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 a b s t r a c t

In this paper we develop a reduction procedure for determining exact wave solutions of first order 
quasilinear hyperbolic one-dimensional nonhomogeneous systems. The approach is formulated 
within the theoretical framework of the method of differential constraints and it makes use of 
the 𝑘−Riemann invariants. The solutions obtained permit to characterize rarefaction waves also 
for nonhomogeneous models so that Riemann problems can be solved. Applications to the Euler 
system describing an ideal fluid with a source term are given.

1.  Introduction

Over the years many mathematical methods have been proposed for determining exact solutions of partial differential equations 
(PDEs). Among others, the Method of Differential Constraints [1] permits to characterize wave solutions for hyperbolic systems. The 
main idea of the method is to look for exact solutions of the original PDEs system which also satisfy a further set of differential 
relations (differential constraints). The resulting overdetermined system must be considered and its differential compatibility must 
be studied (for more details see [2]). Without any further hypothesis, such a procedure is difficult, in general, to accomplish but 
it can be slightly simplified by requiring the involutiveness of the resulting overdetermined system [3–5] (i.e. by requiring that by 
differentiation it is not possible to obtain any equations independent from the original PDEs). In the case of hyperbolic systems, the 
involutiveness condition gives solutions which, in principle, can be useful for solving nonlinear wave problems [6–16]. Furthermore, 
an interesting application of the method to a parabolic model was given in [17]. For further convenience we sketch briefly the method 
in the case of a one-dimensional hyperbolic system.

We consider the quasilinear system
𝐔𝑡 + 𝐴(𝐔)𝐔𝑥 = 𝐁(𝐔) (1)

where 𝐔 ∈ ℝ𝑁  is the field vector, 𝐴 is the 𝑁 ×𝑁 matrix coefficients, 𝐁 ∈ ℝ𝑁  is the source vector, while 𝑡 and 𝑥 denote, respectively, 
time and space coordinates. We assume the hyperbolicity (in the 𝑡−direction) of (1) and we denote with 𝜆𝑖(𝐔) the eigenvalues of 𝐴
(characteristic speeds) while the corresponding right and left eigenvectors are indicated, respectively, by 𝐝𝑖(𝐔) and 𝐥𝑖(𝐔). Moreover 
we assume 𝜆𝑖 ≠ 𝜆𝑗 , ∀𝑖 ≠ 𝑗 (i.e. system (1) is stricly hyperbolic). We choose 𝐝𝑖 and 𝐥𝑖 such that the orthonomal condition is satisfied 
(𝐝𝑖 ⋅ 𝐥𝑗 = 𝛿𝑖𝑗 ). It can be proved [2] that the most general first order differential constraints which can be appended to (1) take the form

𝐥𝛼 ⋅ 𝐔𝑥 = 𝑞𝛼(𝐔) (2)
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$k-$


$2 \times 2$


\begin {equation}\mathbf {U}_t + A\left ( \mathbf {U} \right ) \mathbf {U}_x=\mathbf {B}\left ( \mathbf {U} \right ) \label {hs}\end {equation}


$\mathbf {U} \in \mathbb {R}^N$


$A$


$N \times N$


$\mathbf {B} \in \mathbb {R}^N$


$t$


$x$


$t-$


$\lambda ^i \left ( \mathbf {U} \right )$


$A$


$\mathbf {d}^i \left ( \mathbf {U} \right )$


$\mathbf {l}^i \left ( \mathbf {U} \right )$


$\lambda ^i \neq \lambda ^j, \; \; \forall i\neq j$


$\mathbf {d}^i$


$\mathbf {l}^i$


$(\mathbf {d}^i \cdot \mathbf {l}^j= \delta ^{ij})$


\begin {equation}\mathbf {l}^\alpha \cdot \mathbf {U}_x=q^\alpha \left (\mathbf {U} \right ) \label {vin1}\end {equation}


$q^\alpha $


$\alpha =1,..,N-1$


$\mathbf {U}_x$


$\mathbf {d}^i$


\begin {equation}\mathbf {U}_x=q^\alpha \mathbf {d}^\alpha + \pi \mathbf {d}^N \label {ux}\end {equation}


\begin {equation}\mathbf {U}_t=\mathbf {B}-\lambda ^\alpha q^\alpha \mathbf {d}^\alpha - \lambda ^N \pi \mathbf {d}^N \label {ut}\end {equation}


$\pi $


$x$


$t$


$\mathbf {U}_{tx}=\mathbf {U}_{xt}$


$\forall \pi $


$2(N-1)$


$N-1$


$q^\alpha (\mathbf {U})$


$q^\alpha $


\begin {equation}\mathbf {U}_t+\lambda ^N \mathbf {U}_x=\mathbf {B}+\left ( \lambda ^N - \lambda ^\alpha \right ) q^\alpha \mathbf {d}^\alpha . \label {equ}\end {equation}


$\mathbf {U}$


$\lambda ^N$


$q^\alpha $


$\mathbf {U}(x,0)=\mathbf {U}_0 (x)$


\begin {equation}\mathbf {l}^\alpha \left ( \mathbf {U}_0 \left ( x \right ) \right ) \cdot \frac {d\mathbf {U}_0}{dx}=q^\alpha \left ( \mathbf {U}_0 (x) \right ). \label {vin2}\end {equation}


$\mathbf {U}(x,0)=\mathbf {U}_0 (x)$


$N-1$


$q^\alpha =0$


$\mathbf {B}=0$


$k-$


$k-$


$\lambda ^N$


$R\left ( \mathbf {U} \right )$


\begin {equation}\mathbf {\nabla }R \cdot \mathbf {d}^N =0 \label {ri11}\end {equation}


$\nabla =\frac {\partial }{\partial \mathbf {U}}$


$\lambda ^N$


$N-1$


$R^\alpha $


\begin {equation}\nabla R^\alpha = \sigma _{\beta }^{\alpha }\, \mathbf {l}^\beta , \quad \alpha , \beta = 1,\ldots , N-1 \label {nr}\end {equation}


$\sigma _{\beta }^{\alpha }$


$\nabla R^\alpha $


$1$


$N-1$


\begin {equation}\frac {\partial R^\alpha }{\partial x}=\sigma _{\beta }^{\alpha } \, q^\beta \label {rvin1}\end {equation}


\begin {equation}\frac {\partial R^\alpha }{\partial t}+ \lambda ^N \frac {\partial R^\alpha }{\partial x}= \sigma _{\beta }^{\alpha } \, \mathbf {l}^\beta \cdot \mathbf {B}+ \left ( \lambda ^N - \lambda ^\beta \right )\sigma _{\beta }^{\alpha } \, q^\beta \label {requ}\end {equation}


$\mathbf {U}$


$v=u_j$


$N-1$


$j-$


\begin {equation}\frac {\partial v}{\partial t}+ \lambda ^N \frac {\partial v}{\partial x}=B_j + \left ( \lambda ^N - \lambda ^\beta \right )q^\beta d_{j}^{\beta } \label {vequ}\end {equation}


$B_j$


$d_{j}^{\alpha }$


$j-$


$\mathbf {B}$


$\mathbf {d}^\alpha $


\begin {equation}R^\alpha =R^\alpha (\mathbf {U}), \quad v=u_j \label {transf}\end {equation}


$\partial _{tx}R^\alpha =\partial _{xt} R^\alpha $


$\forall \, \partial _x v$


\begin {align}&\left ( \lambda ^\beta - \lambda ^N \right ) \sigma _{\beta }^{\alpha } \, \frac {\partial q^\beta }{\partial v}=\left ( \left ( \lambda ^N - \lambda ^\beta \right ) \frac {\partial \sigma _{\beta }^{\alpha }}{\partial v} - \sigma _{\beta }^{\alpha } \frac {\partial \lambda ^\beta }{\partial v} \right ) q^\beta +\frac {\partial }{\partial v} \left ( \sigma _{\beta }^{\alpha } \, \mathbf {l}^\beta \cdot \mathbf {B} \right ) \label {c1} \\ & \frac {\partial w^\alpha }{\partial R^\gamma } \, z^\gamma - \frac {\partial z^\alpha }{\partial R^\gamma } \, w^\gamma +\frac {\partial w^\alpha }{\partial v}\left ( B_j + \left ( \lambda ^N - \lambda ^\gamma \right ) q^\gamma d_{j}^{\gamma }\right )=0 \label {c2}\end {align}


\begin {equation}w^\alpha = \sigma _{\beta }^{\alpha } \, q^\beta , \quad \quad z^\alpha =\sigma _{\beta }^{\alpha } \, \mathbf {l}^\beta \cdot \mathbf {B}- \lambda ^\beta \sigma _{\beta }^{\alpha } \, q^\beta . \label {wz}\end {equation}


$\beta $


$\gamma $


$N-1$


$q^\alpha $


$q^\alpha $


$N-1$


$q^\alpha =0$


\begin {equation}\sigma _{\beta }^{\alpha } \, \mathbf {l}^\beta \cdot \mathbf {B}= F^\alpha (R^\gamma ) \label {co1}\end {equation}


$F^\alpha $


$R^\alpha =R^\alpha (t)$


\begin {align}&\frac {d R^\alpha }{d t}=F^\alpha (R^\gamma ) \label {c1eq1}, \quad \quad \\ &\frac {\partial v}{\partial t} + \lambda ^N\left ( v, R^\alpha (t) \right ) \frac {\partial v}{\partial x}=B_j \left ( v, R^\alpha (t) \right ). \label {c1eq2}\end {align}


$R^\alpha (t)$


$\mathbf {B}=0$


$F^\alpha =0$


\begin {align}&R^\alpha \left ( \mathbf {U} \right )=k^\alpha \nonumber \\ &u_j=v=v_0 (\xi ), \quad \quad x=\lambda ^N \left ( v_0 \left ( \xi \right ), k^\alpha \right )t +\xi \nonumber \label {Xeqn17-19}\end {align}


$k^\alpha $


$v_0 (x)=v(x,0)=u_j (x,0)$


\begin {equation}\frac {\partial \lambda ^N}{\partial v}=0 \label {la}\end {equation}


$\lambda ^N$


$k-$


$(R^1, \ldots , R^{N-1})$


$q^\alpha $


\begin {equation}\left (\lambda ^\beta - \lambda ^N \right ) \sigma _{\beta }^{\alpha } \, q^\alpha =\sigma _{\beta }^{\alpha } \, \mathbf {l}^\beta \cdot \mathbf {B}+ F^\alpha (R^\gamma ) \label {cc1}\end {equation}


$F^\alpha $


$q^\alpha $


$z^\alpha $


\begin {equation*}z^\alpha =-\left ( F^\alpha +\lambda ^N \sigma _{\beta }^{\alpha } \, q^\beta \right ),\end {equation*}


\begin {equation}\frac {\partial R^\alpha }{\partial t}+\lambda (R^\gamma ) \frac {\partial R^\alpha }{\partial x}=-F^\alpha (R^\gamma ) \label {rr}\end {equation}


$R^\alpha (x,t)$


$v(x,t)$


$\nabla \lambda ^N \cdot \mathbf {d}^N =0$


$\lambda ^N$


$\forall t \geq 0$


$\lambda ^N$


$\frac {\partial \lambda ^N}{\partial v} d_{j}^{N}=0$


$d_{j}^{N}$


$j-$


$\mathbf {d}^N$


$d_{j}^{N} \neq 0$


\begin {equation}\sigma _{\beta }^{\alpha } \left ( \mathbf {l}^\beta \cdot \mathbf {B} - \lambda ^\beta q^\beta \right )= F^\alpha (R^\gamma ), \quad \quad \sigma _{\beta }^{\alpha }\, q^\beta = G^\alpha (R^\gamma ). \label {cc2}\end {equation}


\begin {equation}\frac {d G^\alpha }{d R^\beta }\, F^\beta -\frac {d F^\alpha }{dR^\beta }\, G^\beta =0. \label {k1}\end {equation}


$q^\alpha $


$_2$


$_1$


\begin {equation}\frac {\partial R^\alpha }{\partial t}+ \lambda ^N \frac {\partial R^\alpha }{\partial x}= F^\alpha +\lambda ^N G^\alpha \label {e31}\end {equation}


\begin {equation}\frac {\partial R^\alpha }{\partial x}=G^\alpha . \label {e32}\end {equation}


$\lambda ^N (R^\gamma )$


$\rho $


$u$


$S$


$p(\rho , S)$


$c = \sqrt {\frac {\partial p}{\partial \rho }}$


$f(\rho , u)$


$\lambda ^1=u-c$


$\lambda ^2=u$


$\lambda ^3=u+c$


$\lambda ^N=\lambda ^3$


$\lambda ^N=\lambda ^2$


$\lambda ^N=\lambda ^1$


$\lambda ^3$


$\lambda ^3=u+c$


$\lambda ^N=\lambda ^3=u+c$


\begin {equation}R^1=u-\int {\frac {c}{\rho }d\rho }, \quad \quad R^2=S \label {ri1}\end {equation}


\begin {equation*}\sigma _{1}^{1}=-\frac {1}{c}, \quad \sigma _{2}^{1}=\frac {p_s}{\rho c}-\int {\frac {c_s}{\rho }d\rho }, \quad \sigma _{1}^{2}=0, \quad \sigma _{2}^{2}=1.\end {equation*}


$v=u$


\begin {equation}\frac {\partial R^1}{\partial x}=-\frac {q^1}{c}+\frac {q^2}{c}\left (\frac {p_s}{\rho }-c \int {\frac {c_s}{\rho }\rho } \right ), \quad \quad \frac {\partial R^2}{\partial x}=q^2 \label {eu4}\end {equation}


$q^1 (R^1, R^2, v)$


$q^2 (R^1, R^2, v)$


$\alpha =2$


\begin {equation}\left ( f - q^1 \right ) \left ( \frac {\partial q^2}{\partial R^1}+\frac {\partial q^2}{\partial v}\right ) =0 \label {q3}\end {equation}


\begin {equation}q^1=f \label {q4}\end {equation}


\begin {align}q^2&= \rho F(R^1, R^2) \label {qq1} \\ f&=\rho F(R^1, R^2) \left ( \frac {p_s}{\rho }- c \int {\frac {c_s}{\rho }d\rho }\right )+ \rho \, c \, G(R^1, R^2) \label {qq2}\end {align}


$F(R^1, R^2)$


$G(R^1, R^2)$


$\alpha =1$


$p(\rho , S)$


$f(\rho , u)$


\begin {equation}p=A(S) \rho ^\gamma , \quad \quad A(S)=e^{\frac {S-\hat {S}}{C_v}} \label {rg}\end {equation}


$C_v$


$\gamma > 1$


$\hat {S}$


\begin {equation}p=-\frac {a^2 (S)}{\rho }+b(S) \label {vk}\end {equation}


$a(S)$


$b(S)$


\begin {equation}p=-\frac {a_0^2 }{\rho } \label {ck}\end {equation}


$a_0$


\begin {equation}f=\frac {k_2}{1-\gamma }\rho ^\gamma + \left ( k_0 u + k_1 \right ) \rho ^{\frac {\gamma +1}{2}}, \quad F=\frac {k_2-2k_0 \sqrt { \gamma A}}{A^\prime (S)}, \quad G=\frac {k_0 R^1 + k_1}{\sqrt {\gamma A}} \label {ccc}\end {equation}


$k_0$


$k_1$


$k_2$


$k_0=k_1=0$


$c_1$


\begin {equation*}c_2=\frac {k_2 \gamma \sqrt {\gamma }}{\gamma -1} \left ( \frac {\gamma -1}{2 \sqrt {\gamma }} \right )^{\frac {\gamma +1}{\gamma -1}}.\end {equation*}


$\rho (x,0)=\rho _0(x)$


$u(x,0)=u_0 (x)$


$S(x,0)=S_0(x)$


\begin {equation}\frac {d}{dx} A\left ( S_0 \left ( x \right ) \right )=k_2 \rho _0 (x), \quad \quad \rho _0 (x) = \left ( \frac {\gamma -1}{2 \sqrt {\gamma A\left ( S_0 \left ( x \right ) \right )}}\left ( u_0 (x) -c_1\right )\right )^{\frac {2}{\gamma -1}}. \label {cccc}\end {equation}


$\xi (x,t)$


\begin {equation*}x=\left ( \frac {\gamma +1}{2} u_0 (\xi ) - \frac {\gamma -1}{2} c_1 \right ) t + \xi .\end {equation*}


$k_0=k_2=0$


\begin {equation}\rho = \frac {\rho _0(\xi )}{1-\frac {k_1}{\sqrt {\gamma A_0}}\rho _0(\xi )t}, \quad u=u_0 (\xi ), \quad S=S_0 \label {eee}\end {equation}


$S_0$


$A_0 =A(S_0)$


$\rho (x,0)=\rho _0 (x)$


$u(x,0)=u_0(x)$


\begin {equation*}\frac {d u_0 (x)}{dx}-\sqrt {\gamma A_0} \left ( \rho _0 (x) \right )^{\frac {\gamma -3}{2}}\frac {d\rho _0 (x)}{dx}=-\frac {k_1}{\sqrt { \gamma A_0}}\rho _0 (x).\end {equation*}


$\xi (x,t)$


\begin {align}x&=u_0(\xi ) t-\frac {2 \sqrt {\gamma A_0} } { k_1 \left ( 3 -\gamma \right )} \rho _{0}^{\frac {\gamma - 3}{2}} \left \{ \left ( 1- \frac {k_1 \rho _0(\xi )}{\sqrt {\gamma A_0}}t \right )^{\frac {3-\gamma }{2}}-1\right \}+\xi \quad \mbox {if} \quad \gamma \neq 3 \label {x1} \\ x&= u_0 (\xi ) t- \frac { \sqrt {3A_0}}{k_1} \ln {\left ( 1- \frac {k_1}{\sqrt {3 A_0}} \rho _0 (\xi ) t \right )}+ \xi \quad \mbox {if} \quad \gamma =3. \label {x2}\end {align}


$b=0$


$a=constant.$


$a^\prime (S) \neq 0$


\begin {equation}f=c_0 \, u-\frac {c_1}{\rho }. \quad \quad F=\frac {c_0 \, a(S) + c_1}{a(S) a^\prime (S)}, \quad \quad G= \frac {c_0 \, R^1}{a(S)}-\frac {\left ( c_0 a(S)+c_1\right ) }{a^2(S) a^\prime (S)} \, b^\prime (S) \label {aa}\end {equation}


$c_0$


$c_1$


\begin {align}\rho &=a(S) \left \{ e^{-c_0 t} \left ( \int _{0}^{t}{H\left ( S\left (\xi , t \right )\right )e^{c_0 t}dt}+R_{0}^{1}(\xi ) \right ) -u_0 (\xi ) \right \}^{-1}, \quad \quad u=u_0 (\xi ) \label {j1} \\ a(S)&=e^{c_0 t} \left \{ -\frac {c_1}{c_0} \left ( e^{-c_0 t} -1 \right ) + a_0 ( \xi ) \right \} \quad \mbox {if} \; c_0 \neq 0 \label {j2} \\ a(S)&=c_1 t + a_0 (\xi ) \quad \mbox {if} \; c_0 =0 \label {j3}\end {align}


\begin {equation*}H(S)=\frac {c_0 \, a +c_1}{a \, a^\prime } \, b^\prime (S), \quad \quad a_0 (\xi )=a\left ( S_0 (\xi ) \right ), \quad \quad R_{0}^{1}(\xi )= u_0 (\xi )+\frac {a_0 (\xi )}{\rho _0 (\xi )}\end {equation*}


$\rho (x,0)=\rho _0(x)$


$u(x,0)=u_0(x)$


$S(x,0)=S_0(x)$


$\xi (x,t)$


\begin {align}x&=-\frac {R_{0}^{1}(\xi )}{c_0} \left ( e^{-c_0 t} -1 \right )+ \int _{0}^{t}{h(\xi ,t) e^{-c_0 t}dt}+\xi \quad \mbox {if} \; c_0 \neq 0 \label {d1} \\ x&=R_{0}^{1}(\xi )t+\int _{0}^{t}{h(\xi , t) dt}+\xi \quad \mbox {if} \; c_0=0 \label {d2}\end {align}


\begin {equation*}h(\xi ,t)=\int _{0}^{t}{H(S(\xi ,t))e^{c_0t}}.\end {equation*}


$\rho _0 (x)$


$u_0 (x)$


$S_0(x)$


$a=a_0=const.$


$b=0$


\begin {equation}f=\Psi (R^1), \quad \quad G=\frac {\Psi (R^1)}{a_0} \label {bk}\end {equation}


$F(R^1, R^2)$


$\Psi (R^1)$


$F(R^1, R^2)$


$\Psi =c_0 \left ( R^{1} \right )^2$


$c_0=const.$


$F=\frac {c_0}{a_0}R^1 R^2$


\begin {align}\rho &=a_0 \left ( \frac {\rho _0(\xi )+c_0 \left ( a_0+\rho _0(\xi ) u_0(\xi )\right )t}{a_0-c_0 u_0(\xi ) \left ( a_0 + \rho _0(\xi ) u_0(\xi ) \right )t} \right ), \quad u=u_0(\xi ), \quad \label {h1} \\ S&=S_0(\xi ) \left \{ 1+c_0 t \left ( u_0 (\xi ) + \frac {a_0}{\rho _0 (\xi )} \right ) \right \}\label {h2}\end {align}


\begin {equation*}x=\frac {1}{c_0}\ln {\left ( 1+c_0 t \left ( u_0 (\xi )+\frac {a_0}{\rho _0(\xi )}\right ) \right )}+\xi \end {equation*}


$\rho (x,0)=\rho _0(x)$


$u(x,0)=u_0(x)$


$S(x,0)=S_0(x)$


\begin {equation}\frac {d}{dx}\left ( u_0 (x)+ \frac {a_0}{\rho _0 (x)}\right )=-c_0 \frac {\rho _0(x)}{a_0} \left ( u_0(x)+ \frac {a_0}{\rho _0(x)} \right )^2, \quad \quad S_0(x)=\hat {c} \left ( u_0(x)+ \frac {a_0}{\rho _0(x)}\right )^{-1} \label {i}\end {equation}


$\hat {c}=const.$


$q^1 \neq f$


\begin {equation}f=F(R^1), \quad \quad p(\rho , S)=p_0 (\rho ) + p_1 (S) \label {l}\end {equation}


$p_0(\rho )$


$p_1(S)$


\begin {align}&\int {\frac {dR^1}{F(R^1)}\, dt}=t+t_0 \quad \Rightarrow \quad u-\int {\frac {c(\rho )}{\rho }d\rho }=\hat {R^1}(t) \label {m1} \\ &u=\int _{0}^{t}{F \left ( \hat {R}^1 (t) \right )}\, dt +u_0 (\xi ), \quad \quad S=S_0=const. \label {m2}\end {align}


$t_0$


$\xi (x,t)$


\begin {equation*}x=u_0 (\xi ) t+\int _{0}^{t}{\left ( c \left ( \rho \left ( \xi , t \right ) \right )+\int _{0}^{t}{F(\hat {R}^1 (t))\, dt}\right ) dt}+ \xi .\end {equation*}


$p=p(\rho ,S)$


$q^1 =f$


\begin {align}q^1&=H(R^1)+ \left ( \frac {a^\prime }{a}(R^1 -v)- \frac {b^\prime }{a}\right ) F^2(R^2)+F^1(R^1, R^2) \label {a1} \\ q^2&=\frac {F^2(R^2)}{R^1 -v} \label {a2} \\ f&=H( R^1)+q^1, \quad \quad \mbox {with} \quad H\neq 0 \label {a3}\end {align}


$F^1(R^1, R^2)$


$F^2(R^2)$


$H(R^1)$


\begin {align}\frac {\partial R^1}{\partial t} + R^1 \frac {\partial R^1}{\partial x }&=-F^1(R^1, R^2) \label {g1} \\ \frac {\partial R^2}{\partial t} + R^1 \frac {\partial R^2}{\partial x }&=-F^2(R^2) \label {g2} \\ \frac {\partial v}{\partial t} + R^1 \frac {\partial v}{\partial x }&=H(R^1) \label {g3}\end {align}


\begin {equation}\frac {\partial R^1}{\partial x}=-\frac {H+F^1}{R^1 -v}, \quad \quad \frac {\partial R^2}{\partial x}=-\frac {F^2 }{R^1 -v }. \label {vvv}\end {equation}


$f$


$\rho $


$u$


$a=a_0=const.$


$f(R^1)=2H(R^1)+g(R^1)$


\begin {equation*}F^1=\frac {b^\prime (R^2)}{a_0}F^2(R^2)+g(R^1)\end {equation*}


$g(R^1)$


$a^\prime (S) \neq 0$


\begin {equation*}F^2=-\frac {k_0 \, a(S) +k_1}{a^\prime (S)}, \quad F^1=\frac {b^\prime (S)}{a(S)}F^2-2H(R^1)+k_0 R^1, \quad f=k_0 u-\frac {k_1}{\rho }.\end {equation*}


$k_0$


$k_1$


$H(R^1)$


$g(R^1)$


$F^2(R^2)$


$H(R^1)$


\begin {align}F^2&=G^2=0, \quad F^1=m(R^2) \, G^1 (R^1, R^2), \label {bb1} \\ q^1&=-c \, G(R^1, R^2), \quad q^2=0 \label {bb2} \\ f&=\left ( u-c+m\left (R^2\right ) \right ) G^1(R^1, R^2) \label {bb3}\end {align}


$m(R^2)$


$G^1 (R^1, R^2)$


$p(\rho , S)$


$p=A(S) \rho ^\gamma $


$f=const.$


$\gamma =3$


\begin {equation*}a=a_0=const., \quad m=m_0=const., \quad \frac {\partial G^1}{\partial R^2}=0\end {equation*}


\begin {equation*}f=\left ( u-\frac {a_0}{\rho }+m_0 \right ) G^1 (R^1)\end {equation*}


$b=0$


\begin {equation}\frac {a_0}{\rho }=\left ( \psi (\xi )+m_0 \right ) \left (1 - \phi (z)\right ), \quad S=S_0=const, \quad u=\phi (z) \left ( \psi (\xi ) +m_0 \right )-m_0 \label {v1}\end {equation}


\begin {equation*}\xi =x+m_0 t, \quad \quad z=t- \int {\frac {d\xi }{\psi (\xi )+m_0}}.\end {equation*}


$\rho (x,0)=\rho _0 (x)$


$u(x,0)=u_0(x)$


$\psi (\xi )$


$\phi (z)$


\begin {equation*}\psi (x)=u_0(x)+ \frac {a_0}{\rho _0(x)}, \quad \phi \left ( z_0 \left (x \right ) \right )=\frac {u_0(x)+m_0}{\psi (x)+m_0} \quad \mbox {with}\quad z_0(x)=-\left ( \int {\frac {d\xi }{\psi (\xi )+m_0}}\right )_{\xi =x}.\end {equation*}


$\lambda ^2=u$


$\lambda ^2=u$


\begin {equation}R^1=p(\rho , S), \quad \quad R^2=u \label {rr1}\end {equation}


\begin {equation*}\sigma _{1}^{1}=\sigma _{3}^{1}=\frac {\rho }{2}, \quad \quad \sigma _{1}^{2}= -\sigma _{3}^{2}=-\frac {1}{2c}.\end {equation*}


$v=S$


$\lambda ^2=u$


\begin {equation}q^1=f+F^2(R^1, R^2)-\frac {F^1(R^1,R^2)}{\rho c}, \quad \quad q^3=f+F^2(R^1, R^2)+\frac {F^1 (R^1, R^2)}{\rho c} \label {q1q2}\end {equation}


\begin {align}&\frac {\partial R^1}{\partial t}+\lambda ^2 \frac {\partial R^1}{\partial x}=-F^1 (R^1, R^2) \label {m1} \\ &\frac {\partial R^2}{\partial t}+\lambda ^2 \frac {\partial R^2}{\partial x}=-F^2 (R^1, R^2) \label {m2} \\ & \frac {\partial v}{\partial t}+\lambda ^2 \frac {\partial v}{\partial x}=0 \label {m3}\end {align}


\begin {equation}\frac {\partial R^1}{\partial x}=\rho \left ( f + F^2 \right ), \quad \quad \frac {\partial R^2}{\partial x}=\frac {F^1}{\rho c^2}. \label {vinc}\end {equation}


$F^1$


$F^2$


$F^1=F^2=0$


\begin {equation}\rho =\rho _0(\xi ), \quad u=u_0=const., \quad S=S_0(\xi ) \quad \quad \mbox {with} \quad \xi =x-u_0 t \label {tr}\end {equation}


$\rho (x,0)=\rho _0(x)$


$S(x,0)=S_0(x)$


\begin {equation*}\frac {\partial }{\partial x}\left ( p \left ( \rho _0 (x), S_0 (x) \right ) \right )=\rho _0 (x) f\left ( \rho _0 (x), u_0 \right ).\end {equation*}


$F^1=0$


$f=-F^2$


$F^2=F^2(R^2)$


\begin {equation}f(\rho , u)=-F^2 (R^2)+\frac {\psi (R^1 , v)}{\rho } \label {jj}\end {equation}


$\psi (R^1, v)$


\begin {equation}p\left ( \rho , S \right )=p\left ( \rho _0(\xi ), S_0(\xi ) \right ), \quad \int {\frac {du}{F^2(u)}}=-t \; \Rightarrow \; u=\hat {u}(t), \quad S=S_0(\xi ) \label {ss1}\end {equation}


\begin {equation*}\xi =x-\int _{0}^{t}{\hat {u}(t) \, dt}\end {equation*}


$\rho (x,0)=\rho _0(x)$


$S(x,0)=S_0(x)$


\begin {equation*}\frac {d}{dx}\left ( p \left ( \rho _0(x), S_0(x) \right )\right ) =\psi \left ( p_0(x), S_0(x) \right ).\end {equation*}


$\psi (R^1, v)$


$\psi =\psi (\rho ^\gamma )$


$\psi =\psi (\rho ^{-1})$


$F^2=0$


\begin {equation}F^1(p,u)=\rho ^2 p_\rho \, \varphi (u, S), \quad \quad f(\rho , u)=\rho ^2 p_\rho \left ( \pi (u,S)-\frac {\varphi _u}{\rho } \right ) \label {x}\end {equation}


$\varphi (u,S)$


$\pi (u,S)$


$p(\rho , S)$


$f(\rho ,u)$


$\varphi =A^\frac {1}{\gamma }$


$\pi =\dfrac {\pi _0 (u)}{\gamma A}$


$f= \pi _0(u) \rho ^{\gamma +1}$


$F^1=\gamma p^{1+\frac {1}{\gamma }}$


$\pi _0 (u)$


\begin {equation}\rho =\frac {\rho _0(\xi ) A_{0}^{-\frac {1}{\gamma }}}{\rho _0(\xi ) t +A_{0}^{-\frac {1}{\gamma }}}, \quad u=u_0 (\xi ), \quad S=S_0(\xi ) \label {vv1}\end {equation}


\begin {equation*}x=u_0(\xi )t + \xi , \quad \quad \mbox {and} \quad A_0=A\left (S_0\left ( \xi \right ) \right )\end {equation*}


$\rho (x,0)=\rho _0(x)$


$u(x,0)=u_0(x)$


$S(x,0)=S_0(x)$


\begin {equation*}\frac {du_0(x)}{dx}=\left ( A(S_0(x)) \right )^{\frac {1}{\gamma }}\rho _{0} (x), \quad \quad \frac {d}{dx}\left ( A(S_0(x) \rho _{0}^{\gamma }(x)\right )= \pi _0 \left ( u_0 \left ( x \right )\right ) \left ( \rho _0 \left ( x \right )\right )^{\gamma +2}.\end {equation*}


$\rho \left ( f+F^2 \right )=\mu (R^2)$


$F^2=F^2(R^2)$


$F^1=F^1(R^1)$


\begin {equation}F^2=k_0 R^2 +k_1, \quad \quad F^1=\rho c^2 \left ( -k_0 + \rho h(S) \right ) \label {vv3}\end {equation}


$k_0$


$k_1$


$\mu (R^2)$


$h(S)$


$_2$


$p=A(S)\rho ^\gamma $


$h(S)=k_1 A^{\frac {1}{\gamma } (S)}$


$k_1=0$


$F^1=-k_0 \gamma p$


$\mu =\mu _0 \left (R^2\right )^{-\left ( \gamma +1 \right )}$


$\mu _0=const.$


\begin {equation*}f=-k_0 u + \mu _0 \frac {u^{-\left ( \gamma + 1 \right )}}{\rho }.\end {equation*}


$\mu =0$


$F^1=\gamma \left ( - k_0 p + k_1 p^{1+\frac {1}{\gamma }} \right )$


$f=-k_0 u-k_1$


\begin {equation}\rho =\rho _0 (\xi ) e^{k_0 t}, \quad u=-k_0 x, \quad S=\frac {\mu _0}{\gamma k_0} \left ( -k_0 \, \xi \, \rho _0 (\xi ) \right )^{- \gamma } \quad \quad \mbox {with} \quad \xi =x \, e^{k_0 t} \label {b3}\end {equation}


$\rho _0(x)$


\begin {align}\rho &=\frac {k_0 \rho _0 (\xi ) e^{k_0 t}}{k_0 +k_1 \rho _0 (\xi ) A_{0}^{\frac {1}{\gamma }}\left ( e^{k_0 t} -1 \right )}, \quad u=-\frac {k_1}{k_0}+\left ( u_0(\xi ) +\frac {k_1}{k_0} \right ) e^{-k_0 t}, \quad S=S_0(\xi ) \label {k2} \\ \xi &=\frac {k_0 \left ( k_0 x+k_1 t \right )+k_1 \left ( e^{-k_0 t} -1 \right )}{k_0 \left ( k_0 + \hat {u}_0 \left ( e^{- k_0 t}-1 \right )\right )} \label {k3}\end {align}


$A_0=A\left ( S_0 \left ( \xi \right ) \right )$


$\rho _0(x)$


$u_0(x)$


$S_0(x)$


\begin {equation}u_0 (x)=\hat {u}_{0} \, x, \quad S_0 (x)=-C_p \ln {\rho _0 (x)} \quad \quad \mbox {with} \quad \hat {u}_0=-k_0 +k_1 e^{-\frac {\hat {S}}{C_p}} \label {kj}\end {equation}


$C_p$


$k_1=0$


$\mu =0$


\begin {equation*}F^1(p)=k_0 p, \quad \quad h(S)=k_0 \frac {b(S)}{a^2 (S)}, \quad \quad \mu =0.\end {equation*}


$f=-(k_0 u +k_1)$


\begin {align}\rho &=\frac {a^2 \left ( S_0 (\xi ) \right )}{c_0 e^{-k_0 t}-b \left ( S_0 (\xi ) \right )}, \quad u=-\frac {k_1}{k_0}+ \left ( u_0 (\xi ) + \frac {k_1}{k_0} \right ) e^{-k_0 t}, \quad S=S_0(\xi ) \label {p4} \\ x&=-\frac {k_1}{k_0}t-\frac {1}{k_0}\left ( u_0 (\xi ) +\frac {k_1}{k_0} \right ) \left ( e^{-k_0 t}-1 \right ) + \xi \label {p5}\end {align}


$c_0=const.$


$\rho _0(x)$


$u_0(x)$


$S_0(x)$


\begin {equation*}\frac {du_0(x)}{dx}=k_0 \left ( 1+\frac {b(S_0 (x) \rho _0 (x)}{a^{2}(S_0(x))} \right ).\end {equation*}


$\rho \left ( f+F^2 \right )=\mu (R^2)$


$F^2=F^2 (R^2)$


$F^1=F^1(R^2)$


$\mu (R^2)$


$\mu =k_0$


$F^1=-k_0 u$


$F^2=\left ( k_1 + k_2 u\right ) F^1$


$k_0$


$k_1$


$k_2$


$f=k_0 \left (k_1 u + k_2 u^2 \right )+\frac {k_0}{\rho }$


\begin {equation}\rho \frac {\partial p}{\partial \rho } \left (\rho H(S) -k_2 \right )=1 \label {gh}\end {equation}


$H(S)$


$k_2=0$


$H(S)=\dfrac {1}{a^2 (S)}$


$(p, u, S)$


\begin {align}p&=\frac {u_0(\xi )}{k_1} \left ( e^{k_0 k_1 t}- 1 \right ) + p_0 (\xi ), \quad u=u_0 (\xi ) e^{k_0 k_1 t}, \quad S=S_0(\xi ) \label {nm} \\ x&=\frac {u_0(\xi )}{k_0 k_1} \left ( e^{k_0 k_1 t}-1 \right ) + \xi \label {nm1}\end {align}


$p\left ( \rho _0 (x), S_0 (x) \right )=p_0 (x)$


$u_0(x)$


$S_0(x)$


\begin {equation}p_0(x)=k_0 x, \quad \quad \frac {du_0 (x)}{dx}=\frac {k_0 u_0(x)}{k_0 x -b\left ( S_0(x) \right )}. \label {b3}\end {equation}


\begin {equation}p=\frac {k_0 x \left ( k_1 - \hat {c} \left ( e^{k_0 k_1 t} -1 \right ) \right )}{k_1 -\hat {c}\left ( e^{k_0 k_1 t}-1 \right )}, \quad u=\frac {k_0 k_1 \hat {c}\, x e^{k_0 k_1 t}}{\hat {c}\left ( e^{k_0 k_1 t}-1 \right ) -k_1}, \quad S=S_0 (\xi ) \label {fi2}\end {equation}


\begin {equation*}\xi =\frac {k_1 x}{k_1 -\hat {c} \left ( e^{k_0 k_1 t}-1 \right )}\end {equation*}


$S_0(x)$


$\hat {f}=\rho f(\rho , u)$


$f(\rho , u)$


$f(\rho , u)$


$f$


$f=const.$


$f=\alpha (\rho ) P(u)$


$P(u)$


$u$


$k_1=k_2=0$


$c_1=0$


$x=0$


\begin {equation}\mathbf {U}(x,0)=\left \{ \begin {array}{@{}l} \mathbf {U}_L \quad \quad \mbox {for} \; x<0 \\ \\ \mathbf {U}_R \quad \quad \mbox {for} \; x>0 \end {array} \right . \label {ri1}\end {equation}


$\mathbf {U}_L \neq \mathbf {U}_R$


\begin {equation}\mathbf {B}\left ( \mathbf {U}_L \right )=\mathbf {B}\left ( \mathbf {U}_R \right )=0. \label {eq}\end {equation}


$\mathbf {U}_L$


$\mathbf {U}_R$


\begin {equation}q^\alpha \left ( \mathbf {U}_L \right )=q^\alpha \left ( \mathbf {U}_R \right ) =0. \label {eq1}\end {equation}


\begin {equation*}\mathbf {B}\left ( R_{L}^{\gamma }, v_L \right )=\mathbf {B}\left ( R_{R}^{\gamma }, v_R\right )=0, \quad \quad q^\alpha \left ( R_{L}^{\gamma }, v_L\right )=q^\alpha \left ( R_{R}^{\gamma }, v_R \right )=0\end {equation*}


$R_{L}^{\alpha }=R^\alpha \left ( \mathbf {U}_L \right )$


$R_{R}^{\alpha }=R^\alpha \left ( \mathbf {U}_R \right )$


$R^{\alpha }$


$v$


\begin {equation}R^\alpha (x,0)=\left \{ \begin {array}{@{}l} R_{L}^{\alpha }\quad \mbox {for} \; x<0 \\ \\ R_{R}^{\alpha } \quad \mbox {for} \; x>0 \end {array} \right . \quad \quad v(x,0)=\left \{ \begin {array}{@{}l} v_L \quad \mbox {for} \; x<0 \\ \\ v_R \quad \mbox {for} \; x>0 \end {array} \right . \label {ri2}\end {equation}


\begin {equation}H\left ( R_{L}^{\gamma }, v_0 (a) \right )=H\left ( R_{R}^{\gamma }, v_0 (a) \right ) =0 \label {ch}\end {equation}


$H \left ( R^\gamma , v \right ) = \sigma _{\beta }^{\alpha } \, \mathbf {l}^\beta \cdot \mathbf {B}+ \left ( \lambda ^N - \lambda ^\beta \right )\sigma _{\beta }^{\alpha } \, q^\beta $


\begin {equation}R^\alpha \left ( \mathbf {U} \right )=R_{L}^{\alpha } \label {soll1}\end {equation}


\begin {align}v&=v_L \quad \quad \quad \quad \quad \quad \mbox {if} \quad x < \lambda ^N \left ( R_{L}^{\gamma }, v_L \right ) t \label {soll2} \\ v&=\hat {v} \left ( t, v_0 (a) \right ), \; x=\int _{0}^{t}{\lambda ^N \left ( R_L^{\gamma }, \hat {v} \left ( t, v_0 (a) \right ) \right ) dt}, \quad \mbox {if} \; \lambda ^N \left ( R_{L}^{\gamma }, v_L \right ) t \leq x \leq \lambda ^N \left ( R_{R}^{\gamma }, v_R \right ) t \label {soll3} \\ v&=v_R \quad \quad \quad \quad \quad \quad \quad \quad \mbox {if} \quad \lambda ^N \left ( R_{R}^{\gamma }, v_R \right ) t < x \label {soll4}\end {align}


\begin {equation}R_{L}^{\alpha }=R_{R}^{\alpha }, \quad \quad \quad \lambda ^N \left ( R_{L}^{\gamma }, v_L\right ) < \lambda ^N \left ( R_{R}^{\gamma }, v_R \right ). \label {j}\end {equation}


$\hat {v} \left ( t, v_0 (a) \right )$


\begin {equation}\frac {d\hat {v}}{dt}=h\left ( R_{L}^{\gamma }, \hat {v} \right ), \quad \quad \mbox {with} \quad h=B_j + \left ( \lambda ^N - \lambda ^\beta \right )q^\beta d_{j}^{\beta }, \label {tr}\end {equation}


$v_0(a)$


$v$


$(0,0)$


\begin {align}R^\alpha &=R_{L}^{\alpha }, \quad \quad v=v_L \quad \quad \quad \quad \mbox {if} \quad x < \lambda ^N \left ( R_{L}^{\gamma }, v_L \right ) t \label {kk1} \\ R^\alpha &=R_{R}^{\alpha }, \quad \quad v=v_R \quad \quad \quad \quad \mbox {if} \quad x > \lambda ^N \left ( R_{R}^{\gamma }, v_R \right ) t \label {kk2}\end {align}


$R^\alpha (0,0)=R_{0}^{\alpha }(a)$


$v(0,0)=v_0 (a)$


$R_{0}^{\alpha } (0)=R_{L}^{\alpha }$


$R_{0}^{\alpha }(1)=R_{R}^{\alpha }$


$v_{0}(0)=v_L$


$v_0 (1)=v_R$


$a \in \left [ 0,1 \right ]$


$(0,0)$


\begin {equation*}\frac {dR_{0}^{\alpha }}{da}=0 \quad \quad \Rightarrow \quad R_{0}^{\alpha }=R_{L}^{\alpha }=R_{R}^{\alpha }\end {equation*}


$_1$


$R^\alpha \left ( \mathbf {U} \right ) =R_{L}^{\alpha }$


$_2$


$v_0(a)$


$h \left ( R_{L}^{\alpha }, v_0(a) \right )=0$


$R^\alpha \left ( \mathbf {U} \right )=R_{L}^{\alpha }$


$\lambda ^N$


$2$


$\lambda ^N$


$\lambda ^N$


$\lambda ^N \left ( R_{L}^{\alpha }, v_L\right )=\lambda ^N \left ( R_{R}^{\alpha }, v_R\right )$


$v=v_L$


$x< \lambda ^N t$


$v=v_R$


$x>\lambda ^N t$


$_1$


\begin {align}&u_L=-\frac {k_1}{k_0}+\frac {k_2}{k_0 (\gamma -1)}\rho _{L}^{\frac {\gamma -1 }{2}}, \quad \quad u_R=-\frac {k_1}{k_0}+\frac {k_2}{k_0 (\gamma -1)}\rho _{R}^{\frac {\gamma -1 }{2}}, \quad \quad \rho _L < \rho _R \label {b1} \\ &S_L=S_R=\hat {S}+C_{V}\ln {\left ( \frac {k_2^2}{4 \gamma k_0^2}\right )} \label {b2}\end {align}


$\lambda _L^3 = u_L+\frac {k_2}{2k_0}\rho _{L}^{\frac {\gamma -1}{2}}$


$\lambda _R^3 = u_R+\frac {k_2}{2k_0}\rho _{R}^{\frac {\gamma -1}{2}}$


$\lambda ^3$


\begin {equation*}u=-\frac {k_1}{k_0}+\frac {k_2}{k_0(\gamma - 1)}\rho ^{\frac {\gamma - 1}{2}} \quad \quad \mbox {with} \quad \rho _L < \rho .\end {equation*}


$T=1$


$u$


$_1$


$(x,t)$


$u$


$u$


$[-2,2] \times [0,T]$


$T=1$


$CFL \leq 1$


$\Delta x= 4 \cdot 10^{-2}$


$\Delta t = 10^{-3}$


$N$


\begin {align}&\frac {\partial \mathbf {F}^0}{\partial t}+ \frac {\partial \mathbf {F}^i}{\partial x_i}=0 \label {ru1} \\ &\frac {\partial \mathbf {G}^0}{\partial t}+ \frac {\partial \mathbf {G}^i}{\partial x_i}=\mathbf {f} \label {ru2}\end {align}


$\mathbf {F}^0 \left ( \mathbf {V}, \mathbf {W} \right )$


$\mathbf {F}^i \left ( \mathbf {V}, \mathbf {W} \right )$


$\mathbb {R}^M$


$M<N$


$\mathbf {G}^0 \left ( \mathbf {V}, \mathbf {W} \right )$


$\mathbf {G}^i \left ( \mathbf {V}, \mathbf {W} \right )$


$\mathbf {f} \left ( \mathbf {V}, \mathbf {W} \right )$


$\mathbb {R}^{N-M}$


$\mathbf {V}\in \mathbb {R}^M$


$\mathbf {W} \in \mathbb {R}^{N-M}$


$\mathbf {f}\left ( \mathbf {V}, \mathbf {W} \right )=0$


$\mathbf {W}=\mathbf {W}\left ( \mathbf {V} \right )$


\begin {equation}\frac {\partial \mathbf {F}^0 \left ( \mathbf {V}, \mathbf {W \left ( \mathbf {V} \right )} \right )}{\partial t}+ \frac {\partial \mathbf {F}^i \left ( \mathbf {V}, \mathbf {W \left ( \mathbf {V} \right )} \right ) }{\partial x_i}=0. \label {ru3}\end {equation}


\begin {equation}\mbox {min} \; \lambda ^k \left ( \mathbf {V}, \mathbf {W \left ( \mathbf {V} \right )}\right ) \leq \mbox {min} \; \mu ^\alpha \left ( \mathbf {V} \right ), \quad \quad \mbox {max} \; \lambda ^k \left ( \mathbf {V}, \mathbf {W \left ( \mathbf {V} \right )}\right ) \geq \mbox {max} \; \mu ^\alpha \left ( \mathbf {V} \right ) \label {sc}\end {equation}


$\lambda ^k$


$k=1,.., N$


$\mu ^\alpha $


$\alpha =1,.,M$


$f$


$S$


$f(\rho , u, S)=0$


$u=\hat {u}(\rho , S)$


\begin {align}&\rho _t+\left ( \hat {u}+ \rho \hat {u}_\rho \right )\rho _x+\rho \, \hat {u}_S S_x =0 \label {es1} \\ &S_t+\hat {u} \, S_x =0 \label {es2}\end {align}


$\mu ^1 =\hat {u}$


$\mu ^2 =\hat {u} + \rho \hat {u}_\rho $


$\mu ^1$


$r=\hat {u}(\rho , S)$


$\mu ^2$


$r=S$


$\mu ^1$


$\mu ^2$


$r=S_0=S_L=S_R$


\begin {equation}\rho _t + \left ( \hat {u} +\rho \, \hat {u}_\rho \right ) \rho _x=0. \label {rare}\end {equation}


$R^1=u+\int {\frac {c}{\rho }\, d\rho }$


$R^2=S$


$\lambda ^1=u-c$


$R^1=p(\rho , S)$


$R^2=u$


$\lambda ^2=u$


$R^1=u-\int {\frac {c}{\rho }\, d\rho }$


$R^2=S$


$\lambda ^3=u+c$


$4.1$


$\lambda ^3$


\begin {align}&R^1=u-\int {\frac {c}{\rho }\, d\rho }=R_{0}^{1}=const., \quad \quad R^2=S=R_{0}^{2}=const. \label {ee1} \\ &\rho _t + \lambda ^3 \rho _x=h\left (R^{1}, R^{2}, u \right ). \label {ee2}\end {align}


$_1$


$_2$


\begin {equation}c \geq \rho \, \hat {u}_\rho . \label {sb1}\end {equation}


$(R^1=R_{0}^{1}, R^2=R_{0}^{2})$


$h\left ( R_{0}^{1}, R_{0}^{2}, u \right )=0 \, \forall u$


$R^2=r=S$


\begin {equation}\hat {u}=\int {\frac {c}{\rho }d\rho }+ R_{0}^{1} \label {fi}\end {equation}


$\lambda ^3 \left (\rho , \hat {u}(\rho , S_0), S_0 \right )=\mu ^2 \left (\rho , \hat {u}(\rho , S_0) \right )$


$h \left ( R_{0}^{1}, R_{0}^{2}, u \right )=0$


$f=q^1$


$3.1$


$k-$


$h\left ( R^{1}, R^{2}, v \right )$


$(0,0)$


$h \left ( R_{0}^{1}, R_{0}^{2}, v \right )=0$


$k-$
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A. Jannelli et al.

where 𝑞𝛼 are unspecified functions to be determined by requiring the compatibility beetwen (1) and (2). Moreover, here and in the 
following we consider the case relevant for wave problems in which 𝛼 = 1, .., 𝑁 − 1. By decomposing the vector 𝐔𝑥 along the basis of 
the right eigenvectors 𝐝𝑖 and taking (2) into account, we have

𝐔𝑥 = 𝑞𝛼𝐝𝛼 + 𝜋𝐝𝑁 (3)

and, in turn, from (1) we find
𝐔𝑡 = 𝐁 − 𝜆𝛼𝑞𝛼𝐝𝛼 − 𝜆𝑁𝜋𝐝𝑁 (4)

where 𝜋 depends on 𝑥 and 𝑡. In (3), (4) and in the following we adopt the Einstein convention for which the sum for the repeated 
indices is implied. The involutiveness of the system (1), (2) is assured if we require that the condition 𝐔𝑡𝑥 = 𝐔𝑥𝑡 holds ∀𝜋. In such a way 
we obtain 2(𝑁 − 1) cumbersome compatibility equations for the 𝑁 − 1 unknown functions 𝑞𝛼(𝐔). In fact the resulting compatibility 
relations are characterized by an overdetermined system for 𝑞𝛼 whose analysis requires further compatibility conditions leading, in 
general, to a heavy algorithm.

Finally, from (3) and (4) we obtain
𝐔𝑡 + 𝜆𝑁𝐔𝑥 = 𝐁 +

(

𝜆𝑁 − 𝜆𝛼
)

𝑞𝛼𝐝𝛼 . (5)

Since the left hand side of Eq. (5) involves the derivative of the field 𝐔 along the characteristic curves associated to 𝜆𝑁 , system (5) 
can be integrated, in principle, by means of the method of the characteristics. Therefore, once 𝑞𝛼 have been determined from the 
compatibility conditions, by assigning the initial condition 𝐔(𝑥, 0) = 𝐔0(𝑥), integration of (5) gives the exact solution of (1) we are 
looking for, while it can be proved (see for instance [2]) that the constraints (2) specialize to

𝐥𝛼
(

𝐔0(𝑥)
)

⋅
𝑑𝐔0
𝑑𝑥

= 𝑞𝛼
(

𝐔0(𝑥)
)

. (6)

Since the initial conditions 𝐔(𝑥, 0) = 𝐔0(𝑥) are constrained by the 𝑁 − 1 conditions (6), the solution obtained from (5) is given in terms 
of one arbitrary function. It could be of a certain interest to notice that in the case where 𝑞𝛼 = 0 and 𝐁 = 0 the solutions obtained by 
(5) and (6) are the well known simple waves.

Therefore, a key point of such a method is to study the compatibility conditions between (1) and (2) whose solution is, in general, 
a hard task to accomplish. Within such a framework, the main contribution of this paper is to give an alternative strategy that 
simplifies the analysis of the compatibility conditions arising from (1) and (2). In fact, under suitable hypotheses, we are able to 
give the solutions of such compatibility relations and, in turn, exact solutions of (1) are determined. Such a class of solutions can be 
useful for characterizing rarefaction waves also for non-homogeneous systems like (1). This helps in studying Riemann problems and 
generalized Riemann problems also for systems of balance laws. We will apply the procedure here considered for determing wave 
solutions for the hyperbolic model describing an ideal fluid with a source force term for which a Riemann problem is solved in terms 
of rarefaction waves. Some final remarks are given concerning the asymptotic behaviour of the rarefaction waves here characterized.

The paper includes five sections. In Section 2 we illustrate our procedure and we show how the use of the 𝑘−Riemann invariants 
is helpful for studying the compatibility conditions and finding exact wave solutions for the governing nonhomogeneous hyperbolic 
system. In Section 3 we apply such an approach to the Euler equations describing an ideal fluid with a source term. In Section 4 we 
characterize rarefaction waves for the Euler system which permit to solve Riemann problems and some remarks are given about a 
conjecture proposed by Ruggeri et al. [18,19]. Some final comments are given in Section 5.

2.  Differential constraints through 𝒌−Riemann invariants

Here our aim is to reformulate the procedure related to the Method of Differential Constraints in order to simplify it. Let us 
consider one of the characteristic speeds of (1) (for instance we fix, without loss of generality, 𝜆𝑁 ) and we compute its Riemann 
invariants 𝑅(𝐔) defined by

𝛁𝑅 ⋅ 𝐝𝑁 = 0 (7)

where ∇ = 𝜕
𝜕𝐔 . It is well known that associated to 𝜆𝑁  there exist 𝑁 − 1 Riemann invariants 𝑅𝛼 whose gradients are linearly independent 

(see for instance [20]). Therefore, owing to (7), we can write
∇𝑅𝛼 = 𝜎𝛼𝛽 𝐥

𝛽 , 𝛼, 𝛽 = 1,… , 𝑁 − 1 (8)

where 𝜎𝛼𝛽  are the components of ∇𝑅𝛼 with respect the basis of the left eigenvectors. Moreover, here and what follows, the greek 
indices vary from 1 to 𝑁 − 1. Taking (8) into account, the constraints (2) assume the form

𝜕𝑅𝛼

𝜕𝑥
= 𝜎𝛼𝛽 𝑞

𝛽 (9)

while from (5) we have
𝜕𝑅𝛼

𝜕𝑡
+ 𝜆𝑁 𝜕𝑅

𝛼

𝜕𝑥
= 𝜎𝛼𝛽 𝐥

𝛽 ⋅ 𝐁 +
(

𝜆𝑁 − 𝜆𝛽
)

𝜎𝛼𝛽 𝑞
𝛽 (10)

Next, after choosing one of the field variables of 𝐔 (say for instance 𝑣 = 𝑢𝑗), we add to the 𝑁 − 1 Eq. (10) the 𝑗−th equation arising 
from (5)

𝜕𝑣
𝜕𝑡

+ 𝜆𝑁 𝜕𝑣
𝜕𝑥

= 𝐵𝑗 +
(

𝜆𝑁 − 𝜆𝛽
)

𝑞𝛽𝑑𝛽𝑗 (11)
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where we indicate with 𝐵𝑗 and 𝑑𝛼𝑗  the 𝑗−th component, respectively, of 𝐁 and 𝐝𝛼 . Thus, under the variable transformation

𝑅𝛼 = 𝑅𝛼(𝐔), 𝑣 = 𝑢𝑗 (12)

the Eq. (5) transform to (10) and (11) while the constraints (2) take the form (9). Integration of (10), (11) along with (9) gives, 
through the change of variables (12), exact solutions of (1), (2). To this end we require the involutiveness of the overdetermined 
system (9)–(11) (i. e. we require that the condition 𝜕𝑡𝑥𝑅𝛼 = 𝜕𝑥𝑡𝑅𝛼 holds ∀ 𝜕𝑥𝑣). The resulting compatibility conditions are:

(

𝜆𝛽 − 𝜆𝑁
)

𝜎𝛼𝛽
𝜕𝑞𝛽

𝜕𝑣
=

(

(

𝜆𝑁 − 𝜆𝛽
)

𝜕𝜎𝛼𝛽
𝜕𝑣

− 𝜎𝛼𝛽
𝜕𝜆𝛽

𝜕𝑣

)

𝑞𝛽 + 𝜕
𝜕𝑣

(

𝜎𝛼𝛽 𝐥
𝛽 ⋅ 𝐁

)

(13)

𝜕𝑤𝛼

𝜕𝑅𝛾
𝑧𝛾 − 𝜕𝑧𝛼

𝜕𝑅𝛾
𝑤𝛾 + 𝜕𝑤𝛼

𝜕𝑣

(

𝐵𝑗 +
(

𝜆𝑁 − 𝜆𝛾
)

𝑞𝛾𝑑𝛾𝑗
)

= 0 (14)

where we set

𝑤𝛼 = 𝜎𝛼𝛽 𝑞
𝛽 , 𝑧𝛼 = 𝜎𝛼𝛽 𝐥

𝛽 ⋅ 𝐁 − 𝜆𝛽𝜎𝛼𝛽 𝑞
𝛽 . (15)

In (13)–(15) the sum with respect to 𝛽 and 𝛾 is implied. The 𝑁 − 1 Eq. (13) characterize a linear ODE-like system in the unknown 
𝑞𝛼 which, due the strictly hyperbolicity of (1), can be written in normal form. Once the functions 𝑞𝛼 are determined from (13), 
substituting them in (14), we find a set of 𝑁 − 1 structural conditions to which the coefficients of the system (1) must be satisfied to 
guarantee the compatibility among (1) and (2).

In the following some cases where (13) and (14) can be solved are presented.
i) We assume 𝑞𝛼 = 0 so that from (13), (14) we find

𝜎𝛼𝛽 𝐥
𝛽 ⋅ 𝐁 = 𝐹 𝛼(𝑅𝛾 ) (16)

where 𝐹 𝛼 are not specified functions. If the structural condition (16) is satisfied, then, from (9) along with (10) we find 𝑅𝛼 = 𝑅𝛼(𝑡)
and taking (10), (11) into account, exact solutions of (1), (2) are obtained by solving the system

𝑑𝑅𝛼

𝑑𝑡
= 𝐹 𝛼(𝑅𝛾 ), (17)

𝜕𝑣
𝜕𝑡

+ 𝜆𝑁 (𝑣,𝑅𝛼(𝑡)) 𝜕𝑣
𝜕𝑥

= 𝐵𝑗 (𝑣,𝑅𝛼(𝑡)). (18)

In passing we notice that the Eq. (17) are decoupled from (18). In fact, once 𝑅𝛼(𝑡) are determined from (17), exact solutions of the 
governing system can be obtained by solving the quasilinear non-autonomous PDE (18). Furthermore, when 𝐁 = 0 also 𝐹 𝛼 = 0 and 
the Eqs. (17), (18) characterize the simple waves

𝑅𝛼(𝐔) = 𝑘𝛼

𝑢𝑗 = 𝑣 = 𝑣0(𝜉), 𝑥 = 𝜆𝑁
(

𝑣0(𝜉), 𝑘𝛼
)

𝑡 + 𝜉

where 𝑘𝛼 are arbitrary constants and 𝑣0(𝑥) = 𝑣(𝑥, 0) = 𝑢𝑗 (𝑥, 0).
ii) We now require

𝜕𝜆𝑁

𝜕𝑣
= 0 (19)

so that we assume that 𝜆𝑁  depends only on the 𝑘−Riemann invariants (𝑅1,… , 𝑅𝑁−1). In such a case from (13) we can calculate 𝑞𝛼
by solving the algebraic equations

(

𝜆𝛽 − 𝜆𝑁
)

𝜎𝛼𝛽 𝑞
𝛼 = 𝜎𝛼𝛽 𝐥

𝛽 ⋅ 𝐁 + 𝐹 𝛼(𝑅𝛾 ) (20)

where 𝐹 𝛼 are not specified functions. Next, by substituting 𝑞𝛼 in (14), where 𝑧𝛼 assumes the form

𝑧𝛼 = −
(

𝐹 𝛼 + 𝜆𝑁𝜎𝛼𝛽 𝑞
𝛽
)

,

we get the structural conditions which must be satisfied in order that the procedure considered in the present case holds. Thus, the 
Eq. (10) specializes to

𝜕𝑅𝛼

𝜕𝑡
+ 𝜆(𝑅𝛾 ) 𝜕𝑅

𝛼

𝜕𝑥
= −𝐹 𝛼(𝑅𝛾 ) (21)

which can be integrated independently from (11). Once 𝑅𝛼(𝑥, 𝑡) are determined from (21), 𝑣(𝑥, 𝑡) can be obtained by integration of 
(11) which assumes a semilinear form because of (19).

Remark 1. It could be of a certain interest to notice that the condition (19) gives ∇𝜆𝑁 ⋅ 𝐝𝑁 = 0 so that the characteristic speed 𝜆𝑁
is exceptional [21] (or linearly degenerate [22]) and the solution of (1) which can be obtained in case ii) exists for ∀𝑡 ≥ 0. Viceversa 
if we assume that 𝜆𝑁  is linearly degenerate we find 𝜕𝜆𝑁𝜕𝑣 𝑑𝑁𝑗 = 0, where 𝑑𝑁𝑗  indicates the 𝑗−th component of 𝐝𝑁 . Therefore, if 𝑑𝑁𝑗 ≠ 0, 
we find condition (19). 
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iii) We require
𝜎𝛼𝛽

(

𝐥𝛽 ⋅ 𝐁 − 𝜆𝛽𝑞𝛽
)

= 𝐹 𝛼(𝑅𝛾 ), 𝜎𝛼𝛽 𝑞
𝛽 = 𝐺𝛼(𝑅𝛾 ). (22)

Owing to (22), the condition (13) is identically satisfied, while from (14) we find
𝑑𝐺𝛼

𝑑𝑅𝛽
𝐹 𝛽 − 𝑑𝐹 𝛼

𝑑𝑅𝛽
𝐺𝛽 = 0. (23)

Since 𝑞𝛼 can be calculated from (22)2, the relations (22)1 and (23) are the structural conditions which must be satisfied by the 
coefficients of (1) for its compatibility with (2).

In the present case, Eq. (10) assume the form
𝜕𝑅𝛼

𝜕𝑡
+ 𝜆𝑁 𝜕𝑅

𝛼

𝜕𝑥
= 𝐹 𝛼 + 𝜆𝑁𝐺𝛼 (24)

while the constraints (11) specialize to
𝜕𝑅𝛼

𝜕𝑥
= 𝐺𝛼 . (25)

Of course, if 𝜆𝑁 (𝑅𝛾 ) as in ii) case, system (24) is decoupled from (11).

3.  Exact solutions for the Euler equations

In this section we apply the approach illustrated in the previous one for determining exact solutions for the Euler equations 
describing an ideal fluid

𝜌𝑡 + 𝑢𝜌𝑥 + 𝜌𝑢𝑥 = 0 (26)

𝑢𝑡 + 𝑢𝑢𝑥 +
𝑐2

𝜌
𝜌𝑥 +

𝑝𝑠
𝜌
𝑆𝑥 = 𝑓 (𝜌, 𝑢) (27)

𝑆𝑡 + 𝑢𝑆𝑥 = 0 (28)

where 𝜌 is the mass density, 𝑢 is the velocity, 𝑆 is the entropy, 𝑝(𝜌, 𝑆) is the pressure, 𝑐 =
√

𝜕𝑝
𝜕𝜌  is the sound velocity and 𝑓 (𝜌, 𝑢) is a 

force term. System (26)–(28) is strictly hyperbolic, the characteristic speeds are 𝜆1 = 𝑢 − 𝑐, 𝜆2 = 𝑢, 𝜆3 = 𝑢 + 𝑐, while the corresponding 
orthornormal left and right eigenvectors write as follows

𝐥1 =
(

𝑐2

𝜌 −𝑐 𝑝𝑠
𝜌

)

, 𝐥2 =
(

0 0 1
)

, 𝐥3 =
(

𝑐2

𝜌 𝑐 𝑝𝑠
𝜌

)

(29)

𝐝1 = 1
2𝑐2

(

𝜌 −𝑐 0
)𝑇 , 𝐝2 = − 1

𝑐2
(

𝑝𝑠 0 −𝑐2
)𝑇 , 𝐝3 = 1

2𝑐2
(

𝜌 𝑐 0
)𝑇 (30)

In the following, first we point out our attention to the case 𝜆𝑁 = 𝜆3 and after we will choose 𝜆𝑁 = 𝜆2. The analysis of the case 
𝜆𝑁 = 𝜆1 can be carried on as that corresponding to 𝜆3 and therefore we will not consider it.

3.1.  Wave solutions associated to 𝜆3 = 𝑢 + 𝑐

When 𝜆𝑁 = 𝜆3 = 𝑢 + 𝑐, the corresponding Riemann invariants are

𝑅1 = 𝑢 − ∫
𝑐
𝜌
𝑑𝜌, 𝑅2 = 𝑆 (31)

while from (8) we have

𝜎11 = −1
𝑐
, 𝜎12 =

𝑝𝑠
𝜌𝑐

− ∫
𝑐𝑠
𝜌
𝑑𝜌, 𝜎21 = 0, 𝜎22 = 1.

Next we choose 𝑣 = 𝑢, so that Eqs. (10) and (11) assume the form
𝜕𝑅1

𝜕𝑡
+ 𝜆3 𝜕𝑅

1

𝜕𝑥
= 𝑓 − 2𝑞1 +

(

𝑝𝑠
𝜌

− 𝑐 ∫
𝑐𝑠
𝜌
𝑑𝜌

)

𝑞2 (32)

𝜕𝑅2

𝜕𝑡
+ 𝜆3 𝜕𝑅

2

𝜕𝑥
= 𝑐 𝑞2 (33)

𝜕𝑣
𝜕𝑡

+ 𝜆3 𝜕𝑣
𝜕𝑥

= 𝑓 − 𝑞1 (34)

while the differential constraints (9) assume the form
𝜕𝑅1

𝜕𝑥
= −

𝑞1

𝑐
+
𝑞2

𝑐

(

𝑝𝑠
𝜌

− 𝑐 ∫
𝑐𝑠
𝜌
𝜌
)

, 𝜕𝑅2

𝜕𝑥
= 𝑞2 (35)

where 𝑞1(𝑅1, 𝑅2, 𝑣) and 𝑞2(𝑅1, 𝑅2, 𝑣) are still unspecified.
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In the present case condition (13) specializes to:

2
𝜕𝑞1

𝜕𝑣
=
𝜕𝑓
𝜕𝑣

+
𝑞1

𝑐
𝜕(𝑣 + 𝑐)
𝜕𝑣

+ 𝑐𝑞2 𝜕
𝜕𝑣

(

𝑝𝑠
𝜌𝑐

− ∫
𝑐𝑠
𝜌
𝑑𝜌

)

(36)

𝑐
𝜕𝑞2

𝜕𝑣
= 𝑞2 (37)

while relation (14) for 𝛼 = 2 gives
(

𝑓 − 𝑞1
)

(

𝜕𝑞2

𝜕𝑅1
+
𝜕𝑞2

𝜕𝑣

)

= 0 (38)

From (38) we consider the case
𝑞1 = 𝑓 (39)

so that, from (36), (37) we have
𝑞2 = 𝜌𝐹 (𝑅1, 𝑅2) (40)

𝑓 = 𝜌𝐹 (𝑅1, 𝑅2)
(

𝑝𝑠
𝜌

− 𝑐 ∫
𝑐𝑠
𝜌
𝑑𝜌

)

+ 𝜌 𝑐 𝐺(𝑅1, 𝑅2) (41)

where 𝐹 (𝑅1, 𝑅2) and 𝐺(𝑅1, 𝑅2) are not specified. Furthermore it is simple to verify that conditions (14) with 𝛼 = 1 are identically 
satisfied by (39) and (40), taking (41) into account. Of course, once 𝑝(𝜌, 𝑆) and/or 𝑓 (𝜌, 𝑢) are assigned, the structural condition (41) 
must be checked to be consistent. To this end, here and in the following we point our attention to three celebrated constitutive 
pressure laws.

• The ideal gas pressure law [23]

𝑝 = 𝐴(𝑆)𝜌𝛾 , 𝐴(𝑆) = 𝑒
𝑆−𝑆̂
𝐶𝑣 (42)

where 𝐶𝑣 is the specific heat at constant volume, 𝛾 > 1 is the gas index and 𝑆̂ is a constant.
• The Von-Kármán law [24]

𝑝 = −
𝑎2(𝑆)
𝜌

+ 𝑏(𝑆) (43)

where 𝑎(𝑆) and 𝑏(𝑆) are smooth functions.
• The Chaplygin gas pressure law [25]

𝑝 = −
𝑎20
𝜌

(44)

where 𝑎0 is constant.

For instance, we consider the case of an ideal gas. In such a case, in order to relation (41) to be consistent, it follows

𝑓 =
𝑘2

1 − 𝛾
𝜌𝛾 +

(

𝑘0𝑢 + 𝑘1
)

𝜌
𝛾+1
2 , 𝐹 =

𝑘2 − 2𝑘0
√

𝛾𝐴
𝐴′(𝑆)

, 𝐺 =
𝑘0𝑅1 + 𝑘1

√

𝛾𝐴
(45)

where 𝑘0, 𝑘1 and 𝑘2 are constants while the prime stays for ordinary differentiation. Furthermore integration of Eqs. (32)–(35) leads 
to the following cases.
I) If 𝑘0 = 𝑘1 = 0 we get

𝜌 =

(

𝛾 − 1

2
√

𝛾𝐴(𝑆)

(

𝑢0(𝜉) − 𝑐1
)

)
2
𝛾−1

, 𝑢 = 𝑢0(𝜉) (46)

𝐴(𝑆) =
(

𝑐2
(

𝑢0(𝜉) − 𝑐1
)

𝑡 +
(

𝐴
(

𝑆0(𝜉)
))

𝛾
𝛾−1

)

𝛾−1
𝛾 (47)

where 𝑐1 is a constant while we set

𝑐2 =
𝑘2𝛾

√

𝛾
𝛾 − 1

(

𝛾 − 1
2
√

𝛾

)
𝛾+1
𝛾−1

.

Moreover, taking (9) into account, the initial data 𝜌(𝑥, 0) = 𝜌0(𝑥), 𝑢(𝑥, 0) = 𝑢0(𝑥) and 𝑆(𝑥, 0) = 𝑆0(𝑥) must satisfy the constraints

𝑑
𝑑𝑥
𝐴
(

𝑆0(𝑥)
)

= 𝑘2𝜌0(𝑥), 𝜌0(𝑥) =

⎛

⎜

⎜

⎜

⎝

𝛾 − 1

2
√

𝛾𝐴
(

𝑆0(𝑥)
)

(

𝑢0(𝑥) − 𝑐1
)

⎞

⎟

⎟

⎟

⎠

2
𝛾−1

. (48)
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Furthermore the wave variable 𝜉(𝑥, 𝑡) is defined implicitely by

𝑥 =
(

𝛾 + 1
2

𝑢0(𝜉) −
𝛾 − 1
2

𝑐1

)

𝑡 + 𝜉.

II) If 𝑘0 = 𝑘2 = 0 we obtain

𝜌 =
𝜌0(𝜉)

1 − 𝑘1
√

𝛾𝐴0
𝜌0(𝜉)𝑡

, 𝑢 = 𝑢0(𝜉), 𝑆 = 𝑆0 (49)

where 𝑆0 is a constant, 𝐴0 = 𝐴(𝑆0), while, from (9), the inital conditions 𝜌(𝑥, 0) = 𝜌0(𝑥) and 𝑢(𝑥, 0) = 𝑢0(𝑥) are related by
𝑑𝑢0(𝑥)
𝑑𝑥

−
√

𝛾𝐴0
(

𝜌0(𝑥)
)
𝛾−3
2
𝑑𝜌0(𝑥)
𝑑𝑥

= −
𝑘1

√

𝛾𝐴0
𝜌0(𝑥).

Furthermore 𝜉(𝑥, 𝑡) is given by

𝑥 = 𝑢0(𝜉)𝑡 −
2
√

𝛾𝐴0

𝑘1(3 − 𝛾)
𝜌
𝛾−3
2

0

⎧

⎪

⎨

⎪

⎩

(

1 −
𝑘1𝜌0(𝜉)
√

𝛾𝐴0
𝑡

)
3−𝛾
2

− 1

⎫

⎪

⎬

⎪

⎭

+ 𝜉 if 𝛾 ≠ 3 (50)

𝑥 = 𝑢0(𝜉)𝑡 −

√

3𝐴0

𝑘1
ln

(

1 −
𝑘1

√

3𝐴0
𝜌0(𝜉)𝑡

)

+ 𝜉 if 𝛾 = 3. (51)

Now we consider the pressure laws (43) which when 𝑏 = 0 and 𝑎 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. specializes to (44).
It is known that system (26)–(28) supplemented by (43) or (44) is completely exceptional (i. e. all its characteristic velocities are 

linearly degenerate). In the case where 𝑎′(𝑆) ≠ 0, from (41) we find

𝑓 = 𝑐0 𝑢 −
𝑐1
𝜌
. 𝐹 =

𝑐0 𝑎(𝑆) + 𝑐1
𝑎(𝑆)𝑎′(𝑆)

, 𝐺 =
𝑐0 𝑅1

𝑎(𝑆)
−

(

𝑐0𝑎(𝑆) + 𝑐1
)

𝑎2(𝑆)𝑎′(𝑆)
𝑏′(𝑆) (52)

where 𝑐0 and 𝑐1 are constants, while from (10), (11) we obtain

𝜌 = 𝑎(𝑆)
{

𝑒−𝑐0𝑡
(

∫

𝑡

0
𝐻(𝑆(𝜉, 𝑡))𝑒𝑐0𝑡𝑑𝑡 + 𝑅1

0(𝜉)
)

− 𝑢0(𝜉)
}−1

, 𝑢 = 𝑢0(𝜉) (53)

𝑎(𝑆) = 𝑒𝑐0𝑡
{

−
𝑐1
𝑐0

(

𝑒−𝑐0𝑡 − 1
)

+ 𝑎0(𝜉)
}

if 𝑐0 ≠ 0 (54)

𝑎(𝑆) = 𝑐1𝑡 + 𝑎0(𝜉) if 𝑐0 = 0 (55)

In (52)–(55) we set

𝐻(𝑆) =
𝑐0 𝑎 + 𝑐1
𝑎 𝑎′

𝑏′(𝑆), 𝑎0(𝜉) = 𝑎
(

𝑆0(𝜉)
)

, 𝑅1
0(𝜉) = 𝑢0(𝜉) +

𝑎0(𝜉)
𝜌0(𝜉)

with 𝜌(𝑥, 0) = 𝜌0(𝑥), 𝑢(𝑥, 0) = 𝑢0(𝑥) and 𝑆(𝑥, 0) = 𝑆0(𝑥). Furthermore 𝜉(𝑥, 𝑡) is given by

𝑥 = −
𝑅1
0(𝜉)
𝑐0

(

𝑒−𝑐0𝑡 − 1
)

+ ∫

𝑡

0
ℎ(𝜉, 𝑡)𝑒−𝑐0𝑡𝑑𝑡 + 𝜉 if 𝑐0 ≠ 0 (56)

𝑥 = 𝑅1
0(𝜉)𝑡 + ∫

𝑡

0
ℎ(𝜉, 𝑡)𝑑𝑡 + 𝜉 if 𝑐0 = 0 (57)

where

ℎ(𝜉, 𝑡) = ∫

𝑡

0
𝐻(𝑆(𝜉, 𝑡))𝑒𝑐0𝑡.

Of course the initial data 𝜌0(𝑥), 𝑢0(𝑥) and 𝑆0(𝑥) must satisfy the constraints (9).
Next we consider the case where 𝑎 = 𝑎0 = 𝑐𝑜𝑛𝑠𝑡. and 𝑏 = 0, so that condition (41) gives

𝑓 = Ψ(𝑅1), 𝐺 =
Ψ(𝑅1)
𝑎0

(58)

while 𝐹 (𝑅1, 𝑅2) is arbitrary. Once Ψ(𝑅1) is assigned and 𝐹 (𝑅1, 𝑅2) is chosen, we can integrate (32)–(34) along with (35). As an 
example, if Ψ = 𝑐0

(

𝑅1)2 with 𝑐0 = 𝑐𝑜𝑛𝑠𝑡. and 𝐹 = 𝑐0
𝑎0
𝑅1𝑅2, we find

𝜌 = 𝑎0

(

𝜌0(𝜉) + 𝑐0
(

𝑎0 + 𝜌0(𝜉)𝑢0(𝜉)
)

𝑡

𝑎0 − 𝑐0𝑢0(𝜉)
(

𝑎0 + 𝜌0(𝜉)𝑢0(𝜉)
)

𝑡

)

, 𝑢 = 𝑢0(𝜉), (59)

𝑆 = 𝑆0(𝜉)
{

1 + 𝑐0𝑡
(

𝑢0(𝜉) +
𝑎0
𝜌0(𝜉)

)}

(60)
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with

𝑥 = 1
𝑐0

ln
(

1 + 𝑐0𝑡
(

𝑢0(𝜉) +
𝑎0
𝜌0(𝜉)

))

+ 𝜉

while, owing to (9), the initial conditions 𝜌(𝑥, 0) = 𝜌0(𝑥), 𝑢(𝑥, 0) = 𝑢0(𝑥) and 𝑆(𝑥, 0) = 𝑆0(𝑥) must obey to

𝑑
𝑑𝑥

(

𝑢0(𝑥) +
𝑎0
𝜌0(𝑥)

)

= −𝑐0
𝜌0(𝑥)
𝑎0

(

𝑢0(𝑥) +
𝑎0
𝜌0(𝑥)

)2
, 𝑆0(𝑥) = 𝑐

(

𝑢0(𝑥) +
𝑎0
𝜌0(𝑥)

)−1
(61)

with 𝑐 = 𝑐𝑜𝑛𝑠𝑡.
Now we assume 𝑞1 ≠ 𝑓 . We are going to solve the compatibility conditions between (32)–(34) and (35) in the cases i)-iii) of the 

previous section. Let us start with the case i). It follows soon that from condition (16) we obtain
𝑓 = 𝐹 (𝑅1), 𝑝(𝜌, 𝑆) = 𝑝0(𝜌) + 𝑝1(𝑆) (62)

where 𝑝0(𝜌) and 𝑝1(𝑆) are unspecified functions, while from (9), (10), and (11) we get

∫
𝑑𝑅1

𝐹 (𝑅1)
𝑑𝑡 = 𝑡 + 𝑡0 ⇒ 𝑢 − ∫

𝑐(𝜌)
𝜌
𝑑𝜌 = 𝑅1(𝑡) (63)

𝑢 = ∫

𝑡

0
𝐹
(

𝑅̂1(𝑡)
)

𝑑𝑡 + 𝑢0(𝜉), 𝑆 = 𝑆0 = 𝑐𝑜𝑛𝑠𝑡. (64)

where 𝑡0 is a constant and 𝜉(𝑥, 𝑡) is given by

𝑥 = 𝑢0(𝜉)𝑡 + ∫

𝑡

0

(

𝑐(𝜌(𝜉, 𝑡)) + ∫

𝑡

0
𝐹 (𝑅̂1(𝑡)) 𝑑𝑡

)

𝑑𝑡 + 𝜉.

Now we consider the ii) case, so that from (19), according to Remark 1, the pressure 𝑝 = 𝑝(𝜌, 𝑆) specializes to the Von-Kármán law 
(43) or, as a special case, to (44). Therefore, excluding the case where 𝑞1 = 𝑓 previously considered, from (14) and (20) we have

𝑞1 = 𝐻(𝑅1) +
(

𝑎′

𝑎
(𝑅1 − 𝑣) − 𝑏′

𝑎

)

𝐹 2(𝑅2) + 𝐹 1(𝑅1, 𝑅2) (65)

𝑞2 =
𝐹 2(𝑅2)
𝑅1 − 𝑣

(66)

𝑓 = 𝐻(𝑅1) + 𝑞1, with 𝐻 ≠ 0 (67)

where the functions 𝐹 1(𝑅1, 𝑅2), 𝐹 2(𝑅2) and 𝐻(𝑅1) are not specified. Furthermore, Eqs. (21) and (34) assume the form
𝜕𝑅1

𝜕𝑡
+ 𝑅1 𝜕𝑅1

𝜕𝑥
= −𝐹 1(𝑅1, 𝑅2) (68)

𝜕𝑅2

𝜕𝑡
+ 𝑅1 𝜕𝑅2

𝜕𝑥
= −𝐹 2(𝑅2) (69)

𝜕𝑣
𝜕𝑡

+ 𝑅1 𝜕𝑣
𝜕𝑥

= 𝐻(𝑅1) (70)

while the constraints (9) write
𝜕𝑅1

𝜕𝑥
= −𝐻 + 𝐹 1

𝑅1 − 𝑣
, 𝜕𝑅2

𝜕𝑥
= − 𝐹 2

𝑅1 − 𝑣
. (71)

Since the force 𝑓 depends on 𝜌 and 𝑢, by checking the consistency of condition (67) we find the following cases

1. 𝑎 = 𝑎0 = 𝑐𝑜𝑛𝑠𝑡., 𝑓 (𝑅1) = 2𝐻(𝑅1) + 𝑔(𝑅1) and

𝐹 1 =
𝑏′(𝑅2)
𝑎0

𝐹 2(𝑅2) + 𝑔(𝑅1)

where 𝑔(𝑅1) is unspecified.
2. 𝑎′(𝑆) ≠ 0 and

𝐹 2 = −
𝑘0 𝑎(𝑆) + 𝑘1

𝑎′(𝑆)
, 𝐹 1 =

𝑏′(𝑆)
𝑎(𝑆)

𝐹 2 − 2𝐻(𝑅1) + 𝑘0𝑅1, 𝑓 = 𝑘0𝑢 −
𝑘1
𝜌
.

where 𝑘0 and 𝑘1 are constants. Once 𝐻(𝑅1), 𝑔(𝑅1) and 𝐹 2(𝑅2) are assigned in the first case or 𝐻(𝑅1) in the second one, then integration 
of (68)–(70) gives a class of exact solutions for the Euler equations supplemented, respectively, by the Chaplygin pressure law or by 
the Von-Kármán law while, the corresponding initial conditions must obey (71).
Next we consider the iii) case. From (22), (23) we have

𝐹 2 = 𝐺2 = 0, 𝐹 1 = 𝑚(𝑅2)𝐺1(𝑅1, 𝑅2), (72)

𝑞1 = −𝑐 𝐺(𝑅1, 𝑅2), 𝑞2 = 0 (73)

𝑓 =
(

𝑢 − 𝑐 + 𝑚
(

𝑅2))𝐺1(𝑅1, 𝑅2) (74)
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where 𝑚(𝑅2) and 𝐺1(𝑅1, 𝑅2) are unspecified. Of course we can check the consistency of (74) once 𝑝(𝜌, 𝑆) is assigned. For instance, if 
we choose 𝑝 = 𝐴(𝑆)𝜌𝛾 , from (74) we find 𝑓 = 𝑐𝑜𝑛𝑠𝑡. with 𝛾 = 3. Conversely, if we consider (43), condition (74) gives

𝑎 = 𝑎0 = 𝑐𝑜𝑛𝑠𝑡., 𝑚 = 𝑚0 = 𝑐𝑜𝑛𝑠𝑡., 𝜕𝐺1

𝜕𝑅2
= 0

so that

𝑓 =
(

𝑢 −
𝑎0
𝜌

+ 𝑚0

)

𝐺1(𝑅1)

and, by assuming 𝑏 = 0, the pressure law under concerns is (44). The corresponding solution is
𝑎0
𝜌

=
(

𝜓(𝜉) + 𝑚0
)

(1 − 𝜙(𝑧)), 𝑆 = 𝑆0 = 𝑐𝑜𝑛𝑠𝑡, 𝑢 = 𝜙(𝑧)
(

𝜓(𝜉) + 𝑚0
)

− 𝑚0 (75)

where

𝜉 = 𝑥 + 𝑚0𝑡, 𝑧 = 𝑡 − ∫
𝑑𝜉

𝜓(𝜉) + 𝑚0
.

while, by assigning the initial data 𝜌(𝑥, 0) = 𝜌0(𝑥), 𝑢(𝑥, 0) = 𝑢0(𝑥), the functions 𝜓(𝜉) and 𝜙(𝑧) must satisfy the conditions

𝜓(𝑥) = 𝑢0(𝑥) +
𝑎0
𝜌0(𝑥)

, 𝜙
(

𝑧0(𝑥)
)

=
𝑢0(𝑥) + 𝑚0
𝜓(𝑥) + 𝑚0

with 𝑧0(𝑥) = −
(

∫
𝑑𝜉

𝜓(𝜉) + 𝑚0

)

𝜉=𝑥
.

3.2.  Wave solutions associated to 𝜆2 = 𝑢

The Riemann invariants corresponding to 𝜆2 = 𝑢 are
𝑅1 = 𝑝(𝜌, 𝑆), 𝑅2 = 𝑢 (76)

so that from (8) we find

𝜎11 = 𝜎13 =
𝜌
2
, 𝜎21 = −𝜎23 = − 1

2𝑐
.

In the following, without loss of generality, we choose 𝑣 = 𝑆. Therefore, since 𝜆2 = 𝑢 is linearly degenerate, we are lead to develop 
the analysis illustrated in case ii) of Section 1. Thus, from (20) we have

𝑞1 = 𝑓 + 𝐹 2(𝑅1, 𝑅2) −
𝐹 1(𝑅1, 𝑅2)

𝜌𝑐
, 𝑞3 = 𝑓 + 𝐹 2(𝑅1, 𝑅2) +

𝐹 1(𝑅1, 𝑅2)
𝜌𝑐

(77)

while relations (14) assume the form

𝐹 1 𝜕
𝜕𝑅1

(

𝜌
(

𝑓 + 𝐹 2)) + 𝐹 2 𝜕
𝜕𝑅2

(

𝜌
(

𝑓 + 𝐹 2)) =

= 𝜌
(

𝑓 + 𝐹 2) 𝜕𝐹 1

𝜕𝑅1
+ 𝐹 1

𝜌𝑐2

(

𝜕𝐹 1

𝜕𝑅2
+ 𝜌

(

𝑓 + 𝐹 2)
)

(78)

𝐹 1 𝜕
𝜕𝑅1

(

𝐹 1

𝜌𝑐2

)

+ 𝐹 2 𝜕
𝜕𝑅2

(

𝐹 1

𝜌𝑐2

)

=

= 𝜌
(

𝑓 + 𝐹 2) 𝜕𝐹 2

𝜕𝑅1
+ 𝐹 1

𝜌𝑐2

(

𝜕𝐹 2

𝜕𝑅2
+ 𝐹 1

𝜌𝑐2

)

(79)

and, in turn, Eqs. (11), (21) specialize to
𝜕𝑅1

𝜕𝑡
+ 𝜆2 𝜕𝑅

1

𝜕𝑥
= −𝐹 1(𝑅1, 𝑅2) (80)

𝜕𝑅2

𝜕𝑡
+ 𝜆2 𝜕𝑅

2

𝜕𝑥
= −𝐹 2(𝑅1, 𝑅2) (81)

𝜕𝑣
𝜕𝑡

+ 𝜆2 𝜕𝑣
𝜕𝑥

= 0 (82)

along with the constraints (9)
𝜕𝑅1

𝜕𝑥
= 𝜌

(

𝑓 + 𝐹 2), 𝜕𝑅2

𝜕𝑥
= 𝐹 1

𝜌𝑐2
. (83)

Therefore, once 𝐹 1 and 𝐹 2 are determined from (78), (79), exact solutions of the Euler Eqs. (26)–(28) will be obtained by solving 
(80)–(82) supplemented by (83). To this end, in the following, we consider different cases.
I) If 𝐹 1 = 𝐹 2 = 0, conditions (78), (79) are satisfied and integration of (80)–(82) gives

𝜌 = 𝜌0(𝜉), 𝑢 = 𝑢0 = 𝑐𝑜𝑛𝑠𝑡., 𝑆 = 𝑆0(𝜉) with 𝜉 = 𝑥 − 𝑢0𝑡 (84)
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where, owing to (83), the initial data 𝜌(𝑥, 0) = 𝜌0(𝑥), 𝑆(𝑥, 0) = 𝑆0(𝑥) are related by the condition
𝜕
𝜕𝑥

(

𝑝
(

𝜌0(𝑥), 𝑆0(𝑥)
))

= 𝜌0(𝑥)𝑓
(

𝜌0(𝑥), 𝑢0
)

.

II) If 𝐹 1 = 0, by excluding the trivial case 𝑓 = −𝐹 2, we find 𝐹 2 = 𝐹 2(𝑅2) and

𝑓 (𝜌, 𝑢) = −𝐹 2(𝑅2) +
𝜓(𝑅1, 𝑣)

𝜌
(85)

where 𝜓(𝑅1, 𝑣) is still unspecified. In the present case, from (80)–(83) we find

𝑝(𝜌, 𝑆) = 𝑝
(

𝜌0(𝜉), 𝑆0(𝜉)
)

, ∫
𝑑𝑢
𝐹 2(𝑢)

= −𝑡 ⇒ 𝑢 = 𝑢̂(𝑡), 𝑆 = 𝑆0(𝜉) (86)

with

𝜉 = 𝑥 − ∫

𝑡

0
𝑢̂(𝑡) 𝑑𝑡

while, the inital data 𝜌(𝑥, 0) = 𝜌0(𝑥), 𝑆(𝑥, 0) = 𝑆0(𝑥) are related by
𝑑
𝑑𝑥

(

𝑝
(

𝜌0(𝑥), 𝑆0(𝑥)
))

= 𝜓
(

𝑝0(𝑥), 𝑆0(𝑥)
)

.

Of course, the function 𝜓(𝑅1, 𝑣) must be assigned such that the consistency of condition (85) is assured. For instance, from (85), in 
the case of an ideal gas (42) we find 𝜓 = 𝜓(𝜌𝛾 ) while for the Von-Kármán law (43) we deduce 𝜓 = 𝜓(𝜌−1).
III) We set 𝐹 2 = 0, so that from (78), (79) we find

𝐹 1(𝑝, 𝑢) = 𝜌2𝑝𝜌 𝜑(𝑢, 𝑆), 𝑓 (𝜌, 𝑢) = 𝜌2𝑝𝜌

(

𝜋(𝑢, 𝑆) −
𝜑𝑢
𝜌

)

(87)

where the functions 𝜑(𝑢, 𝑆) and 𝜋(𝑢, 𝑆) are still unspecified. The conditions (87) must be checked once 𝑝(𝜌, 𝑆) and/or 𝑓 (𝜌, 𝑢) are 
assigned. For instance, if we consider (42), we soon find 𝜑 = 𝐴

1
𝛾  and 𝜋 =

𝜋0(𝑢)
𝛾𝐴

 so that we get 𝑓 = 𝜋0(𝑢)𝜌𝛾+1 and 𝐹 1 = 𝛾𝑝1+
1
𝛾 , where 

𝜋0(𝑢) is a unspecified function. The resulting exact solution is

𝜌 =
𝜌0(𝜉)𝐴

− 1
𝛾

0

𝜌0(𝜉)𝑡 + 𝐴
− 1
𝛾

0

, 𝑢 = 𝑢0(𝜉), 𝑆 = 𝑆0(𝜉) (88)

where

𝑥 = 𝑢0(𝜉)𝑡 + 𝜉, and 𝐴0 = 𝐴
(

𝑆0(𝜉)
)

while the initial conditions 𝜌(𝑥, 0) = 𝜌0(𝑥), 𝑢(𝑥, 0) = 𝑢0(𝑥) and 𝑆(𝑥, 0) = 𝑆0(𝑥) must satisfy the constraints
𝑑𝑢0(𝑥)
𝑑𝑥

=
(

𝐴(𝑆0(𝑥))
)
1
𝛾 𝜌0(𝑥),

𝑑
𝑑𝑥

(

𝐴(𝑆0(𝑥)𝜌
𝛾
0(𝑥)

)

= 𝜋0
(

𝑢0(𝑥)
)(

𝜌0(𝑥)
)𝛾+2.

IV) Now we assume 𝜌(𝑓 + 𝐹 2) = 𝜇(𝑅2), 𝐹 2 = 𝐹 2(𝑅2) and 𝐹 1 = 𝐹 1(𝑅1). In such a case condition (79) gives
𝐹 2 = 𝑘0𝑅

2 + 𝑘1, 𝐹 1 = 𝜌𝑐2
(

−𝑘0 + 𝜌ℎ(𝑆)
)

(89)

where 𝑘0, 𝑘1 are constants while 𝜇(𝑅2) and ℎ(𝑆) are still unspecified. Next, we have to check the consistency of relation (89)2 along 
with the remaining compatibility condition (78), first in the case of an ideal gas and after for the Von-Kármán pressure law.

If 𝑝 = 𝐴(𝑆)𝜌𝛾 , it results ℎ(𝑆) = 𝑘1𝐴
1
𝛾 (𝑆) and the following two cases are found

1. 𝑘1 = 0, 𝐹 1 = −𝑘0𝛾𝑝, 𝜇 = 𝜇0
(

𝑅2)−(𝛾+1), with 𝜇0 = 𝑐𝑜𝑛𝑠𝑡. Consequently we have

𝑓 = −𝑘0𝑢 + 𝜇0
𝑢−(𝛾+1)

𝜌
.

2. 𝜇 = 0, 𝐹 1 = 𝛾
(

−𝑘0𝑝 + 𝑘1𝑝
1+ 1

𝛾

)

 and, in turn, 𝑓 = −𝑘0𝑢 − 𝑘1.

In the first case we obtain the solution
𝜌 = 𝜌0(𝜉)𝑒𝑘0𝑡, 𝑢 = −𝑘0𝑥, 𝑆 =

𝜇0
𝛾𝑘0

(

−𝑘0 𝜉 𝜌0(𝜉)
)−𝛾 with 𝜉 = 𝑥 𝑒𝑘0𝑡 (90)

while the initial data 𝜌0(𝑥) is arbitrary.
In the second case, taking (42) into account, we find

𝜌 =
𝑘0𝜌0(𝜉)𝑒𝑘0𝑡

𝑘0 + 𝑘1𝜌0(𝜉)𝐴
1
𝛾
0
(

𝑒𝑘0𝑡 − 1
)

, 𝑢 = −
𝑘1
𝑘0

+
(

𝑢0(𝜉) +
𝑘1
𝑘0

)

𝑒−𝑘0𝑡, 𝑆 = 𝑆0(𝜉) (91)
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𝜉 =
𝑘0
(

𝑘0𝑥 + 𝑘1𝑡
)

+ 𝑘1
(

𝑒−𝑘0𝑡 − 1
)

𝑘0
(

𝑘0 + 𝑢̂0
(

𝑒−𝑘0𝑡 − 1
)) (92)

with 𝐴0 = 𝐴
(

𝑆0(𝜉)
) while the initial conditions 𝜌0(𝑥), 𝑢0(𝑥) and 𝑆0(𝑥) must obey to

𝑢0(𝑥) = 𝑢̂0 𝑥, 𝑆0(𝑥) = −𝐶𝑝 ln 𝜌0(𝑥) with 𝑢̂0 = −𝑘0 + 𝑘1𝑒
− 𝑆̂
𝐶𝑝 (93)

where 𝐶𝑝 indicates the specific heat at constant pressure. Of course if 𝑘1 = 0 and 𝜇 = 0 the above cases overlap.
If now we adopt the pressure law (43), from (89) we obtain

𝐹 1(𝑝) = 𝑘0𝑝, ℎ(𝑆) = 𝑘0
𝑏(𝑆)
𝑎2(𝑆)

, 𝜇 = 0.

Therefore 𝑓 = −(𝑘0𝑢 + 𝑘1) and the corresponding solution is

𝜌 =
𝑎2
(

𝑆0(𝜉)
)

𝑐0𝑒−𝑘0𝑡 − 𝑏
(

𝑆0(𝜉)
) , 𝑢 = −

𝑘1
𝑘0

+
(

𝑢0(𝜉) +
𝑘1
𝑘0

)

𝑒−𝑘0𝑡, 𝑆 = 𝑆0(𝜉) (94)

𝑥 = −
𝑘1
𝑘0
𝑡 − 1

𝑘0

(

𝑢0(𝜉) +
𝑘1
𝑘0

)

(

𝑒−𝑘0𝑡 − 1
)

+ 𝜉 (95)

with 𝑐0 = 𝑐𝑜𝑛𝑠𝑡. Furthermore the initial data 𝜌0(𝑥), 𝑢0(𝑥) and 𝑆0(𝑥) must satisfy the constraint
𝑑𝑢0(𝑥)
𝑑𝑥

= 𝑘0

(

1 +
𝑏(𝑆0(𝑥)𝜌0(𝑥)
𝑎2(𝑆0(𝑥))

)

.

V) Finally we consider the case 𝜌(𝑓 + 𝐹 2) = 𝜇(𝑅2), 𝐹 2 = 𝐹 2(𝑅2) and 𝐹 1 = 𝐹 1(𝑅2), with 𝜇(𝑅2) unspecified function. From (78) and 
(79) we find 𝜇 = 𝑘0, 𝐹 1 = −𝑘0𝑢, 𝐹 2 =

(

𝑘1 + 𝑘2𝑢
)

𝐹 1, where 𝑘0, 𝑘1, 𝑘2 are constants and, in turn, 𝑓 = 𝑘0
(

𝑘1𝑢 + 𝑘2𝑢2
)

+ 𝑘0
𝜌 . Furthermore 

the following structural condition must be satisfied

𝜌
𝜕𝑝
𝜕𝜌

(

𝜌𝐻(𝑆) − 𝑘2
)

= 1 (96)

where 𝐻(𝑆) is arbitrary. After integration of (96), it results that, as far as we know, the only case physically acceptable is obtained 
when 𝑘2 = 0. In fact, in such a case, from (96), the pressure law (43) is found by setting 𝐻(𝑆) = 1

𝑎2(𝑆)
. The resulting exact solution 

in terms of the field variables (𝑝, 𝑢, 𝑆) is

𝑝 =
𝑢0(𝜉)
𝑘1

(

𝑒𝑘0𝑘1𝑡 − 1
)

+ 𝑝0(𝜉), 𝑢 = 𝑢0(𝜉)𝑒𝑘0𝑘1𝑡, 𝑆 = 𝑆0(𝜉) (97)

𝑥 =
𝑢0(𝜉)
𝑘0𝑘1

(

𝑒𝑘0𝑘1𝑡 − 1
)

+ 𝜉 (98)

while the initial data 𝑝(𝜌0(𝑥), 𝑆0(𝑥)
)

= 𝑝0(𝑥), 𝑢0(𝑥) and 𝑆0(𝑥) must satisfy the conditions

𝑝0(𝑥) = 𝑘0𝑥,
𝑑𝑢0(𝑥)
𝑑𝑥

=
𝑘0𝑢0(𝑥)

𝑘0𝑥 − 𝑏
(

𝑆0(𝑥)
) . (99)

Finally we notice that in the case of a Chaplygin gas, the solution given in (97)–(99) specializes to

𝑝 =
𝑘0𝑥

(

𝑘1 − 𝑐
(

𝑒𝑘0𝑘1𝑡 − 1
))

𝑘1 − 𝑐
(

𝑒𝑘0𝑘1𝑡 − 1
) , 𝑢 =

𝑘0𝑘1𝑐 𝑥𝑒𝑘0𝑘1𝑡

𝑐
(

𝑒𝑘0𝑘1𝑡 − 1
)

− 𝑘1
, 𝑆 = 𝑆0(𝜉) (100)

with

𝜉 =
𝑘1𝑥

𝑘1 − 𝑐
(

𝑒𝑘0𝑘1𝑡 − 1
)

while the initial datum 𝑆0(𝑥) is arbitrary.
Remark 2. In this section we considered the Euler system describing an ideal fluid subjected to external forces which are charac-
terized by 𝑓 = 𝜌𝑓 (𝜌, 𝑢). Furhermore, different general functional forms of 𝑓 (𝜌, 𝑢) are determined so that the reduction procedure here 
developed holds. Some of the forms obtained for the function 𝑓 (𝜌, 𝑢) describe situations of interest in the applications. For instance, 
by choosing in a suitable way the functions or the constants involved in 𝑓 , we find 𝑓 = 𝑐𝑜𝑛𝑠𝑡., characterizing a gravity external force 
(see for instance (58) or (74)), while if 𝑓 = 𝛼(𝜌)𝑃 (𝑢) (where 𝑃 (𝑢) is a polynomial in 𝑢, usually linear or quadratic) we find a viscous 
force (see for instance (45) with 𝑘1 = 𝑘2 = 0 or (52) with 𝑐1 = 0). 

4.  Nonlinear wave problems

In this section our aim is to apply the reduction procedure developed in previous sections for studying some relevant nonlinear 
wave problems.
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4.1.  Riemann problem

The famous Riemann problem (RP) is an initial data problem characterized by constant states with a discontinuity in a point (say 
𝑥 = 0). In the case of a hyperbolic system of conservation laws, the general solution of a RP was given by P. Lax [22]. He proved 
that, if the initial states are not “far”, then the solution of a RP is determined by constant states separated by rarefaction waves, 
shock waves and contact discontinuities. For nonhomogeneous systems such theory fails because, in general, rarefaction waves are 
not admitted by nonhomogeneous equations (balance laws). In fact rarefaction waves are characterized by simple wave solutions and 
such a class of exact solutions are usually admitted by homogeneous equations. Here, owing to the results previously obtained, we 
outline a possible approach for determining rarefaction waves also in the case of nonhomogeneous systems.

Let us consider the Riemann problem

𝐔(𝑥, 0) =
⎧

⎪

⎨

⎪

⎩

𝐔𝐿 for 𝑥 < 0

𝐔𝑅 for 𝑥 > 0
(101)

where the constant states 𝐔𝐿 ≠ 𝐔𝑅 are equilibrium states of the governing system (1), so that
𝐁
(

𝐔𝐿
)

= 𝐁
(

𝐔𝑅
)

= 0. (102)

We require that 𝐔𝐿 and 𝐔𝑅 are also equilibrium states of the constraints (2) and therefore we assume
𝑞𝛼
(

𝐔𝐿
)

= 𝑞𝛼
(

𝐔𝑅
)

= 0. (103)

Taking the variable transformation (12) into account, from (102) and (103) we have
𝐁
(

𝑅𝛾𝐿, 𝑣𝐿
)

= 𝐁
(

𝑅𝛾𝑅, 𝑣𝑅
)

= 0, 𝑞𝛼
(

𝑅𝛾𝐿, 𝑣𝐿
)

= 𝑞𝛼
(

𝑅𝛾𝑅, 𝑣𝑅
)

= 0

where 𝑅𝛼𝐿 = 𝑅𝛼
(

𝐔𝐿
)

, 𝑅𝛼𝑅 = 𝑅𝛼
(

𝐔𝑅
)

. In the new variables 𝑅𝛼 and 𝑣, the initial data (101) transform to

𝑅𝛼(𝑥, 0) =

⎧

⎪

⎨

⎪

⎩

𝑅𝛼𝐿 for 𝑥 < 0

𝑅𝛼𝑅 for 𝑥 > 0
𝑣(𝑥, 0) =

⎧

⎪

⎨

⎪

⎩

𝑣𝐿 for 𝑥 < 0

𝑣𝑅 for 𝑥 > 0
(104)

Our aim is to solve the RP (104) within the class of smooth solutions (i. e. in terms of rarefaction waves) so that integration of (10), 
(11) along with (9) subjected to the initial value problem (104) will give the required solution. In fact we are going to prove the 
following

Theorem 1. If
𝐻
(

𝑅𝛾𝐿, 𝑣0(𝑎)
)

= 𝐻
(

𝑅𝛾𝑅, 𝑣0(𝑎)
)

= 0 (105)

where 𝐻(𝑅𝛾 , 𝑣) = 𝜎𝛼𝛽 𝐥
𝛽 ⋅ 𝐁 +

(

𝜆𝑁 − 𝜆𝛽
)

𝜎𝛼𝛽 𝑞
𝛽 , the solution of the RP (104) is given by

𝑅𝛼(𝐔) = 𝑅𝛼𝐿 (106)

and

𝑣 = 𝑣𝐿 if 𝑥 < 𝜆𝑁
(

𝑅𝛾𝐿, 𝑣𝐿
)

𝑡 (107)

𝑣 = 𝑣̂
(

𝑡, 𝑣0(𝑎)
)

, 𝑥 = ∫

𝑡

0
𝜆𝑁

(

𝑅𝛾𝐿, 𝑣̂
(

𝑡, 𝑣0(𝑎)
))

𝑑𝑡, if 𝜆𝑁
(

𝑅𝛾𝐿, 𝑣𝐿
)

𝑡 ≤ 𝑥 ≤ 𝜆𝑁
(

𝑅𝛾𝑅, 𝑣𝑅
)

𝑡 (108)

𝑣 = 𝑣𝑅 if 𝜆𝑁
(

𝑅𝛾𝑅, 𝑣𝑅
)

𝑡 < 𝑥 (109)

provided that
𝑅𝛼𝐿 = 𝑅𝛼𝑅, 𝜆𝑁

(

𝑅𝛾𝐿, 𝑣𝐿
)

< 𝜆𝑁
(

𝑅𝛾𝑅, 𝑣𝑅
)

. (110)

In (108) 𝑣̂(𝑡, 𝑣0(𝑎)
) is given by

𝑑𝑣̂
𝑑𝑡

= ℎ
(

𝑅𝛾𝐿, 𝑣̂
)

, with ℎ = 𝐵𝑗 +
(

𝜆𝑁 − 𝜆𝛽
)

𝑞𝛽𝑑𝛽𝑗 , (111)

and 𝑣0(𝑎) denotes the initial datum for 𝑣 in the singularity point (0, 0). 
Proof.  Integration of (10), (11) with the initial data (104) gives

𝑅𝛼 = 𝑅𝛼𝐿, 𝑣 = 𝑣𝐿 if 𝑥 < 𝜆𝑁
(

𝑅𝛾𝐿, 𝑣𝐿
)

𝑡 (112)

𝑅𝛼 = 𝑅𝛼𝑅, 𝑣 = 𝑣𝑅 if 𝑥 > 𝜆𝑁
(

𝑅𝛾𝑅, 𝑣𝑅
)

𝑡 (113)

Next, in order to connect smoothly the constant left and right states given by (112), (113), we solve (10), (11) with the initial data 
𝑅𝛼(0, 0) = 𝑅𝛼0 (𝑎), 𝑣(0, 0) = 𝑣0(𝑎) along with the conditions 𝑅𝛼0 (0) = 𝑅𝛼𝐿, 𝑅𝛼0 (1) = 𝑅𝛼𝑅, 𝑣0(0) = 𝑣𝐿, 𝑣0(1) = 𝑣𝑅 with 𝑎 ∈ [0, 1]. It can be 
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proved (see [26] for the proof) that substitution of the solution of (10), (11) calculated along the fan of characteristics starting from 
(0, 0) given in (108) into the constraints (9) gives

𝑑𝑅𝛼0
𝑑𝑎

= 0 ⇒ 𝑅𝛼0 = 𝑅𝛼𝐿 = 𝑅𝛼𝑅

and (106) along with (110)1 is proved if condition (105) holds. Therefore, since 𝑅𝛼(𝐔) = 𝑅𝛼𝐿, integration of (11) by the standard 
method of characteristics produces the solution (107)–(109) provided that condition (110)2 is satisfied. ∎

Remark 3. The solution characterizing the rarefaction-like wave will be given in explicit form only if in (108) it is possible to 
eliminate 𝑣0(𝑎) . Furthermore, since the behaviour of the rarefaction wave is governed by (108), such a wave will propagate as in 
the homogeneous case only when ℎ(𝑅𝛼𝐿, 𝑣0(𝑎)

)

= 0. We also notice that 𝑅𝛼(𝐔) = 𝑅𝛼𝐿 characterizes the rarefaction curve associated to 
𝜆𝑁  as it happens for the homogeneous systems so that more general solutions of the RP containing also shock waves and/or contact 
discontinuities can be obtained as in the homogeneous case. Finally, we notice that in all the cases i)-iii) of Section 2, the condition 
(105) is satisfied so that a Riemann problem can be solved according to Theorem 1. 

Remark 4. If the characteristic speed 𝜆𝑁  is exceptional, then it is a Riemann invariant. It follows that 𝜆𝑁 , calculated in the simple 
wave region, is constant so that 𝜆𝑁(

𝑅𝛼𝐿, 𝑣𝐿
)

= 𝜆𝑁
(

𝑅𝛼𝑅, 𝑣𝑅
)

. Therefore, integration of (11) leads to 𝑣 = 𝑣𝐿 if 𝑥 < 𝜆𝑁 𝑡, while 𝑣 = 𝑣𝑅 if 
𝑥 > 𝜆𝑁 𝑡 and the corresponding solution of (104) is given by a contact discontinuity. 

As an example, we consider the case of an ideal gas (42) supplemented by the force term (45)1. Owing to Theorem 1, the solution 
(106)–(109) of the concerned RP written in terms of the original variables is

𝜌 =
(

𝑘0(𝛾 − 1)
𝑘2

(

𝑢 − 𝑢𝐿
)

+ 𝜌
𝛾−1
2

𝐿

)

2
𝛾−1

(114)

𝑢 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢𝐿 if 𝑥 < 𝜆3𝐿𝑡

2𝑥
(𝛾+1)𝑡 +

𝑘1
𝑘0

if 𝜆3𝐿𝑡 ≤ 𝑥 ≤ 𝜆3𝑅𝑡

𝑢 = 𝑢𝑅 if 𝑥 > 𝜆3𝑅𝑡

(115)

𝑆 = 𝑆𝐿 (116)

along with the conditions

𝑢𝐿 = −
𝑘1
𝑘0

+
𝑘2

𝑘0(𝛾 − 1)
𝜌
𝛾−1
2

𝐿 , 𝑢𝑅 = −
𝑘1
𝑘0

+
𝑘2

𝑘0(𝛾 − 1)
𝜌
𝛾−1
2

𝑅 , 𝜌𝐿 < 𝜌𝑅 (117)

𝑆𝐿 = 𝑆𝑅 = 𝑆̂ + 𝐶𝑉 ln

(

𝑘22
4𝛾𝑘20

)

(118)

In (115) we indicated by 𝜆3𝐿 = 𝑢𝐿 + 𝑘2
2𝑘0
𝜌
𝛾−1
2

𝐿  and 𝜆3𝑅 = 𝑢𝑅 + 𝑘2
2𝑘0
𝜌
𝛾−1
2

𝑅 . Furthermore, the rarefaction curve associated to 𝜆3 is

𝑢 = −
𝑘1
𝑘0

+
𝑘2

𝑘0(𝛾 − 1)
𝜌
𝛾−1
2 with 𝜌𝐿 < 𝜌.

Finally, to test our procedure, in Fig. 1 we show the analytical solution for 𝑢 given by (115) and the corresponding numerical 
solution obtained by integration of (34).

In order to obtain an accurate numerical solution, without spurious oscillations or excessive numerical dissipation, we propose 
a High-Resolution Finite Difference Method, with van Leer flux limiter, constructed using the Total Variation Diminishing (TVD) 
property. The main idea behind the proposed high-resolution method is to use a second-order accurate method in smooth regions 
and to provide monotonic solutions, with first-order accuracy, near discontinuities. In particular, the first-order upwind method and 
the second-order Lax-Wendroff method are used in the present study.

We integrate the nonlinear equation for 𝑢 (34) on a computational domain [−2, 2] × [0, 𝑇 ] with the final time 𝑇 = 1. To ensure 
that the Courant-Friedrichs-Lewy condition is satisfied, 𝐶𝐹𝐿 ≤ 1, we set Δ𝑥 = 4 ⋅ 10−2 and Δ𝑡 = 10−3. By the stability and consistency 
properties, the convergence of the numerical method is ensured.

4.2.  Asymptotic behaviour

Quite recently, Ruggeri and his co-authors [18,19] developed an interesting analysis in the theoretical framework of Riemann 
problems. They considered the following hyperbolic system of 𝑁 PDEs

𝜕𝐅0

𝜕𝑡
+ 𝜕𝐅𝑖
𝜕𝑥𝑖

= 0 (119)

𝜕𝐆0

𝜕𝑡
+ 𝜕𝐆𝑖

𝜕𝑥𝑖
= 𝐟 (120)

Communications in Nonlinear Science and Numerical Simulation 152 (2026) 109379 

12 



A. Jannelli et al.

Fig. 1. In the Figure, on the left we give the initial datum, the analytical solution given in (115) (dotted line) and the numerical solution (solid 
line) at 𝑇 = 1 for 𝑢 for an ideal gas supplemented by (45)1; on the right the rarefaction wave in the (𝑥, 𝑡) plane.

where 𝐅0(𝐕,𝐖), 𝐅𝑖(𝐕,𝐖) are column vectors of ℝ𝑀  (𝑀 < 𝑁), 𝐆0(𝐕,𝐖), 𝐆𝑖(𝐕,𝐖) and 𝐟 (𝐕,𝐖) are column vectors of ℝ𝑁−𝑀 , while 
𝐕 ∈ ℝ𝑀  and 𝐖 ∈ ℝ𝑁−𝑀 . From the equilibrium states given by 𝐟 (𝐕,𝐖) = 0 we determine 𝐖 = 𝐖(𝐕) and substituting it into (119) we 
obtain the so-called equilibrium sub-system

𝜕𝐅0(𝐕,𝐖(𝐕))
𝜕𝑡

+
𝜕𝐅𝑖(𝐕,𝐖(𝐕))

𝜕𝑥𝑖
= 0. (121)

Furthermore the following sub-characteristics condition must be verified
min 𝜆𝑘(𝐕,𝐖(𝐕)) ≤ min 𝜇𝛼(𝐕), max 𝜆𝑘(𝐕,𝐖(𝐕)) ≥ max 𝜇𝛼(𝐕) (122)

where 𝜆𝑘 (with 𝑘 = 1, .., 𝑁) are the characteristics velocities of the full system (119), (120) evaluated at the equilibrium state while 
𝜇𝛼 (with 𝛼 = 1, .,𝑀) are the characteristics velocities of the equilibrium sub-system (121).

Thus they conjectured that the solution of a RP for the system (119), (120) converges to a combination of shock structures (with 
or without sub-shocks) and rarefaction waves of the equilibrium sub-system (121) and they verified such a conjecture numerically.

Here, owing to the results obtained in the previous sections, we aim to give some remarks about the Ruggeri’s conjecture. Let 
us consider the Euler Eqs. (26)–(28) where, for generality, we consider the source term 𝑓 depending also by 𝑆 . The requirement 
𝑓 (𝜌, 𝑢, 𝑆) = 0 gives the equilibrium state 𝑢 = 𝑢̂(𝜌, 𝑆). The resulting equilibrium sub-system is

𝜌𝑡 +
(

𝑢̂ + 𝜌𝑢̂𝜌
)

𝜌𝑥 + 𝜌 𝑢̂𝑆𝑆𝑥 = 0 (123)

𝑆𝑡 + 𝑢̂ 𝑆𝑥 = 0 (124)

whose characteristic velocities are 𝜇1 = 𝑢̂ and 𝜇2 = 𝑢̂ + 𝜌𝑢̂𝜌. The Riemann invariant corresponding to 𝜇1 is 𝑟 = 𝑢̂(𝜌, 𝑆), while the one 
corresponding to 𝜇2 is 𝑟 = 𝑆. Since 𝜇1 is exceptional, we consider the rarefaction wave associated to 𝜇2 which is characterized by 
𝑟 = 𝑆0 = 𝑆𝐿 = 𝑆𝑅 and it can be calculated by integration of

𝜌𝑡 +
(

𝑢̂ + 𝜌 𝑢̂𝜌
)

𝜌𝑥 = 0. (125)

The Riemann invariants of the full system (26)–(28) are 𝑅1 = 𝑢 + ∫ 𝑐
𝜌 𝑑𝜌 and 𝑅2 = 𝑆 associated to 𝜆1 = 𝑢 − 𝑐; 𝑅1 = 𝑝(𝜌, 𝑆) and 𝑅2 = 𝑢

corresponding to 𝜆2 = 𝑢; 𝑅1 = 𝑢 − ∫ 𝑐
𝜌 𝑑𝜌 and 𝑅2 = 𝑆 associated to 𝜆3 = 𝑢 + 𝑐. Therefore, we notice that one of the Riemann invariants 

of the full system, calculated at the equilibrium state, always coincides with the Riemann invariant of the equilibrium sub-system. 
Furthermore, owing to the analysis developed in the sub-section 4.1, the rarefaction wave predicted by the full system associated, for 
instance, to 𝜆3 can be determined from

𝑅1 = 𝑢 − ∫
𝑐
𝜌
𝑑𝜌 = 𝑅1

0 = 𝑐𝑜𝑛𝑠𝑡., 𝑅2 = 𝑆 = 𝑅2
0 = 𝑐𝑜𝑛𝑠𝑡. (126)

𝜌𝑡 + 𝜆3𝜌𝑥 = ℎ
(

𝑅1, 𝑅2, 𝑢
)

. (127)

As far as the sub-characteristics condition (122) is concerned, we notice that (122)1 is satisfied while from (122)2 we obtain
𝑐 ≥ 𝜌 𝑢̂𝜌. (128)

Therefore, if (𝑅1 = 𝑅1
0, 𝑅

2 = 𝑅2
0) characterizes the equilibrium state and ℎ(𝑅1

0, 𝑅
2
0, 𝑢

)

= 0∀𝑢, from (126) we find 𝑅2 = 𝑟 = 𝑆 and

𝑢̂ = ∫
𝑐
𝜌
𝑑𝜌 + 𝑅1

0 (129)
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so that 𝜆3(𝜌, 𝑢̂(𝜌, 𝑆0), 𝑆0
)

= 𝜇2
(

𝜌, 𝑢̂(𝜌, 𝑆0)
)

, the sub-characteristics condition (128) is satisfied and, in turn, comparing (125) with (127), 
we realize that Eq. (127) specializes to (125), the rarefaction wave of the full system propagates as that of the reduced sub-system 
and the Ruggeri’s conjecture is verified. Finally we notice that, owing to (34), the condition ℎ(𝑅1

0, 𝑅
2
0, 𝑢

)

= 0 is verified almost in all 
the cases where 𝑓 = 𝑞1 characterized in sub-section 3.1.

5.  Conclusion and final remarks

Within the theoretical framework of the Method of Differential Constraints, in this paper we develop a reduction procedure 
for determining exact wave solutions for hyperbolic systems. In particular, by means of a suitable change of variables based on 
the 𝑘−Riemann invariants, we simplify the analysis of the compatibility conditions of the overdetermined system composed by the 
original equations along with the differential constraints. In fact, under suitable structural conditions, in some cases we are able to 
solve such compatibility equations. The solutions of the governing hyperbolic system generalize the well known simple waves so that 
they allow to characterize rarefaction-like waves and in turn to solve Riemann problems also for nonhomogeneous models.

We applied such a procedure for the Euler equations describing an ideal fluid with a force term depending on the mass density 
and on the velocity which may describe different classes of external forces as, for instance, resistance forces and gravity forces. In 
the cases of an ideal gas, a Von-Kármán gas and a Chaplygin gas we characterized classes of force terms for which wave solutions 
of the Euler system are determined. The solutions obtained are given in terms of one arbitrary function so that classes of initial data 
compatible with the procedure here considered are characterized.

After that, we characterized classes of initial costant states for which the procedure here developed permits to solve Riemann 
problems by means of generalized rarefaction waves. The behaviour we determine is different from that of the homogeneous case 
unless the source term ℎ(𝑅1, 𝑅2, 𝑣

) involved in (111) vanishes when it is calculated in the point (0, 0). Furthermore, it is interesting to 
notice that the corresponding rarefaction curves we obtained are the same of the homogeneous case. Therefore, the general analysis 
developed for determing the solution of a Riemann problem in terms of rarefaction waves, shock waves and contact discontinuities 
can be carried on also in the present nonhomogeneous case provided that the system under interest can be written as balance laws.

We end the paper by considering a conjecture made by Ruggeri et al. concerning the asymptotic behaviour of the Riemann 
problem’s solution. In the case of an ideal fluid, owing to the results here obtained, we were able to verify such a conjecture if 
ℎ
(

𝑅1
0, 𝑅

2
0, 𝑣

)

= 0. Of course it remains an open problem to prove such a conjecture for a general system of conservation and balance 
laws. On that concerns the use of the 𝑘−Riemann invariants could be helpful as it was proved in this paper for an ideal gas.

Finally we notice that our procedure permits to characterize rarefaction waves also in the non homogeneous case and, in turn, 
to solve Riemann problem under suitable structural conditions. Therefore the approach here devepoled could be also useful for 
determining dispersive shock waves in connection with Riemann problems. This will be the subject of our future research.
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