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Abstract In this article we contribute to the literature on the functional Gaussian
graphical model by introducing a new penalty function for the multivariate functional
regression model that allows us to have a direct connection between the estimated
parameters and conditional dependencies among the functional curves, i.e. the edge
set of the graphical model. Introducing the model in infinite dimensional space, we
show how to estimate the model in a finite-dimensional subspace. A focus is also
given on how the bases and scores for the Karhunen-Loéve expansion of the curves
are obtained. The performance of the proposed method is evaluated by a simulation
study and compared with that of other better-known models in the literature, showing
good performance.

1 Introduction

Many authors have contributed to the literature of Gaussian Graphical Models
(GGM) for functional data. One of the first works is those of [4] in which, since the
covariance operator is compact and therefore non-invertible, the connection between
the inverse covariance operator and conditional independence is lost, the authors as-
sume that the functional curves are concentrated to a finite-dimensional subspace by
working with an𝐾−trunkated version of the Karnhunen-Loève expansion. Therefore,
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they estimate a finite-dimensional graphical model by a modified lasso criterion. The
main problem with this approach is that the authors prove the asymptotic properties
in the finite setting, but they are unsatisfied with the infinite-dimensional space of
curves. This approach is overcome by [3] which introduces the assumption of partial
separability of the covariance operator. This allows to have a direct connection be-
tween conditional independence and conditional covariance function. Consequently,
the functional graphical model is given by a sequence of finite-dimensional Gaus-
sian graphical models. However, the partial separability assumption is a very strong
assumption that is not verified in many real-world applications. In [2] the authors
provide an edge set learning strategies based on neighborhood selection for func-
tional GGM. After obtaining the neighbourhood set of each node, the final edge
set will be obtained by using an AND/OR scheme. In this article we contributed
to the literature on functional GGM by introducing a novel penalty function that,
by working with a neighbourhood selection framework for functional data, allows
a direct connection between the matrix of estimated parameters of the regression
model and the edge set.
The paper is organized as follows: in the second section the methodological pro-
posal is explained; in the third section a simulation study will be shown; finally,
conclusions are provided in the final section.

2 Proposal Methodology

Before introducing the methodological innovation brought by this paper, it is appro-
priate to give some notations and definitions.

2.1 Notation and Definitions

Let 𝑓 𝑗 ∈ 𝐿2
[0,1] , for 𝑗 = 1, . . . , 𝑝 be a random function, where 𝑝 denote the number

of random functions and 𝐿2
[0,1] denote the space of square-integrable functions

endowed with the inner product ⟨ 𝑓1, 𝑓2⟩ =
∫ 1

0 𝑓1 (𝑡) 𝑓2 (𝑡)𝑑𝑡 and associated norm

∥ 𝑓 ∥ =
√︁
⟨ 𝑓 , 𝑓 ⟩. We denote with f =

(
𝑓1, . . . , 𝑓𝑝

)𝑇 ∈ F =

[
𝐿2
[0,1]

] 𝑝
the curves in

a 𝑝-dimensional Hilbert space equipped with inner product ⟨f , g⟩𝑝 =
∑𝑝

𝑗=1⟨ 𝑓 𝑗 , 𝑔 𝑗⟩
and associated norm ∥f ∥ 𝑝 =

√︁
⟨f , f ⟩𝑝 . A Functional Gaussian Graphical Model

is defined as {f , 𝑀𝑃𝐺 (𝜇, G), 𝐺}, where the multivariate functional data f follows
a multivariate Gaussian process 𝑀𝑃𝐺 (𝜇, G) specified by a mean function 𝜇(𝑡)
and a covariance operator G(𝑡, 𝑠), and 𝐺 = (𝑉, 𝐸) is an undirected graph defined
by 𝑉 the node set in which each node is a functional curve 𝑓 𝑗 , and 𝐸 ⊂ 𝑉 × 𝑉
is the edge set. 𝐸 encodes the presence or absence of conditional independence
among the functional curves: 𝑓 𝑗 ⊥⊥ 𝑓ℎ | 𝑓𝑙 if (ℎ, 𝑘) ∈ 𝐸 . The multivariate Gaussian
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process is an assumption we will carry throughout the paper. We also assume that
𝜇 𝑗 (𝑡) = 𝐸

[
𝑓 𝑗 (𝑡)

]
= 0 and 𝑉

[
𝑓 𝑗 (𝑡)

]
< ∞, for 𝑗 = 1, . . . , 𝑝.

2.2 Proposed Methodology

The goal of the proposed model is to recover the edge set 𝐸 by using a neighbourhood
selection approach similar in [2], based on multivariate functional linear regression
([6]) by introducing a novel penalty function that allows us to have e direct connection
between the parameter estimates and 𝐸 . In particular, assuming we have 𝑛 units, for
each target node 𝑗 ∈ 𝑉 we have that

𝑓𝑖 𝑗 (𝑡) =
𝑝∑︁

𝑘≠ 𝑗

∫ 1

0
𝑓𝑖𝑘 (𝑡)𝛽 𝑗𝑘 (𝑡, 𝑡′)𝑑𝑡′ + 𝜖𝑖 𝑗 (𝑡), ∀ 𝑗 = 1, . . . , 𝑝, 𝑖 = 1, . . . , 𝑛, (1)

where 𝛽 𝑗𝑘 (𝑡, 𝑡′) is a functional parameter that captures the effect of the functional
curve 𝑘 to the response 𝑗 , and 𝜖𝑖 𝑗 (𝑡) is a functional error term. As in [6] the functional
parameter 𝛽 𝑗𝑘 (𝑡, 𝑡′) admits the following expansion

𝛽 𝑗𝑘 (𝑡, 𝑡′) =
+∞∑︁

𝑙,𝑙′=1
𝑏 𝑗𝑘𝑙𝑙′𝜙𝑙 (𝑡)𝜙𝑙′ (𝑡′), (2)

where 𝑏 𝑗𝑘𝑙𝑙′ =
∫
𝛽 𝑗𝑘 (𝑡, 𝑡′)𝜙𝑙 (𝑡)𝜙𝑙′ (𝑡′) and {𝜙𝑙}∞𝑙=1 is a complete orthonormal

system (CONS) of
[
𝐿2
[0,1]

] 𝑝
, with 𝜙𝑙 =

(
𝜙1𝑙 , . . . , 𝜙𝑝𝑙

)𝑇 , such that G(𝑡, 𝑡′) =∑∞
𝑙=1 𝛾𝑙𝜙𝑙 (𝑡)𝜙𝑙′ (𝑡′), where {𝛾𝑙}∞𝑙=1 are its non-negative and decreasign eigenval-

ues. By setting (1) in a multivariate penalized functional regression, the problem
becomes

β̂.1, . . . , β̂.𝑝 = arg min
β.1 ,...,β.𝑝

𝑛∑︁
𝑖=1

𝑝∑︁
𝑗

∥ 𝑓𝑖 𝑗 (𝑡) −
𝑝∑︁

𝑘≠ 𝑗

⟨ 𝑓𝑖𝑘 , 𝛽 𝑗𝑘 (𝑡, ·)⟩∥2 + 𝜆𝑛𝑃(β.𝑘), (3)

where 𝑃(β.𝒌 ) is a proper penalty function. In particular, we introduce the following
penalty function

𝑃(β.𝑘) =
∑︁
𝑗,𝑘

𝑗≠𝑘

√︃
∥β 𝑗𝑘 ∥2 + ∥β𝑘 𝑗 ∥2, (4)

which allows us to impose a direct connection between parameter functions and
𝐸 such that if ∥𝛽 𝑗𝑘 ∥2 = ∥𝛽𝑘 𝑗 ∥2 = 0 then there is not an edge between functional
curves 𝑗 and 𝑘 . However, the problem in (3) is an infinite-dimensional optimization
problem, so a way to solve it is to work with an finite-dimensional approximation.
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2.3 Vector-on-Vector Multivariate Regression

In order to recover the edge set 𝐸 is useful to work with the Karnhunen-Loève
theorem, which says that:

𝑓𝑖 𝑗 (𝑡) =
∞∑︁
𝑙=1

𝜉𝑖 𝑗𝑙𝜙 𝑗𝑙 (𝑡), (5)

where 𝜉𝑖 𝑗𝑙 = ⟨ 𝑓𝑖 𝑗 ; 𝜙 𝑗𝑙⟩, for 𝑖 = 1, . . . , 𝑛, is an element of ξ 𝑗𝑙 , a r.v. that we assume
has a Gaussian distribution with 𝐸

[
ξ 𝑗𝑙

]
= 0 𝑉

[
ξ 𝑗𝑙

]
= 𝛾 𝑗𝑙 and 𝐸

[
ξ 𝑗𝑙ξ 𝑗𝑟

]
= 𝛿𝑙𝑟 ,

where 𝛿𝑙𝑟 is the Kronecker’s delta such that 𝛿𝑙𝑟 = 1 if 𝑙 = 𝑟 . In particular we will
work with an 𝐿 truncated version of (5), so for the generic curve 𝑗 we denote with
ξ𝑖 𝑗 = (𝜉𝑖 𝑗1, . . . , 𝜉𝑖 𝑗𝐿)𝑇 the vector of scores. As in [2], each vector score can be
represented as:

ξ𝑖 𝑗 =

𝑝∑︁
𝑘≠ 𝑗

B𝑘 𝑗ξ𝑖𝑘 + r𝑖 𝑗 , (6)

where r𝑖 𝑗 is an error term and B𝑘 𝑗 is a block of a matrix B of parameters related
to the effect each functional curves 𝑘 ≠ 𝑗 to the response curve 𝑗 for all the basis
𝐿. In particular, the generic term of B𝑘 𝑗 is given by 𝑏𝑘 𝑗𝑙 scores of the expasion of
𝛽𝑘 𝑗 (𝑡, 𝑡′) in (2). The finite version of (3) will be

B̂ = arg min
B

𝑛∑︁
𝑖=1

𝑝∑︁
𝑗=1

∥ξ𝑖 𝑗 − ξ𝑖\ 𝑗B𝑘 𝑗 ∥2
𝐹 + 𝜆𝑛

∑︁
𝑗,𝑘

𝑗≠𝑘

√︃
∥B 𝑗𝑘 ∥2

𝐹
+ ∥B𝑘 𝑗 ∥2

𝐹
, (7)

where ∥ · ∥2
𝐹

is the Frobenius norm, which can be solved using the ADMM algorithm.
Proposed by [7], the ADMM algorithm allows us to write the optimization problem
as

B̂, Ẑ = arg min
B,Z

𝑛∑︁
𝑖=1

𝑝∑︁
𝑗=1

∥ξ𝑖 𝑗 − ξ𝑖\ 𝑗B𝑘 𝑗 ∥2
𝐹 + 𝜆𝑛

∑︁
𝑗,𝑘

𝑗≠𝑘

√︃
∥Z 𝑗𝑘 ∥2

𝐹
+ ∥Z𝑘 𝑗 ∥2

𝐹
(8)

s.t.B 𝑗𝑘 = Z 𝑗𝑘 ∀ 𝑗 , 𝑘 = 1, . . . , 𝑝,

where ξ𝑖ȷ = (𝜉𝑖1, . . . , 𝜉𝑖 𝑝)\𝜉𝑖 𝑗 . It is possible to show that the solution of (8), at step
𝑡 + 1, will be:

B̂ (𝑡+1)
𝑘 𝑗

=

( (
ξ\ 𝑗

)𝑇
ξ\ 𝑗 + 𝜌I𝐿

)−1 ( (
ξ\ 𝑗

)𝑇
ξ 𝑗 + 𝜌

(
Z (𝑡 )

𝑘 𝑗
+U (𝑡 )

𝑘 𝑗

))
,

Ẑ (𝑡+1)
𝑗𝑘

=
©­«1 − 𝜆

𝜌∥B (𝑡+1)
𝑗𝑘

+U (𝑡 )
𝑗𝑘

∥2
𝐹

ª®¬+
(
B (𝑡+1)

𝑗𝑘
+U (𝑡 )

𝑗𝑘

)
,

Û (𝑡+1)
𝑗

= U (𝑡 )
𝑗

+B (𝑡+1)
𝑗

−Z (𝑡+1)
𝑗

.

(9)



Title Suppressed Due to Excessive Length 5

2.4 Choice of the Basis and Scores Estimation

The choice of the basis {𝜙 𝑗𝑙}+∞𝑙=1 used to estimate the vector of scores ξ 𝑗𝑙 is made by
using the PACE method proposed in [5] curve by curve. In particular, for the generic
𝑗−curve we assume that each curve is observed with a measurement error on a finite
number of random temporal points 𝑁𝑖 𝑗 , i.e., 𝑌𝑖 𝑗 (𝑇) = 𝑓𝑖 𝑗 (𝑇𝑖 𝑗 ) + 𝜖𝑖 𝑗 = 𝜇 𝑗 (𝑇𝑖 𝑗 ) +∑𝐿

𝑙=1 𝜉𝑖 𝑗𝑙𝜙 𝑗𝑙 (𝑇𝑖 𝑗 ) + 𝜖𝑖 𝑗 , ∀ 𝑇𝑖 𝑗 ∈ T , with 𝐸
[
𝜖𝑖 𝑗

]
= 0 and 𝑉

[
𝜖𝑖 𝑗

]
= 𝜎2

𝑗
, where 𝜖𝑖 𝑗

are independent of 𝜉𝑖 𝑗𝑙 . First, a local linear smoother is used to obtain a smooth
mean function estimate 𝜇̂ 𝑗 and a smooth covariance estimate Ĝ 𝑗 ( 𝑓 𝑗 (𝑡), 𝑓 𝑗 (𝑠)) such
that the eigenfunctions and eigenvalues is estimate by the standard eigenequations∫
T Ĝ 𝑗 (𝑠, 𝑡)𝜙 𝑗𝑙 (𝑠) 𝑑𝑠 = 𝛾̂ 𝑗𝑙𝜙 𝑗𝑙 (𝑠). Assuming that 𝜉𝑖 𝑗𝑙 and 𝜖𝑖 𝑗 are jointly Gaussian,

and denoted with Ỹ𝑖 𝑗 =
(
𝑌𝑖 𝑗1, . . . 𝑌𝑖 𝑗𝑁𝑖

)𝑇 , X̃𝑖 𝑗 =
(
𝑋𝑖 𝑗 (𝑇𝑖 𝑗1), . . . , 𝑋𝑖 𝑗 (𝑇𝑖 𝑗𝑁𝑖

)
)𝑇 and

µ𝑖 𝑗 =
(
𝜇 𝑗 (𝑇𝑖 𝑗1), . . . 𝜇 𝑗 (𝑇𝑖 𝑗𝑁𝑖

)
)𝑇 , the best prediction of the scores is given by the

conditional expectation

𝜉𝑖 𝑗𝑙 = 𝐸
[
𝜉𝑖 𝑗𝑙 | Ỹ𝑖 𝑗

]
= 𝛾̂ 𝑗𝑙𝜙

𝑇
𝑗𝑙Σ̂

−1
Y𝑖 𝑗

(
Ỹ𝑖 𝑗 − µ̂𝑖 𝑗

)
, (10)

where Σ̂Y𝑖 𝑗
is the estimate of ΣY𝑖 𝑗

= 𝑐𝑜𝑣
(
Ỹ𝑖 𝑗 Ỹ𝑖 𝑗

)
+ 𝜎2I𝑁𝑖 𝑗

, in which 𝜎2 is the
variance error term, estimated as 𝜎2 = 2

| T |
∫
T1
{ ˆ𝑉 (𝑡) − ˆ𝐺 (𝑡)}𝑑𝑡.

3 Simulation Study

The simulation study was carried out by setting the number of curves 𝑝 = 17, the
number of equispaced temporal points 𝑑 = 60 in the domain T = [0, 1] and taking
into account five sample sizes: 𝑛 = 25, 50, 75, 100, 200. For the generation of the
true scores, a variance-covariance matrix of dimension 𝑝𝐿 × 𝑝𝐿 was generated with
the following structure as in [4]

Σ =


Λ1 Σ12 . . . Σ1𝑝
Σ21 Λ2 . . . Σ2𝑝
...

...
. . .

...

Σ𝑝1 . . . . . . Λ𝑝


, (11)

where Λ 𝑗 is a diagonal matrix of variances of
(
𝜉 𝑗1, . . . , 𝜉 𝑗𝐿

)𝑇 , given by 𝛾 𝑗1 ≥
𝛾 𝑗2 ≥ · · · ≥ 𝛾 𝑗𝐿 . To simulate Σ matrix we follow a similar strategy used in [2]:
we generate a first Toepliz matrix T of dimension 𝐿 × 𝐿 such that 𝑇𝑗𝑘 = 1 for
𝑗 = 𝑘 and 𝑇𝑗𝑘 = 1/2 | 𝑗 − 𝑘 | if 𝑗 ≠ 𝑘 . Then a tridiagonal matrix 𝑅 of dimension
𝑙 × 𝐿 such that 𝑅 𝑗 𝑗 = 1, 𝑅 𝑗+1, 𝑗 = 𝑅 𝑗 , 𝑗+1 = 0.5 and the other entries are set to 0.
A first precision matrix Θ̃ is obtained by setting Θ̃ 𝑗 𝑗 = 𝑇 , Θ̃ 𝑗 , 𝑗+1 = Θ̃ 𝑗+1, 𝑗 = 0.4𝑅
and Θ̃ 𝑗 , 𝑗+2 = Θ̃ 𝑗+2, 𝑗 = 0.2I𝐿 . Then a singular value decomposition of each block
in the diagonal of Θ̃−1 was made such that Λ−1

𝑗
= 𝑈 𝑗𝑀 𝑗𝑉 𝑗 and a diagonal block

matrix 𝑈 = 𝑑𝑖𝑎𝑔
(
𝑈1, . . . ,𝑈𝑝

)
is build. The final Σ is obtained as Σ = 𝑈Θ−1𝑈𝑇 .
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We set the number of basis 𝐿∗ = 5, and we generate the true scores ξ∗ from a
multivariate Gaussian distribution with zero mean and variance-covariance matrix
Σ. By using a set of 𝐿∗ Fourier basis, denoted as 𝜙∗

𝑙
, the observed curves are

obtained as 𝑌𝑖 𝑗 (𝑇𝑖 𝑗 ) =
∑5

𝑙=1 ξ
𝑋1∗
𝑖𝑙
𝜙∗
𝑙
+ 𝜖2

𝑖 𝑗
where 𝜖2

𝑖 𝑗
∼ N(0, 1) is an error term. The

performance of our model has been evaluated, on 100 simulations, via the ROC curve
for 100 different values of 𝜆𝑛: from 𝜆𝑚𝑎𝑥 such that all parameters will be equal to
zero and therefore the edge set 𝐸 is empty, to 𝜆𝑚𝑖𝑛 such that all parameters will be
different from zero and therefore the edge set 𝐸 is full. These performances have been
compared with those of other competitors, in particular, the model proposed by [4]
and those proposed by [2], using both AND/OR schemes and, as the authors propose,
two different methods for the estimation of the scores: a first one by projecting the
curves onto their own spaces (denoted by gX), and a second one by projecting the
curves onto the response curve’s space (denoted by gY). Table 1 shows the average

Table 1: Average AUC for the five sample size.

model 𝑛 = 25 𝑛 = 50 𝑛 = 75 𝑛 = 100 𝑛 = 200
proposal 0.8274 0.9224 0.9667 0.9783 0.9976

Zhao.and.gX 0.8222 0.9257 0.9684 0.9848 0.9985
Zhao.and.gY 0.8307 0.9241 0.9675 0.9850 0.9985
Zhao.or.gX 0.7884 0.8964 0.9453 0.9705 0.9961
Zhao.or.gY 0.7924 0.8928 0.9442 0.9705 0.9961

Qiao 0.7396 0.8288 0.8782 0.9091 0.9599

AUC values, from which it can be noted that our proposal has excellent performances
for sample sizes of 50 and above and is similar to the model proposed by [2], in
particular using an AND scheme, while it has slightly better performances than the
same model but using an OR scheme, and superior to the model proposed by [4].

4 Conclusions

The methodology shown in this article allows to estimate a Gaussian Graphical model
for functional data that, remaining within the framework of penalized multivariate
functional regression models, represents an excellent alternative to the models al-
ready known in the literature: While the advantages over the model proposed by [4]
are obvious in that our proposal has superior performance, the advantages over using
the methodology proposed by [2] are computational. With our proposal, parameter
estimation involves the estimation of the adjacency matrix 𝐸 , whereas in the method
proposed by [2], parameter estimation is followed by the estimation of the neigh-
bourhood set for each functional curve, and then by the estimation of the adjacency
matrix 𝐸 by combining the neighbourhood sets based on an AND/OR scheme, the
choice of which is subjective and may influence the estimation.
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