vibrations and usually modelled as a stationary [4] white noise [5]. OMA
methods can be employed for different purposes such as model validation [6], calibration
of Finite Elements Models (FEMs) [7], vibration control [8,9], Structural Health Monitoring
(SHM) [10–14], damage detection [15], and structural identification [16–18]. Applications
of OMA were conducted on bridges [19–21], historical buildings [17,22], dams [23], tall
buildings [24,25], offshore platforms [26,27], and other kinds of structure [28–30].

In structural engineering, the identification of the dynamic properties is the first step
required to perform an SHM; indeed, if there are damages to the structural elements due to
degradation of the materials or strong external excitations, then the dynamic behavior of
the structure changes along with its dynamic properties, and therefore to identify structural
damages, it is necessary to use identification methods capable of estimating the dynamic
properties with high precision. However, the precision of OMA methods usually decreases
when the damping ratio increases and/or there are closely spaced frequencies. Moreover,
they do not return information regarding the structural input.
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The aim of this paper is to propose a simple-to-use identification method that allows
the modal parameters to be estimated, also in the case of high damping ratios, and that can
provide information on the structural input.

1.2. State of the Art

In the literature, there are many OMA methods for structural identification that can be
classified according to the domain in which they are developed.

Peak Picking (PP) [31] is a simple frequency domain procedure to estimate the natural
frequencies from the peaks of the Power Spectral Densities (PSDs) and, if linked to the Half
Power Bandwidth Method (HP) [31], allows the damping ratios to be identified. Although
PP is attractive for its simplicity, it can be used only for systems that have low values of
damping ratios and well-separated modes.

Frequency Domain Decomposition (FDD) was introduced in 2000 [32,33], and soon it
became one of the most popular OMA methods in the frequency domain. Frequencies and
modal shapes are estimated by performing a Singular Value Decomposition (SVD) [5] of the
PSD matrix. Although FDD is fast and simple to use, it cannot identify the damping ratios.
For this reason, a new version of FDD, called Enhanced Frequency Domain Decomposition
(EFDD), was developed [34]. EFDD has higher accuracy than FDD, but the estimation of
the damping ratios is still an open issue [1].

The Natural Excitation Technique (NExT) [35] is a time domain OMA method that
exploits the auto- and cross-correlation functions of the response process. It has a determin-
istic framework [1], but its combination with algorithms such as Eigensystem Realization
Algorithm (ERA) [36], PolyReference Complex Exponential (PRCE) [37], or Extended
Ibrahim Time Domain (EITD) [38] can be classified as an OMA method to identify the
dynamic properties, also in the case of closely spaced modes [1].

Auto Regressive Moving Average (ARMA) [39], or Auto Regressive Moving Average
Vector (ARMAV) in case of multiple excitations [40], is based on the prediction of the
current value of a time series considering the past values and the prediction error. It is
usually linked to another method, such as the Prediction Error Method (PEM) [41], the Liner
Multi-Stage (LMS) method [42], or the Instrument Variable Method (IVM) [42]. Since the
MA part causes non-linearity, the identification process must be iteratively implemented,
and thus it is computationally intensive.

Time Domain Decomposition (TDD) [43] is based on a Single Degree of Freedom
(SDoF) approach; in fact, for Multi Degree of Freedom (MDoF) systems, it is necessary to
filter the signal to obtain mono-component signals [43]. From the correlation functions
matrix of the filtered signals, it is possible to estimate the modal shapes by performing an
SVD [43]. Frequencies and damping ratios can be estimated from the mono-component
signals by using PP and HP. Since it is based on an SDOF approach, it is difficult to identify
the dynamic properties in the case of closely spaced modes [1].

The most used time domain OMA method is Stochastic Subspace Identification
(SSI) [1], first developed in 1991 [44]. There are two main SSI algorithms [45]: SSI covari-
ance driven (SSI-COV), and SSI data driven (SSI-DATA). Both of them can be implemented
with the Principle Component (PC) method, the Unweighted Principle Component (UPC)
method, or the Canonical Variant Analysis (CVA) method. SSI-COV [46] exploits the output
covariance matrix, called the Toeplitz matrix, that is decomposed in two different ways,
namely, into the product of an observability matrix and a controllability matrix and by
using an SVD. With this information, it is possible to estimate the state transition matrix
and, by performing an eigenvalue decomposition, it is possible to estimate the modal
properties of the system. SSI-DATA [47], developed in 1993, uses a QR decomposition of
the data Hankel matrix in order to project the future output in the past output, and then an
SVD of the projection matrix is performed to identify the dynamic properties. PC, UPC,
or CVA are used to weigh the matrices before applying the SVD [1,3,5]. SSI is a stable and
precise method, but, in general, it is very difficult to mathematically implement [1].
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The Analytical Signal Method (ASM) is a recently introduced hybrid method [17]
that uses the mono-component correlation functions obtained from the Inverse Fourier
Transform (IFT) of the filtered PSDs. Since the Analytical Signal (AS) is very sensible to the
minimum change of the natural frequencies [48–50], it is used in ASM to better identify
them. Precisely, the AS of the mono-component correlation functions is decomposed in
envelope and phase, from which it is possible to estimate the damping ratios and the
natural frequencies. ASM is a fast OMA method, but it cannot identify the modal shapes.

The Time Domain–Analytical Signal Method (TD–ASM) is a recent OMA method very
similar to ASM but entirely developed in the time domain [18]. In TD–ASM, firstly the
correlation functions matrix of the structural response is decomposed into mono-component
correlation functions by using an SVD, and then the natural frequencies and the damping
ratios can be estimated from the AS of the mono-component correlation functions [18].
For systems that have equal masses, the modal shapes can be estimated by performing an
SVD of the correlation functions matrix, but if the structural system has different masses,
TD–ASM cannot identify the modal shapes except the dominant one. However, also in the
cases of different masses, the frequencies and the damping ratios can be identified with
sufficient accuracy, and the discrepancy between the estimated dominant modal shape and
the exact one is very low and less than that reported by other OMA methods [18].

OMA identification methods can also be linked with Artificial Intelligence (AI) or with
Evolutionary Algorithms (EAs).

Procedures that link OMA with AI can be used to detect and/or localize damages [51–54].
They usually follow a Machine Learning (ML) approach [51] that consists of training an Artificial
Neural Network (ANN) through the use of different samples composed by an input (that can
be the structural response or its statistical properties) and an output (that is the presence or not
of the damage and/or its localization). The training can be supervised or unsupervised [55], but
for damage detection, the supervised training is generally used [51]. However, for novel real
structures, it is impossible to have real data on the damaged case, and thus in order to overcome
this limit, two different procedures can be followed [51]. The first one is to use the data obtained
from FEM (appropriately calibrated) and the data obtained from in situ investigations for the
undamaged structure, while for the damaged structure, only the data obtained from an FEM
can be used. The second way is to use unsupervised ML or unsupervised Deep Learning (DL)
approaches, but very few studies have been conducted in this regard [51]. However, this kind
of approach does not allow one to have full control of each single step performed by the AI,
and the simulation of several input–output samples deriving from FEM can require a very high
computational burden.

Procedures that use EA, such as the Genetic Algorithm (GA) or Particle Swarm Opti-
mization (PSO), usually minimize or maximize the fitness value obtained from an objective
function called fitness function [56,57]. The latter is properly designed depending on the
purpose to be achieved. Nowadays, these kinds of techniques are used, for instance, to
detect damages [58] or to calibrate FEM [59].

1.3. Highlights of the Proposed Method

In this paper, an innovative semi-automatic OMA method for structural dynamic
identification called the Time Domain–Analytical Signal Method with Genetic Algorithm
(TAGA) is proposed. It exploits the advantages of TD–ASM, i.e., accurate identification
of the dominant modal shape and an initial identification of natural frequencies and
damping ratios; furthermore, thanks to a linking with the GA, the modal shapes can be
identified also in the case of systems that have different masses. In the proposed method,
an appropriate fitness function is introduced to reduce the discrepancies between the PSDs
of the recorded signals and the PSDs estimated through the use of the GA. The estimated
PSDs are calculated by varying the values of the modal parameters with the limits imposed
by a subspace appropriately chosen considering the frequencies and the damping ratios
previously estimated with the use of TD–ASM. TAGA is simple to use, leads to good results
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also in the case of high values of the damping ratios and, unlike other OMA methods,
allows one to identify the PSD of the structural input.

2. Proposed Method and Numerical Validation
2.1. Proposed Method

The proposed method is articulated in two different parts: first, TD–ASM is applied,
and then GA optimization is performed. For the sake of clarity, in this subsection, all the
steps of each part are described in detail.

2.1.1. Time Domain–Analytical Signal Method (TD–ASM)

TD–ASM is a recently introduced time domain OMA method that can be considered
as a modified version of the ASM [18]. For SDoF systems, ASM estimates the natural
frequency and the damping ratio, respectively, from the phase and the envelope of the
AS of the response’s correlation functions. The latter is obtained by performing the IFT of
the response’s PSD [17] calculated, for instance, by using the Welch method [60,61]. TD–
ASM does not require the calculation of the PSD, since it directly calculates the correlation
function of the response process. Then it estimates the natural frequency and the damping
ratio from the phase and the envelope of the AS of the response’s correlation functions. For
MDoF systems, the procedure is the same, but a decomposition of the correlation functions
matrix is required before proceeding as in the SDoF case. For an MDoF system TD–ASM
can be conducted using the following steps [18]:

1. Acquisition of the structural response process;
2. Estimation of the response process’ correlation functions matrix;
3. Singular Value Decomposition (SVD) of the correlation functions matrix in zero;
4. Estimation of the mono-component correlation functions;
5. Reconstruction of the Analytical Signal (AS) of each mono-component auto-correlation

function;
6. Estimation of frequencies and damping ratios.

The equation of motion of an MDoF system with mass matrix M, stiffness matrix K,
and damping matrix C, excited by a ground acceleration W(t) assumed as a white noise
process, is

M
..
X(t) + C

.
X(t) + KX(t) = −MW(t) (1)

where X(t),
.

X(t), and
..
X(t) are the response processes, respectively, in terms of displace-

ment, velocity, and acceleration. The correlation function matrix of the response process
X(t), labeled as RX(τ), can be computed taking into account that

RXiXj(τ) = E
[
Xi(t)Xj(t + τ)

]
(2)

in which E[·] is the stochastic mean operator, i = 1, 2, . . . , ndo f , j = 1, 2, . . . , ndo f , and ndo f is
the number of the system’s degrees of freedom. After the computation of the correlation
functions matrix, an SVD of the latter in τ = 0 can be performed, and thus RX(0), that is,
the covariance matrix of the response process, can be decomposed in the form

RX(0) = USVH (3)

where S is a diagonal matrix that contains the singular values of RX(0), U and V are,
respectively, the left and the right eigenvectors of RX(0), and the apex H denotes the
conjugate transpose. Note that since RX(0) is a normal matrix, i.e., it is square and the
relation RT

X(0)RX(0) = RX(0)RT
X(0) is valid, U = V. Further, since RX(0) is a real matrix,

the conjugate transpose and the transpose are the same matrix, and thus Equation (3)
becomes [18]

RX(0) = USUT . (4)



Buildings 2022, 12, 963 5 of 17

As it can be seen, Equation (4) has a form that is similar to the modal decomposition
of the correlation functions matrix for classically damped systems, i.e., [5,62]:

RX(τ) = Φ̃RỸ(τ)Φ̃
T

(5)

where RỸ(τ) is the correlation functions matrix in modal space, Ỹ(t) is the structural
response in modal space, and Φ̃ is the modal matrix. It is emphasized that the modal
matrix represents the structural system’s modal shapes Φ normalized with respect to
the mass matrix. For systems having equal masses, the smaller the damping and the
more U → Φ [18], and thus the modal shapes can be directly estimated from the SVD of
the correlation functions matrix. Since UU−1 = U−1U = I, then the mono-component
correlation functions can be calculated as the terms present in the diagonal of RY(τ) [18],
the latter being defined as

RY(τ) = U−1RX(τ)U−T (6)

In order to estimate the mono-component correlation functions also for systems that
have different masses, Equation (6) can be applied, but in this case, TD–ASM cannot identify
the modal shapes except the dominant one.

Each mono-component correlation function in the diagonal of RY(τ), denoted as
RYj(τ), can be used to reconstruct its AS. This is a complex signal [48–50] whose real part is
the correlation function itself, and the imaginary part is its Hilbert transform. Thus, the AS
of the j-th mono-component correlation function is given as [18]

ZYj(τ) = RYj(τ) + iR̂Yj(τ) (7)

in which R̂Yj(τ) is the Hilbert transform of the j-th mono-component correlation function
RYj(τ). The Hilbert transform of RYj(τ) represents the convolution between RYj(τ) and
1/(π τ). It is calculated as [18]

R̂Yj(τ) =
1
π
℘

∞∫
−∞

RYj(τ̃)

τ − τ̃
dτ̃ (8)

where ℘ is the principal value. The AS in Equation (7) can be expressed in polar form
as [18]

ZYj(τ) = Aj(τ)e
iϑj(τ) (9)

where Aj(τ) and ϑj(τ) are, respectively, the envelope and the phase of the AS, and they are
calculated as [18]

Aj(τ) =
√

RYj(τ)
2 + R̂Yj(τ)

2 ≈ σ2
Yj

e−2π f jζ jτ (10)

ϑj(τ) = arctan

[
R̂Yj(τ)

RYj(τ)

]
≈ 2π f j

√
1− ζ2

j τ (11)

in which σ2
Yj

is the variance of the j-th mono-component response process Yj(t). By per-

forming the first derivative of the phase ϑj(τ) and dividing by 2π, it is possible to obtain
the instantaneous damped frequency f j(τ), i.e., [17,18]

f j(τ) =
1

2π

d
dτ

[
ϑj(τ)

]
, (12)

and thus the j-th damped frequency of the structural system f j

√
1− ζ2

j can be estimated
performing the mean of the instantaneous damped frequency in Equation (12). The damp-
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ing ratio can be calculated from the envelope; in fact, by performing the logarithm of
Equation (10) it is possible to obtain the linear form [17,18]

ln
[
Aj(τ)

]
= ln

[
σ2

Yj

]
− 2π f jζ jτ = c2,j + c1,jτ, (13)

and thus the j-th damping ratio of the structural system can be estimated as [17,18]

ζ j = −
c1,j

2π f j
=

√√√√ c2
1,j

1 + c2
1,j

(14)

in which c1,j = c1,j/
(

2π f j

√
1− ζ2

j

)
. After the estimation of the j-th damped frequency

f j

√
1− ζ2

j and the j-th damping ratio ζ j, the j-th natural frequency f j can be easily calcu-
lated.

TD–ASM is a very user-friendly method that can be used also by users that have
little to no knowledge in signal analysis and stochastic dynamics [18]. However, TD–ASM
cannot identify all the modal shapes of systems that have different masses. To overcome
this limit, the proposed method links it with the GA. In the next sub-subsection there is a
detailed description of how the information obtained by using TD–ASM can be exploited
to model an optimization problem and how to solve it by using the GA.

2.1.2. Genetic Algorithm (GA)

The GA, often used in optimization problems, is one of the EAs [56]. It is based on
Darwin’s natural selection according to which, with the increase of generations, there
is an increase of individuals presenting optimal characteristics for the environment in
which they live [56]. From an optimization point of view, the GA finds the parameters
that minimize or maximize a fitness value dependent on a certain function called fitness
function. To perform a GA optimization, it is necessary to choose not only the fitness
function but also the domain of the parameters to be identified, the number of individuals
of the initial population, and the stopping criterion. The latter is the condition to be
satisfied for the stoppage of the evolutionary procedure to occur, and it is usually selected
among maximum number of generations, maximum time for the optimization procedure,
maximum number of stall generations, or achievement of a certain fitness value. The
GA begins with the creation of the first generation made up of a preselected number of
individuals randomly chosen among all possible combinations and, for each of them, the
fitness value is calculated. Individuals with the best fitness values are selected to create
a new generation of individuals obtained through reproduction, crossover, and mutation
operations [57]. This evolutionary procedure will continue until the stopping criterion is
satisfied. The classical GA scheme is depicted in Figure 1.
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For the proposed method, the domain of the parameters to be identified as

f j ∈
[

f (est)
j − ε f f (est)

j ; f (est)
j + ε f f (est)

j

]
(15)

ζ j ∈
[
ζ
(est)
j − εζ ζ

(est)
j ; ζ

(est)
j + εζζ

(est)
j

]
(16)

φik ∈ [−1; 1] k = 2, . . . , ndo f (17)

and
S0 ∈ [0; S0,max], (18)

respectively, for the frequencies, the damping ratios, the modal shapes, and the constant
value of the PSD of the white noise W(t). The apex (est) indicates that the frequencies
and the damping ratios are estimated through the use of TD–ASM, f (est)

j ± ε f f (est)
j and

ζ
(est)
j ± εζζ

(est)
j represent the range of variations of the estimated frequencies and damping

ratios, and S0,max is the maximum constant value of the white noise’s PSD. The values of
ε f and εζ have to be chosen by taking into account the precision of TD–ASM. Particularly,
since TD–ASM leads to good results in terms of frequencies identification, a small value
of ε f (5–10%) can be chosen. For εζ , a greater value (40–50%) may be needed because
the precision of TD–ASM in terms of damping identification can decrease for modes
that give less contribution to the total motion. Obviously, if ε f and εζ increase, then
the required computational burden increases, since a larger domain must be explored.
It should be noted that in Equation (17), k = 2, . . . , ndo f because the first modal shape
(estimated through the use of TD–ASM) is considered exact, and thus the modal shapes’
matrix is Φ =

[
Φ(est)

1 Φ2 · · · Φk

]
. This assumption permits a drastic reduction of the

computational burden.
The stopping criterion used in the proposed method coincides with the satisfaction

of one of the following options: a certain number of generations is reached; a certain
number of stall generations is reached. High values of these two quantities ensure that the
identification procedure is not prematurely stopped.

To perform an optimization by using the GA, a fitness function labelled as α(ω) is
introduced. It assumes the form

α(ω) =

ndo f

∑
i=1

ndo f

∑
j=1

ln

[∣∣∣∣∣SXiXj(ω)

SXiXj(ω)

∣∣∣∣∣
]

(19)

In Equation (19), SXiXj(ω) is the cross PSD of Xi(t) and Xj(t), which can be evaluated
as the Fourier transform of Equation (2) divided by 2π, while SXiXj(ω) is the estimated
cross PSD of Xi(t) and Xj(t), that is, the ij component of the estimated PSD matrix SX(ω),

calculated by using Φ(est)
1 and the parameters in Equations (15)–(18). SX(ω) is calculated

by performing a modal transformation, i.e., [5,62]

SX(ω) = Φ̃SỸ(ω)Φ̃
T

, (20)

in which Φ̃ can be obtained by normalizing Φ, and SỸ(ω) is the estimated PSD matrix in
modal space whose components are [62]

SỸiỸj
(ω) = sisj H∗M,i(ω)HM,j(ω)S0. (21)
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In Equation (21), the apex * denotes the complex conjugate, sj is the j-th modal partici-
pation coefficient, and HM,j(ω) is the j-th Frequency Response Function (FRF) in modal
space. The j-th modal participation coefficient is calculated as

sj = −
ndo f

∑
k=1

φ̃jkmk, (22)

and the j-th FRF in modal space is [62]

HM,j(ω) =
1

ω2
j −ω2 + 2iζ jωjω

=

(
ω2

j −ω2
)
− 2iζ jωjω(

ω2
j −ω2

)2
+ 4ζ2

j ω2
j ω2

(23)

where ωj = 2π f j.
The fitness function α(ω) in Equation (19) can be truncated at a certain frequency ω̃c

beyond which the spectrum does not provide useful information for the system identifi-
cation. If α(ω)→ 0 ∀ω , then SXiXj(ω)→ SXiXj(ω) , and thus the identified parameters
must tend to the exact ones. In attempt to achieve this condition, the GA minimizes the
fitness value α̃ that is calculated starting from the fitness function in Equation (19) as

α̃ =
ω̃c/∆ω

∑
r=1

α(ωr) (24)

where ∆ω is the frequency sampling step (in rad/s).
Minimizing the fitness value in Equation (24), the GA allows one to identify not only

the natural frequencies, the damping ratios, and the modal shapes of a structural system,
but also the PSD of the structural excitation.

2.2. Numerical Validation

To validate the proposed method and to assess its reliability, several numerical sim-
ulations were performed on two MDoF classically damped systems: a 3DoF and a 5DoF
shear-type frame. The general MDoF shear-type frame is depicted in Figure 2, and, for
n = 3 and n = 5, it coincides with the aforementioned frames.
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The 3DoF system has masses m1 = 2000 kg, m2 = 1500 kg, m3 = 1000 kg; stiffness
k1 = 24.72× 106 N/m, k2 = 12.36× 106 N/m, k3 = 11.124× 106 N/m; and damping ratios
ζ1 = 9.35%, ζ2 = 9.06%, ζ3 = 10.34%.

The 5DoF system is a frames have masses m1 = m2 = 10, 000 kg, m3 = m4 = 7500 kg,
m5 = 5000 kg; stiffness k1 = k2 = 24.72 × 106 N/m, k3 = k4 = 18.54 × 106 N/m,
k5 = 12.36 × 106 N/m; and damping ratios ζ1 = 8.04%, ζ2 = 5.76%, ζ3 = 6.44%,
ζ4 = 7.42%, ζ5 = 8.10%.

The two structural systems are excited by a ground acceleration that is a white noise
process with S0 = 4.7746× 10−3m2/s3. The number of samples considered is equal to 100,
and the duration of each sample is equal to 60 s discretized with a sample frequency of
1000 Hz.

As far as the GA parameters are concerned, the maximum number of total generations
chosen is 10,000, while the maximum number of stall generations and the value of S0,max
are, respectively, 400 and 0.5. The value of ε f is equal to 5%, while εζ = 50%. For the sake
of clarity, the minimum and the maximum values of f j and ζ j are reported in Tables 1 and 2,
respectively, for the 3DoF system and the 5DoF system.

Table 1. Minimum and maximum values of frequencies and damping ratios for the 3DoF case.

f1 f2 f3 ζ1 ζ2 ζ3

min 7.8238 19.0056 23.7068 0.0472 0.0453 0.0458
max 8.6474 21.0062 26.2023 0.1415 0.1360 0.1375

Table 2. Minimum and maximum values of frequencies and damping ratios for the 5DoF case.

f1 f2 f3 f4 f5 ζ1 ζ2 ζ3 ζ4 ζ5

min 2.4285 6.1453 9.3977 11.9656 13.6929 0.0414 0.0290 0.0319 0.0412 0.0189
max 2.6841 6.7922 10.3870 13.2252 15.1342 0.1241 0.0871 0.0957 0.1236 0.0568

The results obtained with the proposed method are compared with those obtained by
using two of the most popular OMA methods: FDD and SSI.

The discrepancies between the identified modal parameters and the exact ones, la-
belled as ε%, are calculated as

ε% = 100

∣∣∣∣∣ p(ex) − p(id)

p(ex)

∣∣∣∣∣ (25)

in which p(ex) and p(id) represent, respectively, the exact modal parameters and the identi-
fied modal parameters.

In order to have a unique value that represents the reliability of the used methods, the
FRF matrix of the system in nodal space is calculated as [5,62]

H(N)(ω) = Φ̃H(M)(ω)Φ̃
T

(26)

where H(M)(ω) is the FRF matrix in modal space that is a diagonal matrix whose compo-
nents can be calculated with Equation (23). The discrepancy between the estimated FRF
matrix in nodal space and the exact one is calculated as

ξ% =
100
n2

do f

ndo f

∑
i=1

ndo f

∑
j=1


ω̃c∫
0

∣∣∣H(N)
ij (ω)− H(N−ID)

ij (ω)
∣∣∣dω

ω̃c∫
0

∣∣∣H(N)
ij (ω)

∣∣∣dω

 (27)
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in which H(N)
ij (ω) are the exact components of the FRF matrix in nodal space, H(N−ID)

ij (ω)

are the identified components of the FRF matrix, and k f = ω̃c/∆ω.
For the 3DoF system, the value of ω̃c is equal to 2π × 30 rad/s, i.e., 30 Hz, while for

the 5DoF frame, the value of ω̃c is equal to 2π × 24 rad/s, i.e., 24 Hz.
A comparison was performed also in the time domain. Particularly, the systems iden-

tified by TAGA, SSI, and FDD and the exact systems were excited by a ground acceleration
assumed as a white noise process. The response of each identified system was compared
with the response of the exact system, the discrepancies χi% being calculated as

χi% = 100


t f∫
0

∣∣∣x(EX)
i (t)− x(ID)

i (t)
∣∣∣dt

t f∫
0

∣∣∣x(EX)
i (t)

∣∣∣dt

 (28)

in which x(EX)
i (t) is the i-th exact response, and x(ID)

i (t) is the i-th estimated response.
Since the GA can be applied in the same way to other OMA methods as well, it

is possible to think that the choice to link the GA with another identification method is
better than the one proposed. To clarify this, an additional comparison was performed.
Particularly, the results obtained (in terms of FRF matrix identification) by applying TAGA
on the 3DoF system are compared with those obtained by linking SSI with GA (SSI + GA).

To assess the robustness of the proposed method, additional numerical simulations
were performed on the 3DoF system. Particularly, since the coefficients ε f and εζ in
Equations (15) and (16) and the maximum number of stall generation are quantities that
must be defined by the user, four different couples of ε f and εζ (ε f = 5% , εζ = 10%;
ε f = 10% , εζ = 20%; ε f = 20% , εζ = 40% and ε f = 5% , εζ = 50%) were tested at
different values of the maximum number of stall generations: 200; 400 and 800. Fur-
ther, since in the real applications the value of S0 can change, it was varied during
the generation of the input process’ samples. Two different cases were analyzed, i.e.,
S0 ∈

[
S̃0 − 0.1× S̃0, S̃0 + 0.1× S̃0

]
and S0 ∈

[
S̃0 − 0.2× S̃0, S̃0 + 0.2× S̃0

]
, where

S̃0 = 4.7746 × 10−3m2/s3. Another numerical simulation with 50 samples in which
S0 ∈

[
S̃0 − 0.2× S̃0, S̃0 + 0.2× S̃0

]
was performed because the reduction of the number

of samples produces, on the PSDs matrix of the structural output, effects that are similar
to the addition of noise. In this way, it is possible to assess the reliability of the proposed
method not only when there are fewer samples but also when instrumentation noise
is present.

3. Results and Discussion
3.1. 3DoF System

The results obtained with the proposed method and the other methods used are
reported in Tables 3 and 4 and Figure 3, respectively, for the frequencies, the damping
ratios, and the modal shapes, the discrepancies ε% being calculated as in Equation (25).

Table 3. Exact frequencies, identified frequencies, and corresponding discrepancies for the 3DoF system.

Mode f(ex)
j f(TAGA)

j ε%(TAGA) f(SSI)
j ε%(SSI) f(FDD)

j ε%(FDD)

1 8.2363 8.2425 (0.0749) 8.2419 (0.0675) 8.0667 (2.0596)
2 19.9451 19.9455 (0.0022) 19.9645 (0.0977) 19.7083 (1.1869)
3 26.1214 26.1408 (0.0745) 26.0533 (0.2608) 25.9500 (0.6561)
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Table 4. Exact damping ratios, identified damping ratios, and corresponding discrepancies for the
3DoF system.

Mode ζ(ex)
j ζ(TAGA)

j ε%(TAGA) ζ(SSI)
j ε%(SSI) ζ(FDD)

j ε%(FDD)

1 0.0935 0.0940 (0.5287) 0.0941 (0.5996) 0.0951 (1.6872)
2 0.0906 0.0903 (0.3129) 0.0869 (4.0832) 0.0948 (4.7023)
3 0.1034 0.1026 (0.7509) 0.0993 (3.9518) 0.1716 (66.0030)
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The results reported in Tables 3 and 4 show that the proposed method reports very
low discrepancies that are, in most cases, lower than those reported by the other methods.
Furthermore, from the results reported in Figure 3, it is clear that the proposed method
allows one to identify all the modal shapes with high accuracy.

The identified constant value of the PSD of the white noise W(t) is S0 = 4.7754 × 10−3m2/s3,
and thus the discrepancy between the identified value and the exact value is equal to 0.0150%.

The discrepancy ξ% between the estimated FRF matrix and the exact one is calculated
as in Equation (27). For each method used, it is reported in Table 5.

Table 5. Discrepancy between the estimated FRFs matrix in nodal space and the exact one for the
3DoF system.

ξ%(TAGA) ξ%(SSI) ξ%(FDD)

0.7505 1.6561 18.6879

The results reported in Table 5 show that the proposed method can identify the FRF
matrix of the system with higher accuracy than the other methods. In Figure 4 the exact
FRFs and the FRFs estimated with SSI, FDD, and TAGA are reported.
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From the results reported in Figure 4, it can be seen that the proposed method can
identify the FRF matrix with high precision.

The discrepancies χi% between the structural outputs of the identified systems and
the exact ones, calculated as in Equation (28), are reported in Table 6.

Table 6. Discrepancy between the estimated structural responses and the exact ones for the 3DoF system.

Method χ1% χ2% χ3%

TAGA 4.4430 4.4883 4.5053
SSI 5.0563 4.6839 4.6478

FDD 29.1462 16.7604 16.2600

The results in Table 6 show that the proposed method leads to good results also in
terms of prediction of the structural response.

The discrepancy between the FRF matrix estimated by using SSI + GA and the exact
one, calculated as in Equation (27), is ξ%(SSI+GA) = 1.1375; thus, linking SSI and GA is
better than only using SSI. However, the best result is obtained through the use of the
proposed method.

As far as the additional analyses performed at different values of ε f , εζ and the maxi-
mum number of stall generations are concerned, the results obtained show that a low value
of the maximum number of stall generations (200) leads to good results only if the domain
is small enough (ε f = 5% , εζ = 10%), while a high value (800) increases the computational
burden without significantly improving the results. With 400 or 800 maximum stall gen-
erations, all the considered cases lead to good results that are very similar to each other;
thus, the proposed method can be considered more reliable for high values of εζ provided
that the maximum number of generations is not low. For ε f , a small value (5%) can be
chosen to reduce the computational burden, since TD–ASM leads to good results in terms
of frequency identification.

The discrepancy between the exact FRF matrix and the estimated FRF matrix, calcu-
lated by using Equation (27), is ξ% = 0.9146 and ξ% = 0.9071, respectively, for the cases
S0 ∈

[
S̃0 − 0.1× S̃0, S̃0 + 0.1× S̃0

]
and S0 ∈

[
S̃0 − 0.2× S̃0, S̃0 + 0.2× S̃0

]
. From

these results it is clear that the modal parameters identified by using the proposed method
always converge to results that are very similar to each other and that have very low
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discrepancies. Moreover, the discrepancies between the estimated values of S̃0 and the
exact ones are 0.1321% and 0.2173%, respectively, for the first and second cases.

Finally, the discrepancies ξ% calculated as in Equation (27) in the case
S0 ∈

[
S̃0 − 0.2× S̃0, S̃0 + 0.2× S̃0

]
with 50 samples of the output process are

ξ%(TAGA) = 1.2862, ξ%(SSI) = 2.8976, and ξ%(FDD) = 21.2477, respectively, for TAGA,
SSI, and FDD. These results show that even in this case, TAGA can identify the FRF matrix
better than SSI and FDD. Thus, the proposed method can be considered reliable also in the
case in which instrumentation noise is present. However, a method for the noise reduction
consisting of filtering the PSDs of the structural output [4] can be applied before performing
the identification in order to reduce the discrepancy.

3.2. 5DoF System

The proposed method was compared with SSI and FDD, and the results obtained from
the numerical simulations on the 5DoF system are reported in Tables 7 and 8 and Figure 5,
respectively, for the frequencies, the damping ratios, and the modal shapes identification,
the discrepancy ε% being calculated by using Equation (25). The identified constant value
of the PSD of the white noise input is S0 = 4.9871× 10−3m2/s3, and thus the discrepancy
between the identified value and the exact value is equal to 4.4495%.

Table 7. Exact frequencies, identified frequencies, and corresponding discrepancies for the 5DoF system.

Mode f(ex)
j f(TAGA)

j ε%(TAGA) f(SSI)
j ε%(SSI) f(FDD)

j ε%(FDD)

1 2.5626 2.5651 (0.0968) 2.5648 (0.0859) 2.5667 (0.1596)
2 6.4826 6.4755 (0.1089) 6.4792 (0.0531) 6.4750 (0.1172)
3 9.9069 9.9339 (0.2723) 9.9343 (0.2763) 9.8833 (0.2377)
4 12.8593 12.8822 (0.1785) 12.9408 (0.6339) 13.0000 (1.0945)
5 14.6603 14.6922 (0.2175) - (-) - (-)

Table 8. Exact damping ratios, identified damping ratios, and corresponding discrepancies for the
5DoF system.

Mode ζ(ex)
j ζ(TAGA)

j ε%(TAGA) ζ(SSI)
j ε%(SSI) ζ(FDD)

j ε%(FDD)

1 0.0804 0.0846 (5.2219) 0.0861 (7.1421) 0.0871 (8.3413)
2 0.0576 0.0580 (0.8423) 0.0560 (2.7774) 0.0828 (43.8101)
3 0.0644 0.0653 (1.4107) 0.0602 (6.4419) 0.0739 (14.8178)
4 0.0742 0.0768 (3.4541) 0.0636 (14.2677) 0.0867 (16.8186)
5 0.0810 0.0568 (29.9094) - (-) - (-)

The results reported in Table 7 show that the proposed method leads to good results
in terms of frequency identification, and that it allows one to identify the fifth natural
frequency that is not identified by using FDD and SSI. From the results in Table 8, it is
clear that the proposed method identifies the damping ratios better than the other methods,
while from the results in Figure 5, it can be seen that the proposed method leads to good
results also in terms of modal shape identification. Moreover, the proposed method, unlike
the other methods, can identify also the fifth modal shape.

In order to establish which one of the methods used better approximates the global
dynamic behavior of the structural system, the discrepancy between the estimated FRF
matrix in nodal space and the exact one is calculated by using Equation (27), and the results
are reported in Table 9.
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Table 9. Discrepancy between the estimated FRF matrix in nodal space and the exact one for the
5DoF system.

ξ%(TAGA) ξ%(SSI) ξ%(FDD)

6.5106 14.8523 23.3143

As is shown in Table 9, once again TAGA can identify the FRF matrix of the system
better than the other methods.

To evaluate the effectiveness of TAGA, SSI, and FDD in predicting the structural
response, the discrepancies χi% between the structural outputs of the identified systems
and the exact ones were calculated as in Equation (28). The results are reported in Table 10.

Table 10. Discrepancy between the estimated structural responses and the exact ones for the 5DoF
system.

Method χ1% χ2% χ3% χ4% χ5%

TAGA 7.4555 7.4196 7.3487 7.2911 7.2426
SSI 8.0234 7.8052 7.7256 7.5996 7.5579

FDD 16.2492 16.4745 16.7753 16.8890 17.1428

They show that the structural response of the system identified by using the proposed
method approximates the exact structural response in the time domain better than the
response of the other identified systems, and thus TAGA can be considered reliable also in
this regard.

4. Conclusions

In this paper, an innovative Operational Modal Analysis method for structural dy-
namic identification based on stochastic dynamics and signal analysis is proposed. It links
the Time Domain–Analytical Signal Method with a Genetic Algorithm in order to identify
the natural frequencies, the damping ratios, and the modal shapes of a structural system.
The numerical simulations performed on 3DoF and 5DoF structural systems show that
the method is reliable and that it can be used for the structural dynamic identification
also when the structural damping is high. The Power Spectral Density of the structural
excitation is identified with good accuracy, and the differences between the estimated and
the exact system’s properties are very low, especially for the modes that have non-negligible
modal mass. The discrepancy between the estimated Frequency Response Functions matrix
and the exact one is less than those of the other methods used, and the results obtained
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in terms of structural response’s prediction are satisfying. For these reasons, the Time
Domain–Analytical Signal Method with a Genetic Algorithm can be considered a reliable
Operational Modal Analysis method that can be employed to easily perform Structural
Health Monitoring in structural engineering applications.
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