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ABSTRACT. We compare a Perron-type integral with a Henstock-Kurzweil-
type integral, both having been introduced to recover functions from their
generalized derivatives defined in the metric L”. We give an example of an
H K ,-integrable function which is not Pp-integrable, thereby showing that the
first integral is strictly wider than the second one.

1. HISTORY AND AIM

It is known that the Lebesgue integral does not integrate all derivatives. To solve
the problem of recovering a function from its derivative Denjoy, at the beginning
of the 1900s, introduced a very complicated process of integration that he called
totalization and that became known as the special Denjoy integral (or D*-integral).
About the same time, Lusin gave a descriptive definition of the D*-integral, having
defined the class of ACG*-functions which characterizes the D*-primitives in the
same way that the class of absolutely continuous functions characterizes the indef-
inite Lebesgue integrals. A little bit later Perron [15] solved the same problem of
recovering a primitive by using a method based on approximation of the primitive
by major and minor functions (see also [16]). At last in the 1960s Henstock and
Kurzweil introduced a very simple Riemann-type integral to handle all derivatives
(see [6],[7],[8],[9]). All those approaches turned out to lead to integrals equivalent
to the D*-integral (see [5]).

Similar problems of recovering primitives in terms of various generalized deriva-
tives arise in many areas of analysis. For example, in harmonic analysis, a problem
of recovering coefficients of series with respect to an orthogonal system from their
sums can be reduced to the integration of an appropriate generalized derivative
chosen in accordance with the considered system. In classical harmonic analysis,
integration of the approximate symmetric derivative solves this problem of recover-
ing the coefficients of trigonometric series (see [23]), while in the case of series with
respect to characters of dyadic Cantor groups or of its generalizations the dyadic
and p-adic derivatives and derivatives with respect to various derivate bases do
the job (see [13], [14], [19], [20] and [21]). Generalizations of Denjoy, Perron and
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Henstock-Kurzweil integrals were introduced to integrate each of those generalized
derivatives. It is remarkable that such generalized Perron-type integrals were, as
a rule, equivalent to the respective Henstock-Kurzweil-type integrals as well as to
descriptively defined Denjoy-Lusin-type integrals (see [19] [21] and [24]). All these
integrals were shown to possess so called Hake property, i.e., cover a respectively
defined improper integral (see [2], [18] and [22]). These definitions were extended
also to functions defined or ranging in some kind of abstract spaces (see [1], [17]).

In this paper we consider integrals defined to deal with another type of derivative,
the L"-derivative, i.e., a derivative in the metric L". It was introduced by Calderén
and Zygmund in 1961 in order to establish pointwise estimates for solutions of
elliptic partial differential equation (see [3]). Gordon [4] in 1968 described a Perron-
type integral, the P,-integral, that recovers a function from its L"-derivative, and
considered an application of the L"-derivative and the P.-integral to Fourier series.
In 2004, Musial and Sagher [10] defined the L"-Henstock-Kurzweil integral, the
H K ,-integral, that also recovers a function from its L"-derivative, and showed that
it is an extension of the P.-integral. They also obtained a Lusin-type descriptive
definition of the H K ,-integral in terms of ACG -functions. Some other properties
of the H K,-integral were investigated recently in [11] and [12]. But it has been an
open problem since 2004 as to whether the P,-integral integrates all H K,.-integrable
functions.

Here we show that, in contrast to the classical case and to many other cases re-
lated to generalized derivatives mentioned above, the H K,.-integral is not equivalent
to the P.-integral. More precisely, we construct an example of an H K,-integrable
function which is not P,-integrable and thereby show that the HK,-integral is
strictly wider than the P,.-integral.

2. DEFINITIONS AND PRELIMINARY RESULTS

Throughout this paper we assume that » > 1 and we work on the closed interval
[a,b]. We begin by giving the definitions of the L"-derivates and the L"-derivative.

Definition 2.1 ([4]). Let f € L" [a,b]. We define the upper right L"-derivate of f
at x, denoted by D f (x), to be the greatest lower bound of all « such that

1 )
(2.1) (E/o [f(ac—&-t)—f(ac)—at]idt) =o(h) ash—0".

If no real number « satisfies (2.1), we set D} f (x) = 4o0. If (2.1) holds for every
real number «, we set D, f (r) = —oc.

We define the lower right L"-derivate, D4 ,f (x), the upper left L"-derivate,
D, f (x), and the lower left L"-derivate, D_ . f (x), in a similar manner.

Definition 2.2 ([4]). We define the upper (two-sided) L" derivate as follows:
D, f (z) =max {D/ f (z),D; f (z)}.
Similarly we define the lower (two-sided) L"-derivate as follows:
D, f(x) =min{Dy ,f (z),D_,f (z)}.

Definition 2.3 ([4]). Let f € L" [a,b]. If D, f (z) and D, f (x) are the same real
number, i.e., if all four L"-derivates are equal and finite, then we say that f is
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L7-differentiable at . The common value, denoted by f.(z), is the L"-derivative
of f at x.

If f is L"-differentiable at x, then f/(z) is the unique real number « such that

h G
<ilz/ |f(x+t)f(z)atrdt) =o(h).

—h

It is clear that if a function f is differentiable at a point x then it is also L"-
differentiable at the same point and f.(z) = f'(x).

To define L"-major functions and L"-minor functions, we need a notion of L"-
continuity.

Definition 2.4 ([4]). A function F' € L" [a,b] is said to be L"-continuous at x €
[a, b] if

lim —/ |F (y) — F (z)|" dy = 0.
z—h

If F'is L"-continuous for all € E, we say that F' is L"-continuous on FE.

Definition 2.5 ([4]). Suppose f is a function defined on [a,b]. A finite-valued
function ¢ € L" [a,b] is said to be an L"-major function of f if

(1) ¢ (a) =0,

(2) 1 is L"-continuous on [a, b],

(3) except for at most a denumerable subset of [a,b] we have

(2.2) —00 # Db(z) > f(2).
A function ¢ is an L"-minor function of f if —¢ is an L"-major function of —f.

It was proved in [4] that for any L"-major function ¢ and any L"-minor function
¢ of f, the function ¢ — ¢ is non-decreasing on [a, b] . This property allows us to
define the Perron-type P,-integral in a standard way:

Definition 2.6 ([4]). Suppose f is a function defined on [a,b]. If inf ¢ (b) taken
over all L"-major functions of f equals sup ¢ (b) taken over all L"-minor functions
of f, then the common value, denoted by

(P,) / g

is called the P.-integral of f on [a,b], and f is said to be P,-integrable on [a,b].

Remark 2.7. We cannot avoid the exceptional set for the inequality (2.2) in the
definition of L"-major and L"-minor functions without losing the so-called Hake
property of the P, integral (see Example 1, §7 in [4]). This fact shows also that,
in contrast to the classical case (see [5]), the requirement that the inequality (2.2)
must hold everywhere leads to an integral that is more narrow than the original L.
Gordon integral.

Now we recall the definition of L"-Kurzweil-Henstock-type integral given in [10].
In what follows a tagged interval is a pair (z, ¢, d]) where z € [¢,d] is a tag, [¢,d] C
[a,b], and a gauge is a strictly positive function § on [a,b]. We say that (z, [c,d]) is
0-fine if [c,d] C [a,b] N[z — §(x),x + 0(x)].
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Definition 2.8. A function f : [a,b] — R is L"-Henstock-Kurzweil integrable
(HK,-integrable) on [a,b] if there exists a function F' € L" [a,b] so that for any
e > 0 there exists a gauge § so that for any finite collection of nonoverlapping J-fine
tagged intervals Q = {(x;, [¢;,d;]),1 <1 < ¢} we have

q d; 1/r
Z( —/ |F<y>—F<xi>—f<xi>(y—xi>Tdy> <e.

i—1 di — ¢

By Theorem 5 in [10], the function F' in Definition 2.8 is unique up to an additive
constant, so we can consider the indefinite H K ,-integral

F(z)=(HK,) /w f, for each = € (a,b].

It was also proved in [10] that the indefinite HK,-integral F is L"-continuous
on [a,b] with F/(x) = f(z) a.e. on [a,b].
One of the main results in [10] was the following

Theorem 2.9. If f : [a,b] — R is P.-integrable then it is H K,-integrable and the
values of integrals coincide.

An equivalent descriptive definition of the H K,-integral was obtained in [10]
using following absolute continuity condition.

Definition 2.10 ([10]). Let E C [a,b]. We say that F' € AC,.(E) if for all € > 0
there exist n > 0 and a gauge & defined on F so that for any finite collection
of nonoverlapping d-fine tagged intervals {(z;, [¢;, d;]),1 < i < ¢} having tags in F
and such that Y7, (d; — ¢;) < n we have

q d; 1/r
(23) Z(diiq / |F<y)—F<xi)|’“dy> <e.

i=1 i

Definition 2.11. We say that F' € ACG,.(F) if E can be written as E = UX | E,
where ' € AC,.(E,,) for all n.

Now a descriptive characterization of the H K ,-integral is given by the following
result in [10].

Theorem 2.12. A function f is HK,.-integrable on [a,b] if and only if there exists
F € ACG,la,b] such that F| = f a.e.; the function F(x)— F(a) being the indefinite
HK,.-integral of f.

Remark 2.13. Tt is an open problem whether the class ACG,[a,b] coincides with
the class of H K,-primitives. This problem is equivalent to the question of whether
each function in the class ACG.[a,b] is L"-differentiable a.e.

3. MAIN RESULT

We show here that the converse of Theorem 2.9 is not true, i.e., the class of P,-
integrable functions is strictly included in the class of H K,-integrable functions.
Namely we prove the following

Theorem 3.1. There exists a function which is HK,.-integrable on [a,b] but which
is not P, integrable on [a,b].
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Proof. We construct a function F' € ACG,[0,1] such that F| exists a.e., and so by
Theorem 2.12, F is the HK, integral of its L"-derivative f := F/. We then show
that f is not P, integrable.

Let P C [0,1] be a symmetric perfect Cantor-type set with contiguous intervals
uy, of rank n = 1,2,... each having length |u, | = 37"27""2. The set which is left
after removing all contiguous intervals up to rank n from [0, 1] is constituted by 2™
segments (closed intervals) 7, of total length 37" which are called segments of rank
n. So |P| = 0. Note that each w,, is the interval concentric with some interval r,,_;
(we put rg = [0, 1]).

Let v,, be the interval concentric with wu,, such that

(31) |Un| — 67Tn|un‘ _ 37(r+1)n27(r+1)n+2'

Now we define a function F' which will serve as the indefinite H K,.-integral for its
derivative. We put F(x) = 0 outside of the union of intervals v, of all rank, i.e.,
on the set P and on each set u,, \ v,. We put F(z) = 2"" if x € v,. We want the
function F' to be differentiable on u,,. It is clear how to make it smooth changing it
in small neighborhoods of endpoints of v,,, without influencing further estimations.
We keep the same notation F for the modified function, but to simplify computation
we shall allow ourselves to treat it as if it has its original constant values on all v,
and u, \ v,. So we have

(32) / B = / B = r+1 )norn

and

3.3
( ) |un|/ 3rn2r 2rny(r—1L)n "

Summing (3.2) over all intervals u,, we get

4 2
F’l" 2n 1 _ .
/0 Z r+1)n2rn 3r+12r—1 -1

n=1

Hence F € L"[0, 1]
Note that F is differentiable a.e. on [0,1]. To show that

_JF'(x) atxzel0,1]\ P,
f(x)_{o atx € P

is H K,-integrable with F being its indefinite integral, we check that F € ACG.,.[0,1].
In turn, this is reduced to checking that F' € AC,.(P).

We have to show that for any € > 0 we can find > 0 (and a gauge §, but in
fact our gauge can be arbitrary) so that for any partition {(x;, I;)} tagged in P the

1/r
inequality Y, |I;| < n implies >°,_; (|L-|*1 1, Fr) <e.
Choose n such that (2/3)" < £/8 and take n = (|u,| — |vn|) Let {(x,I;)}
be any partition tagged in P with >, |I;] <. Then |I;| < 3(|Jus| — |vn|) and so

I;Nv, = 0 and fI o F = = 0 for any k < n and each 7. At the same time if I;Nvy, # 0
for k > n, then |I ﬁuk| > L(lug| — vk]) > L|ux| and by (3.3) we have
1 4 4 4
3.4 _ L Fr=e ——— < —.
( ) |Il ﬂuk| IiNug - ‘uk| e 3’1“]62(7’71)19 — 3rk
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Note that an interval I; can be represented, up to a set of measure zero, as the
union of its non-void intersections with intervals uy of various ranks. If & < n, then
J1,0u, F =0, while if & > n then (3.4) holds.

So we can estimate ﬁ / I F" for each i using the following obvious inequality
for positive numbers

>k Ok ak
(3.5) S e <> ~
(this is true for infinite sums provided the series are convergent).

We note that there are 2¥~! intervals of rank k. We also note that an interval
ug with k > n can have non-empty intersection with no more than two different I;
because each such interval must contain either an interval to the right of the left
endpoint of uy or an interval to the left of the right endpoint of u; and note that
for each of these intervals (3.4) applies. Now summing up over 4, using (3.4) and
(3.5), and with the assumption that the average value of F' over an empty interval
is zero, we finally obtain

1 1/r 1 1/r
. T < T <
zi:(|]i|/liF ) _Z Z <|Iimuk| JmukF ) -

i wg N #£D

e i 4 1/r 2\ ™
< > 2 (3k> gs(g) <e.
k=n-+1
So f is HK,-integrable with F' being its indefinite integral.

We show now that f has no L"-minor (as well as no L"-major) functions. As-
suming that such a minor function m exists, the difference R := F — m is non-
decreasing on [0, 1] (see [4]). To show that this assumption leads to a contradiction,
it is enough to prove that for any non-decreasing function R with R(0) = 0 we have
D (F(z) — R(z)) = 400 on an uncountable set, and so the function F' — R cannot
be an L"-minor function. In fact the above equality holds at any point of the set
P which is not a left endpoint of any contiguous interval to P. Let x be such a
point. Then for any N we can find n > N such that z € v, C r,,—1 and 7, is the
left of two segments of rank n which are subsets of r,,_1. Let u,, be the contiguous
interval of rank n which is concentric with r,,_1. Note that |u,| is four times the
length of each of the two segments of rank n that straddle it and that w, is to the
right of «. Take h,, so that u,, C (x,2 + hy,) and so that

(3.6) B < 2|up| = 37727713,

We are going to show that for a chosen x and for any real a

. Lo ,
(3.7) llririsolép B /0 [(F(z+1t) — R(x+t) + R(x) — at]’, dt = +oc.
We can assume that n is chosen so that 27! > R(1) + |a|. Then [(F(x +t) —
R(z +t) + R(x) —at]y > 27 Vifo+t € v, Cu, and using (3.1) and (3.6) we
finally obtain

1

hn
F/0 (F(z+t)— R(z + ) + R(z) — adll,dt >

Ivn|2n—r 3—(r+1)n2—(r+1)n+22n—r _gndr1

prtl = 3—(r+)n—(r+1)n+3(r+1)
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This shows that (3.7) holds and that no real « satisfies (2.1) for the function F' — R
at the considered z. Therefore D,.(F — R) (x) = +00 on an uncountable set and

F—

R is a L"-minor function for no R. This proves that f has no L"-minor function

for any » > 1 and so f is not P.-integrable. The theorem is proved. O

(1]

2]

(3]
(4]

[5

(6]

[7]

(8]

[9

(10]
(11]
(12]

(13]

REFERENCES

A. Bokkuto, V. A. Skvortsov, and F. Tulone, Integration of functions with values in a complex
Riesz space and some applications in harmonic analysis (Russian, with Russian summary),
Mat. Zametki 98 (2015), no. 1, 12-26, DOI 10.4213/mzm10463; English transl., Math. Notes
98 (2015), no. 1-2, 25-37. MR3399156

A. Boccuto, V. A. Skvortsov, and F. Tulone, A Hake-type theorem for integrals with respect
to abstract derivation bases in the Riesz space setting, Math. Slovaca 65 (2015), no. 6, 1319—
1336, DOI 10.1515/ms-2015-0092. MR3458986

A.-P. Calderén and A. Zygmund, Local properties of solutions of elliptic partial differential
equations, Studia Math. 20 (1961), 171-225, DOI 10.4064/sm-20-2-181-225. MR 136849

L. Gordon, Perron’s integral for derivatives in L", Studia Math. 28 (1966/67), 295-316, DOI
10.4064/sm-28-3-295-316. MR217231

Russell A. Gordon, The integrals of Lebesque, Denjoy, Perron, and Henstock, Graduate
Studies in Mathematics, vol. 4, American Mathematical Society, Providence, RI, 1994, DOI
10.1090/gsm/004. MR1288751

Ralph Henstock, Definitions of Riemann type of the variational integrals, Proc. London Math.
Soc. (3) 11 (1961), 402-418, DOI 10.1112/plms/s3-11.1.402. MR132147

Ralph Henstock, The general theory of integration, Oxford Mathematical Monographs, The
Clarendon Press, Oxford University Press, New York, 1991. Oxford Science Publications.
MR1134656

Jaroslav Kurzweil, Generalized ordinary differential equations and continuous dependence on
a parameter (Russian), Czechoslovak Math. J. 7(82) (1957), 418-449. MR111875

Jaroslav Kurzweil, Henstock- Kurzweil integration: its relation to topological vector spaces,
Series in Real Analysis, vol. 7, World Scientific Publishing Co., Inc., River Edge, NJ, 2000,
DOI 10.1142/9789812793843. MR1763305

Paul M. Musial and Yoram Sagher, The L" Henstock- Kurzweil integral, Studia Math. 160
(2004), no. 1, 53-81, DOI 10.4064/sm160-1-3. MR2029739

Paul Musial and Francesco Tulone, Integration by parts for the L™ Henstock- Kurzweil integral,
Electron. J. Differential Equations (2015), No. 44, 7. MR3335774

Paul Musial and Francesco Tulone, Dual of the class of HK, integrable functions, Minimax
Theory Appl. 4 (2019), no. 1, 151-160, DOI 10.2478 /amns.2019.1.00015. MR3915612
Giorgi Oniani and Francesco Tulone, On the possible values of upper and lower derivatives
with respect to differentiation bases of product structure (English, with English and Georgian
summaries), Bull. Georgian Natl. Acad. Sci. (N.S.) 12 (2018), no. 1, 12-15. MR3855058

G. Oniani and F. Tulone, On the almost everywhere convergence of multiple Fourier-Haar
series, Izv. Nats. Akad. Nauk Armenii Mat. 54 (2019), no. 5, 70-81; English transl., J.
Contemp. Math. Anal. 54 (2019), no. 5, 288-295. MR4026072

O. Perron, Uber den Integralbegriff, S.-B. Heidelberg. Akad. Wiss. 16 (1914), 1-16.
Stanistaw Saks, Theory of the integral, Second revised edition, Dover Publications, Inc., New
York, 1964. English translation by L. C. Young; With two additional notes by Stefan Banach.
MRO0167578

V. A. Skvortsov and F. Tulone, A Henstock-type integral on a compact zero-dimensional
metric space and the representation of a quasi-measure (Russian, with English and
Russian summaries), Vestnik Moskov. Univ. Ser. I Mat. Mekh. 2 (2012), 11-17, DOI
10.3103/50027132212020039; English transl., Moscow Univ. Math. Bull. 67 (2012), no. 2,
55-60. MR2985888

V. A. Skvortsov and F. Tulone, Generalized Hake property for integrals of Henstock type,
Moscow Univ. Math. Bull. 68 (2013), no. 6, 270-274, DOI 10.3103/S0027132213060028.
Translation of Vestnik Moskov. Univ. Ser. I Mat. Mekh. 2013, no. 6, 9-13. MR3228753
Valentin Skvortsov and Francesco Tulone, Multidimensional dyadic Kurzweil-Henstock- and
Perron-type integrals in the theory of Haar and Walsh series, J. Math. Anal. Appl. 421
(2015), no. 2, 1502-1518, DOI 10.1016/j.jmaa.2014.08.002. MR3258333


franc
Matita

franc
Matita


(20]

(21]

(22]

(23]

(24]

MUSIAL, SKVORTSOV, AND TULONE

Valentin A. Skvortsov and Francesco Tulone, On the coefficients of multiple series with respect
to Vilenkin system, Tatra Mt. Math. Publ. 68 (2017), 81-92, DOI 10.1515/tmmp-2017-0007.
MR3723509

Francesco Tulone and Valentin Skvortsov, Multidimensional P-adic integrals in some prob-
lems of harmonic analysis, Minimax Theory Appl. 2 (2017), no. 1, 153-174. MR3603473
Valentin Skvortsov and Francesco Tulone, A version of Hake’s theorem for Kurzweil-Henstock
integral in terms of variational measure, Georgian Math. J. 28 (2021), no. 3, 471-476, DOI
10.1515/gmj-2019-2074. MR4265202

Brian S. Thomson, Symmetric properties of real functions, Monographs and Textbooks in
Pure and Applied Mathematics, vol. 183, Marcel Dekker, Inc., New York, 1994. MR1289417
Francesco Tulone, Generality of Henstock-Kurzweil type integral on a compact zero-
dimensional metric space, Tatra Mt. Math. Publ. 49 (2011), 81-88, DOI 10.2478/v10127-
011-0027-z. MR2867251

CHICAGO STATE UNIVERSITY, 9501 SouTH KING DRIVE, CHICAGO, ILLINOIS 60628
Email address: pmusial@csu.edu

Moscow CENTER FOR FUNDAMENTAL AND APPLIED MATHEMATICS, Moscow 119991, Russia
Email address: vaskvor2000@yahoo.com

UNIVERSITY OF PALERMO, VIA ARCHIRAFI 34, 90123 PALERMO, ITALY
Email address: francesco.tulone@unipa.it


franc
Matita




