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A B S T R A C T

Knowledge of the friction factor of overland and channelized rill flows moving over rough hillslopes is required 
for modeling soil erosion and transport processes. The available literature flume investigations are characterized 
by different values of the ratio between the hydraulic radius R and the water depth h, and distinguish the two 
hydraulic cases corresponding to overland (R quasi equal to h) and rill flows (R/h < 1). In this paper, literature 
flume measurements performed in smooth and rough channels, which are characterized by a fixed bed and a 
grain resistance condition, were firstly used to highlight the experimental evidence that a continuity in flow 
resistance from overland (hydraulic radius R quasi equal to water depth h) to rill flows (R/h < 1) can be stated. 
This analysis pointed out that the measured highest f values correspond to very wide rectangular cross-sections 
(VWR) and narrow rectangular cross-sections (NR), while for the intermediate geometric conditions, the lowest 
friction factor values were measured. This detected transition from VWR to NR cross-sections implies a transition 
in flow resistance that can be represented in the flow resistance equation by R/h. In particular, the proposed flow 
resistance law was theoretically deduced considering rectangular cross-sections characterized by different R/h 
values and calibrated by the available datasets. The agreement between the measured f values and those 
calculated by the theoretical flow resistance equation was characterized by errors, which were normally 
distributed, less than or equal to ± 10% for 96.8% of the cases and less than or equal to ± 5% for 82.0% of the 
cases. The proposed flow resistance equation is applicable for channels with a rectangular cross-section varying 
from VWR (overland flows) to NR (rill flows).

1. Introduction

The soil erosion process has received much scientific attention as it is 
considered to be one of the most critical forms of degradation, has been 
accelerated by human activity, and is related to land use changes 
(Borrelli et al., 2017). The study of interrill (with overland flows) and 
channelized (rill and gully) erosion is relevant as these erosion compo
nents are responsible for the majority of soil loss from hillslopes (Di 
Stefano et al., 2022a; Pampalone et al., 2023).

The simplest process-oriented soil erosion model (Nearing et al., 
1989; Flanagan and Nearing, 1995; Ferro, 2010) is divided into two 
components: one representing the interrill erosion processes (Mutchler 
and Young, 1975; Abrahams et al., 1994; Toy et al., 2002; Nicosia et al., 
2024a) and the other representing rill erosion (Casalì et al., 2006; Capra 
et al., 2009; Di Stefano and Ferro, 2011; Carollo et al., 2015; Bagarello 
et al., 2018). The main justification for using this two-component- 

schematization is that the physical variables controlling interrill and 
rill erosion are different (Flanagan et al., 2007). As an example, hillslope 
length has no effect on interrill erosion, whereas rill erosion increases 
with slope length (Toy et al., 2002). However, process-oriented models 
require the estimate of the mean flow velocity, which is related to 
sediment transport capacity and affects erosion and deposition 
phenomena.

Overland flow is studied as a shallow open-channel flow moving 
along a slope under the effect of gravity. The analysis of overland flow is 
not simple, as the hydraulic variables are difficult to define using basic 
hydraulic techniques that are only marginally applicable (Emmett, 
1970; Nicosia et al., 2021a). Overland flows are characterized by 
subcritical to supercritical flow depths, and roll waves may occur as a 
result of the flow’s instability (Emmett, 1970; Govers et al., 2000; Fang 
et al., 2021; Wang et al., 2014, 2021), especially for increasing slope 
(Zanuttigh and Lamberti, 2002) or flow rate. For the overland flow 
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condition, for which the flow width is usually much greater than the 
flow depth, the hydraulic cross-section can be assumed to be a very wide 
rectangular one. Furthermore, the water surface tends to be parallel to 
the hillslope (considered as a uniform slope) asymptotically, and the 
flow can be considered uniform (Nicosia et al., 2024b).

Rills are small channels characterized by steep slopes and water 
depths varying from some millimeters to several centimeters (Fig. 1). 
Modelling of interrill and rill erosion processes requires the knowledge 
of hydraulic variables such as surface width, water depth, mean flow 
velocity, and roughness coefficient, which must be defined in addition to 
flow discharge (Foster et al., 1984; Gilley et al., 1990; Govers, 1992; 
Nearing et al., 1997; Peng et al., 2015; Ferro, 2018a).

The open channel flows moving as overland or in a rill are generally 
affected by grain resistance (due to roughness height), bed forms, and 
sediment transport. Notwithstanding hillslope overland flow, channel
ized rill flows, and river flows present both similarity and difference due 
to the geometrical scale and the effect of the involved hydraulic pro
cesses, most of the physically-based erosion models (De Roo et al., 1994; 
Laflen et al., 1991; Morgan et al., 1998; Nouwakpo et al., 2016) use the 
well-known Chezy’s equation (Ferro, 1999; Smith et al., 2007; Powell, 
2014): 

V = C
̅̅̅̅̅
Rs

√
=

s1/2R2/3

n
=

̅̅̅̅̅̅̅̅̅̅
8gRs

f

√

(1) 

in which V is the mean flow velocity (m s− 1), C is the Chezy coefficient 
(m1/2 s− 1), n is the Manning coefficient (m− 1/3 s), f is the dimensionless 
Darcy–Weisbach friction factor, R (m) is the hydraulic radius, s (− ) is the 
slope steepness, and g (m s− 2) is the acceleration due to gravity. Many 
erosion models use Manning’s equation to model overland flow (Hessel 
et al., 2003; Shen et al., 2023a), while the Darcy–Weisbach friction 
factor is used in WEPP (Water Erosion Prediction Project) (Foster et al., 
1995; Govers et al., 2007; Ferro and Nicosia, 2020). Furthermore, field 
studies commonly use the Darcy–Weisbach friction factor to model flow 
resistance (Smith et al., 2007; Nicosia et al., 2020a). Equation (1) is 
commonly applied for overland flows, substituting the hydraulic radius 

R with the water depth h (m), as the flow width is usually much greater 
than the flow depth.

While for rills the flow regime is generally turbulent, for overland 
flows, the Reynolds number Re generally assumes values corresponding 
to the laminar or transition regime; however, the flow cannot be 
considered laminar when disturbances due to impacting rainfall and 
hillslope surface irregularities occur. For this reason, Horton (1945)
postulated that an overland flow over a natural hillslope is a “mixed 
flow”; in other words, it is characterized by areas with fully turbulent 
flow mixed with areas where the flow is laminar. The variability of Re 
from overland to rill flows should be considered when a single flow 
resistance equation is used to express both these hydraulic conditions.

A challenge for uniform open-channel flow hydraulics is the theo
retical deduction of the flow-resistance law by integration of a known 
flow-velocity distribution in the cross-section (Ferro, 1997, 2003, 2017; 
Powell, 2014). Dimensional analysis can be usefully applied to solve this 
problem (Barenblatt, 1987), as the flow-resistance law and the flow- 
velocity distribution can be expressed by functional relationships rep
resenting the examined physical process.

Ferro (2017) deduced a new resistance equation for open-channel 
flows applying dimensional analysis and self-similarity theory 
(Barenblatt, 1991, 1993). This theory was used, as it will be shown in the 
next paragraph, to establish the power velocity distribution whose 
integration allows for obtaining a theoretical expression of the Dar
cy–Weisbach friction factor.

It is noteworthy that this theoretical flow resistance equation has 
successfully applied for overland (Nicosia et al., 2020a, 2020b, 2024b, 
2025a, 2025b) and rill flows (Di Stefano et al., 2018, 2019, 2021a, 
2022b, 2024a; Carollo et al., 2021; Nicosia et al., 2019; Palmeri et al., 
2018).

Flume measurements allow the experimental study of the uniform 
flow motion in a straight rill channel with a mobile or fixed bed, while 
field experiments allow for investigating a complex rill geometry 
(Fig. 1). For a given soil roughness, Di Stefano et al. (2024a) compared 
measurements performed in fixed-bed rill channels incised in plots with 
data obtained in rectangular rill flumes. This analysis, developed for two 

Fig. 1. Example of a complex rill geometry.
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different soils, stated that the influence of different soil roughness on f is 
limited in comparison with that due to rill cross-section shape.

Recently, Lucchese et al. (2025) carried out some experimental runs 
in rectangular rill channels using a smooth flume and three fixed-bed 
flumes whose bottom and walls were covered by soils with different 
textures (clay-loam, sandy-loam and clay). In agreement with the results 
by Di Stefano et al. (2024a), this investigation demonstrated that the 
influence of different soil roughness (grain resistance) on f is very 
limited.

Even if flow resistance has been widely studied for overland and rill 
flows investigating the influence of different variables on flow resis
tance, the behavior of flow resistance in the transition from overland to 
rill flows remains unexplored.

In this paper, the flume measurements by Savat (1980) and Lucchese 
et al. (2025) carried out for smooth and rough channels, which are 
characterized by a rectangular cross-section, a fixed bed and a grain 
resistance condition, were used. Additional effects, such as rainfall 
impact (Nicosia et al., 2025a; 2025b; Shen et al., 2021; 2023b), vege
tation and biological soil crust (Dan et al., 2023; 2024; Di Stefano et al., 
2024b), and flow sediment transport (Liu et al., 2023; Nicosia et al., 
2021b), were not considered as the main aim of this investigation is to 
study the width cross-section effects, from very wide rectangular (VWR) 
to narrow rectangular (NR), on flow resistance due only to grain 
roughness.

Measurements performed for different values of the ratio between 
the channel width L and the water depth h and, as a consequence, 
different values of the ratio between the hydraulic radius R and h, were 
employed to demonstrate the experimental evidence that continuity in 
flow resistance from overland (R quasi equal to h) to rill flows (R/h < 1) 
(Smith et al., 2007; Nicosia et al., 2024a) can be established. Finally, 
using these flume measurements available in the literature, a theoretical 
flow resistance equation was calibrated using a continuity approach 
from overland to rill flows.

2. Materials and methods

2.1. Available experimental data

The first data set consists of the measurements by Savat (1980), 
which were carried out using seven sloping flumes (s varying from 0.8% 
to 58%), 3 m long and 0.117 m wide. One flume was smooth (plastic) 
and six others are covered by sediments fixed on the channel bed (Loess, 
Tongeriaan sand, Brusseliaan sand, Loess with gravel, Tongeriaan sand 
with gravel, Brusseliaan sand with gravel). Therefore, the flow resis
tance contribution due to smooth walls for these runs is negligible. In the 
paper by Savat (1980), the measurements (702 experimental runs) are 
plotted in graphs representing the experimental pairs Re-f, in which the 
Reynolds number Re is calculated as 4V h/νk and νk is the kinematic 
viscosity, for different slope steepness conditions. For each investigated 
condition, using the plotted pairs (Re, f), the mean velocity V and the 
water depth h values were calculated by the following relationships: 

V =

̅̅̅̅̅̅̅̅̅̅̅
2gsνk(

f
Re

)3

√
√
√
√
√

(2) 

h =
Reνk

V
(3) 

The second dataset is constituted of the experimental runs by Lucchese 
et al. (2025), which also include the measurements by Di Stefano et al. 
(2021b), Nicosia et al. (2021a), and Di Stefano et al. (2024a). These 196 
runs were performed in a sloping flume (s varying from 0.1% to 15%), 5 
m long, 0.04 m deep, and 0.078 m wide (Fig. 2). A small pipe supplied 
the discharge entering the flume, and the water coming out was 
collected in a tank. The experimental runs were performed using a 

smooth flume (aluminium) and three flumes having bed and walls 
characterized by different roughness conditions, which were obtained 
by fixing a sieved soil. In these cases, especially for high values of water 
depth, the total flow resistance is affected by the additional flow resis
tance due to wall roughness. In detail, one flume was covered by a clay- 
loam soil (36.4% sand, 30.9% silt, and 32.7% clay), while the others 
were covered by a sandy-loam (55.8% sand, 31.4% silt, and 12.8% clay) 
and a clay soil (5% sand, 33% silt, and 62% clay). Each experimental run 
was characterized by given values of slope s, discharge Q, and water 
depth h. The flow discharge was measured by the volumetric technique 
(i.e., measuring the filling time of a bucket having known volume), 
while the water depth h was measured by a point gauge (accuracy 0.1 
mm) placed in the flume axis, 2 m apart from the inlet. For each run, the 
hydraulic cross-section area was calculated by multiplying the flow 
width L by h, and the mean flow velocity V was calculated as the ratio 
between the measured Q and cross-section area.

For both the databases, the Reynolds number Re = V h/νk, in which νk 
is the kinematic viscosity, and the Froude number F = V/(g h)0.5 were 
also calculated.

For each dataset, Table 1 lists the range of the investigated slope s, 
discharge Q (L/s), ratio h/L, ratio R/h, Reynolds number Re, and Froude 
number F. The values of L/h and R/h listed in Table 1 demonstrate that 
the dataset by Savat (1980) is dominated by very wide rectangular cross- 

Fig. 2. View of the flume used for the experiments by Lucchese et al. (2025).

Table 1 
Characteristic data of the two used datasets.

Variable Savat (1980) Lucchese et al. (2025) This investigation

s (− ) 0.008 – 0.58 0.001 – 0.15 0.0251 – 0.32
Q (L s− 1) 0.005 – 0.84 0.19 – 0.88 0.20 – 0.88
L/h 9.7 – 270.3 2.6 – 21.7 4.4 – 19.2
R/h 0.83 – 0.99 0.57 – 0.91 0.69 – 0.91
Re = V h/νk 33–––5623 1911–––10247 2028–––8427
F 0.22 – 11.7 0.46 – 7.67 1.4 – 4.5
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sections (R/h near to 1 and L ≫ h), which are characteristic of overland 
flow conditions, while data by Lucchese et al. (2025), which are typical 
of rill flows, are characterized by rectangular cross-section (R/h varying 
from 0.57 to 0.91 and a more narrow range of L/h).

Considering that the dataset by Savat (1980) is dominated by over
land flow conditions (0.83 ≤ R/h ≤ 0.99), while the dataset by Lucchese 
et al. (2025) is typical of rill flows (0.57 ≤ R/h ≤ 0.92), it is worth noting 
that the pairs (h, R/h) plotted in Fig. 3a allow for distinguishing three 
different ranges. The first range (h ≤ 0.36 cm, 0.92 ≤ R/h < 0.99) 
corresponds to overland flows only investigated by Savat (1980), the 
second range is a transition zone from overland to rill flows (0.36 < h ≤
1.21 cm, 0.76 ≤ R/h < 0.92) and the third range (h > 1.21 cm, 0.76 < R/ 
h < 0.57) corresponds to rill flows only investigated by Lucchese et al. 
(2025).

Fig. 3b shows the frequency distributions of the ratio R/h corre
sponding to the dataset by Savat (1980) (0.83 ≤ R/h ≤ 0.99), the smooth 
configuration by Lucchese et al. (2025) (0.73 ≤ R/h ≤ 0.91), and the 
rough configurations by Lucchese et al. (2025) (0.57 ≤ R/h ≤ 0.86).

Fig. 3c shows the frequency distributions of the Darcy–Weisbach 
friction factor values corresponding to the dataset by Savat (1980)
(overland flows), the smooth configuration by Lucchese et al. (2025)
(transition), and the rough configurations by Lucchese et al. (2025)
(prevalently rill flows).

A total of 898 data were available, and the pairs (Re, F), plotted in 
Fig. 4, show that the flows investigated by Savat (1980) are prevalently 
laminar, while those by Lucchese et al. (2025) are mainly turbulent flow 
conditions (Table 1).

2.2. Measurements carried out in this investigation

The experimental investigation was carried out using the same small 
flume used by Lucchese et al. (2025) (Fig. 2), which is 5 m long, 0.08 m 
wide, and 0.04 m high, placed at the experimental area of the Depart
ment of Agriculture, Food, and Forest Sciences of the University of 
Palermo. The bed and the walls of the flume were covered with natural 
zeolite particles with a mean roughness height of 0.505 mm. These 85 
runs were performed using sixteen slopes (s = 2.5, 4.4, 6.1, 8.7, 9, 11, 
13, 15, 16, 18, 22, 24, 26, 28, 30, and 32%) and five discharges (Q =
0.20 to 0.85 L s− 1) per slope were investigated. The volumetric method 
was used to measure the discharge, and a point gauge with an accuracy 
of ± 0.1 mm was used to measure the flow depth, h. The gauge was 
placed in the flume axis, two meters from the inlet section.

In this case, the R/h values range from 0.69 to 0.9 (Fig. 3b). For this 
dataset, Table 1 also lists the range of the investigated slope s, discharge 
Q (L/s), ratio h/L, ratio R/h, Reynolds number Re, and Froude number F. 
The pairs (Re, F), plotted in Fig. 4, show that the flows of this investi
gation are supercritical and turbulent (Table 1).

Fig. 3c shows the frequency distribution of the Darcy–Weisbach 
friction factor values corresponding to the dataset obtained in this study, 
which overlaps with the rough configurations by Lucchese et al. (2025)
(prevalently rill flows).

2.3. The theoretical flow resistance equation

The use of dimensional analysis and self-similarity theory 
(Barenblatt, 1987) allows for theoretically deducing the flow velocity 
distribution in an open-channel flow (Ferro, 2017, 2018a, 2018b) hav
ing a rectangular cross-section with a width L. The ratio h/L allows for 
representing rectangular cross-sections with a geometry variable from 
very wide rectangular (VWR) (L ≫ h, h/L→0 and R/h →1), representing 
an overland flow condition, to a narrow rectangular (NR) (h ≫ L, h/L 
→∞, and R/h →0), representing a rill channel flow. For representing 
these geometrical conditions, the local flow velocity distribution v(y) 
along a given vertical can be expressed by the following functional 
equation (Barenblatt, 1987; 1993; Ferro, 1997): 

Fig. 3. Relationship between the values of flow depth h and ratio R/h for the 
investigated datasets (a), frequency distributions of R/h values corresponding 
to the different datasets (b), and frequency distributions of f values corre
sponding to the different datasets (c).
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ϕ
(

dv
dy

, y, L, h, d, u*, s, ρ, μ, g
)

= 0 (4) 

in which ϕ is a functional symbol, y is the distance from the bottom, d is a 
characteristic diameter of the soil particles,u* =

̅̅̅̅̅̅̅
gRs

√
is the shear ve

locity, ρ is the water density, and μ is the water viscosity.
Applying the Π-theorem (Barenblatt, 1987), Equation (4) can be 

rewritten in the following dimensionless form: 

Π1 = ϕ2(Π2,Π3,Π4,Π5,Π6,Π7) (5) 

in which Π 1, Π 2, Π 3, Π 4, Π 5, Π 6, and Π 7 are dimensionless groups and 
ϕ2 is a functional symbol.

Using as dimensional independent variables y, u*, and μ to deduce 
the dimensionless groups, Equation (5) can be rewritten as follows 
(Ferro, 2018b; Nicosia et al., 2020a): 

y
u*

dv
dy

= ϕ2

(
L
y
,
h
y
,
d
y
, s,

u*y
νk

,
gy
u2

*

)

(6) 

As Barenblatt (1987) suggested that “In some cases, it turns out to be 
convenient to choose new similarity parameters – products of powers of the 
similarity parameters obtained in the previous step”, the following dimen
sionless groups are deduced: 

Π2,3 =
1

1 + 2 Π3
Π2

=
1

1 + 2 h
y

y
L
=

1
1 + 2 h

L
=

R
h

(7) 

Π3,6 =

̅̅̅
8
f

√

Π3Π6 =
V
u*

h
y

u*y
νk

=
Vh
νk

= Re (8) 

Π4,3 =
Π3

Π4
=

h
y

y
d
=

h
d

(9) 

Π5 = s (10) 

Π6 =
u*y
νk

(11) 

Π7,3 =

̅̅̅
8
f

√
1

Π1/2
7 Π1/2

3

=

̅̅̅
8
f

√
u*

g1/2y1/2
y1/2

h1/2 =

̅̅̅̅̅̅
8u2

*
f

√

g1/2h1/2 =
V̅
̅̅̅̅
gh

√ = F (12) 

Since Ferro (2018b) demonstrated that F takes also into account the 
depth sediment ratio h/d, the functional relationship (6) can be 
rewritten as follows: 

y
u*

dv
dy

= ϕ3

(
R
h
,Re, s, F,

u*y
νk

)

(13) 

where ϕ3 is a functional symbol.
Assuming the Incomplete Self-Similarity (ISS) hypothesis in u*y/νk 

(Barenblatt and Monin, 1979; Barenblatt and Prostokishin, 1993; Ferro, 
2017), Equation (13) can be integrated (Barenblatt and Prostokishin, 
1993; Ferro and Pecoraro, 2000), and the following power velocity 
profile is obtained: 

v
u*

= Γ
(

R
h
,Re, s, F

)(
u*y
υk

)δ

(14) 

in which Γ is a function of the dimensionless groups R/h, Re, s, and F, to 
be defined by velocity measurements, and δ is an exponent calculated by 
the following theoretical equation (Barenblatt, 1991; Castaing et al., 
1990) 

δ =
1.5
lnRe

(15) 

Setting y = α h as the distance from the bottom at which the local ve
locity is equal to the cross-section average velocity V, Equation (12)
allows for obtaining the following value of the Γ function (Ferro, 2017; 
Ferro and Porto, 2018): 

Γ =
V

u*

(
u*αh

νk

)δ (16) 

in which α is a coefficient, smaller than unit, which takes into account 
that the average velocity V is located under the water surface and that 
the mean velocity profile, whose integration gives V, is calculated by 
averaging, for each distance y, the velocity values v measured in 
different verticals.

Ferro (2017) proposed the following theoretical equation for calcu
lating α: 

α =

[
21− δ

(δ + 1)(δ + 2)

]1/δ

(17) 

Applying the ISS for all the dimensionless groups included in the Γ 
functional relationship (see Equation (14), the following estimate Γ v is 
obtained: 

Γv = a
Fb

scRee(R/h)i (18) 

in which the coefficients a, b, c, e, and i have to be experimentally 
determined. For an overland flow, assuming R = h, Eq. (18) is equal to 
the relationship proposed by Nicosia et al. (2022).

The Darcy–Weisbach friction factor f is obtained by integrating the 
power velocity distribution (Equation (14) (Ferro, 2017; Ferro and 
Porto, 2018; Nicosia et al., 2022): 

f = 8
[
(δ + 1)(δ + 2)
21− δΓ4.4817

] 2
1+δ

(19) 

The application of Equation (19) requires the calculation of δ by Equa
tion (15) and the estimate of Γ = Γv by the calibrated Equation (18).

Combining Eq. (19) and (18), the following flow resistance equation 
is obtained: 

f = 8
[
(δ + 1)(δ + 2)
21− δa4.4817

] 2
1+δ
(

scRee(R/h)i

Fb

) 2
1+δ

(20) 

Fig. 4. Pairs (Re, F) for the investigated datasets.
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2.4. Statistical analysis

The agreement between the measured Darcy–Weisbach friction fac
tor and those calculated by the theoretical flow resistance equation was 
evaluated by the root mean square error, RMSE, which is defined as: 

RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑N

i=1

(
ym.i − yc,i

)

N

√
√
√
√
√

(21) 

in which N is the sample size, and ym,i and yc,i are the measured and the 
calculated values of the examined dependent variable (Γ or f), 
respectively.

The agreement between measured and calculated f values was also 
controlled by the empirical frequency distribution of the errors in esti
mate E = 100 (fc − fm)/ fm, in which fc and fm are the calculated and 
measured values of the Darcy–Weisbach friction factor, respectively.

Moreover, the f data for given range of R/h were subjected to One- 
Way ANOVA using “SPC for Excel” add-in software for Excel (BPI 
Consulting, LLC), assuming 95% as the confidence interval. Thus, sta
tistical significance was attributed to p-value < 0.05.

The percent bias, PBIAS, was also calculated according to Gupta et al. 
(1999): 

PBIAS = 100
∑N

i (fm − fc)
∑N

i fm
(22) 

This statistic measures the average tendency of the calculated values fc 
to be higher or lower than their measured counterparts fm. The optimal 
value of this statistic is zero. Positive values indicate a model bias to
ward underestimation, whereas negative values indicate a bias toward 
overestimation.

3. Results

3.1. Evidence from experimental data

The available 898 data were first ordered with reference to specific 
R/h ranges, and the number N of data for each range is listed in Table 2. 
At first, these ranges were chosen considering that most of the experi
mental data by Savat (1980) correspond to overland flow conditions 
(0.99 ≤ R/h ≤ 0.94), while the majority of measurements by Lucchese 
et al. (2025) refer to rill flow conditions (0.89 < R/h ≤ 0.57) and that the 
remaining investigated R/h values can be attributed to a transition from 
VWR to NR (Fig. 3b). For each investigated R/h range, the mean value of 
the friction factor μ (f) and the standard deviation σ(f) are listed in 
Table 2.

For each investigated R/h range, the empirical frequency distribu
tion of the Darcy–Weisbach friction factor is plotted in Fig. 5. This figure 
demonstrates that the highest f values correspond to the rectangular 
very wide cross-sections (0.99 ≤ R/h ≤ 0.94), typical of overland flows, 

and to the rectangular narrow sections (0.80 < R/h ≤ 0.57), corre
sponding to rill conditions. This result is also confirmed by the mean 
values μ (f) listed in Table 2. Fig. 5 also shows that the distributions 
corresponding to the R/h ranges of 0.94–0.90 and 0.90–0.80, which 
represent the flow resistance transition from VWR to NR cross-sections, 
are almost overlaid and are characterized by f values generally less than 
those of the extreme conditions (VWR, NR). The ANOVA test was also 
performed to verify if the empirical cumulative frequency distribution of 
f corresponding to a given R/h range (for example, 0.99 ≤ R/h ≤ 0.94 in 
Fig. 5) is statistically different from the other distributions concerning 
the different R/h ranges (for example, 0.94 < R/h ≤ 0.90, and 0.90 < R/ 
h ≤ 0.80 in Fig. 5). This analysis demonstrated that the hypothesis that 
the statistical distributions shown in Fig. 5 have to be considered sta
tistically coincident cannot be accepted.

A further analysis of the empirical cumulative frequency distribu
tions corresponding to selected ranges of R/h characterized by the same 
number of data (sample size of 150) was also developed (Fig. 6). This 
analysis demonstrated that the highest f values correspond to overland 
flows (ranges 0.99 ≤ R/h ≤ 0.97, 0.97 < R/h ≤ 0.96, and 0.96 < R/h ≤

Table 2 
Subdivision of the experimental data in R/h ranges and reference data base.

R/h range N Dataset Cross- 
section 
type

μ (f) σ(f)

0.99 ≤ R/h ≤
0.94

474 Savat (1980) VWR 0.213 0.280

0.94 < R/h ≤
0.90

182 179, Savat (1980)
3, Lucchese et al. 
(2025)

Transition 0.074 0.047

0.90 < R/h ≤
0.80

117 49, Savat (1980)
68, Lucchese et al. 
(2025)

Transition 0.086 0.085

0.80 < R/h ≤
0.57

125 Lucchese et al. (2025) NR 0.117 0.073

Fig. 5. Empirical frequency distribution of the Darcy–Weisbach friction factor 
corresponding to four investigated R/h ranges.

Fig. 6. Empirical frequency distribution of the Darcy–Weisbach friction factor 
corresponding to six investigated R/h ranges.
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0.94) and rill flows (0.82 < R/h ≤ 0.57). Moreover, when the R/h ranges 
decrease from 0.99 ≤ R/h ≤ 0.94 to 0.92 ≤ R/h ≤ 0.82 (Fig. 6), the 
corresponding distributions shift monotonically on the left (lowest f 
values).

Finally, Fig. 3c confirms that this trend is independent of the chosen 
R/h ranges, as the overland flow (Savat, 1980) and rough rill (Lucchese 
et al., 2025) conditions are characterized by the highest f values, while 
the transition condition (smooth flume by Lucchese et al., 2025) leads to 
the lowest friction factors.

3.2. Calibration and testing of the theoretical flow resistance equation

The theoretical flow resistance equation (Eq. (19) coupled with Eq. 
(18) has the advantage of considering the following aspects to be 
examined when a single resistance law must be applied for all geomet
rical conditions varying from VWR (overland flows) to NR (rill flows): 

1) the variability of flow regime, from the laminar conditions, typical of 
overland flows, to turbulent conditions, characteristic of rill flows, is 
represented by Re;

2) the shape of the rectangular cross-section, varying continuously from 
VWR to NR, is represented by the ratio R/h (see Eq.7);

3) the introduction of F allows for considering all hydraulic conditions 
from subcritical to supercritical and to include the effects of the 
depth sediment ratio h/d (Ferro, 2018b);

4) the introduction of slope s allows for distinguishing different hy
draulic (flow depth and velocity) and sediment transport (flow 
transport capacity) conditions (Di Stefano et al., 2021a; Nicosia 
et al., 2022).

For both calibrating and testing the theoretical flow resistance law 
(Equations (18) and (19), the complete data set (made of the 702 
measurements by Savat (1980) and 196 by Lucchese et al. (2025)) was 
divided into two sub-data sets, having the same number of experimental 
runs (449 data) and assuring comparable ranges of the experimental 
variables (s, Q, h, R, V, R/h) (Table 1). The two sub-data sets were 
constructed by alternately extracting from the complete data set one run 
for the calibration set and one for the testing set. The aim of this division 
criterion was to obtain the same number of experimental runs charac
terized by the same s, Q, h, R, V, and R/h values in order to prevent the 
testing dataset from being in extrapolation and to ensure that the model 
was not influenced by the split criterion. Using the calibration dataset to 
calibrate Eq. (18), the following relationship was obtained: 

Γv = 1.1152
F1.2272

s0.5902Re0.1705(R/h)1.2850 (23) 

which is characterized by a determination coefficient of 0.997 and a 
RMSE of 0.195.

Fig. 7a shows the comparison between the measured Γ values, ob
tained by Eq. (16) and the measured values of slope, mean flow velocity 
V, and water depth h, and those calculated by Eq. (23). Fig. 7b shows the 
comparison between the measured friction factor values and those 
calculated by Eq. (19) coupled with Eq. (23). Notwithstanding the dif
ferences in terms of the Darcy–Weisbach friction factor pointed out in 
Fig. 5 and in Fig. 6, the proposed theoretical approach assures a reliable 
estimate of f (characterized by an RMSE of 0.020), also without 
considering the variability of the roughness condition. No bias in the 
estimate of the Darcy–Weisbach friction factor by Eq. (19) coupled with 
Eq. (23) can be recognized, as PBIAS is equal to 0.0142.

For the testing data set (449 data), Fig. 8a, which shows the com
parison between the measured Γ values and those calculated by Eq. (23), 
confirms the good performance of the proposed equation, which is 
characterized by an RMSE of 0.191. For the same data set, Fig. 8b shows 
the comparison between the measured friction factor values and those 
calculated by Eq. (19) coupled with Eq. (23). Fig. 8b confirms good 

accuracy also in the f estimate, which is characterized by RMSE of 0.021.
Considering the negligible statistical difference in terms of agree

ment (Figs. 7 and 8) and RMSE related to the calibration and testing 
datasets, all the available data (Table 1), which are widely representa
tive of hydraulic conditions varying from VWR to NR, were used to 
calibrate Eq. (18) and the following relationship was obtained: 

Γv = 1.1140
F1.2269

s0.5898Re0.1701(R/h)1.2821 (24) 

which is characterized by a determination coefficient of 0.997 and a 
RMSE of 0.190.

Fig. 9a shows the comparison between the measured Γ values, ob
tained by Eq. (16) and the measured values of slope, velocity V and 
water depth h, and those calculated by Eq. (24). Introducing the co
efficients of Eq. (24) into Eq. (20), the following flow resistance equation 
is obtained: 

f = 8
[
(δ + 1)(δ + 2)
21− δ4.9926

] 2
1+δ
(

s0.5898Re0.1701

F1.2269

) 2
1+δ[

(R/h)1.2821
] 2

1+δ (25) 

Fig. 9b shows the comparison between the measured friction factor 

Fig. 7. Comparison, for the calibration dataset, between the measured Γ values 
obtained by Eq. (16) and those calculated by Eq. (23) (a) and between the 
measured f values and those calculated by Eqs. (19) and (23) (b).
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values and those calculated by Eq. (25) which is characterized by a 
RMSE = 0.02. Notwithstanding the differences in terms of the Dar
cy–Weisbach friction factor pointed out in Fig. 5, Fig. 9b confirms that 
the proposed theoretical approach assures a reliable estimate of f also 
without considering the variability of roughness condition. The empir
ical frequency distribution of the errors in estimate E is plotted in 
Fig. 10. This figure also shows that the errors E are distributed according 
to a normal law with mean and standard deviation equal to those of the 
sample empirical errors. Furthermore, the empirical frequency distri
bution of E is characterized by a sample mean of − 0.37, a skewness of 
− 0.24, and a kurtosis of 2.62. For the normal distribution, these values 
are equal to 0 (mean), 0 (skewness), and 3 (kurtosis).

The analysis of residual RES = fm − fc of the Darcy–Weisbach friction 
factor against the controlling variables (F, s, Re, R/h) was developed, and 
no systematic bias was recognized. No bias in the estimate of the Dar
cy–Weisbach friction factor by Eq. (19) coupled with Eq. (24) can be 
recognized, as PBIAS is equal to 0.0153.

Fig. 11 shows the variability of the experimental δ values, calculated 
by Eq. (15), and the corresponding R/h values. This figure demonstrates 
that the hypothesis to assume a constant value of δ can only be applied 
for rill flows.

For an overland flow condition (0.92 ≤ R/h ≤ 0.99), assuming R/h =

1, Eq. (25) gives: 

f = 8
[
(δ + 1)(δ + 2)
21− δ4.9926

] 2
1+δ
(

s0.5898Re0.1701

F1.2269

) 2
1+δ

(26) 

Considering that for R/h ≤ 0.92, δ varies within a narrow range 
(0.162–0.222) and has a standard deviation of 0.014, its mean value 
(0.183) can be introduced into Eq. (26), and, for a rill flow condition, the 
following equation is deduced: 

f = 1.0076
(

R
h

)2.1675(s0.9971Re0.2876

F2.0742

)

(27) 

3.3. Testing the theoretical flow resistance equation by measurements 
carried out in this investigation

For testing the theoretical flow resistance (Eq. (25), the measure
ments carried out in this investigation, characterized by values of the 
experimental variables (s, Q, h, R, V, R/h) falling within the range of the 
literature data (Table 1), were used.

For this new dataset, Fig. 12a, which shows the comparison between 

Fig. 8. Comparison, for the testing dataset, between the measured Γ values 
obtained by Eq. (16) and those calculated by Eq. (23) (a) and between the 
measured f values and those calculated by Eqs. (19) and (23) (b).

Fig. 9. Comparison, for the whole dataset by Savat (1980) and Lucchese et al. 
(2025), between the measured Γ values obtained by Eq. (16) and those calcu
lated by Eq. (24) (a) and between the measured f values and those calculated by 
Eqs. (19) and (24) (b).
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the measured Γ values, obtained by Eq. (16) and the measured values of 

slope, mean flow velocity V, and water depth h, and those calculated by 
Eq. (24), confirms the good performance of the proposed equation, 
which is characterized by an RMSE of 0.109.

Fig. 12b, which shows the comparison between the measured friction 
factor values and those calculated by Eq. (25), demonstrates good ac
curacy in the f estimate, characterized by an RMSE of 0.006, also for the 
testing independent dataset.

4. Discussion

4.1. Evidence from experimental data

Data listed in Table 2 and frequency distributions shown in Fig. 5
pointed out that the investigated ranges of R/h allow for clearly dis
tinguishing between overland and rill flows. The highest f values cor
responding to the very wide rectangular cross-sections (0.99 ≤ R/h ≤
0.94), which are characterized by the highest values of the ratio L/h (9.7 
– 270.3), are exclusively due to the bed grain resistance. In fact, only the 
measurements by Savat (1980) fall in the range 0.99 ≤ R/h ≤ 0.94 
(Fig. 3b), corresponding to VWR cross-sections, and for these runs the 
flow resistance contribution due to walls was negligible. Instead, when 
the narrow rectangular cross-section of rills occurs (0.80 < R/h ≤ 0.57), 
the high flow resistance values are due to the prevalent contribution of 

Fig. 10. Empirical frequency distribution of the errors E in the f estimate (a) 
and relationship between the errors E in the f estimate and the Darcy–Weisbach 
friction factor (b).

Fig. 11. Variability of the experimental δ values, calculated by Eq. (15), and 
the corresponding R/h values.

Fig. 12. Comparison, for the measurements performed in this investigation, 
between the measured Γ values and those calculated by Eq. (24) (a) and be
tween the measured f values and those calculated by Eqs. (19) and (24) (b).
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the channel walls (L/h in the range 2.6 – 7.9). For the database by Savat 
(1980), the minimum value of R/h (0.82) is greater than the maximum 
R/h value (0.80) characterizing the NR cross-sections. Thus, in this R/h 
range (0.80–––0.57), only the data by Lucchese et al. (2025) with rough 
bed conditions, for which the total flow resistance is affected by the 
contribution due to walls, are included.

For the intermediate geometric conditions (0.94 < R/h ≤ 0.80), the 
smallest friction factor values can be justified considering that the 
resistance contribution of the channel walls is reduced as compared to 
that of the NR cross-sections.

However, the experimental data evidence that the transition from 
VWR to NR cross-sections implies a transition in flow resistance condi
tions related to R/h, and should be represented by the flow resistance 
equation.

The new analysis of the empirical cumulative frequency distributions 
corresponding to selected ranges of R/h, identified by samples having 
the same size (N = 150), confirmed the occurrence of the highest f values 
for overland and rill flow conditions. This analysis also detected a con
tinuity of flow resistance related to the range of R/h, confirming that this 
variable can effectively represent different flow resistance from VWR to 
NR cross-sections.

4.2. Calibration and testing of the theoretical flow resistance equation

The analysis developed by subdividing the available data set into two 
sub-data sets, having the same number of experimental runs (449 data), 
allowed for calibrating and testing the flow resistance (Eqs. (18) and 
(19) using two independent sets of measurements. This analysis 
confirmed that the theoretical approach assures a reliable estimate of 
the Darcy–Weisbach friction factor and that the f estimates are unbiased.

The agreement between the measured f values and those calculated 
by Eq. (25) is characterized by good accuracy (Fig. 7), as errors E in 
estimate (Fig. 8) that, for 96.8% of the cases, are less than or equal to ±
10% and, for 82.0% of the cases, are less than or equal to ± 5%. This 
performance of Eq. (25) is very good notwithstanding the variability of 
roughness condition (Fig. 5), confirming that F is able to represent the 
effect of the depth/roughness ratio h/d and, for a given shape of the 
cross-section (rectangular), the actual influence of soil roughness can be 
considered negligible (Di Stefano et al., 2024a; Lucchese et al., 2025). 
According to Di Stefano et al. (2024a) and Lucchese et al. (2025), “……. 
for a fixed-bed channel, the effect of the cross-section shape on the Dar
cy–Weisbach friction factor is much greater than that due to the soil grain size 
roughness.”. Therefore, the application of Eq. (20) can be carried out 
using an a value simply representing the category “soil”, regardless of 
the soil texture, as the used measurements are all characterized by 
rectangular cross-sections. In other words, the change due to the 
roughness height of different soils does not appreciably affect the esti
mate of the a coefficient. This finding is confirmed by the circumstance 
that a single flow resistance equation (Eq. (19) coupled with Eq. (25), 
with a = 1.114) can be applied to all investigated conditions charac
terized by different roughness (Savat, 1980; Lucchese et al., 2025). In 
other words, the use of different soils, characterized by different 
roughness heights, does not significantly affect the estimate of the a 
coefficient of Eq. (18) and, as a consequence, of the Darcy–Weisbach 
friction factor.

Considering the theoretical deduction of Eq. (25) and that the errors 
in estimate f (Fig. 8) are normally distributed (with mean of − 0.37 and 
standard deviation of 4.16), Eq. (25) can be considered a complete 
model, i.e. Eq. (25) takes into account all the variables required to fully 
model flow resistance for channels with a rectangular cross-section 
varying from VWR (overland flows) to NR (rill flows).

4.3. Testing the theoretical flow resistance equation by measurements 
carried out in this investigation

The measurements carried out in this investigation allowed for a 

further independent test of the accuracy of Eq. (25) in the estimate of the 
Darcy–Weisbach friction factor. The RMSE of 0.006, corresponding to 
the estimate of the f value by Eq. (25) for the investigated condition, 
demonstrates that a high accuracy.

As this investigation also confirmed that the flow resistance results 
deduced by laboratory measurements with regular cross-sections limit 
the effects of the soil roughness (Lucchese et al., 2025), future research 
challenges could be using other experimental channels with different 
widths and widening the range of investigated slopes s (higher than 
15%) and Re for the rill flow condition (Fig. 4).

5. Conclusions

The study of interrill (with overland flows) and channelized (rill and 
gully) erosion is relevant for modeling soil erosion and transport pro
cesses. In this investigation, flume measurements performed by Savat 
(1980) and Lucchese et al. (2025) in smooth and rough channels, which 
are characterized by a fixed bed and a grain resistance condition, were 
firstly used to demonstrate the experimental evidence that a continuity 
in flow resistance from overland (R quasi equal to h) to rill flows (R/h <
1) can be stated. This analysis demonstrated that the highest f values 
correspond to the very wide rectangular cross-sections (0.99 ≤ R/h ≤
0.94), typical of overland flows, and to the narrow rectangular sections 
(0.80 < R/h ≤ 0.57) corresponding to rill condition, while for the in
termediate geometric conditions (0.94 < R/h ≤ 0.80), the lowest friction 
factor values were measured. This detected transition from VWR to NR 
cross-sections implies a transition in flow resistance conditions, and its 
relationship with R/h was represented by the flow resistance equation. 
In particular, the theoretical flow resistance law (Eq.20) was deduced 
considering rectangular cross-sections characterized by different R/h 
values and calibrated by the available datasets. The agreement between 
the measured f values and those calculated by Eq. (22) was characterized 
by good accuracy. The errors E in estimate, which were normally 
distributed, were less than or equal to ± 10% for 96.8% of the cases and 
less than or equal to ± 5% for 82.0% of the cases. The proposed flow 
resistance equation is applicable for channels with a rectangular cross- 
section varying from VWR (overland flows) to NR (rill flows).

Future research could be developed by experimental channels with 
different channel widths and widening the range of investigated slope s 
(higher than 15%) and Re for the rill flow condition.
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