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ABSTRACT. We lay down the preliminary work to apply the Functional Ana-
lytic Approach to quasi-periodic boundary value problems for the Helmholtz
equation. This consists in introducing a quasi-periodic fundamental solution
and the related layer potentials, showing how they are used to construct the
solutions of quasi-periodic boundary value problems, and how they behave
when we perform a singular perturbation of the domain. To show an appli-
cation, we study a nonlinear quasi-periodic Robin problem in a domain with
a set of holes that shrink to points.
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1. INTRODUCTION

Boundary value problems in singularly perturbed domains are widely studied in
mathematics for their importance. A typical example consists of a boundary value
problem on a smooth domain with a hole of size € > 0. When € tends to 0 the hole
shrinks down to a point and a singularity appears on the boundary. Problems of
this kind are relevant for the applications that they find in continuum mechanics,
applied sciences, and engineering. For instance, they play a central role in the
analysis of shape and topological optimization problems and of inverse problems
related to nondestructive testing techniques. For a comprehensive description of
these applications we refer to the monographs of Novotny and Sokotowski [57] and
of Ammari and Kang [6].

Probably, the most common approach to singular domain perturbation prob-
lems is that of Asymptotic Analysis, whose goal is to provide approximations of
the solutions that are asymptotically correct as the perturbation parameter € tends
to 0. There are different ways to arrive to this kind of results. For example, one
may resort to the Matched Asymtotic Expansion Method as in the book of II'in
[37], or use the Multi-Scale Expansion Method, which is also called Compound
Expansion Method in the two-volume book of Maz'ya, Nazarov and Plamenewskii
[52, 53]. Other techniques or variations of these two can be found, for example, in
Kozlov, Maz’ya and Movchan [39] (where the authors consider domains depending
on a small parameter € in such a way that the limit regions consist of subsets
of different space dimensions), Bonnaillie-Noél, Dambrine, Tordeux, and Vial [13]
and Bonnaillie-Noél, Dambrine, and Lacave [12] (for problems in domains with
two holes that collide to one another), and in the book of Maz’ya, Movchan, and
Nieves [51] (for the analysis of problems in a domain containing “clouds” of small
holes). We also mention Dauge, Tordeux, and Vial [29], where the authors com-
pare the Multi-Scale and the Matched Asymptotic Expansion Methods in a corner
perturbation problem.

Starting twenty years ago, a different approach was employed by Lanza de
Cristoforis and his collaborators, the so-called Functional Analytic Approach (see
the seminal papers [40, 42]). In some cases, this approach is complementary to
the expansion methods of Asymptotic Analysis: Whereas the expansion methods
produce asymptotic approximations of the solutions, the Functional Analytic Ap-
proach aims at representing the exact solutions as real analytic maps and known
functions of the perturbation parameters. Representation formulas of this type can
then be used to expand the solutions as converging power series and compute ex-
plicitly (and in a constructive way) the coefficients. Moreover, the Functional Ana-
lytic Approach has revealed to be extremely powerful when dealing with nonlinear
problems, which are not easily handled with the tools of Asymptotic Analysis. For
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a detailed description of the method and a careful comparison of its results with
those of Asymptotic Analysis, we refer to the recent monograph [22].

The Functional Analytic Approach was successfully applied to a number of geo-
metric situations and differential operators, including linear and nonlinear prob-
lems for the Laplace equation in a domain with an interior hole [42, 43], problems
with two close holes [26, 27] or holes close to the boundary [10, 11], perturbations
near the vertex of a sector [19], elliptic systems [20, 21] and the Helmholtz equation
[1, 2]. Periodic problems were studied with the purpose of analyzing the effective
properties of composite materials [24, 50] and dilute composites [28].

The present paper is the first application of the Functional Analytic Approach to
quasi-periodic problems. More specifically, we will deal with quasi-periodic prob-
lems for the Helmholtz equation. These problems find applications in spectral
theory, because periodic eigenvalue problems can be transformed into families of
problems for quasi-periodic functions (see, e.g., Nazarov, Ruotsalainen, and Task-
inen [56], Ferraresso and Taskinen [34]). Also, quasi-periodic problems for the
Helmholtz equation arise for example in scattering theory and in the study of
metamaterials and phononic crystals (see Ammari and collaborators [3, 4, 5, 8],
Aylwin, Jerez-Hanckes, and Pinto [9], Bruno and Fernandez-Lado [14], Bruno and
Reitich [15], Bruno, Shipman, Turc, and Venakides [16], Pérez-Arancibia, Ship-
man, Turc, and Venakides [58]).

Since the standard application of the Functional Analytic Approach is based on
potential theory, our first step is to recall the construction of a quasi-periodic fun-
damental solution for the Helmholtz equation and of the related layer potentials
(see Sections 2 and 3). Then we use these layer potentials to construct the solu-
tions of quasi-periodic boundary value problems (see Section 4). Next, we turn to
singular perturbation problems and we study the behavior of quasi-periodic layer
potentials supported on the boundary of singularly perturbed periodic domains
(this is done in Section 5). Finally, we show an application of the results so far
collected. Out of the many problems we may choose to study, we opt for a nonlin-
ear Robin problem on an infinite domain with a periodic set of holes of size € (see
Section 6). This problem allows to illustrate some of the features of the Functional
Analytic Approach, but there is no other special reason for our choice. Scientists
interested in more specific applications may try to follow our blueprint and mod-
ify the computations. Possible variants may include different periodic geometries,
different boundary conditions, and different operators.

2. QUASI-PERIODIC FUNDAMENTAL SOLUTIONS FOR THE HELMHOLTZ EQUATION

In this section, we introduce certain fundamental solutions for the Helmholtz
equation. That is, for the equation Au + k?>u = 0 with £ € C and A := Z;Lzl 8%7_.
The complex number k2 is often referred to as the wave number. Our final goal
is to study quasi-periodic problems using a quasi-periodic version of the potential
theory for the Helmholtz equation. So, after presenting a family of fundamental
solutions for the standard (not periodic) equation, we will define its quasi-periodic
counterpart and the related quasi-periodic layer potentials.
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2.1. A family of fundamental solutions for the Helmholtz equation. We
present the family of fundamental solutions {S,,(-,k)}rec that was introduced
by Lanza de Cristoforis and Rossi in [47]. One feature of this family is that the
functions S, (, k) depend holomorphically on the parameter k& € C. This property
will come handy when studying the effect of singular domain perturbations on the
quasi-periodic layer potentials (see Section 5).

Since for k = 0 the operator A + k2 is just A, we start with the classical
fundamental solution of the Laplace operator. That is, the function S,, from R™\
{0} to R defined by

+ log || Ve e R2\ {0}, ifn=2,
S"(x) = 2; 2—n n .
a=ss |l vz e R"\ {0}, ifn>3,

where s, denotes the (n — 1)-dimensional measure of the unit sphere in R".

Then, we denote by v, I, J,,, N,, the Euler constant, the Euler Gamma function,
the Bessel function of order v € R, and the Neumann function of order v € R,
respectively (as in Schwartz [61, Ch. VIII, IX]). We have the following technical
lemma (see Lanza de Cristoforis and Rossi [47, Lemma 3.1]).

Lemma 2.1. Let n € N\ {0,1}. Then the following statements hold.
1) If n is even, then the map from ]0,+oco] to R that takes t to

n—2

7 {Nﬁ ) — 2 (0g(t/2) + ) a2 (t)} vt €10, +o0,

i
admits a unique holomorphic extension N%z () from C to C, and ]\7%2 (0) =
—r 12757 (254 for n > 4, and lim g N%z (t)t72 = & forn=2.

ii) If v € R, then the map from ]0,+oo[ to R that takes t to t="J,(t) admits
a unique holomorphic extension J, from C to C.

iil) If n is even, then we have J%(O) = 2_n52/("7_2)!. If n is odd, then we

have J_a—s (0) = (—1)"%* 22 (252) T (n/2).

Before introducing the fundamental solution S,(-,k) of A + k2, we need to
introduce some further notation (cf. Lanza de Cristoforis and Rossi [47, Def. 3.2]).

Definition 2.2. Let n € N\ {0, 1}.
i) If n is even, then we set
Tl) = (27) 2 s (2),
No(2) o= 2~ O/D 1=/, (),

for all z € C.
ii) If n is odd, then we set

Tn(2) =0,
Nou(2) i= (=1)" =

for all z € C.

o] ()

2

)
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iii) We set
Ny (rk)

TN(T, k) — ]{in_an(Tk) logT + 2

for all (r, k) € ]0, +oo[ x C.

)

Here, we agree that 0° = 1. Then we have the following (see Lanza de Cristoforis
and Rossi [47, Prop. 3.3]).

Proposition 2.3. Let n € N\ {0,1}. Then the following statements hold.

i) J2(0) = % and if n > 4 is even then J,(0) = 21*”7r*"/2/(%)!.
N2(0) =0 and N, (0) = (2 —n)~ts,; ! for alln > 3.

i) Jn and N, are entire holomorphic functions. The function Y, is real
analytic on ]0,+oo[ x C.

iii) Let k € C. The function S, (-, k) from R™\ {0} to C defined by
Sp(z, k) :=Yp(|z], k)

for all x € R*\ {0} is a fundamental solution of A + k2. In particular,
Sn(+,0) is the usual fundamental solution S, of the Laplace operator.

One may observe that Sy, (-, k) does not coincide with the fundamental solution
of A + k? that is commonly used in scattering theory (cf. e.g. Colton and Kress
[18]). The advantage of working with S, (-, k) will be clarified in Section 5, where
we will exploit its holomorphic dependence on k € C.

2.2. A quasi-periodic fundamental solution for the Helmholtz equation.
We now show how we can use Fourier analysis to define a quasi-periodic funda-
mental solution for the Helmholtz equation. For this construction we refer, for
example, to Ammari, Kang and Lee [7, p. 123], Ammari, Kang, Soussi and Zribi
[8], Dienstfrey, Hang and Huang [31], Linton [48], Poulton, Botten, McPhedran
and Movchan [59)].

Let n € N, n > 2 represent the dimension of the space. We take

(qlla s 7q”'n) € ]07 _’_:)o[n
and we define a periodicity cell @ C R"™ and a matrix g € D} (R) by

i 0 - 0
n 0 q22 N 0
Q= H]quij =11 . . . :
ol - S
0 0 - qwm

where D} (R) is the space of n x n diagonal matrices with positive real entries on
the diagonal. We denote by |Q|, the n-dimensional measure of the cell Q, by vg
the outward unit normal to JQ, where it exists, and by ¢~ ! the inverse matrix of
q.

Let n € R™. A function f : R” — C is said to be n-quasi-periodic with respect
to @, or simply (Q,n)-quasi-periodic, if f(z)e™ """ is periodic with respect to Q,
that is if

f(x + gep)e” i @raen) = f(g)e= e Ve e R", Vh e {1,...,n},
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where e1, ..., e, is the standard basis of R™. Clearly, if j € {1,...,n} a function
7 is (@, n)-quasi-periodic if and only if it is (n + 27rq]-_jlej, Q)-quasi-periodic. As a
consequence, it would suffice to consider the case 1 € []}_,0, 27rqj_jl[. However,
for the sake of brevity we will write n € R™.

Let k € C. We now introduce a (@, n)-quasi-periodic distribution that will play
the role of the fundamental solution of the Helmholtz operator A + k2. We set

Zyn(k) :={z € Z" : k* = |2mq" 'z + n|*} .

One can verify that the set Z; ,(k) is finite. Let Gg-,n be defined by the generalized
series

1
Gk = E2 -1, .
q;n § : 2 _ —1 2 L B ]
cerinz g [@n(B? = [2mq~ 2 4 1f?)

We have denoted by Fy.4-1.4, the distribution associated with the function
civ(2ma~ z4m) - A gtandard argument shows that the above generalized series de-
fines a tempered distribution in &’'(R™) (see e.g. [22, Thm. 12.2 p. 486]). In the
next proposition we show that the distribution G’;,n enjoys a property that allows
it to be exploited as an analog of the fundamental solution in the quasi-periodic
setting.

Proposition 2.4. Let g € D} (R), n € R™, and k € C. Then G’;,n is (Q,n)-quasi-
periodic in the sense of distributions and

— 1
(2.1) (A+k)Ge, = D 0" = 3 5 Bargiai
PIVAL 2€Zqg,, (k) "

in the sense of distributions. Here above, the symbol 0., denotes the Dirac delta

distribution with mass concentrated at qz.

Proof. Since ijy,,, is a generalized sum of distributions that are (@, n)-quasi-periodic,
then it is a (@, n)-quasi-periodic distribution. Next we pass to prove equality (2.1).

A direct computation of the distributional derivatives of G’;m shows that

i(2mq; 2 + ;)
arJGl;n: Z 2 = —1 oy Lamg=124m>
ccznz ) @k = [2mg~ 12 +1[2)
(2mq; 2y + ;)2
6§G§7i = — Z 3 7 1 2 E27rq*1z+na
’ 2€77\ Zg (k) |Q|n(k - |27Tq Z+77‘ )

and accordingly

2mg~" 2 4 n?
(2.2) AGE, =— ) . — ~Eorg-1tn-
ZEZn\Zq,r,,(k) |Q|’L(k - ‘27Tq zZ+ 77| )
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Then, by equality (2.2) and by the Poisson summation formula (see e.g. Folland
[35, p. 254]) one has

k? —|2mg " 2 4 n?
A+EHGr = § Forg—1,
( ) q,m e T ‘Q|n(k2 _ ‘27Tq_12+77|2) 2mq +n
a,m\"

1
= Z mE2wq‘1z+n

2€EL"\Zg,n(k)

1 1
=> @E%rlzw - > mE%«rlzw

zZ€EL™ 2€Z4.q(k)

_ 6 iqz-m 1 E

= qz€ - W 2nq—lz4n-
ze7n 2€Zq (k) T

O
5’77, we compare it with
a general fundamental solution G of the Helmholtz operator A + k2 in R™, like
for example could be the function S, (-, k) of Proposition 2.3. We note that the
idea of comparing an analog of a fundamental solution in a periodic setting with
a classical fundamental solution has been already used in [54] for the periodic
Laplace equation, in [46] for the periodic Helmholtz equation, and in [49] for the
periodic heat equation.

In order to understand some regularity properties of G|

Proposition 2.5. Let ¢ € D}(R), n € R", and k € C. Let G be a fundamental
solution of the Helmholtz operator A + k% in R™. Then the following statements
hold.

i) The distribution Rg := G«?m — G comes from a real analytic function in
(R™\ ¢Z™) U{0}.
i) G’;_’n comes from a real analytic function in R™\ ¢Z".
i) GE s in Lig (R™).
Proof. We consider statement 1). By Proposition 2.4 and since G is a fundamental

solution for the Helmholtz operator, one has

1qz- 1
(A + ]{72)RG = Z (5(126 = — Z WEQTrq—lz+n'
z€Z"\{0} 2€ 74, (k) n

Since Zzezqm(k) ﬁE%qflz_m is real analytic and the distribution Zzezn\{o} §gzet*
vanishes in (R™\ ¢Z™) U {0}, then by classical elliptic regularity theory Rg is real
analytic in (R™\ ¢Z™) U {0}.

Statement ii) follows in a similar way by Proposition 2.4 and standard elliptic
regularity theory.

Finally, statement iii) follows by the real analyticity of Rg in (R™\ ¢Z™) U {0},
by the (Q, n)-quasi-periodicity of Gs,n and by the local integrability of G in R”

(see John [38, Ch. III]). O
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3. LAYER POTENTIALS

Let a €]0,1[, ¢ € D} (R), n € R™, and k € C. For the definition and properties
of functions and sets of the Schauder class C"*, m € N, we refer to Gilbarg and
Trudinger [36]. Let Qg be a bounded open subset of R™ of class C** such that
Q¢ C Q. We define the following two periodic open sets:

Sql) = |J (2 +Q9).  S;[2] :=R"\ 5[]

ZEL™

As we have done for functions defined on R”, a function f from S,[Qg] or Sg [Q¢]
is said to be (Q,n)-quasi-periodic if

fla+ qep)e m@haen) — f(pye—ine

for all z in the domain of f and for all h € {1,...,n}. We now introduce layer
potentials where the role of the standard fundamental solution is taken by G(’;,,,. We

start with the double layer potential. Let u € CY(99¢g). The (Q, n)-quasi-periodic
double layer potential for the Helmholtz equation is

D’;’W[GSZQ, pl(z) == —/ Vo, (y) - VG’;’n(x —y)u(y) doy vz € R™.
990

Moreover, we set
’Cg,n[aQQv p = D;n[agcgv M]\aQQ on 0Q.

In the next proposition we collect some properties of the (Q,n)-quasi-periodic
double layer potential in Schauder spaces. One may observe that these properties
are the (@, n)-quasi-periodic counterpart of the analog properties exhibited by the
standard double layer potential.

Another natural setting for potential theory would be that of Sobolev spaces.
We opt for Schauder spaces because there is some advantage when dealing with
nonlinear problems, as we do in Section 6. This is due to the fact that Schauder
spaces are Banach algebras and Sobolev spaces are not.

Proposition 3.1. Let o € 10,1[, ¢ € D (R), n € R™, and k € C. Let Q¢ be a
bounded open subset of R™ of class C* such that % C Q. Let p € CH*(00Qq).
Then the following statements hold.

i) ij’n[é?QQ,p] is of class C°(S4[Qq] US; [Qq]) and
(A + k*)Dy ) [090. 1) (z)

q,m

1 iz-(2mg " Yz4n) - _ —iy-(2mq ™ 2+
= Z et (2ma 2+ ’)1(27rq 1z+77)~/ va, (y)e ™ (2mq™" 2t ’)u(y)day
00

‘Q‘” 2€Zq,y (k)
Va € S4[0] US; [Qq)].

ii) Dlgm[@QQw] is (Q,n)-quasi-periodic.
iii) The restriction D’;’n[aQQ,uhSme] can be extended to a continuous func-
tion DY F[00q, u] € C1*(S4[Qq]) and the restriction D{;m[aQQ,uhS; 9]
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can be extended to a continuous function D [0Qq, u] € CH*(Sq [Qq)).
Moreover

1 3
(B1)  DiE0%.u) = £+ KLy 000, on 0%,
Vg VDI;_”; [09Q¢, 1] —va, - VDZ;’W_ [0Q¢,p] =0 on 09Qq.
iv) The map from C2*(9Qq) to C*(Se[Qq]) that takes pu to Di¥[0Qq, ]

and the map from C1*(89q) to C1*(Sq [Qq]) that takes p to DF~ [0, 1]
are linear and continuous.

v) The map that takes p € C*(8Qq) to KF,[0Qq, 1] is a compact operator
from CH2(0Qq) to itself.

Proof. First, we note that
z—y¢ql®  V(z,y) € (R"\95,[Qq]) x 00q.

Indeed, if we assume for the sake of contradiction that (z,y) € (R™\0S[Qg]) x 08g
and « —y € ¢Z", then we can deduce that x € 0Q¢q + ¢Z™ = 0S[Qg], contrary to
our assumption on z. Then statement 1) is a consequence of classical differentiation
theorems for integrals depending on a parameter and of Propositions 2.4 and 2.5.
Next we consider statement ii). Since Gsm is (Q,n)-quasi-periodic, it is easily
seen that so it is VGF . Indeed for all z € R™ \ ¢Z™ one has
e_i"'wVG27,](x) = e‘”rmV(GZ,,,](x)e_m'me"”'m)

= V(G* (z)e” ™) +inGE (x)e”*

am an
and both the terms in the right hand side of the above formula are periodic with
respect to Q. As a consequence, D(};,U[G'QQ,M] is (@, n)-quasi-periodic.

Next we pass to prove statement iii). We apply Proposition 2.5 where we chose
the fundamental solution of the Helmholtz operator G to be the one denoted by
Sn(+, k) and introduced in Subsection 2.1 (see Lanza de Cristoforis and Rossi [47,

Prop. 3.3]). With this choice:
(3.2)
D} [00%, () = D109, () — |  q(s) - VRs, (ay(e = hulo) o,
0Qq
Vz € R",

where D¥[0Qq, ] is the double layer potential constructed with the fundamental
solution S,,(-, k) and Rg, (. ) is the map defined in Proposition 2.5 with the choice
G = S, (-, k). As it is well known, the restriction D*[0Qq, u] |2, can be extended to
a continuous function D+ [0Q, u] € C1%(Qg) and the restriction D*[0, “]\95

loc

de Cristoforis and Rossi [47, Thm 3.4]). We now take A to be a bounded open
subset of R™ of class C* such that

QC A, AN(gz+Qg) =0  VzeZ"\{0}.

‘We moreover set

can be extended to a continuous function D*~[0Qq, u] € Cl’”(Qé) (see e.g. Lanza

B:=A\Qq.
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We first note that if z € A and y € 9, then

r—y ¢ qZ"\ {0}.

Indeed if by contradiction z —y € ¢Z™ \ {0}, then x € 0Q¢g + (¢Z" \ {0}) and thus
there exists z € Z™ \ {0} such that AN (gz 4+ 9Q¢g) # 0 which cannot be. Thus,
since by Proposition 2.5 i) the map Rg, (. k) is real analytic in (R™ \ ¢Z") U {0},
the second term in the right hand side of (3.2) is of class C*°(A). Then

Dy (0920, pl(x) = D (090, pl(2) — / vag () - VRs, () (z — y)uly) doy

90
Vr € QQ,
Dy (09, pl(x) = D" [0, pl (x) — /BQ va, (y) - VRs, (k) (x — y)u(y) doy,
- Q
Vx € B.

Since the right hand side of the above equations define respectively two functions in
C1*(Qg) and CH(B), it is readily seen that Dk | [0Qq, 1] s, [0q) can be extended

to a continuous function D F[00q. ] € CH(S,[Qq]) and D;n[ale,p]lgq_ 0]

can be extended to a continuous function D, [0Qq, u] € CV*(S7[Qq]). Note
that a (Q,n)-quasi-periodic function is completely determined by its behavior on
a single cell. The formulas in (3.1) follow by the corresponding classical formulas
for D*[082q, p1] (see Lanza de Cristoforis and Rossi [47, Thm 3.4]).

Statements iv) and v) similarly follow from formula (3.2), from the mapping
properties of D¥[9S, -] for the first term in the right hand side of (3.2) (see e.g.
Lanza de Cristoforis and Rossi [47]), and from the mapping properties of integral
operators with a smooth kernel for the second term in (3.2) (see, e.g., [44]). O

Then we pass to the single layer potential. Let u € CY(9€2g). The (Q, n)-quasi-
periodic single layer potential for the Helmholtz equation is

S(I;m[aQQ,p] (z) = /asz G};m(x —y)u(y) doy Vo € R™.
Q

Moreover we set

(K]qc’n)* 192, pl(=) = /c’m Voo (@) - VG (x —y)uly) doy, Vo € 89q.
Q

The proof of the following properties of 85,71 [0, p] follows the lines of the proof
of the previous Proposition 3.1, that is it uses Proposition 2.5 together with the
known properties of the single layer potential associated with the fundamental
solution Sy (-, k).

Proposition 3.2. Let o € ]0,1[, ¢ € D} (R), n € R*, and k € C. Let Qg be a
bounded open subset of R™ of class OY® such that Qg C Q. Let p € C%%(99y).
Then the following statements hold.
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i) Sé“)n[aQQ, ] is of class C>(S,[Qq] US; [q]) and

(A +k)Sg ,[090, ()

_ > ez (2mq™ 2 4n) / e~ T ) () do,
99q

|Q|n 2€Zq,n(k)
Va € Sq[QQ} U Sq_ [QQ}
ii) Sé“’n[ﬁQQ,,u] is (Q, n)-quasi-periodic.

iii) SF,[00q, ] is continuous in R™ and

SE¥[09q. p] = SV, [090, il € 0 (S,[Q0)),

IS4[Q0]
St 1000, 1] i= 8}, [090, 1] 55— € CH*(5; [20)).
Moreover:
(3.3)
vag (z) - VS, 00, ul(x) = :F%u(x) +(KE,) 090 1(z)  Va € 00q.

iv) The map from C**(80q) to C1*(Se[Qq]) that takes p to Sk [0€q, 1]
and the map from C%*(9q) to C1*(Sq [Qq)) that takes i to Sk~ [0Qq, ]
are linear and continuous.

v) The map that takes p € C%*(99Qq) to (K’;’n)* [0Q0, ] is a compact oper-
ator from C%*(9Qq) to itself.

4. BASIC BOUNDARY VALUE PROBLEMS

Throughout this section we fix a € ]0,1[, ¢ € D} (R), € R”, and k € C.
Moreover, we fix a bounded open subset Qg of R of class C1“ such that Qg C Q.

We start recalling some known facts regarding the spectrum of the Laplacian.
It is well-known that the spectrum of the Laplacian —A acting on functions which
are periodic with respect to @ can be seen as the spectrum of the Laplacian on
the flat torus R™/gZ", it is made of eigenvalues, and it is given by

og0(—A) = {|2nqg 2?2 € Z"} .
Moreover, if A € g4,0(—A) its multiplicity coincides with
#{z€Z": X=2nq '2|*}.

For more details, we refer to, e.g., Chavel [17, Ch. II].
Similarly, the spectrum of the Laplacian —A acting on (Q,n)-quasi-periodic
functions is made of eigenvalues, is given by

Ogn(—=A) = {|2m¢ 2 +n|? : 2 € Z"},
and if A € g4,(—A) its multiplicity coincides with
#{z€Z": X=2mqg 'z +*}.
In other words, if k£ € C then k? € o,,(—A) if and only if Z, ,(k) # 0.
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Next we consider the spectrum of the Dirichlet Laplacian on (Q,n)-quasi-
periodic functions of S_ [Qg]. Namely, we say that A € C is a Dirichlet (Q,n)-
quasi-periodic eigenvalue of —A on S, [Qg], and we write A € 0.’ (=4, S, [Q0g]),
if there exists a non-zero solution u of

—Au = \u in S, [Qq],
wis (@, n)-quasi-periodic,
u=0 on d€q.

By classical spectral theory, the spectrum is discrete and made of real positive
eigenvalues of finite multiplicity that can be arranged in a diverging sequence.
Similarly, we say that A € C is a Neumann (Q, 7)-quasi-periodic eigenvalue of —A
on fS; [, and we write A € 0, (—A, S, [Qq]), if there exists a non-zero solution
u o

—Au = du in S, [Qq],
uis (Q, n)-quasi-periodic,
g, u=0 on 0Q.

Again, by classical spectral theory, the spectrum is discrete and made of real
non-negative eigenvalues of finite multiplicity that can be arranged in a diverging
sequence. Finally, we respectively denote by o”(—A,Qq) and oV (—=A,Qg) the
set of Dirichlet and Neumann eigenvalues of the Laplacian on .

Now we pass to consider some basic boundary value problems for the (Q,n)-
quasi-periodic Helmholtz equation, i.e., boundary value problems for the Helmholtz
equation with (@, n)-quasi-periodicity conditions. More precisely, we consider the
Dirichlet and Neumann problems.

In the following sections we will always assume that k? ¢ o, ,(—A), or, equiv-
alently, Z,, (k) = 0. So, we will always have that the double and single layer
potentials solve the Helmholtz equation. That is,

(A + K*)DE  [09¢, ¢](2) = 0
(A +Ek*)SE 090, ¢](x) =0

for all z € Sy[Q]US, [Qq], ¢ € C*(9Qq), and ¢ € C%*(9Qq) (cf. Propositions
3.1 and 3.2).

4.1. Dirichlet problem. Let g € C"%(9€g) and k € C. In this subsection we
consider the Dirichlet problem

Au+k*u=0 in 87 [Qq],
(4.1) wis (Q, n)-quasi-periodic,
u=g on 0Qg.

In the next theorem we show how to solve problem (4.1) and how the solution
can be represented by means of layer potentials under suitable assumptions on the
wave number k2. To this aim, we find convenient to set

e 1.2 N(_
AR) = {1 if k2 € oM (—A, Qq),

0 otherwise .
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Theorem 4.1. Let a € |0,1], ¢ € D7 (R), and n € R"™. Let Qg be a bounded open
subset of R™ of class C1* such that Qg C Q. Let k € C be such that k?* ¢ o4.,(—A),
k2 ¢ ol (=A,S[Qq]). Then the following statements hold.

i) The integral operator T from C1*(0Qq) to itself defined by
1 .
T =51+ KE 1090, ] +iA(k)SE, 1094, 1100, -

where 1 is the identity operator on C1*(0Qq), is a linear homeomorphism.
ii) Let g € CH*(00q). Then problem (4.1) admils a unique solution u €

CH(S7[Qq]). Moreover

u =D [00q, 4] +iA(k)SY, [0Qq, 1],
where
p=Tg).

Proof. We first consider statement i). By Proposition 3.1 v), Proposition 3.2 iv),
by the compactness of the embedding of C1(99¢) in C%(98), and by the con-

tinuity of the restriction operator from C1*(Sq [Qg]) to C*(99g), the operator
> K309, 1] +iAR)S], [0, Hjong

is compact in C1*(9€¢,). Therefore T is a Fredholm operator of index 0 and,
accordingly, to show that 7T is invertible it suffices to show that it is injective. Let
p € CH(88q) be such that

1 , )
T[,LL] = _E.u’ + ’Cg,n[angﬂ] - ZA(k)Scl;,n[aQ(h /LMBQQ = 0.
We now consider separately two cases. We first suppose that k? ¢ oV (—A, Qg), a
case in which A(k) = 0. By the jump formula (3.1) for the double layer potential,
the function defined by

w =D [0, 1] — iA(k)SY, [0Qq, 1] = Dk [09q, 1] in Sq [Qo]

a7

solves
Au+k*u=0 in S [Qq],
uis (Q, n)-quasi-periodic,
u=20 on 0Qg.

Note that u satisfies the Helmholtz equation since by assumption k? ¢ o,,(—A),
which is equivalent to Z,,(k) = 0, and accordingly the double layer potential
satisfies the Helmholtz equation (see Proposition 3.1 i)). Since by assumption

k2 ¢ ol (=A,S7[Qg)]), then

u=0 in Sg [Qg]-

Now we set
v= Dgﬁ (090, 1] in Q.
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By the continuity of the normal derivative of the interior and exterior double layer
potential in Proposition 3.1 iii), the function v solves the Neumann problem

Av+k2v=0 in Qg,
Dy, v=20 on 0Qg.

Vo,
Since k? is not an eigenvalue of the Neumann Laplacian in Qg, then
v=20 in %
Thus, by the jump formula for the double layer potential in Proposition 3.1 iii):
=D, 1 o0, — iy 1090, Mjon, =v—u=0 on 89q.

Now we consider the case in which k? € o™ (—A,Qq). Again, by the jump
formula for the double layer potential and by the continuity of the single layer
potential, the function defined by

w =D [0, 1] — iS00, 4] inS;[Qq]

9,7

solves
Au+k2u=0 in S, [Qq],
uis (Q, n)-quasi-periodic,
u=20 on 09Q.

Since, by assumption, k? ¢ aé?n(—A,Sq_ [Qg]) then

u=0 in Sg [Qg].
Now we set
v = Dg;j (09, 1] — i8Sk [09¢, ] in Qg.

By the jumping properties of the double layer potential (equality (3.1)), by the
continuity of the single layer potential (Proposition 3.2 iii)), and by equality u = 0,
we see that

(4.2) Vong = K+ D [0, 1jaag — iSE 1000, tljoa, = 1+ u = p.

Moreover, by the continuity of the normal derivative of the double layer potential
(3.1), by the jump formula for the normal derivative of the single layer potential
(3.3), and by equality u = 0, we have

(4.3)
0 4 9 ou
= — DA _ k=190 _ _ o
Ovag v Doy a.n (0920, p] — i <0VQQ Sqm (090, ] N) o +ipu=1u

By the (Q,n)-quasi-periodicity of v, and since v has opposite sign on opposite
faces of 9Q), we can verify that
(4.4)

ov _ / <8(v(m)e‘”7'1) ) in. )—
—7Tdo = ———— +in-vo(x)v(x)e " Jv(x)e~ T do, =0
L= [ (F5 a@)e(@)e" ) o)
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(see also Ammari, Kang and Lee [7, p. 125]). Then, the first Green identity (cf.,
e.g., Colton and Kress [18, (3.4), p. 68]) and equalities (4.2), (4.3), and (4.4), imply
that

45 i 2do = W sdo=— [ oy W sdo
I
3QQ OQQ 0VQQ aQ (DZ/Q BQQ 81/9@

= —/ \Vo|? — k2|v|? d.
Q\Qq

Taking the imaginary part in (4.5) and recalling that k2 is an eigenvalue of the
Neumann Laplacian and thus a real number, we get

/ lu|?de =0
0
and statement i) follows.

The validity of statement ii) follows from statement i) and from the properties
of layer potentials (see Propositions 3.1 and 3.2). O

Remark 4.2. To prove Theorem 4.1 we have adjusted an argument that was used by
Colton and Kress [18, Thm. 3.33, p. 91] to obtain a similar result for the classical
Helmholtz equation. Provided that k* ¢ o4, (—A) and k* ¢ op (—=A,S, [Q0)),
Theorem 4.1 shows that the solution u of problem (4.1) can be written as a sum
of a double layer potential and a single layer potential. If we further assume that
k* ¢ oN(—A,Qq), then A(k) = 0 and a double layer potential is sufficient. Indeed,
in that case we have

u = D];,’; [0,

where p is the unique solution of the integral equation

1
_511/ + K"ch,n[aﬂQmu} =g

As an immediate consequence of Theorem 4.1 we obtain the following represen-
tation result for a (@, n)-quasi-periodic function satisfying the Helmholtz equation.

Corollary 4.3. Let a € 10,1, ¢ € D} (R), and n € R™. Let Qg be a bounded open
subset of R™ of class C1* such that Qg C Q. Let k € C be such that k?* ¢ o4.,(—A),

k* ¢ ol (—A,S;[Qq]). Let u € C2*(Sq[Qq)) be such that

Au+k*u=0 in S7 [Qq],
wis (Q,n)-quasi-periodic.
Then there exists a unique p € C*(98q) such that
u="Dy [0, 1] +iAk)Sy, [0, 1],
where p is the unique solution in CH*(9Qq) of

Tul = o,
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4.2. Neumann problem. Let h € C%*(9Qq) and k € C. Here we consider the
Neumann problem

Au+k*u=0 in S [Qq],
(4.6) wis (@, n)-quasi-periodic,
aynQu =h on 0f)q.

In the next theorem we show how to solve problem (4.6) and how the solution can
be represented by means of layer potentials. For the sake of simplicity we require
the additional assumption that k2 is not an eigenvalue of the Dirichlet Laplacian
in Qg. In this case it is possible to represent the solution by means of only a single
layer potential. Note that to our scope, this requirement is sufficient (see Section
6 and in particular (6.1))

Theorem 4.4. Let o € 10,1, ¢ € D} (R), and n € R™. Let Q¢ be a bounded open
subset of R™ of class C1 such that Qg C Q. Let k € C be such that k* ¢ o,,(—A),
k2 ¢ ol (=A,S;7[Qq)), k* ¢ 0P (—A,Qq). Then the following statements hold.

i) The integral operator M from C%*(9Qq) to itself defined by

1 e\
M= S1+ (Kq,)" 109, ],

where 1 is the identity operator on C**(9Qq), is a linear homeomorphism.
it) Let h € C%*(0Qq). Then problem (4.6) admits a unique solution u €
CH(S{[Q]). Moreover

U= Sf]lc:?; (092, ]

where

p=M"Vg].

Proof. We consider statement i). By Proposition 3.2 v), the map (IC’q“w)* (092, ]
is compact in C%*(9Qg). Therefore M is a Fredholm operator of index 0 and,
accordingly, to show that M is invertible it suffices to show that it is injective. Let
p € C%*(9€q) be such that

1 *

By the jump formula (3.3) for the normal derivative of the layer potential, the
function defined by

wi=8p 100, inS;[Q)

solves
Au+k*u=0 in S7 [Qq],
uis (Q, n)-quasi-periodic,
Dyg,u=0 on 0€q.

The first equation of the system follows by the assumption that k% ¢ o, (—A),
which is equivalent to Z,,(k) = 0 and, by Proposition 3.2 i), implies that the
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single layer potential satisfies the Helmholtz equation. Since by assumption k? ¢
ol (=A,S, [Qq]), we have

q,7

u=20 in Sg [Qg]-
Now we sct
v =8F109q, pl in Qgq.
By the continuity of the single layer potential through the boundary (see Propo-
sition 3.2 iii)), the function v solves the Dirichlet problem

Av+kv=0 in Qgq,
v=20 on 0Qg.
Since k? is not an eigenvalue of the Dirichlet Laplacian in (g, then
v=20 in %

Then, by the jump formula for the normal derivative of the single layer potential
in Proposition 3.2 iii):

1= v, Sy 1090, 1] = D, Sy 10920, 1]
= &,QQU — amQu =0,
and accordingly the statement follows. O

Similarly to the case of the Dirichlet problem, the previous Theorem 4.4 implies
the following representation result.

Corollary 4.5. Let o €10,1], ¢ € D (R), and n € R™. Let Qg be a bounded open
subset of R™ of class C1 such that Qg C Q. Let k € C be such that k* ¢ o4.,(—A),

k2 ¢ ol (=A,S7[Qq)), K ¢ oP(—A,Qq). Let u € CH*(S7[Qq)]) be such that
{Au +ku=0 in S; [Qq],

wis (Q,n)-quasi-periodic.
Then there ezists a unique p € C%*(98q) such that
u= S5 109, 4,

an
where p is the unique solution in C%*(9Qq) of
0

Myl = e
Q

Uu.

5. SINGULAR PERTURBATIONS FOR QUASI-PERIODIC LAYER POTENTIALS FOR
THE HELMHOLTZ EQUATION

In this section, we study the behavior of quasi-periodic layer potentials upon
singular domain perturbations. More precisely, we consider quasi-periodic layer
potentials supported on the boundary of a set of the type Q, . := p + €2 where
p belongs to Q, € is a sufficiently small positive parameter, and € is a sufficiently
regular bounded open set. We are interested into representation formulas for the
layer potentials in terms of real analytic operators when e is close to the degenerate
value 0, in correspondence of which the set collapses to the point p. These results
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will be fundamental to study singularly perturbed quasi-periodic boundary value
problems for the Helmholtz equation in the set S [§2, ] as € — 0" by means of
quasi-periodic layer potentials. We observe that the results of the present section
can be seen as the quasi-periodic analog of some of the properties studied in [23] on
(singular and regular) domain perturbations for classical layer potentials for the
Laplace equation. Asymptotic formulas for layer potentials are available in specific
dimensions and geometric settings in Ammari, Kang, and Lee [7, Lem. 3.3], Feppon
and Ammari [33, Prop. 2.3],[32, Prop. 2.5].

5.1. The geometric setting. Let n € N\ {0,1}. Let o € ]0, 1[. We take a subset
Q of R™ satisfying the following assumption:

Q is a bounded open connected subset of R™ of class C1®

(5-1) such that R™ \ Q is connected.

Let p € Q. Then there exists ¢ € ]0, +00o[ such that
(5.2) p+eQCQ Ve€]—eo e
To shorten our notation, we set

Qpec:=p+e VeeR.

5.2. Notation and preliminaries. In this subsection, as a first step, we deduce
some rescaling formulas for the family of fundamental solutions S, (-, k) of the
differential operators A + k2 with k¥ € C. We retain the notation introduced in
Subsection 2.1. However, for our specific purpose, we need also to introduce some
other notation.

Let 7, be the function from C to C introduced in Definition 2.2. Then we define
the function T from R" to C by setting

TH(x) == T (k|z|) Vo € R™.

Then 7% is a real analytic function (see the proof of Lanza de Cristoforis and Rossi
[47, Prop. 3.3]). Moreover, if n is odd, then T (x) = 0 for all x € R™. Let T,, be
the function defined in Definition 2.2. We note that if € > 0 then

Y, (er k) = k"> T, (erk) log(er) + !}l/:zz(;:]i)z
1 N (rek
= k"72"’]n(€1“k) log e + en—2 <(ek)n2$L(7‘€k) logr + %> 7

for all (r, k) € ]0, +o0o[ x C. Therefore, if € > 0 and 2z € R™ \ {0}, a straightforward
computation shows that

(5.3) Sn(ex, k) = = Sy (., ek) + (log €)k™2TF (ex),
and

1
(5.4) VS, (ex, k) = VSn(z,ek) + (log €)k"2VTE (ex).

6nfl
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5.3. Singular perturbations for the quasi-periodic single layer potential
for the Helmholtz equation. In this subsection, we consider the behavior of the
quasi-periodic single layer potential and of an associated operator upon singular
domain perturbations. We begin by studying the behavior of the quasi-periodic
single layer potential restricted to the boundary of Q, . = p + €Q. In order to
work with functional spaces that do not depend on the perturbation parameter,
we pull-back the single layer to the fixed domain 92 and we push-forward a density
defined on 99 to 99, .. More precisely, we consider the map from C%*(9Q) to
C12(0R) that takes a density @ to the function

Sk 0. 0((- — p)/O)](p+et) Vi€ Q.

Proposition 5.1. Let « € ]0,1[, ¢ € DI (R), n € R™. Let k € C. Let Q be as in
assumption (5.1). Let p € Q. Let €y be as in assumption (5.2). Let My, My, Ms;
be the maps from ]—eg, €o] to L(CY(0Q), C1*(09Q)), defined by

Mle](0)(¢) := - Sp(t —s,€k)0(s)dos Vit € 09,

Msle](0)(¢) = /69 Rg, (k) (e(t —5))0(s)dos Vit € 08,

M;le](0)(¢) = /aQ TF(e(t — 5))0(s) dos  Vt € 09,

for all § € C**(99Q) and € € ]—eg, o[, where Rg, (k) is defined in Proposition 2.5.
Then My, My, Ms are real analytic and we have
(5.5)
Sh 0, 0((- —p)/O))(p + €t)

= eM[€](0)(t) + €1 Ms[€](0)(t) + €L (log €) k™2 M33[€](0)(t) vt € 99,
for all 6 € C%*(09Q) and € € 0, ¢o].
Proof. Let

Mi[e, 0)(t) := / So(t — s,€k)0(s) dos Vit € O
o

for all (¢, 0) € ]—¢o, €0[xC%*(09Q). By Lanza de Cristoforis and Rossi [47, Thm. 4.11]
we deduce that

|—€0, 0] X CO%(00) 5 (,0) — Me, 0] € C*(0Q)

is real analytic. Incidentally, we point out that it is exactly in the latter step where
we use the holomorphic dependence of the fundamental solution upon k. Since M f
is linear and continuous with respect to the variable 6, we have

Myle] = deMi[e,6] V(e 0) € ]—eco, o x CO(09).

where al@M{j [e,é] denotes the partial differential with respect to the variable 6
evaluated at the pair (e,0) € ]—€0, €0[ x CO*(9€). Since the right-hand side equals
a partial Fréchet differential of a map which is real analytic, the right-hand side
is analytic on (e, 6). Hence (¢,0) — M;[e] is real analytic on |—e, €o] x C0()
and, since it does not depend on 6, we conclude that it is real analytic on ]—eg, €.
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A similar argument shows that Ms and M3 are real analytic as well. We just need
to replace [47, Thm. 4.11] with the analyticity results for the integral operators
with real analytic kernel of [44].

Finally, by the definition of My, Ms, and M3, by equality (5.3), and by a direct
computation based on the theorem of change of variable in integrals, we can verify
the validity of equation (5.5). O

By the equality S,(-,0) = S,(-) and by standard properties of real analytic
maps in Banach spaces, one deduces the validity of the following.

Corollary 5.2. Let « € ]0,1[, ¢ € DY (R), n € R™. Let k € C. Let Q be as in
assumption (5.1). Let p € Q. Let €y be as in assumption (5.2). Let My, Ms be as
in Proposition 5.2. Then there exist & € |0, €[ and a real analytic map My from
=€, €p[ to L(CO2(0Q), CH(98)) such that
Sk 0,6, 0((- = p) /)] (p + €t)
= e/ S, (t — 5)0(s) dos + M, [€](0)(t) + € Ma[e](F)(t)
o0

+ "L (log €) k"2 M3[€](0)(t) vt € 992,
for all € C%(09) and € €]0,€,].
0

We now turn to the map from C%*(9Q) to C%(dN) that takes a density € to
the function X
(Kr,) [09p.c,0((- = p)/e)](p+et) Vi€ 0R,
which appears in the formula for the normal derivative of the single layer potential.
We study its dependence upon e.

Proposition 5.3. Let a € ]0,1[, ¢ € D (R), n € R". Let k € C. Let Q be as in
assumption (5.1). Let p € Q. Let ¢y be as in assumption (5.2). Let N1, Ny, N3 be
the maps from |—eq, €0 to L(CO¥(9N), C1*(0Q)), defined by

Ni[e](0)(t) :== /69 vo(t) - VS, (t — s, ek)0(s)dos Vit € 09,

No[d(8)(t) := / va(t) - VRg, (et — $))0(s) doy  Vt € 99,

No[e](0)(t) = /6 valt)- VTt = 9)0(s) o Vi € 00

for all 0 € C%(0Q) and € € |—¢q, €0[. Then N1, N2, N3 are real analytic and we
have

(5.6)
(KE ) 1096, 0((- = p)/O)](p + et)

= N1 [)(0)(t) + € P No[€)(0) () + " (log ) k™ 2Ns[e] () (1)  Vt € 9,
for all 0 € C%*(0Q) and € € 0, €]

Proof. By arguing as in the proof of Proposition 5.1 for My, M5, M3, we can verify
that N1, No, N3 are real analytic maps from |—¢g, o[ to L£(C*¥(99), C*(d9Q)).
Then, by the definition of N7, No, and N3, by equality (5.4), and by a direct
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computation based on the theorem of change of variable in integrals, we verify the
validity of equation (5.6). O

As already seen for Corollary 5.2, the equality S, (-,0) = S, (-) and standard
properties of real analytic maps in Banach spaces imply the validity of the follow-
ing.

Corollary 5.4. Lel « € ]0,1[, ¢ € DF(R), n € R™. Let k € C. Lel § be as in
assumption (5.1). Let p € Q. Let €9 be as in assumption (5.2). Let Ny, N3 be as

in Proposition 5.4. Then there exist € € 10, €[ and a real analytic map N1 from
| — &, &5 to L(CO(0%2),C"*(89Q)) such that

(KE ) 1092, 0((- = p) /)] (p + et)
- /m va(t) - VSa(t = )0(s) do, + eN1 [ (0)(t) + €' Na[e] (0) (1)
+ e log k" 2N (B) (1) Vit € 99,
for all € C%*(9Q) and € € ]0,&]].

Finally, in the proposition below, we consider the behavior of the quasi-periodic
single layer potential restricted to a set V such that V N (p + ¢Z") = (). This
somehow characterizes the behavior of Sé“,’n_ [0Qp.¢,0((- — p)/€)](x) when z is far
from the holes.

Proposition 5.5. Let a € ]0,1[, ¢ € DS (R), n € R Let k € C. Let Q be as in
assumption (5.1). Let p € Q. Lel €y be as in assumption (5.2). Let V be a bounded
open subset of R™ such that V N (p + qZ™) = 0. Let ey € ]0,¢o] be such that

(5.7) V CS; [, Ve € |—ev, ev].

Let M be the map from |—ey, ey to L(C%*(0Q), C*(V)) defined by
MIe](0)(z) == / G’;m(fn —p—es)0(s) dos Ve eV,
o0

for all € C**(99Q) and € € |—ey,ev[. Then M is real analytic and we have
(58 SE0%. 00 —p)/I)@) = MA@ @) Vae T,
for all € C*2(082) and € €10, ey .
Proof. Since ey is such that (5.7) holds, then we have
V — (p+€0Q) CR"™\ ¢Z" Ve € |—ey, ey ].

By arguing as in the proof of Proposition 5.1, one verifies that M is a real analytic
map from |—ey, ey [ to L(C%*(09Q),C?(V)). Then by the definition of M and by
a direct computation based on the theorem of change of variable in integrals, we
verify the validity of equation (5.8). O
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5.4. Singular perturbations for the quasi-periodic double layer potential
for the Helmholtz equation. In this subsection, we consider the behavior of
the quasi-periodic double layer potential upon singular domain perturbations. As
we have done in the previous subsection, we begin by studying the behavior of
the quasi-periodic double layer potential restricted to the boundary of €2, .. More
precisely, we consider the map from C1*(99) to C1*(9Q) that takes 6 to the
function
K:{;,n[agp,fv 6(( - p)/e)](p + Et)

of the variable t € 9.

Proposition 5.6. Let o € ]0,1[, ¢ € DI (R), n € R". Let k € C. Let Q be as in
assumption (5.1). Let p € Q. Let €y be as in assumption (5.2). Let Py, P, P3 be
the maps from | — g, €o[ to LICH*(0Q), CL*(00)), defined by

Hmey:f&#mwvaaf&mwgwsvmag
&kK@@);>iAQWﬂQ-VR&@@@@fS»ﬂ$d% vt € 0,

POt =~ [ va(s) VIH(elt = 5)0(s)do. Vit € 00,
N

for all § € CH*(09Q) and € € |—¢q, o[- Then Py, Py, P3 are real analytic and we
have

(5.9)

Kp 0092p.c,0((- — ) /)l (p + €t)
= B0+ RLO)(1) + gk 2RO Vi€ o,

for all € CH*(09Q) and € € ]0, €]

Proof. By Lanza de Cristoforis and Rossi [47, Thm. 4.11], we deduce that

] —€0, €0] x CV(0Q) > (€,0) — Pf[e,G](t) = — /BQ va(s) - VS, (t — s,ek)0(s) dos
Vit € 09,

is real analytic. Since Pf is linear and continuous with respect to the variable 6,
we have
Pild] = dgPl[e,6]  V(e,0) € |—eo, €0 x C2(89) .

where ngln [e, é} denotes the partial differential with respect to the variable 6 eval-
uated at the pair (e,6) € |—e, o[ x C1*(N). Since the right-hand side equals a
partial Fréchet differential of a map which is real analytic, the right-hand side is
analytic on (e, 0). Hence (¢,0) — P, [e] is real analytic on |—eq, eo[ x C1*(99) and,
since it does not depend on 0, we conclude that it is real analytic on |—ep, €g[. By
exploiting the regularity results for the integral operators with real analytic kernel
of [44] and by arguing so as to prove the real analyticity of P, we can prove that
P> and Pj are real analytic. Finally, by the definition of Py, P, and Ps, by equality
(5.4), and by a direct computation based on the theorem of change of variable in
integrals, we verify the validity of equation (5.9). O
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As is the previous subsection, one can immediately deduce the following Corol-
lary 5.7.

Corollary 5.7. Let a € ]0,1[, ¢ € DY (R), n € R"™. Let k € C. Let Q be as in
assumption (5.1). Let p € Q. Let g be as in assumption (5.2). Let P, Py be as

in Proposition 5.7. Then there exist €)' € 10, o[ and a real analytic map Py from

|—&y,&'[ to L(C1*(0Q), CH*(09)) such that
Kg ) [09.c,0((- — p)/O)](p + et)
_ /6 0(s) VSn(t = $)0(s) dory + P [(0)(1) + €T P (0)(1)
+ " log )K" 2 P3[e](0)(t) Yt € 09,
for all 0 € CH*(0R) and € € 10, &5'[-

In the proposition below, we consider the behavior of the quasi-periodic double
layer potential far from the holes.

Proposition 5.8. Let o € ]0,1[, ¢ € D (R), n € R*. Let k € C. Let Q be as in
assumption (5.1). Let p € Q. Let €p be as in assumption (5.2). Let V be a bounded
open subset of R™ such that V N (p +qZ™) = 0. Let ey € )0, €o[ be such that

(5.10) VCS, Q. Ve € |—ey, ey
Let P be the map from |—ey, ey | to LICH*(0Q), C%(V)) defined by

Ple|(0)(z) := — /asz va(s) - VG’q"m(:c —p—e€s)0(s) dos Yz eV,

for all 0 € CH2(0R) and € € |—ey, ey |. Then P is real analytic and we have
(5.11) Dg”; [09,.6,0((- —p)/e)](z) = € P[e](6)(x) Ve eV,

for all 0 € C*(09Q) and € €0, ey |.

Proof. Since ey is such that (5.10) holds, then we have

V — (p+e0Q) CR™\ ¢qZ™ Ve € |—ey, ev].
By arguing as in the proof of Proposition 5.6, one verifies that P is a real analytic
map from |—ey, ey | to L(CH(92),C?(V)). Then by the definition of P and by
a direct computation based on the theorem of change of variable in integrals, we
verify the validity of equation (5.11). O

6. A SINGULARLY PERTURBED NONLINEAR QUASI-PERIODIC BOUNDARY VALUE
PROBLEM FOR THE HELMHOLTZ EQUATION

In this section, we study the asymptotic behavior of a nonlinear quasi-periodic
Robin boundary value problem for the Helmholtz equation in the singularly per-
turbed domain S; [, ] as € — 0T (see Figure 1). We choose this specific problem
to show that our method can be applied to a nonlinear boundary value problem for
the quasi-periodic Helmholtz equation. The nonlinearity comes from the boundary
condition, which prescribes that the normal derivative of the solution equals a non-
linear function of its trace on the boundary. The strategy that we are going to use



24ROBERTO BRAMATI, MATTEO DALLA RIVA, PAOLO LUZZINI, AND PAOLO MUSOLINO

S7 [2p,c]

q22

FicURE 1. An example, in dimension n = 2, of the geometric
setting. The grey region is the periodically perforeted set S [2, (.

in our analysis was successfully employed by Lanza de Cristoforis in [41] to study
a nonlinear Robin problem for the Laplace equation in a bounded domain with a
small hole, and then later in [45] for the case of a periodically perforated domain.
An application to nonlinear problems for the Lamé equations can be found, for
example, in [21].

Let €y be as in assumption (5.2). Let k € C be such that k% ¢ o,,(—A). Possibly
taking ef €10, e[ small enough, we can assume that
(6.1) K¢ ol (-AS7[Q]), K ¢oP(-AQ) Vel

an

Condition k2 ¢ o (—A,Q, ) follows by a simple rescaling argument since
oP(=A,Q,) = 20P(-A, Q).

Concerning condition k> ¢ oY, (=A,S;[€, ]), the argument of Rauch and Taylor
[60], which can be extended to (@, n)-quasi-periodic eigenvalues by arguing exactly
as it is done in [55, Chap. 7] for the periodic case, shows that Neumann (Q,n)-
quasi-periodic eigenvalues on S [€2;, c] converge to (@, n)-quasi-periodic eigenvalues
on R™ as € — 0T. Of course we can also assume that

(6.2) e < min{e, )},

where &), and €] are as in Corollaries 5.2 and 5.4, respectively. Assumption (6.1)
will allow to use the representation formula of Corollary 4.5 for quasi-periodic
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solutions of the Helmholtz equation, whereas (6.2) will be used in order to exploit
Corollaries 5.2 and 5.4 on some boundary integral operators. Let

B: C%*(99) — C%*(69)

be a generic map which we will assume to have a certain degree of regularity when
needed. Then for € € ]0, e#[ we consider the following nonlinear problem

Au+ku=0 in S [y,
(6.3) wis (Q,n)-quasi-periodic,
Ovg,, . u(x) = Blu(p + €)|((z — p)/e) Vo € 0.

A priori, we do not know whether problem (6.3) has solutions or not. We will
show that, for € small enough, problem (6.3) has at least one solution that we will
denote by u(e,-). After that, our aim will be to study the asymptotic behavior
of u(e,-) as ¢ — 0T in terms of real analytic maps and of possibly singular but
explicitly known functions of the singular perturbation parameter ¢. We observe
that one could also prove a local uniqueness property for the family of solutions
u(e, ) by following the arguments of [25].

6.1. An integral equation formulation of problem (6.3). We plan to trans-
form problem (6.3) into an equivalent integral equation defined on a set that does
not depend on €. In a sense, the dependence on ¢ will pass from the geometry
of the problem (the set Q,, ) to the operators in the integral equation. The first
step consists in combining the representation formula of Corollary 4.5 and a sim-
ple rescaling argument in order to establish a bijection between the solutions of
problem (6.3) and the solutions of a nonlinear boundary integral equation on 9.

Proposition 6.1. Let « € |0,1[, ¢ € DF(R), n € R"™. Let k € C be such that
k* ¢ o4,(—A). Let Q be as in assumption (5.1). Let p € Q. Let 60# be as in
assumptions (6.1) and (6.2). Let € € |0, [. Let B be a map from C%*(d9) to
C%*(98). Then the map uc[] from the set of § € C**(0N) which satisfy the
equation

2000) + (K,) 109000 — )]0 + )
— BISE 109, 0((- —p) /)] (p+e))(t)  Vteon,

(6.4)

to the set of solutions u € CL*(Sy[Qp.e]) of problem (6.3), that takes 0 to the
function

uclf)(2) = Sy (0,6, 0((- = p)/)](x) Vo € S7[Dpd,
s a bijection.

Proof. We first note that if u € C%(S; [€,.]) is a solution of problem (6.3), then
by Corollary 4.5 there exists a unique 6 € C%*(9€) such that

u(@) = gy (0.6, 0((- = p)/O)l(x) Yz €S7[Qp.
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Then by Proposition 3.2 one immediately verifies that § must solve equation (6.4).
Conversely, if § € C%%(9Q) solves equation (6.4), by Proposition 3.2 we deduce

that S¥ [0, ¢, 0((- — p)/€)] is in C*(Sg [y,,c]) and solves problem (6.3). O

Our next goal is to analyze the solutions of equation (6.4). More specifically,
we are interested in understanding their dependence on €. We now set

V[0, 0](t) := . Sn(t —5)0(s)dos vVt € 091,

and i
K0, 6)(1) = / volt) - VSu(t — $)(s) doy, Vi € 00,
o0

for all § € C%2(0R). By classical potential theory (see [22, Thms. 4.25 and 6.7]),
we know that V[0, ] is a bounded linear operator from C%*(9Q) to C1*(9Q)
and that *[0€, ] is a compact linear operator from C%%(9€) to C%*(92). Then
we observe that if ¢ € ]0,¢/ [ by Corollaries 5.2 and 5.4 equation (6.4) can be
rewritten as

%9 + K (09, 0] + Ny [€)(6) + € Na[e](0)

+ €L (log €)k" 2N [€](0) — B|eV[OQ, 0] + €M [€](0) + €~ My[€] ()

(6.5)

+ " Hlog €)k™ 2 Ms; [e](H)‘| =0 on 0€.

We now note that equation (6.5) can be seen as an equation which depends on the
quantities € and €(log €). Therefore, we replace the quantity ¢(log¢) by an auxiliary
variable r and, motivated by (6.5), we introduce the map A from

= e[ x R x €O (0Q)
to C%(9R) defined by

Ale,r, 0] ;:%e + (09, 0] + N [)(0) + e Na[€](9)

+ 6n727,kn72N3 [6](9) - B EV[aQ, 9] + 62M1 [5}(9) + 67L,1M2 [6](9)

+ e"_Qrk"_QMg[e}(O)} on 0},

for all (e,r,0) € |—€l, e[ x R x C%*(9€). Next we recall that if n is odd, then
TF(x) = 0 for all z € R™, and thus N3 and M3 are identically equal to 0. Therefore,
we find convenient to introduce the function n — 7, from N to itself defined by

| 1 ifniseven,

T 0 ifnis odd.

Then if € € ]0, € [ equation (6.5) can be written as
(6.6) Ale, The(loge), 0] = 0.
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Our aim is to understand the behavior of the solutions 6 of equation (6.6) as €
approaches the degenerate value ¢ = 0. Therefore we note that, if we further assume
that B is continuous from C%%(9Q) to C%*(dN), letting ¢ — 0T in equation (6.6),
we obtain

(6.7) A[0,0,6] =0,

or equivalently
1
59 + K*[09, 0] = BJ0] on 0f).

By [22, Cor. 6.15], equation (6.7) in the unknown 6 has a unique solution in
C%2(952), which we denote by 6.

In view of the bijection result of Proposition 6.1, a crucial step to understand
the solvability of problem (6.3) is to understand the solvability of the integral
equation (6.6) and the behavior of the solutions. This is done by the Implicit
Function Theorem in the proposition below. Before stating it, we observe that we
add the assumption that B is a real analytic map from C%%(9Q) to C%*(99). This
is done in order to deduce the real analyticity of the implicitly defined function.

Proposition 6.2. Let a € ]0,1[, ¢ € D (R), n € R". Let k € C be such that k* ¢
0gn(—A). Let Q be as in assumption (5.1). Let p € Q. Let eff be as in assumptions
(6.1) and (6.2). Let B be a real analytic map from C%*(0Q) to CO*(0N). Let
be the unique solution in C%*(9) of equation (6.7). Then there exist € € 0, €l |,
' €10, 400[, an open neighborhood Oy of 6 in C**(9R), and a real analytic map
© from |—¢€,€'[ x ]—r', 7' to O such that

e(loge) € ]-r',r'[  Vee]0,€],

and such that the set of zeros of A in ]—€,€'[ x |—1',r'[ x Oy coincides with the
graph of ©. In particular, ©[0,0] = 6.

Proof. We plan to apply the Implicit Function Theorem for real analytic maps in
Banach spaces. By Corollaries 5.2 and 5.4, by classical potential theory (see [22,
Thms. 4.25 and 6.7]), and by standard calculus in Banach spaces, we deduce that
A is a real analytic map from |—e’, e [ x R x C%*(8Q) to C%*(59). By standard
calculus in Banach spaces, we have that the partial differential dpA[0, 0, é] of A at
(0,0, é) with respect to # is delivered by the linear map

dyA[0,0,8] = %}H/c*[an, ].

As a consequence, by [22, Cor. 6.15], dgA[0,0, 6] is a linear homeomorphism from
C%(09) to itself. Then by the Implicit Function Theorem for real analytic maps
in Banach spaces (cf. Deimling [30, Thm. 15.3]), we deduce the existence of ¢’ €
10, e#[., r’ €0, 4+00[, an open neighborhood Oy of 6 in C%*(9N), and a real analytic
© from |—¢€, €[ x ]—r',7’[ to Op such that

e(loge) € |-r',7'[  Vee€]0,€[,

the set of zeros of A in |—¢',€'[ x ]—r/,7'[ x Op coincides with the graph of ©, and
©[0,0] = 6. O
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Remark 6.3. An example of a real analytic map B from C%(9Q) to C%*(9) can
be obtained by considering composition operators of the type

u = Blu](-) = G(u()),

where G is a real analytic function from C to itself (see, e.g., Valent [62, Thm. 5.2,
p. 44]).

By means of the densities O[e, m,e(loge)] for € € )0, €'[, we can finally introduce
in the corollary below the family of solutions {u(e, -)}cejo,e[ to problem (6.3).

Corollary 6.4. Let the assumptions of Proposition 6.2 hold. We set
u(e, ) := uc[Ole, The(loge)]] (z) Vo € Sq [,

for all € € 10,€'[. Then for each ¢ € 10,€[ the function u(e,-) is a solution of
problem (6.3).

6.2. A representation formula for the family of solutions {u(e,")}ccjo.e(-
We are now ready to prove the main theorem of the section. More precisely, we
represent the restrictions to a fixed subset V such that V N (p + ¢Z") = 0 of
the solutions {u(e, -)}ejo,r[ in terms of a real analytic operator of two variables
with values in a function space evaluated at the pair (¢, 7,,¢(log €)). This implies the
possibility to represent u(e, ) as a converging power series of the pair (¢, 7,¢(log €)).
Similar results can be also obtained for the restrictions of {u(e,)}ccjo,[ to sets
of the type p + €V or for suitable functionals of u(e, -), like for example its energy
integral. However, for the sake of brevity, here we consider only the previously
described result on the restriction of the solution to a fixed set far from the holes.

Theorem 6.5. Let o € ]0,1[, ¢ € D (R), 7 € R™. Let k € C be such that k* ¢
0gn(—A). Let Q be as in assumption (5.1). Let p € Q. Let 6# be as in assumptions
(6.1) and (6.2). Let B be a real analytic map from C%%(0Q) to CO*(9N). Let
6 be the unique solution in C**(3) of equation (6.7). Let ¢ € |0,¢/[, v €
10, +o0[ be as in Proposition 6.2. Let V' be a bounded open subset of R™ such that
VN (p+qZ") = 0. Then there exist € €10,€], such that
(6.8) VcC Sy [p.e] Ve € |—€”, "
and a real analytic map U from |—€", " x |—r',7'[ to C*(V

)
(6.9) u(e, ) = " Ue, Tne(log €)] () VreV
for all e €10,€’'[ and that

such that

. N —
(6.10) Ulo,0] = Gy ,,(x — p) ” 0do VeeV.

Proof. Choosing ¢” small enough, we can clearly assume that (6.8) holds. Then
we have

V—(p+edQ) CR"\¢Z" Veel]-¢" €.
By the theorem of change of variable in integrals, we have

ule,x) = "1 - ka(x —p —€s)0O[e, The(log €)](s) dos Yz eV,
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for all € € 0, €”[. Then we find natural to set
Ule,rl(z) = /ag G’;n(x —p —es)O[e,r](s) dos VeeV

for all (e,7) € |—€", €’[x]—r',7'[. By the regularity results for the integral operators
with real analytic kernel of [44], we deduce that U is a real analytic map from
|=€",€"[ x ]—=r",7'[ to C%(V). By the definition of U, we clearly have that equality
(6.9) holds for all € € ]0,¢”[. Since ©[0,0] = 0, we also deduce the validity of
(6.10). O
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