CLASSIFYING G-GRADED ALGEBRAS OF EXPONENT TWO

ANTONIO IOPPOLO AND FABRIZIO MARTINO

ABSTRACT. Let F' be a field of characteristic zero and let V be a variety of associative F-algebras graded by a

finite abelian group G. If V satisfies an ordinary non-trivial identity, then the sequence ¢ (V) of G-codimensions

is exponentially bounded. In [?, ?, ?], the authors captured such exponential growth by proving that the limit
exp® (V) = limp— oo Y/cC (V) exists and it is an integer, called the G-exponent of V.

The purpose of this paper is to characterize the varieties of G-graded algebras of exponent greater then 2. As
a consequence, we find a characterization for the varieties with exponent equal to 2.

1. INTRODUCTION

In 1999, a celebrated theorem of Giambruno and Zaicev proved the integrability of the exponential growth of
any proper variety of associative algebras, confirming a famous conjecture posed by Amitsur in the early 1980’s.
More precisely, let F' be a field of characteristic zero and let V be a variety of associative F-algebras. In 1972,
Regev introduced the numerical sequence of codimensions of V, ¢,(V), which measure, in some sense, the growth
of the polynomial identities satisfied by the variety V. He proved (see [?]) that such a sequence is exponentially
bounded, provided that the variety V satisfies a non-trivial identity. Under the same hypothesis, Giambruno and
Zaicev in [?, 7], showed that the limit

exp(V) = lim /e (V)

exists and it is an integer, called the exponent of the variety V. Moreover, in [?], the same authors characterized
the varieties of exponent 2 by exhibiting a list of five suitable algebras of exponent 3 or 4.

In the last years, several extension of such results were proved in the setting of algebras with some additional
structure. Between them, we recall the cases of algebras with involution ([?, ?, ?]), superalgebras ([?]) and more
generally algebras graded by a group ([?, 7, ?]), algebras with a generalized H-action ([?]) and superalgebras with
graded involution ([?]) or superinvolution ([?]).

In this paper we focus our attention on the so-called G-varieties, i.e., varieties of associative F-algebras graded by
a finite abelian group G. As in the ordinary case, one can attach to a G-graded algebra A the numerical sequence of
G-codimensions, ¢&(A), n = 1,2, ..., which is the dimension of the space of multilinear G-graded polynomials in n
variables in the corresponding relatively free G-graded algebra of countable rank. Such a sequence is exponentially
bounded for any G-graded algebra A satisfying an ordinary non-trivial identity (see [?]). The growth of a G-variety
V is defined as the growth of G-codimensions of any G-graded algebra A generating V, i.e., V = var®(A).

In order to capture this exponential growth of the G-codimensions, in [?, ?] for abelian groups and in [?] in
general, the authors proved that, for any G-variety V satisfying an ordinary non-trivial identity, the limit

exp®(V) = lim {/cG(V)
n—oo
exists and it is an integer, called the G-exponent of the G-variety V. Such an integer can be explicitly computed
and it turns out to be equal to the dimension of a suitable finite dimensional semisimple G-graded algebra over
an algebraically closed field.

The purpose of this paper is to characterize the G-varieties having G-exponent greater than one. To this end,
we shall explicitly exhibit a list of G-graded algebras A; in order to prove the following result: a G-variety V has
G-exponent greater than 2 if and only if A; € V, for some i. By putting together this theorem with the results of
Valenti concerning G-varieties of polynomial growth ([?]), we shall obtain a characterization of the G-varieties of
exponent 2.

2. PRELIMINARIES AND BASIC RESULTS

Let F be a field of characteristic zero, G be a finite abelian group and A be a G-graded associative algebra over
F,ie., A= @geG Ay, where the A,’s are vector subspaces such that A;A;, C Agy, for all g, h € G. We shall refer
to such subspaces as the homogeneous components of A.

Let F(X) be the free associative algebra on a countable set X of non-commuting variables z1, 22, .... One can
define on such an algebra the following G-grading: write X = (J, o Xy, where Xy = {z1,4,22,...} are disjoint
sets and the elements of X, have homogeneous degree g. If we denote by F, the subspace of F'(X) spanned by
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all monomials in the variables of X having homogeneous degree g, then F(X) = P . Fy is a G-graded algebra
called the free G-graded algebra of countable rank over F'. We shall denote it by F(X,G).

If G ={91,92,-..,9m}, then a graded polynomial f = f(z1,g,,..-,Tt,,g1s--» Tl gms---sTt,n,gm) Of F(X,G) is a
graded identity of A, and we write f = 0, if

f(a1,917 sy Aty gry ey Qg sy atmgm) = 0,
for all a1,g,5..., 04,9, € Ag,, i =1,...,m.
For n > 1, the space of multilinear G-graded polynomials in the variables z1,4, ,...,%n g, is defined as
iy Gin

Pf = spang {x”(l)u‘ﬁg(l) "’xa(”)vgia(n) | o€ Sn, Giyy---»0i, € G} .
The graded identities of A form a Tg-ideal
1d9(A) = {f € F(X,G) | f=0on A}

which is an ideal of F(X,G) invariant under all graded endomorphisms of the free G-graded algebra.

Recall that two G-graded algebras A and B are said to be Tg-equivalent, and we write A ~7,, B, if and only
if Id%(A) = 1d°(B).

It is well known that in characteristic zero every Tg-ideal is completely determined by its multilinear polyno-
mials. Thus it is reasonable to consider the quotient space

PG

G _
Fi4) = PG N1d%(A)

n

and so one can define the n-th G-graded codimension of A as ¢§(A) = dimp PF(A), n > 1. One important feature

of the sequence of G-graded codimensions is given in the following.

Theorem 2.1. [?] Let A be a G-graded algebra satisfying an ordinary non-trivial identity. Then the G-graded

codimension sequence cg(A), n=1,2,..., is exponentially bounded.

Recall that if V = var®(A) is the variety generated by a G-graded algebra A (G-variety), we write IdG(V) =
1d%(A), G (V) = ¢S (A) and the growth of V is the growth of the sequence ¢S (V).

In [?, 7, 7], the authors captured the exponential growth of the G-graded codimension sequence of a G-graded
algebra A satisfying an ordinary non-trivial identity by proving the existence and the integrability of the limit

exp®(A) = lim {/cG(A),
n—oo
called the G-exponent of A.

Let now introduce an useful tool in the theory of polynomial identities, the Grassmann envelope of an algebra.
To this end, let E = (eq,eq,... | e;e; = —eje;) be the infinite dimensional Grassmann algebra over F' and let
Z> = {0,1} be the cyclic group of order 2 in additive notation. It is well known that E has a natural Zs-grading,
E = Fy @ FE4, where Ej is the span of all monomials in the e;’s of even length and E is the span of all monomials
in the e;’s of odd length.

We recall that if A = Ga(g,i)eGXZz A(g.i) 18 a G X Zz-graded algebra, then one can define the Grassmann envelope
of A as

E(A) =P (Bo@ Ay @ B1 @A) -
geG

The importance of the Grassmann envelope is highlighted in the following theorem proved separately by Aljadeff
and Belov in [?] and Sviridova in [?].

Theorem 2.2. Let A be a G-graded algebra satisfying an ordinary non-trivial identity. Then there exists a finite
dimensional G x Zy-graded algebra B such that Id°(A) = Id°(E(B)).

Next we recall how to compute the G-exponent of a G-graded algebra A satisfying an ordinary non-trivial
identity. According to Theorem ?7, there exists a finite dimensional G x Zy-graded algebra B such that IdG(A) =
1d°(E(B)).

By the Wedderburn-Malcev decomposition (see [?]), we write B = B’ + J, where B’ is a maximal semisimple
subalgebra of B, which we may assume to be G x Zs-graded by [?], and J = J(B) is the Jacobson radical of B,
which is a graded ideal (see [?]). Also we can write B’ = By & - - - @ By, where the B;’s are G x Zy-graded simple
algebras. The description of such algebras is given in the following theorem proved by Bahturin, Sehgal and Zaicev
in [?].

Theorem 2.3. Let A be a G-graded simple algebra. Then there exist a subgroup H of G, a 2-cocycle « : H x H —
F*, where the action of H on F is trivial, an integer m and a m-tuple (g1 = e,ga,...,9m) € G™ such that A is
G-graded isomorphic to R = F*H ® M,,(F'), where Ry = spanp {bh ®eij|g= g;lhgj}. Here by, € F*H 1is a
representative of h € H.
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In [?] it was proved that
exp®(A) = exp®(E(B)) = maxdim(Cy & --- © C),
where C1,...,Cy € {By,..., B} are distinct and C1JCqJ --- JC}, # 0.

3. CONSTRUCTING G-GRADED ALGEBRAS OF EXPONENT GREATER THAN 2

The purpose of this section is to construct some suitable G-graded algebras that will allow us to prove the main
result of this paper. In what follows we shall denote by e the unit element of G.

In the group G, let g € G be an element of order n. We shall consider the cyclic subgroup C,, = (g) generated
by g. The group algebra A = FC,, of C,, over F has a natural C,-grading A = @?;01 A,i, where Ay = Fg',
0 <i<n-—1. It is clear that A can be regarded as a G-graded algebra by setting A, = 0, for all ¢’ ¢ (g). For all
prime p greater than two, we denote by A} the algebra FC,. Here we want to highlight that in [?] it was proved
that such an algebra generates a variety of almost polynomial growth, i.e., it grows exponentially but any proper
subvariety has polynomial growth of the codimensions. Moreover, let Ay = FCy.

If g € G is an element of order 4 we consider Cy the cyclic subgroup of G x Z, generated by (g,1). We denote
by Az = E(FCy) the Grassmann envelope of F'Cy, endowed with its natural Cy-grading.

Furthermore, if there exist a,b € G distinct elements of order 2, we let K; ; = ((a, 1), (b, j)) be the subgroup of
G X Zsy generated by (a,i) and (b, j). We denote by Ai’j the Grassmann envelope of F*K; ;, for some cocycle o.

Now let us consider My (F') the algebra of 2 x 2 matrices endowed with an elementary G x Zo-grading. It is clear
that the homogeneous degree of e1; and eqq is always (e,0) whereas those of ejo and es; are (g,4) and (g71,14),
respectively, where g € G and i € Zy. Thus

Gx7, F 0 0 F 0 0
if g # g~'. Remark that, if ¢ = g~!, we have only the components (e,0) and (g,7) if g # e or i = 1 and just
one component (trivial grading) if g = e and ¢ = 0. Hence any elementary G x Zs-grading is uniquely determined
by the homogeneous degree of e12 and thus we denote by Ma(F')y; the algebra of 2 x 2 matrices with elementary
G x Zy-grading induced by (g,7). Finally we define A%" as the Grassmann envelope of My (F), ;.
Let G’ be any finite abelian group. For all £ € G’ with o(k) = 2 and h € G’, we consider the following

FG' FG
subalgebra of ( 0 FG’>'

FaoFk Fho Fkh
App = 0 r ,

. . F 0 Fk 0 0 Fh 0 Fkh
with grading (Ag,n), = (O F>7 (Ak,n)y = ( 0 O)a (Ak,n)), = (0 0 ) and (Ag,n)y), = (O 0 > We

denote by A’g’h the Grassmann envelope of Ay, when G’ = G X Zs.
In a similar way, if we consider

, _(F Fhe Fkh
kh=\0 FeFk )

where k has order 2 and h € G X Zs, then we denote by A’;’h the Grassmann envelope of A%,h-
Finally, let UT5(F )., be the algebra of 3 x 3 upper-triangular matrices endowed with the elementary G x Zs-

grading uniquely determined by the triple (e, k, kh), e = 1lgxz,, k, h € G X Zy. We define Ag’h as the Grassmann
envelope of UT5(F )y p.
We now collect the previous algebras in the following list, including also their corresponding exponents.

— A} = FC,, where p > 2 is prime; exp%(A}) = p.

— Ay = FCy; exp%(A,) = 4.

~ A3 = E(FC,); exp®(43) = 4.

A = B(FYK;;), where i, j € Z; exp®(A}7) = 4.

— A?' = E(My(F),;), where g € G and i € Zo; exp®(AD") = 4.

Alg’h = E(A,p), where k,h € G X Zy and o(k) = 2; eXpG(AIg’h) =3
— AbM = (A, ), where k,h € G x Zz and o(k) = 2; exp® (AF") = 3.
~ A" = BUT3(F).1), where k,h € G x Zy; exp®(A5") = 3.
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4. A CHARACTERIZATION OF (G-VARIETIES OF EXPONENT 2

The final goal of this section is to characterize the G-varieties of exponent 2. Such a result will be a corollary
of another theorem concerning the G-varieties of exponent greater than 2. To this end, we need the following
lemmas.

Lemma 4.1. Let A= B;, &---@&B;, +J be a finite dimensional G-graded algebra over an algebraically closed field
F of characteristic zero with exp®(A) > 2. If there exist three distinct G-graded simple components By = By =2
B3 = F such that B1JByJBs # 0, then UTs(F )., € var®(A), where UTs(F)y. 1, denote the algebra of 3 x 3 upper-
triangular matrices endowed with the elementary G-grading uniquely determined by the triple (e, k,kh), e = 1¢,

k,hed.

Proof. Let e1, ez, e3 be the unit elements of By, Bo, B3, respectively. Then €2 = e,, € (B,). and e,.es = ,se,., for
r,s =1,2,3, n € {1,2,3} and where 0,5 denotes the Kronecker delta. By standard arguments we may assume
that in A we have ey JeaJes # 0 and JeyJepJe. = e JepJe.J = e Jey e, = 0, for all permutations (a, b, ¢) of
(1,2,3) and for n,n’ € {1,2,3}, n # n’. Hence there exist j; = deG j%g) and jo = degjég) € J such that

e1j1e2j2e3 = €1 Zj£9)32 Zjég)% # 0.

geG geG
Therefore at least one of the above summands must be non-zero, say e; j%k)ez jéh)eg, for some k, h € G. We consider
the subalgebra U of A linearly generated by the elements

(k (h (k) .(h
ey, eg, es, 61]£ )627 62]5 )637 €1J§ )€2J§ )€3~

It is easily checked that U is a G-graded algebra with induced grading U = U, @ Uy, ® U, ® Uk, where

)

Ue = SpanF{eh €2, 63}, Uy = SpanF{eljik)€2}7 Un = SpanF{62j§h)63}7 Ukn = SpanF{eljik e2jéh)e3}-

Moreover, the linear map ¢ : U — UT5(F), p, defined by

(k .(h (k) .(h
pler) =e1r, plez) = ez, ¢(es3) = ess, 90(61]£ )62) = €12, @(eﬂé )63) = €23, <P(€1]§ )6215 )63) = €13,

is an isomorphism of G-graded algebras. Hence UT3(F)g,, € var®(A) and the proof is complete. O

Lemma 4.2. Let A= B;, &---@®B;, +J be a finite dimensional G-graded algebra over an algebraically closed field
F of characteristic zero with exp®(A) > 2. If there exist two G-simple components By = Fe & Fk, where e = 1¢
and o(k) = 2, and By = Fe such that either B1JBy # 0 or BoJBy # 0, then A € var®(A) or A,/Ic,h € var®(A),
for some h € G.

Proof. Suppose first that B;JBs # 0. As in the previous lemma, there exists j = dec jg € J such that ejjes # 0,
where e; and e; are the unit elements of By and Bs, respectively. In particular, we must have e;jpes # 0, for
some h € GG. Hence, let us consider the subalgebra D of A generated by the elements

e1, es, ke, e1jnes, keijnes.
Clearly D is a G-graded algebra with induced grading D = D, & Dy, & D), ® Dy, where
D, = spanp{e1,ea}, Dy =spanp{kei}, Dj =spangp{eijnea}, Din = spanp{keijnea}.
If one sets ¢ : D — Ay, such that

pler) = e, ple2) =ea, @(ker)=keir, @(eijnes) = heia, @(keijnes) = kheia,

then we get that D = Ay j, as G-graded algebras. Thus Ay € var®(A).
If By JJBy # 0, with similar arguments, we get Aj ; € var(A) and we are done. O

Now we are in a position to characterize the G-varieties of exponent greater than 2.

Theorem 4.1. Let F be an algebraically closed field of characteristic zero and let V = var®(A) be a G-variety
generated by the G-graded algebra A. Then exp®(V) > 2 if and only if at least one of the G-graded algebras
AP Ay, Ag, AL AZT AR AR AR belongs to V.

Proof. Tt is clear that if at least one among A7, Ao, As, Ai’j7 Ag’i, Ag’h, Al;’h, Alg’h belongs to V, then exp® (V) > 2,
since the G-exponents of the previous algebras are all greater than 2.

Let us suppose that eXpG(V) > 2. By Theorem 77, there exists a finite dimensional G x Zy-graded algebra
B such that V = var®(A4) = var%(E(B)). Moreover, let B = B; @ --- @ B,, + J be the Wedderburn-Malcev
decomposition of B. By Theorem ??, we have that for all ¢ = 1,...,m, B; & M,(F*H) as G X Zs-graded
algebras, for some n > 1, H < G X Z3 and « 2-cocycle of H.

Suppose first that B; = M, (F*H) = F*H @ M,(F), n > 1. Consider the subalgebra M, (F) with induced
G x Zs-grading. Notice that ej; and ess have homogeneous degree (e,0) whereas ej5 and es; have homogeneous
degree (g,i) and (g~',i), for some (g,i) € G x Za, respectively. Thus the algebra My(F),; defined in the
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previous section is a G x Zy-graded subalgebra of M, (F) C M, (F*H). As a consequence, A" = E(My(F), ;) €
var®(E(B)) = var®(A).

Hence we can suppose that n =1 and so B; = F*H.

If p | |H|, where p is a prime number greater than 2, then there exists ¢ € H of order p and so we must have
g = (g,0), with o(g) = p. Hence being C, = ((g,0)) a cyclic group of order p, we may assume that « is trivial on
it. Thus E(FC,) = Ey ® FC, has the same G-identities of FC,,. It follows that A} = FC, € var®(A).

Otherwise, |H| = 2¥, with k > 1. If there exists ¢’ € H of order 4, then we have two possibilities: or g’ = (g, 0) or
g = (g,1), with o(g) = 4. In the first case we get Ay € var®(A) whereas in the second one we have Az € var®(A).
On the other hand, if there are no elements of order 4 in H, then

H=7% - ®Zs.
k—times
Hence there exist distinct elements ¢', b’ € H of order 2 such that ¢’ = (a,4) and b’ = (b,7), with o(a) = o(b) = 2
and i,j € Zy. It is easily checked that F'“K; ; is a subalgebra of B; and therefore Az’j € var®(A).

Since exp®(A) > 2, by the basic property of the G-exponent seen in Section 2, it follows that there exist distinct
G-simple components B;,, ..., B;, such that B;, J---JB;, # 0 and dimp(B;, + -+ -+ B;,) > 2. Therefore, we may
assume that one of the following possibilities occurs:

1. there exist distinct Cp, Cy, C5 such that C1JC3JCs # 0 and Cy =2 Cy = (5 = Fe
2. for some iy # @9, B;, JB;, # 0 and B;, = Fe and B;, = Fe ® Fk,
3. for some iy # i9, B;, JB;, # 0 and B;, ¥ Fe® Fk and B;, = Fe.

If (1) holds, by Lemma ??, UT3(F)y. € var®(B), for some k,h € G x Zy and so A" € var®(A). Instead, if (2)
or (3) holds, then Lemma ?? applies and so Ay or A}, € var®(B). Therefore AEM or ABM ¢ var@(A) and the
proof is complete. O

Next proposition proves that the list of algebras A}, Ay, A3, Ai’j, Ag’i, Alg’h, Al;’h, Alg’h cannot be reduced. Recall
that we denote by x, or x; 4 a variable of homogeneous degree g and by z; a generic variable.

Proposition 4. 1 Let A and B be distinct G-graded algebras among { A}, A, As, Ai’j, Ag’i, Ag’h, A’;’h, Ag’h}. Then
we have that var® A) ¢ var®

Proof. Since all the above algebras have exponential growth of the codimensions and since the algebra A7 generates
a variety of almost polynomial growth, we immediately get that A ¢ var®(AY), for any A € {A?, Ay, Az, AY?, A"
AI6€7h7 AI;’h7 A1§7h}7 pFq.

Notice that, given two algebras A and B, the condition var®(A4) C var®(B) implies exp(A) < exp®(B). Hence
we get that A} & var®(B), for p > 3 and B € {Al,AQ,Ag,, Ai’j,A‘g ¢ Ak h Ak h Ak h}, q < p. For the same reason,
we get that C & var®(D), for C € {Az, A3, A}’, A"} and D € {Ag", Ak . Ak h}

The algebras Az, A3 and A%’ have more non-zero homogeneous components than the algebra A%". Tt follows
that A27A3,AZ’] ¢ var (A" )

In what follows, we shall consider the C3-graded algebra A3 with homogeneous degrees ¢, g1, g7 (0(g1) = 3) and
the Cy-graded algebras A; and Az with homogeneous degrees e, g2, 93, g5 (0(g2) = 4) and e, g3, g3, g3 (0(g3) = 4),
respectively. The Cy x Cr-graded algebra Al has homogeneous degrees e, a, b, ab with o(a) = o(b) = o(ab) =
whereas those ones of the algebra A" are e, g, g~ . Moreover, we shall consider the algebras Ak " and Ak h w1th
homogeneous degrees e, k1, hi, k1hy (o(kl) =2) and e, ko, ha, kaho (0(ka) = 2), respectively. Flnally the algebra
Ak " has homogeneous degrees e, k, h, kh.

Now we want to highlight that if two algebras are graded by different non-isomorphic groups then there is nothing
to prove. This is the case of the algebras Ay and A%7, Ag and A%7, A3 and B, where B € {Ay, A3, AY7 AF" ABMY,

In order to complete the proof we need to notice the following facts.

o A3 ¢ V&I‘G(Ag’i). In fact, if Ag’i has trivial grading, then A$ has more non-zero homogeneous components
and we are done. Now we have to consider only the cases in which g = g; or g = g?. In both, it is clear
that z1 yae,, =0 in Ag’i but not in A3.

o A3 ¢ varG(Ak’h) In fact, if g1 ¢ {k,h, kh} the result follows. Otherwise, 3 = 0 on Ag’h but not on A3.

o Ay & var®(Asz). In fact, 71,4, 22,9, + 2,4, 71,4, = 0 on A3 but not in Ay (91 g2)-

o A3 & var®(Ay). In fact, [z1,4,,22,4,] = 0 on Ay but not in Az (g1 = ga)-

o B varC(Ay), B e {AZ AR ABM AFMY In fact, [21,25] = 0 on Ay but not in B.

e B¢ var®(4A3), B € {Alg’h,A];’h}. In fact, if k1 # g3 then the result is obvious. Let now k; = g3. In any
case, [xn,, o] = 0 on Az but not in A", hy € {e, g3, g3}. For the algebra AF" the proof is analogous.

o AZ" ¢ var®(As). In fact, if k h,kh # e, then [z, z,2] = 0 on Az but not in A", g3 € {k,h,kh}.
Otherwise we have to consider [£1 e, 2]
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B ¢ var® (A7), B e {AP" AR}, In fact, [2e,21,] = 0 on A7 but not in B, k; € {a,b,ab}, i =1,2.

ARM & varG (ALY, In fact, if k, h, kh # e, then [z., 2] = 0 on A% but not in A", where k € {a,b, ab}.
Otherwise, we have to consider [1 ¢, Z2,¢)-

Al ¢ var® (AL 7)), (i, 5) # {(0,0), (3,5)}. In fact, let g € Zy x Zy such that (A}7); = Ey ® F(g,0) and
(AL )g = E1 ® F*(g,1). Then x 4o g + T2,571,5 = 0 in A} but not in A}’

AT & var®(AYY), (i,) # (0,0). In fact, let g,h € Zy x Zp such that (A4}7); = Ey ® F(g,1) and
(AY); = By @ F(h,1). Then (g, h)ajzs — a(h, §)zge;, =0 in AL but not in A7

Ag’i ¢ var®(Az). If g = e then [%1,9,%2,4] = 0 on A3 but not on Ag’i whereas if g = g3, then [x1 ¢, 79, =0
on Az but not on AZ". Otherwise, we have to consider z4,x.3 + 737,

Ag’i ¢ varG(Ai’j). As before, if g = a or ¢ = b or g = ab, then [z.,z4] = 0 on Ai’j but not on Ag"i.
Otherwise, we have to consider (1 e, Z2.¢)-

B ’ var r" . In fact, if hq e an 1 resp. ho), then Tan ’ ave more non-zero
Al plh G(AZ"). In fact, if h dhy #k hy), then A" and AE" 1
homogeneous components than A?* and we are done. Otherwise we have to distinguish two cases. If
g = e, then Alg’h and A];’h have again more non-zero homogeneous components than A?". If g # e, we
have that [z,.,22..] = 0 on AZ" but not on AF" AB",

g var® (APY). Let g # e. e, e, e an , then Ag"" has more non-zero homogeneous
AR G(AZY). L Ith+#e k+#e, kh d k # h, then AP h h
components than A" and we are done. Let now consider the cases k = e or h = e or kh = e. We have
that [21,¢,%2,.] = 0 on A" but not in Ag’h. Otherwise k£ = h and we have to distinguish two cases. If
g # g~ ', we have that [z1 ,22] = 0 on A2 but not in Ag’h (here g = k). If g = g~ !, then we have to
consider [21 ¢, %] (notice that o(k) = 2 since g = k). Finally, let g = e. If k,h, kh # e, then AX" has
more non-zero homogeneous components than A2, If k = h = e the polynomial [[z1,z2]?, 1] = 0 on AZ"
but not in Ak’h

k,h ko
since xy, [Te, zp,] =0 on Ay but not in Ag’
Alg h ¢ VarG AR since 21,k T2k, T3,k = 0 0N A " but not in A o

since [, zp, ]2, =0 on Ak " but not in A"

)
)
)
A ’h) since [z, zp]zr = 0 on A " but not in A h
™)
")

D“

k,h kb
since 1k, %2k, 3,5, = 0 on Ag’" but not in A7’

h
since x1 x[T2.e,23,,] =0 on A " but not in AS' .

The proof is now complete. O

The following table summarizes the contents of the previous proposition.

AP | A3 A, As AL AZ? PV I LAl A
AY | x | EXP | EXP EXP EXP EXP EXP | EXP | EXP
A3 | APG| x GR GR GR CMP or fs GR | GR |
A, | APG | APG | x f GR CMP EXP | EXP | EXP
As | APG | APG | f X GR CMP EXP | EXP | EXP
A} | APG | APG | GR GR X CMP EXP | EXP | EXP
AP" | APG | APG | [z1,22] | fsor fi | fior fe X EXP | EXP | EXP
A" | APG | APG | [21,22] | [wh,,20] | [@e, T, ] CMP or f4 X f13 fis
A];’h APG | APG | [z1,22] | [Thy, Tks) | [Te, Tky ] CMP or f4 f11 X f16
APM | APG | APG | [z1,22] | faor fs | faor fr | CMPor fy, fo, fo | frz | fuu | x

Let 4,5 =1,...,9, i # j. In the box of (¢+ 1, j + 1)-position we explain why the algebra in the (i 4+ 1)-th row of
the first column does not belong to the variety generated by the algebra in the (j + 1)-th column of the first row.
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APG : the algebra in the first row generates a variety of almost polynomial growth which cannot contain a proper
subvariety of exponential growth, like the algebra in the first column.
EXP : the algebra in the first row has exponent less than the algebra in the first column.
GR : the algebras are graded by distinct non-isomorphic groups.
CMP : the algebra in the first column has more non-zero components than the algebra in the first row.

f : The polynomial in the box is an identity for the corresponding algebra in the first row but not for the
corresponding algebra in the first column. We shall use the following notation for the polynomials inside

the table:
f1=[w1,9,, 72,4, Jo =21 kT2 k
fo=1T1,4,%24, + 224,71, fio = [[z1, 32)?, 21]
fs = [m1,4,22,4] Ji1 = [e, Thy )Tk,
fa=[T1,6,72.¢] Ji2 = [we, zp]T)
fs= [x ] fi13 =, [iEe,Ihl]
fe = [ﬂﬂc,xg} f1a = xp[ze, T4]
fr=[xe, 1] fi5 = T1,k, T2k, T3 1y
fs = T1,9%2,4 f16 = T1,ko T2,k T3, ks

In the last theorem we finally give the characterization of the G-graded algebras with G-exponent equal to 2. We
denote by UT (F) the algebra of 2 x 2 upper-triangular matrices over F' endowed with an elementary G-grading,
by E the infinite dimensional Grassmann algebra with trivial grading and by E?2 the Grassmann algebra with
natural Zs-grading.

Theorem 4.2. A G-graded algebra A has exp®(A) = 2 if and only if A, Ay, As, AL, AZ" Alg’h,Al;’h7A’§’h 4
var®(A) and at least one algebra among UTS (F), E and E”2 belongs to var®(A).

Proof. Let us suppose that exp®(A) = 2. Since exp?(B) > 2, B € {Al, Ay, A3, A} e Aq’ Akh Akh Ak h} we
get that such algebras do not belong to the variety var®(A). By [?, Theorem 9], we get that at least one algebra
among UTS (F), E and E?2 belongs to varG(A) and we are done.

On the other hand, since A?, Ay, A3, AY7, A2 Ak’h AIC h Ak " & var®(A), we have that exp(A) < 2. Moreover,
since at least one algebra among UTY’ (F ), E and EZz belongs to var“(A), by [?, Theorem 9], we get that
exp®(A) > 1 and the proof is complete. O
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