MULTIPLE SOLUTIONS WITH SIGN INFORMATION FOR A
(p,2)-EQUATION WITH COMBINED NONLINEARITIES
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ABSTRACT. We consider a parametric nonlinear Dirichlet problem driven by the sum
of a p-Laplacian and of a Laplacian (a (p,2)-equation) and with a reaction which
has the competing effects of two distinct nonlinearities. A parametric term which is
(p—1)-superlinear (convex term) and a perturbation which is (p—1)-sublinear (concave
term). First we show that for all small values of the parameter the problem has at least
five nontrivial smooth solutions, all with sign information. Then by strengthening the
regularity of the two nonlinearities we produce two more nodal solutions, for a total
of seven nontrivial smooth solutions all with sign informations. Our proofs use critical
point theory, critical groups and flow invariance arguments.

1. INTRODUCTION

Let © C RY be a bounded domain with a C%-boundary 9. In this paper we study
the following parametric (p, 2)-equation:

(P) —Aju(z) — Au(z) = Af(z,u(2)) + g(z,u(z)) in Q,
' ul,g =0, A>0,2<p< +o0.

Here for r € (1,400) by A, we denote the r-Laplace differential operator defined by
Avu = div(|Vu|""2Vu)  for all u € W,"(Q).

When r = 2, we have the usual Laplace differential operator denoted by Awu. In prob-
lem (P,) the differential operator is the sum of a p-Laplacian and a Laplacian and so it
is not homogeneous. This is a source of difficulties in the analysis of (Py). The reaction
(right hand side of (Py)) has the combined effects of two nonlinearities with different
growth properties. The parametric term \f(z, x) with f(z,z) a Carathéodory function
(that is, for all z € R z — f(z,2) is measurable and for a.a. z € Q z — f(z,2) is
continuous), is (p — 1)-superlinear in the z-variable, but without satisfying the usual in
such cases Ambrosetti-Rabinowitz condition (the AR-condition for short). Instead we
employ a weaker condition which permits the consideration of (p — 1)-superlinear maps
which have “slower” growth near +oo. The perturbation g(z,z) is also a Carathéodory
function, which is strictly (p — 1)-sublinear near +00. So, we have a “concave-convex”
problem, but in our case the parametric term is the “convex”, in contrast to what we en-
counter in the literature, where the parametric term is the “concave”. Moreover, usually
in the literature the reaction of such problems has the special form x — A|z|?7 2z+|z|" 2
with ¢ < p < r (see Ambrosetti-Brezis-Cerami [1], who initiated the study of such prob-
lems and Garcia Azero-Manfredi-Peral Alonso [10]). Using variational tools and the
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theory of critical groups, we show that for all small parameter values A > 0, problem
(Py) has at least five nontrivial smooth solutions all with sign information (two positive,
two negative and a nodal solution). If we strengthen the regularity of f(z,-) and g(z, -),
we show that we can have two more nodal solutions, for a total of seven nontrivial
smooth solutions, all with sign information.

Recently parametric (p,2)-equations were investigated by Papageorgiou-Radulescu
[17, 18], Papageorgiou-Winkert [25], He-Lei-Zhang-Sun [13], Papageorgiou-Scapellato
[22], Papageorgiou-Vetro-Vetro [23]. Closer to our work, are those of He-Lei-Zhang-
Sun [13], Papageorgiou-Scapellato [22]. In [13] the authors deal with a nonparametric
equation with (p — 1)-superlinear reaction and using the results of [18] and a flow
invariance technique, produce seven nontrivial solutions with sign information. In [22]
the authors consider a reaction of the form A|z|[P~2+ f(z, z) with the perturbation f(z,-)
being (p — 1)-superlinear. They show that when the parameter A\ > 0 is big the problem
has three or four nontrivial smooth solutions with sign information.

We mention that (p,2)-equations arise in many mathematical models of physical
processes. We mention problems in elasticity theory, where we encounter composites
made of two different materials with distinct hardening exponents, see Zhikov [29]. But
there are also other physical applications leading to (p, 2)-equations. We mention the
works of Bahrouni-Radulescu-Repovs [2] on transonic flow problems, of Benci-D’Avenia-
Fortunato-Pisani [4] on quantum physics and of Cherfils-II'yasov [6] on reaction diffu-
sion systems. Finally we mention the works on eigenvalue problems for such operators
of Bhattacharaya-Emamizadeh-Farjudian [3], Bobkov-Tanaka [5], Chorfi-Radulescu [7],
Papageorgiou-Radulescu-Repovs [20], Tanaka [28].

2. MATHEMATICAL BACKGROUND

In the analysis of problem (Py) we will use the Sobolev space W, () and the Banach
space C3(Q) = {u € C*(Q) : u|,, = 0}. By || - || we denote the norm of Wy?(€2). On
account of the Poincaré inequality, we have

|ull = |Vull, for all u € W, ().

The space Cj(€) is an ordered Banach space with positive (order) cone C; = {u €
C3 () : u(z) >0 for all z € Q}. This cone has a nonempty interior given by

0
intC+:{uEC+:u(z)>0forallz€Q, ot <0},
on|yq
with n(-) being the outward unit normal on 0.
We consider the following linear eigenvalue problem
(1) —Au(z) = Xu(z) in u‘aQ = 0.

By 7(2) we denote the set of distinct eigenvalues of (1). We know that o(2) =
{\e(2) }e>1 with A\g(2) — 400 as k — +oo. By E(\:(2)) k € N, we denote the corre-
sponding eigenspace. Standard regularity theory (see Gilbarg-Trudinger [12]), implies

that E (/)\\k(Z)) C CL(Q). Also, we have the following orthogonal direct sum decomposi-
tion of HJ(f2)

Hy(©) = D E(w(2)).

k>1
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Moreover, each eigenspace E (/)\\k(Q)) has the “Unique Continuation Property” (UCP
for short), namely if u € E (Xk(Q)) and u(-) vanishes on a set of positive measure, then

= 0. The first eigenvalue A;(2) > 0 is simple, that is, dim E()\,(2)) = 1. The
eigenvalues have the following variational characterizations:

(2) 1 (2) = inf {HH H||§ cu € Hy(Q),u # 0] :

T (o) — [Vull3
k>2 X(2) =sup cu€ Hy = @E u#0

lull3

(3) — inf [” ull cu€ Hy = @E u¢o]

[l

The infimum in (2) is attained at F (/)\\1(2)) and it is easy to see that the elements of
this eigenspace have fixed sign. In (3) both the supremum and the infimum are realized

on F (/)\\k(Z)) The eigenfunctions corresponding to an eigenvalue Xk(Z) >0, k> 2 are
all nodal (sign changing). Using these facts, we can easily establish the following useful
inequalities (see, for example, D’Agui-Marano-Papageorgiou [8]).

Lemma 1. (a) If k e N, n e L>®(Q), n(z) < Xk(Q) for a.a. z€Q, n# /)\\k(2), then

collul]* < |Vull3 — / n(z)u*dz  for some co > 0, all u € Hy,.
0

(b) If ke N, ne L*(Q), n(z) > /):k(2) for a.a. z€Q, n# /):k(Q), then
V|3 — / n(z)u’dz < —ci|lul|®*  for some c; >0, all u € Hy.
0

We will also consider a weighted version of (1). So, let m € L*(2), m(z) > 0 for a.a.
z € Q, m # 0. We consider the following weighted linear eigenvalue problem

(4) —Au(z) = Am(z)u(z) inQ, u‘m =0.

In the same way as for (1), using the spectral theorem for compact self-adjoint opera-
tors on a Hilbert space, we show that the spectrum ¢ (2, m) of (4) consists of a sequence
(2, m)}e>1 with Mi(2,m) — 400 as k — +0o. These eigenvalues have the same
properties as A,(2), k € N. Of course if m(z) = 1 for a.a. 2 € Q, then Ay (2,m) = Ap(2).
The map m — A(2,m) has the following monotonicity property (see [8]).

Lemma 2. ]fml,mg € L*(Q), 0 <my(z) <mgy(2) for a.a. z € Q, my £0, my Z mao,
then Xe(2,ms) < \e(2,m1) for all k € N.

For the second eigenvalue )\2 > (0, we have also an alternative mini-max character-
ization (see, for example, Papageorgiou-Radulescu [19]), which is more convenient for
our arguments. So, let BL" = {u € L*(Q) : ||jul|; = 1} and M = HY(Q) N dBF. Also,
let @; be the positive, L?>-normalized (that is, |||l = 1) eigenfunction corresponding
to Ap(2) > 0 (recall that the elements of E(A(2)) have fixed sign). We know that
uy € C, \ {0} and the Hopf maximum principle implies that u; € int C,. We introduce
the following set of paths in Hj(Q)

['={7eC(-1,1],M):7(-1) = =, 7(1) = @ }.
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~ S
Lemma 3. \y(2) = %Ielif; max, INGIIIES

/ 1 1
Forr € (1,+00), let A, : W)™ (Q) — W1"(Q) = W, " (Q)* (— + = = 1) , we denote
roor

the nonlinear operator defined by
(A (u), h) = / \Vau|""2(Vu, Vh)gndz  for all u, h € W, ().
Q

If r =2, then Ay = A € L(H}(Q), H '(Q)). The operator A,(-) has the following
properties (see Papageorgiou-Radulescu-Repovs [21]).

Lemma 4. The map A, : Wy (Q) — W1 (Q) is bounded (that is, maps bounded sets
to bounded sets), continuous, strictly monotone (hence maximal monotone too) and of

type (S)y (that is, if u, <> w in Wy" (Q) and limsup(A, (u,), u, — u) <0, then u, — u
in W, (2)). o
If 2 € R, then we set 2% = max{+xz,0}. Given u € W,?(Q), we define
ut () = u()*.

We know that u* € Wy ?(Q), u = u* —u~, |u| = ut +u". If v,u € WyP(Q) and
v < u, then we define

lv,u] = {y € WyP(Q) :v(2) < y(z) <u(z) foraa. ze Q}.

By intcy @) [v, u), we denote the interior in the C}(€2)-norm topology of [v, u] N CE(Q).
In the sequel by (-, -) we denote the duality brackets for the pair (W, (), WP (Q) =
1 1
Wy (Q)* <—+—:1).
0T
We say that a set S C W,P(Q) is downward (resp. upward) directed, if for all

uy, us € S we can find u € S such that u < uy, u < uy (resp. for all v1,v, € S we can
find v € S such that v; < v, v9 < v).

If h,/fz € L>°(Q), then h < hif for all K € Q compact, we have
0<ckg < (/ﬁ— h)(z) fora.a. z € K.

Evidently if b, h € C(2) and h(z) < /ﬁ(z) for all z € €, then h < h.
By 0k,m we denote the Kronecker symbol, namely

1 ifk=m
5m: s k, € Np.
k, {o ifhtm’ 0

Given a measurable function f: Q) x R — R, we set

Ny(u)(-) = f(-ul-))
for all u : 2 — R measurable (the Nemytski map corresponding to f(-,)).

As we already mentioned in the Introduction our approach involves also critical
groups. So, let us recall some basic definitions and facts from the theory of critical
groups, which we will need in the sequel.

Let X be a Banach space, ¢ € C1(X) and ¢ € R. We introduce the following sets:

P ={uc X:pu) <c},
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K,={ue X :¢'(u) =0},
Ko ={ue K, :p(u)=c}.

Given a topological pair (Y1,Y5) with Yo C Y} € X and k € Ny, by Hy(Y1,Y2)
we denote the k'"-relative singular homology group for the pair (Y;,Ys) with integer
coefficients. If u € K, is isolated and ¢ = ¢(u) (that is, u € K), then the critical
groups of ¢ at u are defined by

Crlp,u) = He(¢° N U, N U\ {u}) forall k € Ny.

Here U is a neighborhood of u such that K, N ¢°NU = {u}. The excision property
of singular homology implies that the above definition of critical groups is independent
of the choice of the isolating neighborhood U of w.

Recall that ¢(-) satisfies the “C-condition”, if every sequence {u, },>1 C X such that
{p(un)}n>1 € R is bounded and (1 + ||u,||x)¢' (u,) — 0 in X* as n — 400, admits a
strongly convergent subsequence.

Suppose that ¢ satisfies the C-condition and inf p(K,) > —oo. Let ¢ < inf ¢(K,).
The critical groups of ¢ at infinity are defined by

Cr(p,00) = Hi(X,¢°) for all k € Ny.

The second deformation theorem (see Papageorgiou-Radulescu-Repovs [21], p. 386)
implies that this definition is independent of the choice of ¢ < inf p(K,).
Suppose that p € C*(X) satisfies the C-condition and that K, is finite. We define

M(t,u) = Z rank Cy(p,u)t* forallt € R, allu € K,

keNy

P(t,00) = Z rank Cy(p,00)t" for all t € R.

keNg

Then the Morse relation says that

(5) > M(t,u) = P(t,00) + (1+1)Q(t) forallt € R,

ucKy,

where Q(t) = Y. BitF is a formal series in ¢+ € R with nonnegative integer coefficients

keNp
B

3. FIVE SOLUTIONS

In this section we show that for A > 0 small, problem (P,) has at least five nontrivial
smooth solutions, all with sign information.
The hypotheses on the nonlinearities f(z,z) and g(z,z) are the following:

H(f)1: f: Q2 xR — R isa Carathéodory function such that for a.a. z € Q f(z,0) =0,
f(z,x)x > 0 for all z € R and
Q) |f(z,2)] < a(z)[1 + |z|"7!] for a.a. 2z € Q, all z € R, with a € L>®(Q) and
ﬁ% ifp<N

<r<pt= :
b b +oo IfN<p
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F
(ii) if F(z,x) = [ f(z,s)ds, then lim (2, 2)

x—+o0 |x’p
and there exist ¢ € ((r — p) max{%, 1},p*), Bo > 0 such that

f(z,z)x — pF(z,x)

= 400 uniformly for a.a. z € Q

By < hm inf uniformly for a.a. z € ;
r—+o00 |{L‘|q
(iii) lim J&o) = 0 uniformly for a.a. z € Q.
x—0 x

Remark 1. Hypothesis H(f); (¢i) implies that f(z,-) is (p — 1)-superlinear near +oo.
However, we do not use the AR-condition, a common hypothesis in the literature when
dealing with superlinear problems. We recall that the AR-condition says that there
exist 7 > p and M > 0 such that

(6a) 0<7F(z,2) < f(z,2)x fora.a. z€Q, all|z|> M,
(6b) 0 < ess ing(-, +M).
Integrating (6a) and using (6b), we obtain the weaker condition
(7) colx|” < F(z,xz) fora.a. z€Q,all |z| > M, some ¢y > 0.
From (7) follows the much weaker condition

lim F(z )

r—+oo |x|p

= 400 uniformly for a.a. z € .

In this paper, we replace the AR-condition (see (6a), (6b)), with the less restrictive
condition H(f); (ii). This way we incorporate in our framework (p — 1)-superlinear
nonlinearities with “slower” growth near +o0o. For example, consider the following two
functions (for the sake of simplicity we drop the z-dependence):

fi(z) = |22 In(1 + |z|) for all z € R,

r— |z if |z <1 .
= th 2 < ¢ < +00.
fa(2) {|x|p2xln(|x|) i1 < e 4=

Both functions satisfy hypotheses H(f); but fail to satisfy the AR-condition.
H(g)1: g: Q2 xR — Ris a Carathéodory function such that g(z,0) = 0 for a.a. z € Q
and

(i) for every p > 0, there exists a, € L>(Q) such that |g(z,z)| < a,(z) for a.a.
z € Q, all |z| < p;

. 9(z )

(ii) zgrfoo |z|P—2x

(iii) there exist a function n € L>(Q2) and f; > 0 such that

X1(2) <n(z) foraa. ze€Q,n# X1(2),

n(z) < liminf M < lim sup M
z—0 X z—0 X

= 0 uniformly for a.a. z € €;

< (1 uniformly for a.a. z € Q.

Remark 2. Evidently hypothesis H(g); (i7) implies that for a.a. z € €, g(z,-) is strictly
(p — 1)-sublinear. Hypothesis H(g); (7i7) permits at zero partial interaction with the
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principal eigenvalue /)\\1(2) > 0 (nonuniform nonresonance). The following function
satisfies hypotheses H(g); above

n(z)z if |[z| <1 ,
Z,x) = ith 1 < ¢ <p.
e {n<z>|x|q-2x T

Using these conditions on the nonlinearities of the reaction of (Py) we will be able to
produce constant sign smooth solutions for (Py) when A > 0 is small. We will also show
that there exist extremal constant sign solutions, that is, a smallest positive solution
and a biggest negative solution for each problem (Py) with A > 0 small. These extremal
solutions will then lead us to a nodal solution.

We introduce the following C'-functional ¢ : VVO1 P(Q)) — R defined by

1 1
@f(u) = —\|VUHZ+§|]Vu\|§—)\/ F(z,j:ui)dz—/ G(z,£u*)dz for all u € Wol’p(Q).
p Q Q
Proposition 1. If hypotheses H(f)1, H(g); hold and X\ > 0, then the functionals ¢
satisfy the C'-condition.

Proof. We do the proof for 7, the proof for ¢} being similar. Let {u,},>1 C Wy (Q)
be a sequence such that

(8) loT (u,)| < My for some My, all n € N,
(9) (1 + llunl)(03) (un) — 0 in W=1P(Q) as n — +oo.

From (9) we have

h
[((03) (un), B)| < % for all h € Wy?(Q), with &, — 0%,
Up,
nllh
10) = | (). )+ (A ) = [ FGesuihz = [ gz, uinaz| < 120
Q 0 1+ [un||
for all n € N. In (10) we choose h = —u; € W,*(€) and we obtain
IVu, |2+ || Vu, |5 <&, forallneN,
(11) = u; — 0in Wy"*(Q) as n — 4oo0.
From (8) and (11) we have
12 IVl BN - [ oG~ [ 6 < 0
0 Q

for some M, > 0, all n € N. Next in (10) we choose h = u € Wy*(€). Then
(13) —|IVut|E = [[Vurll; + )\/ fzu ) uldz + / g(z,uutdz <e, forallneN.
Q Q
We add (12) and (13) and recall that 2 < p. We obtain

(1) [ el =Pl + [ fo(u )l = Gl lds < My

for some M3 > 0, all n € N. R
Hypotheses H(f)1 (i), (1) imply that we can find By € (0, 8y) and ¢3 > 0 such that

(15) fzuut — pF(z,ub) > Bo(uf)? — 3 for aa. z € Q, all n € N.
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Note that by taking r < p* close to p* (see hypothesis H(f); (7)), we can have
(r —p) max{%, 1} > p and so ¢ > p (see hypothesis H(f); (7). Then on account of

hypotheses H(g); (i), (i), given £ > 0, we can find ¢4 = ¢4(€) > 0 such that
(16) gz, uut — pG(z,ul) > —e(ul)? — ¢y foraa. z€Q,allneN.
Returning to (14) and using (15) and (16), we obtain that
[Bo — e)lluy |8 < My for some My >0, all n € N,

Choosing € € (0, 30), we infer that
(17) {u;}us>1 C LI(Q) is bounded.

Case 1: N # p.
It is clear from hypothes H(f); (i7) that without any loss of generality, we may assume
that ¢ < r < p*. So, we can find ¢ € [0,1) such that
11—t ¢
roq p
Invoking the interpolation inequality (see Papageorgiou-Winkert [24], p 116), we have
sy 1 < [l g™ sy

(18) = |lut|]l < esl|ut]|"™  for some c5 > 0, all n € N.

t
p*

(see (17) and use the Sobolev embedding theorem).
Hypothesis H(f); () implies that

(19) 0< f(z,x)xr <[l + |z|"] for a.a. z € 2, all x € R, some ¢ > 0.

Similarly hypotheses H(g); (i), (i4) and the fact that p < r imply that given ¢ > 0,
we can find ¢; = ¢7(¢) > 0 such that

(20) g(z,x)r <elz|"+c¢; foraa. zeQ alxeR.

In (10) we choose h = u} € W,?(Q) and use (19), (20). Then choosing ¢ € (0, c),
we obtain

[V |P < es[l+ [Juf||y]  for some g >0
(21) < o[l + ||u||*"]  for some cg > 0, all n € N.

The hypothesis on ¢ (see H(f); (#4)) implies that ¢tr < p. Hence from (21) we infer
that

(22) {u} st C WyP(Q) is bounded.

Case 2: N =p.

In this case p* = +o00 and by the Sobolev embedding theorem (see for example [21],
p. 56), we have W, ?(Q) < L*(Q) for all 1 < s < +oc. So, in the previous argument
(Case 1), we replace p* by pg > r big so that

_ po(r—q) (
Do —4q
Then again we have (22). From (22) and (11) it follows that

{tn }nz1 C WyP(Q) is bounded.

tr recall that r — p < q).
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We may assume that
(23) U 2w in Wy P(Q) and u,, — u in L"(Q).

In (10) we choose h = u,, — u € W, ?(Q), pass to the limit as n — 400 and use (23).
Then

lm [(Ap(un), uy — u) + (A(un), up, — u)] =0,

n—-+00

= limsup[(A4,(un), u, — u) + (A(uy), un —u)] <0 (since A(-) is monotone),
n—-+00

= limsup(A(uy,), u, —u) <0,
n—-+00

= u, = uin W,?(Q) (see Lemma 4).

This proves that ¢ satisfies the C-condition. In a similar fashion we show that ¢}
satisfies the C'-condition. O

Next using purely variational methods based on the critical point theory, we will show
that for all A > 0 small, problem (P,) has multiple constant sign solutions.

Proposition 2. If hypotheses H(f)1, H(g)1 hold, then there exists \* > 0 such that
for all X € (0,\*) problem (Py) has at least four nontrivial solutions of constant sign
ug, u € int Cy and vy, v € —int C'y..

Proof. First we produce the positive solutions. We work with the functional ¢
Hypotheses H(f); (), (¢i) imply that given € > 0 we can find ¢19 = ¢19(e) > 0 such
that

(24) F(z,z) < ex® 4 cyo|z|” fora.a. z€Q, all z € R.

Similarly on account of hypotheses H(g);, we see that given ¢ > 0 we can find
c11 = ¢11(¢) > 0 such that

(25) G(z,z) < epna® +elz|P foraa z€Q, all x € R.
Then for all u € Wy, we have

1 1 .
px (u) > I—)I|VU||£ + S IVulls = Aellu I3 = Acwollu™ I} = enllu™ll5 — llu™ |} (see (24), (25))

> B - 5} || ul|P + B - )\5} Hu||§{5(m — cpo[Mul|” + ||ul|?] for some c15 > 0.
Choose \g > 0 big so that ﬁ < zlf Then for all 0 < A < )y we have
of(u) > csllul|P — cra[Mul|” + ||ul[?] for some ¢;3 > 0
(26) = [ers — coa (Al "™ + [l P~ [l
Consider the function
EF(t) = M"P+¢*7 fort > 0.
Evidently ky € C'(0,+00) and since 2 < p < r, we see that
kY (t) = 400 ast— 0" and as t — +oo.
Therefore we can find ¢y € (0, +00) such that

k3 (to) = inf kY,
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= (ky)'(to) =0,
= Ar—pty "= -2

=ty =ty(\) = [ﬁ} Tiz.

kS (to) = A {ﬂ} - + [M} - .

Alr —p) p—2
—p

5 < 1. Therefore we see that

Then we have

r
Note that

kY (to) = 07 as A — 0.

So, we can find A} € (0, Ao such that
kS (to) < 2 forall A € (0, \%).

C12
Then from (26) we have

(27) inflpy (u) : |lull = to(N)] =df >0 forall A € (0,\)).
On account of hypothesis H(g); (ii7), given € > 0, we can find 6 = §(&) > 0 such that
1
(28) G(z,x) > 5[7}(2) —¢]z® for a.a. z € Q, all |x] < 6.

Recall that @; € int C, is the positive, L2-normalized eigenfunction corresponding to
A1(2) > 0. We choose t € (0, 1) small such that

(29) tiy(z) € [0,0] for all z € Q.
The sign condition on f(z,-) implies that F' > 0. Then using (28), (29) we have

px (tuy) < ;llvmllp M(2) - QU(Z)Ule
tp —~ t2 > ~2 ~
= —||VU1||§ + 5/ [)\1(2) - n(z)} ujdz (recall that ||uy]2 = 1).

~

Since n(z) > A(2) for a.a. z € Q and n(z ) 1(2), we have that
/[Al }ufdz<o
0

o5 (tuy) < cpat? — c15t? for some ¢y, c15 > 0.

Therefore

Since 2 < p, taking ¢t € (0, 1) even smaller if necessary, we will have
(30) oy (tuy) < 0.
Consider the following minimization problem
inf [p7 (u) : u € By =mf (A€ (0,A})),
with By {u e WP (Q) : |ull < tg()\)}.

Since ¢y (+) is sequentially weakly semicontinuous and By yy € W,y (Q) is sequentially
weakly compact (from the reflexivity of W, () and the Eberlein-Smulian theorem), we
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can apply the Weierstrass-Tonelli theorem and find uy € Wy *(Q) such that o} (u) =
+

my.
From (30) and (27) we see that
3 (o) = my <y (0) =0 <dy,
= 0 <luoll <to(N).
So, we have
SB,JF(UO) = 07
(31)

= (A, (up), h) + (A(ug), h) = A/Qf(z, ug Yhdz + /Qg(z, ud Yhdz for all b € WyP(9).

In (31) we choose h = —ug € Wy™(Q) and obtain
IVug [I; + [Vug |12 = 0,
= ug >0, ug #0.
From (31) it follows that
(32)  —Apug(z) — Aug(z) = Af(2,up(2)) + g(2,up(z)) for a.a. z € Q, u0|aQ = 0.

From (32) and Theorem 7.1, p. 286, of Ladyzhenskaya-Ural'tseva [14], we have that
ug € L>(92). Then Theorem 1 of Lieberman [15] implies that uy € C \ {0}.
Let p = ||up||lo- On account of hypotheses H(g); (i), (i), we see that we can find

&, > 0 such that
(33) g(z,x)xr + Eplx|¥’ >0 foraa. ze€Q allzeR.

The sign condition on f(z,-) implies that

f(z,up(2)) >0 for a.a. z € Q.
So, from (32) and (33) we have
— Apup(z) — Aug(z) + é\’pug(z)p’l > g(z,up(2)) + gpuo(z)p’l >0 fora.a. z€,

= Ayup(z) + Aug(z) < gpuo(z)p_l for a.a. z € Q,
= wy € intCy (see Pucci-Serrin [27], pp. 111, 120).

Let u € int C';. On account of hypotheses H(f) (ii), H(g)1 (i), we see that
(34) ©5(su) = —oc0  as s — +o0.

From Proposition 1 we know that
(35) ¢y (+) satisfies the C-condition.

Then (27), (34), (35) permit the use of the mountain pass theorem (see, for example,
Papageorgiou-Radulescu-Repovs [21], p. 401). So, we can find u € I/VO1 P(€)) such that

(36) ue K, and di < of ().
As we did for ug, from (36) we infer that u € int C is a solution of (Py) (A € (0,A%))
and u # uy.

Similarly, working this time with the functional ¢, (-), we produce a A* > 0 such
that for all A € (0, \* ) problem (Py) has at least two negative smooth solutions

vg € —int Cy, v € —int Cy, vy # 0.
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Let A* = min{\*, A\* } to finish the proof of the proposition. O

We can also produce extremal constant sign solutions for problem (Py), A € (0, \*).
That is, there is a smallest positive solution u} € int C; and a biggest negative solution
vy € —int C for A € (0, A*). In the sequel we will use these extremal solutions in order
to generate a nodal one. The idea is simple. Using truncations, we focus on the order
interval [v}, u}]. Then any nontrivial solution in this interval, distinct from v} and u3,
is necessarily nodal on account of the extremality of v} and of u}.

To implement this plan, we proceed as follows. Hypotheses H(f);, H(g); imply that
given € > 0, we can find ¢ = ¢16(¢) > 0 such that
(37)

M (z,2) + g(z,2)]x > [n(z) — €]a® — cig|z|” for a.a. 2 € Q, all z € R, all A € (0, \*).

This unilateral growth estimate on the reaction leads to the following auxiliary (p, 2)-
equation

(38) —Apu(z) — Au(z) = [9(2) — elu(z) — ciglu(2)|2u(z) in Q,

From Proposition 3.3 of Papageorgiou-Radulescu [17], we have:

“‘aQ =0.

Proposition 3. Problem (38) admits a unique positive solution u € int Cy and since
the problem is odd v = —u € —int C;. is the unique negative solution of (38).

We introduce the following two sets
SY = set of positive solutions of (P),
Sy = set of negative solutions of (Py).
From Proposition 2 and its proof, we know that for all A € (0, \*)
0+#SyCintCy and 0#S, C—intC,.
Moreover, from Filippakis-Papageorgiou [9], we know that
SY = is downward directed,
S, = is upward directed.

The next proposition produces a lower bound for Sy and an upper bound for S .

Proposition 4. If hypotheses H(f)1, H(g)1 hold and X € (0,\*), then u < wu for all
ue€ Sy andv <70 forallv e Sy.

Proof. Let u € Sy7. We introduce the following Carathéodory function

5 ) = n(z) —elzt —ce(z™)™1 if z <wu(2),
(39) k+( ) ) {[77(2) . s]u(z) o 016U<Z)T_1 if U(Z) < .

We set K, (2,2) = [ ki (z,5)ds and consider the C'-functional o : WyP(Q) — R
defined by

1 1
7o) = IVl + 51Vl = [ Ko(uds forall w e W3 (@),

From (39) it is clear that o, () is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find % € W, (Q) such that

(40) o4 (o) = infloy (u) : u € WyP(Q)).
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Since u € int Cy we can find ¢ € (0,1) small such that tu; < u (see Papageorgiou-
Radulescu-Repovs [21], Proposition 4.1.22, p. 274). From (39) we have

t2 ~2 C16 ,r )|~ |7
5 [ ) = <latds + Lo
< c17t? — c1gt?  for some ¢y7, c15 > 0

(choose £ > 0 small and recall that p <r, 0 <t < 1),

. L, 2~
o (tur) = ]—9||VU1||Z +5M(2) -

= o,(tu;) <0 (choosing t < 1 even smaller if necessary),
= o4(up) <0=0.(0) (see (40)),
=

o 0.
From (40) we have
o’ (tig) = 0,
(A1) = (A (To), h) + (A(fio), h) = /Q ko (2 7io)hdz  for all h € WiP(Q).
In (41), first we choose h = —; € W, (). Using (39), we obtain
T > 0, g # 0.

Next in (41) we choose h = (ty — u)™ € Wy (Q). Using (39), we have
(Ap(To), (U — u) ™) + (A(to), (o — u) ")

= /Q ([n(2) — elu — creu™") (W — w)*dz

< [0 + g = )iz (see (37)
— (A, (0), (Fo — ©)") + (A(w), (T —w)*) (since u € 5}),
= Uy < u.
So, we have proved that
(42) gy € [0,ul, ug # 0.
From (39), (41), (42) and Proposition 3 it follows that
Uy =u € intCy,
= u<u foralluESj\L.

Similarly we show that v <o for all v € S O

Having these bounds, we can now produce the extremal constant sign solutions for
problem (Py) with A € (0,\*). As we already indicated these extremal constant sign
solutions will lead to the existence of a nodal solution.

Proposition 5. If hypotheses H(f)1, H(g)1 hold and X\ € (0,\*), then problem (Py)
admits a smallest positive solution uy € intCy and a biggest negative solution vy €
—Iint C+.

Proof. Recall that Sy is downward directed. Threfore we can find {u,},>1 C SY
decreasing such that
inf u,, = inf SY (see [17]).
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We have
(3 (A (A ) = [ M) + o) b
for all h € W, ?(Q), all n € N,
(44) u<wu, <wuy forallneN (see Proposition 4).

In (43) we choose h = u,, € WyP(Q) and use (44) and hypotheses H(f); (i), H(g)1 (4).
It follows that {u, }n>1 € Wy (Q) is bounded. So, we may assume that
(45) U, 2w} in WyP(Q) and u,, — u} in L"(Q).

Choosing h = u,, — u, € Wol’p(Q) in (43), passing to the limit as n — 400 and using
(45) and Lemma 4, we infer that
(46) w, — u in WyP(Q).

So, if in (43) we pass to the limit as n — +oo and use (46), then

mmmmrMM@xm:lyﬂaﬁww@mezﬂnﬂhemwmx

u<u) (see (44)).
It follows that
uy € Sy, uy = inf SY.
For the negative extremal solution, recall that Sy is upward directed and so we can

find {v, },>1 € S increasing such that

sup v, = sup S, .
n>1

Reasoning as above and since v; < v,, < v for all n € N, we obtain v} € —int C such
that

vy €Sy, vy =supS,.
U

Now that we have the extremal constant sign solutions, we can produce a nodal one.
Following the plan outlined earlier, we introduce the following truncation of the reaction

of problem (Py) (A € (0, Ax))
A (z,03(2)) + 9(2,05(2)) i 2 < v3(2),
(47) ex(z,z) = { Mf(z,2) + g(z, @) if v3(2) <z < wj(z),
M(z,u3(2)) +9(z,ui(2)) i ui(z) <z
Evidently this is a Carathéodory function. We also consider the positive and negative
truncations of ey (z, ), namely the Carathéodory functions

(48) ey (z,1) = e,\(z +z).
We set E(z,2) = [ ex(z,5)ds and Ey(z,z) = [ ey (z,5)ds and consider the C-
functionals 1y, ¥E : W, p(Q) —R

1 1
Oa(u) = =[|Vul]) + = || Vull; — / Ex(2,u)dz,
P 2 Q

1 1
Ui () = IVl + 5Vl - /QEf(z,u)dz for all u € WI(Q).
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Also, we need to strengthen a little the condition on g(z, -) near zero. More precisely,
the new conditions on the perturbation term are the following:

H(g)2: g: QxR — Ris a Carathéodory function such that g(z,0) = 0 for a.a. z € Q,
hypotheses H(g)s (i), (i) are the same as hypotheses H(g); (i), (ii) and

(iii) there exist 1 > Ay(2) and B > 0 such that

7 < liminf M < lim sup g(z_,x) < B\l uniformly for a.a. z € (2.
=0 x z—0 x

Proposition 6. If hypotheses H(f)1, H(g)2 hold and A € (0,)"), then problem (Py)
admits a nodal solution yo € [v},u}] N CF ().

Proof. Using (47) and (48), the nonlinear regularity theory (see the proof of Proposition
2) and the extremality of the solutions u} and v}, we show easily that

(49) K% - [U;’ui] n C&<§)v K¢j{ - {O,uf\}, Kw; = {O’U;}'

Claim: v} € int Cy and v} € —int C; are local minimizers of the functional ;.
From (47) and (48) it is clear that ¥y is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find 7} € W, () such that

(50) Wy (@) = inf [f (u) : w € WyP(Q)] .

As before (see the proof of Proposition 2) for ¢t € (0,1) small (at least that tu; < u3,
recall u} € int C ), we have

Ib;—(tal) < 0,

= Uy (U3) <0=17(0) (see (50)),
(51) = W A0

From (50) we see that u} € K+ Then (51) and (49) imply that

Clearly wﬂm = w/\}m (see (47) and (48)). Then from (50) and (52) it follows that
u} is a local Cg(Q)-minimizer of 9y,
(53) =} is a local W,"*(€)-minimizer of 1)y

(see Papageorgiou-Radulescu [19], Proposition 2.12). Similarly, using this time the
functional 1, , we show that

(54) vy € —int Cy is a local W, " (€)-minimizer of 1)y.
On account of (49), we may assume that
(55) Ky, C [vi,u3] N Cy(Q) is finite.

Otherwise we already have an infinity of smooth nodal solutions and so we are done.
Also, we may assume that ¢,(v}) < ¥a(u}). The analysis is similar if the opposite
inequality holds, using this time (54) instead of (53).

From (53), (55) and Theorem 5.7.6, p. 449, of Papageorgiou-Radulescu-Repovs [21],
we know that we can find p € (0,1) small such that

(56) a(vy) < a(uy) < infla(u) : [lu —ui[l = p] = ma, floy — w3l > p.
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Since 1) is coercive, we know that
(57) () satisfies the C-condition

(see Papageorgiou-Radulescu-Repovs [21], Proposition 5.1.15, p. 369). Then (56) and
(57) permit the use of the mountain pass theorem. So, we can find y, € W, ?(Q) such
that

(58) Yo € Ky, C [v3,u3] N C() (see (49)), ma < ¥a(yo)-

From (47), (56), (58) it follows that yo ¢ {u},vi} and it is a solution of problem
(Py) (A € (0,A%)). It remains to show that yy is nontrivial. From the mountain pass
theorem, we know that

(59) ¥a(yo) = inf max x(v(t)),

el 0<t<1

where I' = {y € C([0, 1], Wy *(Q)) : v(0) = v},v(1) = u}}. Then according to (59), in
order to show the nontriviality of the solution gy, it suffices to construct a path ~, € I’
such that

1/1)\}7* < 0.

To this end let M, = M N C3(2) (see Section 2, before Lemma 3). We introduce the
following set of paths

To={7 € C(~1,1],M,) : (1) = =1y, 7(1) = s }.

From Papageorgiou-Winkert [26], we know that T. is dense in T So, from Lemma 3,
we see that we can find 7y € I', such that

(60) max ||[VA(t)|2 < Xa(2) +6  with & € (0,1 — Aa(2)).

—1<t<1

From hypothesis H(g)s (iii), we see that given 7 € (A(2) + 8,7), we can find 6, > 0
such that

1
(61) G(z,x) > §ﬁx2 for a.a. z € Q, all |z| < dp.
Since 7y € I'. and v} € int Cy, v} € —int C;, we can find 7 € (0, 1) small such that
(62)  TA(t) € v}, ux] NCH(Q), TRo(t)(2)] <6 forall t € [—1,1] and all z € Q.

Using (60), (61), (62) and the fact that F' > 0, we have

) < P ron s .
A ®) < VDI + 5 [22) +0 -7

< c197P — o072 for some ¢y, ca9 > 0, all t € [—1,1].
Choosing 7 € (0,1) even smaller if necessary, we will have
UA(T(t)) <0 forall t € [—1,1].

We set 7 = 790, then 7 is a continuous path in C}(Q) € W, () which connects
—7u; and Tu; and such that

(63) b, < 0.

Next we will construct a continuous path in Wy (Q) which connects 7a; and u} and
along which v, is negative.
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Let a = ¢ (u}) = inf ¢} < 0=1](0). From (49) we see that
(64) KS}; = {0} and (¢7)* = {u3}.

The second deformation theorem (see Papageorgiou-Radulescu-Repovs [21], Theorem
5.3.12, p. 386) says that we can find a deformation Ay : [0,1] x ((¢3)°\ Kg+) — ()°
A

such that
(65) hi(0,u) =u forall u e () \ K?
(66) hi(1,u) =u} (see (64)),
(67) OF (B () < F(hy(s,u)) forall 0 <s<t<1,allue ()" \ K°
We have
UN (Ttn) = Ua(Tti) = ¥a(Fo(1)) <0 (see (63)),
= 7y € (U3)" \ {0} = ()" \ K. (see (64)).
Therefore, we can define
Y4 (t) = hi(t,7uy)" for all t € [0, 1].
This is a continuous path in W, (). We have
¥4+(0) = Tuy (see (65)),
Y+ (1) = uj (see (66)),
and

AT (8)) = X (4-()) < oy (Ftia) < 0 for all £ € [0, 1] (see (67), (63)).
Therefore 7, is a continuous path connecting 7u; and w3 and

(68) bl <.

.. . ~ . . 1 .
In a similar fashion, we construct _ a continuous path in W,”*(Q) which connects
—7uy and v} and

(69) Ul <0
Let v =7_ U~ U~v,. Then ~, € ' and
dal,. <0 (see (63), (68), (69))
= Yo7 0.
Therefore yy € [v5,u}] N CL(SY) is a nodal solution of (Py). O

By strengthening the regularity of g(z, ) at zero, we can relax the strict nonresonance

with respect to As (see hypothesis H(g), (#ii)) and allow nonuniform nonresonance.
The new conditions on the perturbation g(z, z) are the following:

H(g)s: g: QxR — Ris a Carathéodory function such that g(z,0) = 0 for a.a. z € Q,
hypotheses H(g)s (), (ii) are the same as the corresponding hypotheses H(g); (4), (i)

and
(V) Fal2) < gl (2,0) = lim &7

z—0 X

q.(-,0) # )\k( ) for all k > 2.

uniformly for a.a. z € Q, ¢/(-,0) € L>*(Q) and
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Remark 3. So, now at XQ(Q) we require only nonuniform nonresonance. But the same
is required for every other higher eigenvalue. Moreover, we assume that g(z, ) is differ-
entiable at x = 0.

Proposition 7. If hypotheses H(f)1, H(g)s hold and A € (0,)\"), then problem (P)
admits a nodal solution yo € [v},u}] N CF ().

Proof. In what follows £(z) = ¢.(z,0). By hypothesis £ € L>(Q). Let o : H} () —» R
be the C?-functional defined by
1 1
o(u) = §||Vu||% ~5 / E(2)uPdz  for all u € HE(Q).
Q

On account of Lemma 1 and hypothesis H(g)s (ii7), we see that the Morse index of
u = 01is > 2. Then Corollary 6.2.14, p. 486 of Papageorgiou-Radulescu-Repovs [21],
implies that
(70) C1(a,0) = 0.

Let 0 = 3|W1,p(m. Since W, 7(Q) < H}(Q) densely, Theorem 6.6.26, p. 545, of

0
Papageorgiou-Radulescu-Repovs [21], implies that
Cx(7,0) = Ci(0,0) for all k € Ny,

(71) = (1(0,0) =0 (see (70)).

Let ) : WyP(Q) — R be the energy (Euler) functional for problem (Py) defined by
1 1
er(u) = SVl + 5190l — [ (PG w) + Gl
for all u € WyP(Q), with F(z,2) = [ f(2,s)ds, G(z, ) fo (z,s)ds.
Evidently ¢y € C'(W;"(R2)). We introduce the homotopy hx(t, u) defined by
ha(t,u) = (1 — t)pa(u) + to(u) for all (t,u) € [0,1] x WIP(Q).
Suppose that we could find {t, }n>1 C [0, 1] and {u, }ns1 € Wy P(Q) such that
(72) tn = t, up, — u in WyP(Q) and (h,\) (tn,u,) =0 forallneN.

From the equation in (72), we have

(1 —tn)(Ap(un), h) + (Aun), h) = (1 —t,) /Q[)\f(Z,Un) + g(2, un)|hdz

(73) + tn/ £(2)unhdz  for all h € Wy P(Q), all n € N.
Q
Let || - |12 denote the norm of Hj (). We set y, = W n € N. Then |ly,|12=1
Un 1,2
for all n € N and so we may assume that
(74) Yn — yin HY(Q) as n — +o0.

From (73) we have

(1 —tn)llun| €52<Ap(yn), h) + (A(y,),h) = (1 — t")/Q [)\f(z’un) X 9(2; un) hd

HUn||1,2 ||Un||1,2

(75) +tn / £(2)ynhdz  for all h € WyP(2), all n € N.
0
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Note that on account of hypotheses H(f); (i7i) and H(g)s (iii), we have

(76) —fﬁ;“ﬁ(')) ™ 0 in L™ (Q) and —9|(|u II( ) u, £(2)y in L7 (9).

So, if in (75) we pass to the limit as n — 400 and use (74), (76) and the fact that
|unlli2 — 0 (see (72)), then

(Ay),y) = /g Jyhdz for all h € Wy (),

(77) = —Ay(z) =£&(2)y(z) fora.a. z€Q, y}m = 0.
On account of hypothesis H(g)s (iii), there exists integer m > 2 such that
(18) (=) € (@, A (2)] for aa. 2 € Q€ # An(2), € # X (2):

From (78) and Lemma 2, we have

(79)  An(2,6) < An(2An(2)) = Tand 1= X1 (2, Am11(2)) < Amsa(2,6).

Then from (77) and (79) it follows that y = 0. On the other hand if in (75) we choose
h =y, —y and pass to the limit as n — +o00, we obtain

Jlim (Ayn), yn —y) =0,
= [Val2 = IVyll2,
= y, — yin H}(Q) (see (74) and use the Kadec-Klee property of Hilbert spaces),
= |lylli,2 =1, a contradiction.

Therefore (72) can not happen and so from the homotopy invariance property of
critical groups (see Papageorgiou-Radulescu-Repovs [21], Theorem 6.3.8, p. 505), we
have

Ck((p)\,O) = Ck<0', 0) for all k € NQ,
(80) = Ci(pr,0) =0 (see (71)).

Next using the extremal constant sign solutions v} € int C; and v} € —int C'y and
reasoning as in the first part of the proof of Proposition 6, via the mountain pass
theorem, we produce a solution yy € [v},u3] N CL(Q) for (Py) when A € (0, \*). Since
Yo is a critical point of 1) (see the proof of Proposition 6) which is of mountain pass
type, invoking Theorem 6.5.8, p. 527, of Papageorgiou-Radulescu-Repovs [21], we have

(81) C1(¥x, yo) # 0.
We consider the homotopy

ha(t,u) = (1 — )pa(u) + ta(u)  for all (¢, u) € [0,1] x WeP().
Suppose that we can find {t,},>1 C [0,1] and {u, }n>1 € Wy P(Q) such that
(82) tn = t, un — 0 in WeP(Q) and (hy),(tn,u,) =0 for all n € N.
We have

(Ap(un), h) + (Alun), h) = (1 = tn) /Q[Af(z,un) +9(2, un)lhdz

+ tn/ ex(z,up)hdz for all h € W) P(Q), all n € N.
Q
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From Theorem 7.1, p. 286, of Ladyzhenskaya-Ural’tseva [14], we have
up € L(Q), ||tun]loo < 21 for some gy > 0, all n € N.

Then invoking Theorem 1 of Lieberman [15], we can find a € (0,1) and cg2 > 0 such
that B
tn € Cy®(Q), |lun|lgregy < ¢2n foralln € N.

The compact embedding of Cy**(€) into C}(Q) and (82) imply that
u, — 0 in Cj(Q),
= u, € 5, u}]NC;(Q) for all n > ny,
= {un}nzn, C Ky, (see (47)),

which contradicts our assumption that Ky, is finite (see (55)). Hence (82) can not
happen and once again the homotopy invariance property of critical groups implies that

Ck((p)\,()) = Ck(w,\, O) for all £ € Ny,

(83) = C1(¢x,0) =0 (see (80)).
Comparing (81) and (83), we conclude that yo # 0. Therefore yy € [v%,u3] N CH(Q)
is a nodal solution of (Py), A € (0, \*). O

If we add an additional mild hypothesis, we can improve the conclusion in Propositions
6 and 7.
The extra hypothesis is the following one:

Hy: For every p > 0 and A > 0, there exists % > 0 such that for a.a. z € €, the
function

v = M(z,2) + g(z,2) + |2
is nondecreasing on [—p, p].

Proposition 8. If hypotheses H(f)1, H(g)s or H(g)s and Hy hold and X € (0,\*),
then problem (Py) admits a nodal solution yo € inteyq)[v3, u3l.

Proof. According to Proposition 6 (if H(g), is in effect) or Proposition 7 (if H(g)s is in
effect), we have a nodal solution yy € [v},u;] N CE(Q). Let a : RY — RY be defined by
a(y) = |y *y+y forally € RV,

Since p > 2, we have a € C*(RY,RY) and

yQy

+id for all y € RV,
lyl?

Va(y) =yl 2y +y [id+ (p — 2)

Therefore
(Va(y)&, Ern > €7 for all y, & € RV,
Invoking the tangency principle of Pucci-Serrin [27] (Theorem 2.5.2, p. 35), we infer
that
(84) vy (z) < yo(z) <uy(z) forall z € Q.

Let p = max{||u} oo [|05]|oc } and let €)

E; > @p. We have

= Ayyo(2) = Ayo(2) + & lyo(2)I"yo(=)

> 0 be as postulated by hypothesis Hy. Take
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= A (z40(2)) + 9(2,90(2)) + | Z)|p %yo(2) + (& — E)1yo(2) [Py (2)
<A (2u3(2) + 9(2,03(2)) + Qi ()7 + (&) — §)up ()"
(see (84) and hypothesis Hy)
(85) = —-A,uy(2) — Auy(z) + {’\ Y(2)P7t for a.a. z € Q.
From (85) we see that

(& = Dol 0 < (€ — E) (w3
Then from (84) and Proposition 2.2 of Papageorgiou-Radulescu [17], we have
— Yo € int C_|_.

Similarly we show that

Yo — vy € int Cy.
We conclude that

Yo € inbea gy, uil.
U

Summarizing the results of this section, we can state the following multiplicity theo-
rem.

Theorem 1. (a) If hypotheses H(f)1 and H(g)s or H(g)s hold, then there exists \* > 0
such that for all A € (0, \*) problem (Py) admits at least five nontrivial smooth solutions
up,u € intCy, vy, € —intCy, yo € C(Q) nodal; moreover, there exist extremal
constant sign solutions u} € int Cy, vi € —int Cy and yo € [v%, u}] N CL(Q).

(b)If hypotheses H(f)1, H(g)s or H(g)s. Ho hold and X\ € (0,\*), then the nodal
solution yo satisfies yo € intea gV}, u3].

4. SEVEN SOLUTIONS

In this section by strengthening the regularity of the nonlinearities f(z,-), g(z,+) and
by employing also flow invariance arguments, we produce two more nodal solutions, for
a total of seven nontrivial smooth solutions, all with sign information.

The new conditions on f(z,z) and g(z,x) are the following:

H(f)2: f: QxR — Ris a function such that for all x € R z — f(z,z) is measurable,
for a.a. z € Q f(z,-) € C'(R) and
(1) |fi(z,2)] < a(z)[1+]|z]"?] fora.a. z € Q,allz € R, witha € L®(Q), p < r < p*;
(ii) this is the same as hypothesis H(f); (ii);

(i) (2.0) = lim 757

Remark 4. Hypothesis H(f), (i) implies that f(z,0) =0 for a.a. z € Q.

= 0 uniformly for a.a. z € Q.

H(g)s: g: 2 xR — R is a function such that for all x € R z — g(z, z) is measurable,
for a.a. z € Q g(z,-) € C'(R) and

(i) |g;(z,x)(| < c)t(z)[1+]x|7"2] fora.a. z € Q,allz € R, witha € L>(Q), p < r < p*;
g(z,x

(ii) xl_1>Iinoo |x|p—2x

(iii) this is the same as hypothesis H(g)s (7i1).

= 0 uniformly for a.a. z € €;
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Remark 5. On account of hypothesis H(g)4 (iii) = H(g)s (7i7) we have ¢g(z,0) = 0 for
a.a. z € ).

In this case the energy (Euler) functional of problem (Py) ¢y : Wy® — R defined by
1 1
ealw) = IVully + 5 Vull; - /[AF(z,u) 4Gz u)dz for all u € WEP(Q)
0

belongs in C2(W,*(Q)).
Finally we strengthen hypothesis Hy and require that it is global in z € R.

H{: For every A > 0, there exists @ > 0 such that for a.a. z € €1, the function
T = M(z2) + g(z,2) + &l
is nondecreasing on R.

Proposition 9. If hypotheses H(f)2, H(g)s, Hy hold and A € (0,\), then problem
(P)) has at least two more nodal solutions § € intgyg)[v}, uy] and y € Ci(92).

Proof. From Theorem 1 we already have a nodal solution
(86) Yo € inteygy[vx, uil.
As in the proof of Proposition 7, using the homotopy E,\(t, u) and (86) we show that

(87) Cr(©x, y0) = Cr(oa, y0) for all k € N,
(88) = Ci(pxn, ) #0  (see (81)).

From (88) and Papageorgiou-Radulescu [17] (see Claim 3 in the proof of Proposition
3.6), we have

Cr(or,y0) = 6p1Z for all k € Ny,
(89) = Cp(¥r,y0) = 0k1Z forall k € Ny (see (87)).

Recall that u} € int C; and v} € —int C; are local minimizers of ¥, (see the Claim
in the proof of Proposition 6). So, we have

(90) Ck('(ﬂ)\, Uj{) = Ck(w)”U;) = (5k’(]Z for all k € Ng.
Recall that 9,(-) is coercive. Therefore we have
(91) Cr(r,00) = 0 0Z for all k € Ny

(see Papageorgiou-Radulescu-Repovs [21], Proposition 6.2.24(a), p. 491).
As before £(z) = ¢.(2,0), £ € L>®(Q2). Hypothesis H(g)4 (1) = H(g)s (¢i7) implies
that
£(2) € Pn(2), Ans1(2)] for a.a. z € Q, some m > 2, € Z An(2), € Z Anr1(2).
If o(+) is the functional from the proof of Proposition 7, we have
Ci(0,0) = 61.4,,Z for all k € Ny, with d,,, = dim H,,, = dim €@}, E(Xk(Q)) > 2,
=  Ci(pr,0) = k4, Z for all k € Ny (see the proof of Proposition 7),

(92)
= Cy(¥»,0) = 6ga,Z forall k € Ny (see (87)).



MULTIPLE SOLUTIONS WITH SIGN INFORMATION FOR A (p,2)-EQUATION 23

Suppose that Ky, = {0,u}, v}, yo}. Then from (92), (90), (89), (91) and the Morse

relation with ¢ = —1 (see (5)), we have
(D)% +2(=1)° + (=)' = (-1)°,
= (—=1)% =0, a contradiction.
So, there exists ¥ € Ky,, ¥ € {0, u}, v}, vo}. From (49) we have
7€ [v3,u3] N Gy (),
= Yy is nodal.

Moreover, as in the proof of Proposition 8, via the strong comparison principle (see

Proposition 2.2 of [17]), we have
Y € intea gy [ox, unl-

To produce a third nodal solution, we follow a flow invariance argument motivated

by the nonlinear work of He-Lei-Zhang-Sun [13] and the earlier semilinear work of

Papageorgiou-Papalini [16].
So, let K : Wy P(Q) — W1 (Q) = W,”(€2)* be the nonlinear map defined by

(Kx(u), h) = (Ay(u), h) + (A(u), h) + @ /Q |u|P~2uhdz for all u,h € Wol’p(Q).

Clearly K,(-) is continuous, uniformly monotone (hence maximal monotone too) and
coercive. Therefore K (-) is surjective (see Papageorgiou-Radulescu-Repovs [21], Corol-
lary 2.8.7, p. 135) and of course it is injective (on account of the uniform monotonicity).
So, we can define K, : W17 (Q) — W, P(Q). Let

Va(u) = K5 HOAN 7 (u) + Ny(u) + & Jul?~2u).
Then V,(+) is locally Lipschitz and using the Sobolev embedding theorem, we see that
Vy(+) is compact. Moreover, the nonlinear regularity theory implies that
VAW, P () C CH(Q), VA(Cy) € Oy (see hypothesis H}).

Clearly the fixed point set of V)(+) is K, .

We consider the following abstract Cauchy problem

do(t,u)
dt

On account of the coercivity of K,(-), the vector field in (93) has sublinear growth.
So, the flow o(-,u) of the Cauchy problem (93) is global (see Gasinski-Papageorgiou
[11], Theorem 5.1.22, p. 618) and of course is unique.

We introduce the set

Ey = {u € Cj(Q) : there exists to > 1 such that o(t,u) € intcag[vx, ui] for all ¢ > to}.

(93) +o(t,u) = Vy(o(t,u)) on Ry, 0(0,u) = u.

The fact that the flow depends continuously on the Cauchy datum implies that E; C
VVO1 () is open. Also 0 € E; and the semigroup property of the flow implies that E;
is o-invariant.

Let OF; be the boundary of E;. We show that it is o-invariant. If this is not true,
then we can find w € OF; and t > 0 such that

O'(f, U) € aEl
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If o(t,u) € Ey, then setting v = o(f, ), we have
o(t,7) € inteygylvx, uy] for all £ > 1o,
= o(t+tu) e intcaglvx, uy]  for all t > to,
(by the semigroup property of the flow),

= T € Fy, a contradiction (recall F; is open).

If o(t,) ¢ E1 = E, UOF), then we consider a sequence {u,},>1 C E; such that
U, — T in Wy?(Q) (recall @ € OE;). Then the o-invariance of E; implies that

o(t,u,) € Fy,
= o(t,u) € E; (continuous dependence of the flow on the Cauchy datum),

again a contradiction.
Therefore we have proved that OF; is o-invariant. Now let

Ey ={u e CLQ) : there exists o > 1 such that o(t,u) € int O for all £ > #,}.

Again this is an open set in W, ?(€2). Moreover, as before (see the proof of Proposition
8), using the tangency principle (see [27], p. 35) and the strong comparison principle
(see [17], Proposition 2.2), we have

u<v,u#v = Vi(v)—Vi(u) €int C,.

Therefore, we have
Ci\ {0} C Es.

Also, we have 0 € 0F, and as we did for 0F;, we can check that 0F5 is o-invariant.
We have

C, CE, and O0E, NC.#0,
= OB, NE,#0.
Since E, N (—C4) # 0, we infer that 0E, N 0F> # () and so we can define
(94) ¢ =inf[py(u) : v € 0E; NOE,| > —o0.

We show that ¢'is a critical value of ). Again we argue by contradiction. So, suppose
that ¢ is not a critical value of ¢). On account of Proposition 1, K, is closed. So, we
can find € > 0 small such that

(95) (C—ec+e)Npa(Ky,) =0.
Let uw € OF; N OF5 be such that
oa(u) <c+e  (see (94)).

As in the proof of the deformation theorem (see, for example, Papageorgiou-Radulescu-
Repovs [21], Theorem 5.3.7(e), p. 382), because of (95) we have

(96) palo(l,u)) <c—e.

But recall that the sets OE; and 0F, are o-invariant. Therefore p,(o(1,u)) > ¢, a
contradiction to (96). This proves that ¢ is a critical value of ¢,.
Let y € OF; N 0F, be such that

O\@H) =0, pA(y) =¢, ¥ #0.
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We have y &€ int C, U (—int C'y) and so y is nodal. Moreover, from the definition of
the sets F; and E5, we have that

Y# Yo, Y # Y.

Finally the nonlinear regularity theory implies that 7 € C2(Q). O

So, we can state the following multiplicity theorem for problem (Pj).

Theorem 2. If hypotheses H(f)2, H(g)4, H| hold, then there exists \* > 0 such that for
all X € (0, X*) problem (Py) has at least seven nontrivial smooth solutions ug, u € int Cy,
v, 0 € =it C'y, Yo, Y,y € C’S(ﬁ) nodal; moreover there exist extremal constant sign
solutions u} € int Cy and v} € —int C. and yo,y € intey g [v3, uil, ¥ € O[3, uj].

1]
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