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Joint Coordinate Optimization in Fingerprint-Based Indoor Positioning

Mohammad Nabati, Seyed Ali Ghorashi, and Reza Shahbazian

Abstract—Fingerprint-based indoor positioning uses pattern
recognition algorithms (PRAs) to estimate the users’ locations
in wireless local area network environments, where satellite-
based positioning methods cannot work properly. Traditionally,
the training phase of PRA is separately conducted for 𝑥 and 𝑦

coordinates. However, the received signal strength from access
points is a unique fingerprint for each measured point, not for 𝑥
and 𝑦 coordinates separately. In this letter, we propose a method
to jointly employ the 𝑥 and 𝑦 coordinates during the training
phase using a novel PRA-based Gaussian process regression
(GPR), named 2D-GPR. Experimental results show that the
proposed 2D-GPR improves the accuracy of positioning more
than 40𝑐𝑚 in limited data samples and has a lower calculation
cost compared with conventional GPR.

Index Terms—wireless local area network, fingerprint-based
positioning, machine learning, pattern recognition.

I. INTRODUCTION

SATELLITE signals penetration is not enough for an accu-
rate positioning process [1], [2]. The satellites use ranging

information, which suffers from non-line-of-sight error and
does not provide the desired accuracy for indoor areas [3].
The fingerprint-based wireless local area network (WLAN)
positioning is proposed for indoor environments to reach a
high accuracy positioning [3]. In the training (offline) phase of
this method, the received signal strength (RSS) vectors from
several access points (APs) are captured at reference points
(RPs) in the WLAN environment. Then, a pattern recognition
algorithm (PRA) is optimized to convert the RSS vectors to
the Cartesian coordinates.

The conventional PRAs have been constructed for single
output scenarios, and cannot be used to jointly estimate the
𝑥 and 𝑦 coordinates. These algorithms, such as conventional
Gaussian process regression (CGPR) [4], support vector re-
gression (CSVR) [5], and random forest (CRF) [6] have
been used for positioning purposes, whose optimizations are
performed for 𝑥 and 𝑦 coordinates separately. Some GPR-
based algorithms have been developed for multi-task learning
problems [7] to jointly extract different tasks’ information.
In the context of multi-task learning, the input features are
different for each task, and the complexity of these techniques
is at a high level, which is not suitable for a positioning
system due to the battery consumptions and delays. Also,
GPR-based multi-task learning algorithms have been designed
for correlated outputs. However, the 𝑥 and 𝑦 are not necessarily
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correlated in the WLAN environment. Besides, the uniqueness
of the RSS vector as a fingerprint corresponds to the RP
location, not its 𝑥 and 𝑦 coordinates separately, and the PRAs
can be modified by considering this fact. It is possible to
jointly estimate the 𝑥 and 𝑦 coordinates via the 𝑘-nearest
neighbors-based algorithms [2]. However, they work only
based on input features and do not consider the physical
locations of data within an optimization process. Also, deep
neural networks (DNNs) can be adapted to jointly employ the
𝑥 and 𝑦 coordinates [8]. However, they need a massive number
of data [1].

Most of the existing works have separately performed the
optimization process for 𝑥 and 𝑦 coordinates. Also, to the
best of our knowledge, the previous GPR-based positioning
algorithms did not consider a joint optimization/estimation
process for 𝑥 and 𝑦 coordinates. In this letter, we introduce
a novel fingerprint-based GPR positioning algorithm via a
joint coordinate optimization within the offline phase. The
proposed method, named 2D-GPR, maximizes the multivariate
probability of 𝑥 and 𝑦 coordinates with a shared covariance
matrix, which means that it is optimized with respect to RPs’
locations. It is crucial for a PRA to have the desired accuracy
using limited data samples, considering the time-consumption
and labor-intensity of data collection [3]. The proposed 2D-
GPR algorithm achieves better accuracy compared with CGPR
when a small set of data is available. Besides, 2D-GPR has
a lower computation complexity compared with CGPR due
to its one-time optimization accomplishment in the training
phase and calculation of matrix elements in the test phase.

II. CONVENTIONAL GPR BASED POSITIONING

Data collection is the initial step for fingerprint-based posi-
tioning, in which RSS vectors captured from APs are stored
in a database, as depicted in Fig. 1. A PRA is fit to the
collected data, and then the trained PRA converts the online
RSS vectors of the test points (TPs) to the location coordinates.
This section describes the structure of conventional Gaussian
process regression (CGPR) as a PRA, which is needed to
apprehend the proposed 2D-GPR algorithm. First, we consider
a training dataset consists of RPs’ fingerprints and correspond-
ing locations as follows

S = [s1, s2, · · · , s𝑁 ]𝑇 ,
x = [𝑥1, 𝑥2, · · · , 𝑥𝑁 ]𝑇
y = [𝑦1, 𝑦2, · · · , 𝑦𝑁 ]𝑇 ,

(1)

where s𝑖 ∈ R𝑀×1 is the fingerprint of the 𝑖𝑡ℎ RP, 𝑀 is the
number of APs, and 𝑁 is the number of RPs. In CGPR the
aim is to obtain two functions that can map any RSS vector
∀s𝑖 ∈ R𝑀×1 to the 2D Cartesian coordinates as follows

𝑥𝑖 = 𝜔𝑥 (s𝑖) + 𝜖𝑥 , 𝑦𝑖 = 𝜔𝑦 (s𝑖) + 𝜖𝑦 and 𝜖𝑥 , 𝜖𝑦 ∼ N(0, 𝜎2
𝑛),
(2)
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Fig. 1. The schematic of fingerprint-based indoor positioning process.

where 𝜔𝑥 and 𝜔𝑦 are two functions that can convert RSS
vectors to the 𝑥 and 𝑦 coordinates, respectively. In the training
phase, it is assumed that the measurements are noisy and we do
not have access to the function values obtained by the noise-
free RSS observations, and 𝜔𝑥 (s𝑖) and 𝜔𝑦 (s𝑖) are unknown.
However, we have access to the 𝑥𝑖 and 𝑦𝑖 variables with noisy
RSS values, where 𝜖𝑥 and 𝜖𝑦 are zero-mean Gaussian noise
with 𝜎2

𝑛 variance. The 𝜔𝑥 and 𝜔𝑦 should be optimized by
the training dataset in (1). Since the optimization process of
𝜔𝑥 and 𝜔𝑦 are similar, we only describe this procedure for
𝜔𝑥 . In the Gaussian processes perspective [9], all collections
of 𝑥𝑖 variables have a joint Gaussian distribution. Here, the
joint distribution can be interpreted as the effect of noise on
the APs signals in radio channels. Initially, we can assume a
zero-mean Gaussian process, and therefore, the vector x has a
multivariate probability distribution as follows

x ∼GP(0,C𝑥), (3)

where C𝑥 ∈ R𝑁×𝑁 is the covariance matrix, and each element
of this matrix is calculated by a user-defined kernel function.
The kernel functions capture the similarity between the two
pairs of RSS vectors. Here, we use a combination of three
kernels as follows

𝑐𝑥
𝑖 𝑗
= 𝛼2

1 exp

(
−
(s𝑖 − s 𝑗 )𝑇 (s𝑖 − s 𝑗 )

𝛾2

)
+ 𝛼2

2s𝑇
𝑖

s 𝑗 + 𝜎2
𝑛𝛿𝑖 𝑗 , (4)

where 𝑐𝑥
𝑖 𝑗

represents the 𝑖𝑡ℎ row and 𝑗 𝑡ℎ column of matrix
C𝑥 , s𝑖 is the 𝑖𝑡ℎ row of S, and 𝛿𝑖 𝑗 = {1 if 𝑖 = 𝑗 , 0 o.w}. In
(4), the first and second terms are "squared exponential" and
"linear" kernels that elicit non-linear and linear dependencies
of s𝑡ℎ

𝑖
, respectively. Finally, the third term models the variance

of 𝜖𝑥 in (2). The linear kernel can smooth the GPR model for
better fitting to the data. The vector 𝜽 = [𝛼1, 𝛼2, 𝛾, 𝜎𝑛]𝑇
contains the hyperparameters and should be optimized in the
training phase to maximize the log-likelihood of multivariate
probability density function (PDF)

𝜽 = arg max
𝜽

log(𝑝(x)) = arg min
𝜽

(− log(𝑝(x)), (5)

where 𝑝(x) is the multivariate PDF defined as follows

𝑝(x) = 1
(2𝜋)𝑁 /2 |C𝑥 |1/2

exp(−1
2

x𝑇C−1
𝑥 x). (6)

Therefore, the objective function of (5) is as follows

L(𝜽) = − log 𝑝(x) = 1
2

log |C𝑥 | +
𝑁

2
log(2𝝅) + 1

2
x𝑇C−1

𝑥 x. (7)

yyyyy

S

x

(a)

yyyyx

y

ddadddd

yyyyx

ddadddd

yyyyy

�s

�s

�( )
y

w s

�( )
x

w s

ddadddd  (eeeeddd) yeaed dde  (ededdd) yeaed

S

x

(b)

2D-yyy

y

ddadddd

2D-yyy

�s

�( )
y

w s

�( )
x

w s

dde  (ededdd) yeaedddadddd  (eeeeddd) yeaed

Fig. 2. Difference between (a) Conventional GPR (CGPR) and (b) Proposed
2D-GPR algorithms.

The optimization problem in (5) is non-convex. However, it
can be solved for a locally optimum point via gradient-based
algorithms such as conjugate gradient [10]. The conjugate
gradient algorithm (CGA) needs the first-order gradient of
L(𝜽) to optimize the hyperparameters and for the 𝑗 𝑡ℎ hy-
perparameter can be calculated as follows

∇L(𝜃 𝑗 ) = −1
2

tr((q𝑥q𝑇𝑥 − C−1
𝑥 ) 𝜕C𝑥

𝜕𝜃 𝑗
) where q𝑥 = C−1

𝑥 x. (8)

The CGA is iterated till convergence, and then it is needed to
derive the posterior distribution from the joint distribution to
estimate the users’ locations. Assume that the joint distribution
of test and train samples is as follows[

x
x̂

]
∼ N

[(
0
0

)
,

(
C𝑥 C𝑥 (s, ŝ)
C𝑥(ŝ, s) C𝑥 (ŝ, ŝ)

)]
, (9)

where x̂ ∈ R𝑁̂×1 is the vector of 𝑥 coordinates at TPs that
should be estimated by conditioning over the 𝑥 coordinates
of RPs, 𝑁̂ is the number of TPs (users), C𝑥 ∈ R𝑁×𝑁 is
the covariance matrix between the 𝑥 coordinates of RPs,
C𝑇𝑥 (ŝ, s) = C𝑥 (s, ŝ) ∈ R𝑁×𝑁̂ is the covariance matrix between
the 𝑥 coordinates of RPs and TPs, and C𝑥 (ŝ, ŝ) ∈ R𝑁̂×𝑁̂ is
the covariance matrix between the 𝑥 coordinates of TPs. The
elements of these matrices are calculated by the optimized
hyperparameters, and then the posterior distribution can be
derived as follows

x̂|x ∼ N(𝝎𝑥 , 𝚽𝑥)
𝝎𝑥 = C𝑥 (ŝ, s) C−1

𝑥 x
𝚽𝑥 = C𝑥 (ŝ, ŝ) − C𝑥 (ŝ, s)C−1

𝑥 C𝑥 (s, ŝ),
(10)

where 𝝎𝑥 is the pattern recognition function whose outputs
equal to the estimated coordinates, and 𝚽𝑥 is the covariance
matrix whose diagonal elements are the estimated variances.

III. 2D-GPR BASED POSITIONING

In this section, we present our proposed 2D-GPR algorithm.
Fig. 2 shows the difference between the proposed 2D-GPR
and CGPR algorithms. Since the radio channels’ noise has a
similar effect for the pairs of 𝑥𝑖 and 𝑦𝑖 at the 𝑖𝑡ℎ RP, a shared
covariance matrix can model the effect of noise for the pairs
of 𝑥𝑖 and 𝑦𝑖 , simultaneously. Therefore, we consider a shared
covariance matrix for both coordinate vectors (x and y) as
follows

(x, y) ∼ GP((0, 0),C𝑟 ), (11)

where C𝑟 ∈ R𝑁×𝑁 is the shared covariance matrix for 𝑥𝑖 and
𝑦𝑖 variables, and each element of this matrix is calculated by a
kernel function (e.g., Eq. (4)). Considering a shared covariance
matrix for both coordinates means that the similarities of
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RSS vectors are captured for the RPs in the optimization
process, not for 𝑥𝑖 and 𝑦𝑖 coordinates separately. The proposed
optimization problem employs both coordinates during the
training phase as follows

𝜽 = arg max
𝜽

log(𝑝(x, y)) = arg min
𝜽

(− log(𝑝(x, y))), (12)

where 𝑝(x, y) = 𝑝(x|y)𝑝(y). Each observation (𝑥𝑖 or 𝑦𝑖)
is conditionally independent of other observations given the
corresponding latent variables (𝜔𝑥 (s𝑖) or 𝜔𝑦 (s𝑖)) [9]. The
latent variables are affected by the noise in radio channels
which is modeled by covariance matrix. The shared covariance
matrix makes the joint distribution for the pairs of 𝑥𝑖 and 𝑦𝑖 at
the same time. Thus, we can assume that the observations are
independent 𝑝(x|y) = 𝑝(x), because we have already modeled
the dependency of 𝑥𝑖 and 𝑦𝑖 by a shared covariance matrix
C𝑟 for the latent variables. Besides, considering a shared
covariance matrix does not allow us to derive the 𝑝(x|y). Let
us derive the 𝑝(x|y) in more detail with the following joint
distribution[

y
x

]
∼ N

[(
0
0

)
, 𝚺𝑥,𝑦 =

(
C𝑦 (s, s) C𝑥,𝑦 (s, s)
C𝑦,𝑥(s, s) C𝑥 (s, s)

)]
,

(13)
where the joint covariance matrix 𝚺𝑥,𝑦 is a singular matrix
and is not invertible, because the input features and hyperpa-
rameters are the same for both coordinates. In other words,
in (13) we have C𝑥 (s, s) = C𝑦 (s, s) = C𝑥,𝑦 (s, s) = C𝑦,𝑥 (s, s).
As can be seen, the 𝑝(x|y) cannot be derived. Therefore, the
objective function can be calculated as follows

L(𝜽) = − log(𝑝(x, y))
=

1
2

log |C𝑟 | +
𝑁

2
log(2𝜋) + 1

2
x𝑇C−1

𝑟 x +
1
2

log |C𝑟 | +
𝑁

2
log(2𝜋) + 1

2
y𝑇C−1

𝑟 y.

(14)

The gradient of (14) for the 𝑗 𝑡ℎ hyperparameter is derived as
follows

∇L(𝜃 𝑗 ) = = −1
2

tr((q𝑥q𝑇𝑥 + q𝑦q𝑇𝑦 − 2C−1
𝑟 ) 𝜕C𝑟

𝜕𝜃 𝑗
), (15)

where q𝑥 = C−1
𝑟 x and q𝑦 = C−1

𝑟 y. As explained in the previous
section, CGA can be applied to update the hyperparameters till
convergence. The joint distribution of TPs and RPs for this 2D
scenario can be written as follows[

(x, y)
(x̂, ŷ)

]
∼ N

[(
(0, 0)
(0, 0)

)
,

(
C𝑟 C𝑟 (s, ŝ)
C𝑟 (ŝ, s) C𝑟 (ŝ, ŝ)

)]
, (16)

where x̂, ŷ ∈ R𝑁̂×1 are locations of TPs, x, y are locations
of RPs, 𝑁̂ is the number of TPs (users), C𝑟 ∈ R𝑁×𝑁 is the
covariance matrix of RPs, C𝑇𝑟 (ŝ, s) = C𝑟 (s, ŝ) ∈ R𝑁×𝑁̂ is the
covariance matrix of TPs and RPs, and C𝑟 (ŝ, ŝ) ∈ R𝑁̂×𝑁̂ is
the covariance matrix of TPs.

Proposition: The posterior distribution of 2D-GPR can be
derived as follows

(x̂, ŷ) | (x, y) ∼ N ((𝝎𝑥 ,𝝎𝑦), 𝚽𝑟 )
𝝎𝑥 = C𝑟 (ŝ, s) C−1

𝑟 x
𝝎𝑦 = C𝑟 (ŝ, s) C−1

𝑟 y
𝚽𝑟 = C𝑟 (ŝ, ŝ) − C𝑟 (ŝ, s)C−1

𝑟 C𝑟 (s, ŝ).

(17)

Proof: To derive the posterior distribution in (17), we
explain the process for the 𝝎𝑥 with respect to the shared
covariance matrix that can similarly be employed for 𝝎𝑦 .
Initially, from the Bayes rule, we have

𝑝(x̂|x) = 𝑝(x̂, x)
𝑝(x) ∼

exp(− 1
2 x̄𝑇 Σ−1

𝑟 x̄)
exp(− 1

2x𝑇C−1
𝑟 x)

= exp(−1
2
(x̄𝑇 Σ−1

𝑟 x̄ − x𝑇C−1
𝑟 x)),

(18)

where,

x̄ =

[
x
x̂

]
, Σ𝑟 =

[
C𝑟 C𝑟 (s, ŝ)
C𝑟 (ŝ, s) C𝑟 (ŝ, ŝ)

]
. (19)

In (18), 𝚺−1
𝑟 is the inverse of 2 × 2 block matrix that can be

calculated as below
𝚺−1
𝑟 =[
C−1
𝑟 + C−1

𝑟 C𝑟 (s, ŝ)HC𝑟 (ŝ, s)C−1
𝑟 −C−1

𝑟 C𝑟 (s, ŝ)H
−HC𝑟 (ŝ, s)C−1

𝑟 H

]
,

(20)
where H = (C𝑟 (ŝ, ŝ) − C𝑟 (ŝ, s)C−1

𝑟 C𝑟 (s, ŝ))
−1. The above

equation can be substituted to inner term in (18) and can be
simplified as follows

x̄𝑇 𝚺−1
𝑟 x̄ − x𝑇C−1

𝑟 x =
[

x𝑇 x̂𝑇
]
𝚺−1
𝑟

[
x
x̂

]
− x𝑇C−1

𝑟 x

= (x̂ − C𝑟 (ŝ, s)C−1
𝑟 x)𝑇H(x̂ − C𝑟 (ŝ, s)C−1

𝑟 x).
(21)

It can be seen that the posterior mean vector and covariance
matrix are as follows{

𝝎𝑥 = C𝑟 (ŝ, s)C−1
𝑟 x

𝚽𝑟 = H−1 = C𝑟 (ŝ, ŝ) − C𝑟 (ŝ, s)C−1
𝑟 C𝑟 (s, ŝ).

(22)

Note that 𝚽𝑟 is equal for both coordinates because it does not
depend on 𝑥 and 𝑦.

Complexity Analysis: In the training phase, 2D-GPR needs
to calculate the C−1

𝑟 in (15) with the complexity order of
O(𝑁3), which is the highest order complexity among the other
operations. This process is done twice to calculate the C−1

𝑥 and
C−1
𝑦 for CGPR. In the test phase, 2D-GPR needs to calculate

the C−1
𝑟 in (17) which is equal for 𝝎𝑥 and 𝝎𝑦 , whereas CGPR

performs this process twice to calculate the C−1
𝑥 and C−1

𝑦 .
Therefore, 2D-GPR has lower complexity compared with that
of CGPR in both training and test phases. Although there are
other operations in the training and test phases, they have lower
order of complexities.

IV. EXPERIMENTAL RESULTS

The proposed method has been implemented using R pro-
gramming language, and 75 RSS samples from 27 Wi-Fi APs
have been recorded at each of 250 points which are depicted
in Fig. 3. The Monte-Carlo cross-validation method [11] is
used to reduce the error bias for evaluations, in which the
points in Fig. 3 are used either as RPs or TPs. These points
are randomly selected as RPs and TPs for 𝐾 times, and the
mean average error (MAE) over these 𝐾 times for prediction
of TPs’ locations is calculated as follows

MAE =
1
𝐾𝑁̂

𝐾∑︁
𝑘=1

𝑁̂∑︁
𝑖=1

√︃
(x̂𝑘
𝑖
− [𝝎𝑥 (ŝ𝑖)]𝑘 )2 + (ŷ𝑘

𝑖
− [𝝎𝑦 (ŝ𝑖)]𝑘 )2

(23)
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TABLE I
THE MAE (𝑚) OF DIFFERENT ALGORITHMS VIA DIFFERENT EXPERIMENT

SETUPS FOR DIFFERENT NUMBER OF RPS AND APS.

RP (𝑁 )⇒
AP (𝑀 )⇒

40 80 150
3 5 9 27 3 5 9 27 3 5 9 27

2D-GPR 3.28 2.93 2.91 2.62 2.78 2.61 2.48 2.12 2.67 2.40 2.21 1.94
CGPR [4] 3.76 3.34 3.07 2.78 2.97 2.64 2.63 2.19 2.77 2.42 2.25 1.97
CRF [6] 4.35 3.84 3.35 3.31 3.67 3.26 2.89 2.86 3.29 2.90 2.49 2.43
DNNR [8] 3.70 3.43 3.02 3.90 3.66 3.30 2.81 3.36 3.28 2.98 2.65 2.90

where 𝑁̂ is the number of TPs, 𝐾 = 10 is the number of iter-
ations, x̂𝑘

𝑖
and ŷ𝑘

𝑖
are the coordinates of the 𝑖𝑡ℎ TP within the

𝑘 𝑡ℎ iteration, and [𝝎𝑥 (ŝ𝑖)]𝑘 and [𝝎𝑦 (ŝ𝑖)]𝑘 are the estimated
coordinates of the 𝑖𝑡ℎ TP within the 𝑘 𝑡ℎ iteration. We average
out all 75 RSS samples for the RPs obtained from multiple
times to reduce the small-scale fading effect [4]. However, in
the online phase, the users cannot get high samples, and we
assume that each user has 3 samples. Therefore, the number
of TPs (𝑁̂) would be (250 − 𝑁) × (75/3).

We have conducted 12 experiments and compared the pro-
posed 2D-GPR algorithm with three PRAs including, CGPR
[4], CRF [6], and deep neural network regression (DNNR) [8].
The MAE of different experiment setups are reported in Table
I. During the data collection phase, signals of all detected
APs are recorded. Most of these APs belong to other floors or
buildings, and we perform a preprocessing to select the APs
according to their reliability in the environment. If we define
𝑤 to be the number of reliable samples of an AP (RSS >
−70 dBm) on all 250 points, and 𝑊 to be the number of all
samples in the environment (75 × 250), the APs with 𝑤

𝑊
> 𝜌

are selected. The value of 𝑤
𝑊

for an AP is between 0 and 1,
and the high 𝜌 selects more reliable APs. 𝜌 = 0.6, 0.5 and 0.4
correspond to the selection of 3, 5 and 9 APs, respectively.

As can be seen in Table I, when the number of RPs and APs
are limited (𝑁 = 40 and 𝑀 ≤ 5), 2D-GPR is more effective
than other PRAs such that the improvement is more than
40𝑐𝑚 compared with CGPR. Also, in ideal scenarios where
the number of RPs and APs are enough (e.g., 𝑁 = 150 and
𝑀 = 27), 2D-GPR performs a little better than CGPR and
outperforms the CRF and DNNR considerably. Considering
the fact that PRAs will be saturated by increasing the number
of data [1], [12], we can see that the performance of 2D-GPR
algorithm is much better than its counterparts in practice. Also
note that adding poor APs may have a destructive effect on
some algorithms, for instance, the accuracy of DNNR will
diminish when all 27 APs are used.

In Fig. 4(a) and Fig. 4(b), we have illustrated the boxplot of
𝐾 = 10 iterations for a low RPs and APs density scenario (e.g.,
𝑁 = 40, 𝑀 = 5), and a high RPs and APs density scenario
(e.g., 𝑁 = 150, 𝑀 = 27), respectively, in which the horizontal
lines show the median error. As can be seen, 2D-GPR has
less median error and variance in the low-density scenario.
We can conclude that our proposed method is more effective,
especially for large-scale areas with low densities of RPs and
APs. Besides, the proposed method is preferable due to its
lower calculation cost compared with CGPR.

V. CONCLUSION

We proposed a novel fingerprint-based positioning method,
named 2D-GPR, which is an evolved version of CGPR.

Fig. 3. Floor plan of the indoor environment, where RSS samples have been
collected at 250 points (indicated by dots). These points are randomly selected
as RPs and TPs.
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Fig. 4. Boxplot for two scenarios of Table I where (a) is a low RPs and APs
density scenario and (b) is a high RPs and APs density scenario.

We conducted several experiments with different experiment
setups, and the results proved the superiority of this algorithm
over baseline PRAs, especially when the densities of RPs and
APs are limited. The proposed method also has less complexity
compared with CGPR. For future work, it can be extended to
a 3D positioning algorithm.
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