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Abstract
This paper presents a novel method for low-complexity estima-
tion of doubly spread channels, specifically channels with path-
dependent Doppler scaling. A time selectivity phenomenon, specifi-
cally appearing on doubly spread channels, and impairing methods
based on autocorrelation, is described. To devise a low complex-
ity method, we propose employing a composite preamble made
of hyperbolic chirps, and a greedy path-matching algorithm at
the receiver. The performance of the method is evaluated through
simulations, and we show its effectiveness in shallow water sce-
narios. The advantage in computational complexity with respect
to state-of-the-art methods like orthogonal matching pursuit is
discussed.

CCS Concepts
• Hardware → Signal processing systems; Sensor devices and
platforms; Sound-based input / output; Wireless devices.
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1 Introduction
Underwater acoustic (UWA) communication systems face unique
challenges due to the propagation characteristics of the underwater
channel. With respect to radio frequency communications, the
principal issue faced by UWA communication systems is the strong
Doppler effect caused by the low speed of sound and the mobility
of transmitters, receivers, and the medium itself [14].

In particular, any mobility in presence of multipath propagation
with a significant angle spread (at the transmitter or at the receiver)
results in a received signal made of delayed and time-scaled replicas,
with interference anytime the time-varying propagation delays are
comparable.

Several Doppler estimation methods in the literature assume
that the received signal is affected by a common scaling factor [4, 7–
9, 11, 17, 19–21]. This hypothesis holds when there is a dominant
path so that the superposed rescaled signals appear as a negligible
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interference, or the propagation delays result sparse so that the
reception events are independent. This may happen in deep ocean
when the transmitter and receiver are sufficiently far from the
acoustic impedance interfaces.

In the shallow water scenario, or when the transmitter and or
receiver are close to the surface, the doubly-spread nature of the
channel cannot be neglected, and in order to use receiver struc-
tures with coherent detection (e.g. [18]), some method must be
used in order to estimate the channel, such as methods based on
orthogonal matching pursuit (OMP) [3, 6, 15], or other signal space-
based methods [5, 22]. The fallback modulation used in this case is
usually a robust modulation with non-coherent detection, such as
frequency-hopping binary FSK [12].

In this paper, we propose a low complexity method based on the
properties of hyperbolic frequency modulated signals [1], starting
from [8, 20] and extending it to counter a time-aliasing phenomenon
we observed.

The main contributions of this work are:
• a simplified channel model for path-dependent Doppler scal-
ing

• present the time-aliasing phenomenon that can manifest
itself in the received signal, and why autocorrelation-based
methods will fail

• devise a counter strategy based on the rationale behind the
time-aliasing phenomenon, and show how the proposed
method is superior to other low-complexity methods

The remainder of this paper is organized as follows. Section 2
presents a simplified model for path-dependent Doppler scaling.
Section 3 reviews channel estimation approaches and identifies their
limitations. Section 4 recalls the properties of hyperbolic frequency
modulated signals, their detection and a method for joint delay and
Doppler estimation generalizing [8, 20]. Section 5 presents the time-
aliasing issue featured by doubly-spread channels, and presents our
proposed greedy estimation method. Section 6 provides simulation
results and performance analysis. Section 7 concludes the paper.

2 Linear Time-Varying Channels
We denote by 𝑦 (𝑡) = 𝑆{𝑥 (𝑡𝑥 ); 𝑡} the input-output relationship of a
general system, where 𝑡𝑥 and 𝑡 denote respectively the time vari-
ables of the input and output signals.

We consider a linear time-varying (LTV) [2] channel whose
impulse response is defined as:

ℎ(𝑡 ; 𝑡𝛿 ) = 𝑆{𝛿 (𝑡𝑥 − 𝑡𝛿 ); 𝑡 + 𝑡𝛿 } (1)

where 𝑡𝛿 is the instant at which the Dirac delta is applied to the
system.

Note that in (1) the impulse response is shifted towards the time
origin, so that ℎ(𝑡 ; 𝑡𝛿 ) is always zero for 𝑡 < 0 for a causal system.
This definition differs from the usual definition in the literature [2],
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but it is preferred here, as we find it more intuitive, and degenerates
to the usual impulse response in the time-invariant case.

With the previous definition, the noiseless LTV channel output
is

𝑦 (𝑡) = 𝑆{𝑥 (𝑡𝑥 ); 𝑡} =
∫

𝑥 (𝑡𝛿 )ℎ(𝑡 − 𝑡𝛿 ; 𝑡𝛿 )𝑑𝑡𝛿 (2)

which clearly turns into a convolution product when the system is
time-invariant.

With the assumption that the channel can be described by the
multipath propagation model, we have:

ℎ(𝑡 ; 𝑡𝛿 ) =
𝐿∑︁
𝑙=1

𝜌𝑙 (𝑡𝛿 )𝛿 (𝑡 − 𝜏𝑙 (𝑡𝛿 )) (3)

where 𝜌𝑙 (𝑡) and 𝜏𝑙 (𝑡) are the time-varying path amplitudes and
delays, as functions of the time at which the Dirac is presented at
the input of the channel.

Substituting (3) in (2), we obtain:

𝑦 (𝑡) =
𝐿∑︁
𝑙=1

∫
𝑥 (𝑡𝛿 )𝜌𝑙 (𝑡𝛿 )𝛿 (𝑡 − 𝑡𝛿 − 𝜏𝑙 (𝑡𝛿 ))𝑑𝑡𝛿 . (4)

With the substitution 𝜉 = 𝜉𝑙 (𝑡𝛿 ) = 𝑡𝛿 + 𝜏𝑙 (𝑡𝛿 ) =⇒ 𝑡𝛿 = 𝜉−1
𝑙

(𝜉), we
obtain:

𝑦 (𝑡) =
𝐿∑︁
𝑙=1

∫
𝑥 (𝜉−1

𝑙
(𝜉))𝜌𝑙 (𝜉−1𝑙

(𝜉))𝛿 (𝑡 − 𝜉) 1
|𝜉 ′
𝑙
(𝜉) |𝑑𝜉, (5)

which, by virtue of the Dirac sampling property, results:

𝑦 (𝑡) =
𝐿∑︁
𝑙=1

1
|𝜉 ′
𝑙
(𝑡) | 𝜌𝑙 (𝜉

−1
𝑙

(𝑡))𝑥 (𝜉−1
𝑙

(𝑡)) . (6)

2.1 Single propagation path
To exemplify the previous argument, let us consider a single-path
(𝐿 = 1) mono-dimensional channel, where the transmitter and
receiver positions are respectively described by the laws

𝑝tx (𝑡) = 𝑣tx𝑡 (7)
𝑝rx (𝑡) = 𝑑 + 𝑣rx𝑡 (8)

and where we assume, without loss of generality, that 𝑝tx (0) = 0
and 𝑝rx (𝑡𝛿 ) ≥ 𝑝tx (𝑡𝛿 ). With the further assumption, for simplicity,
of a constant sound propagation speed 𝑐 , the propagation delay
𝜏 (𝑡𝛿 ) for an impulse entering the channel at 𝑡𝛿 is obtained by solving
the equation:

𝑝rx (𝑡𝛿 + 𝜏) = 𝑝tx (𝑡𝛿 ) + 𝑐𝜏 . (9)
It is straightforward to find

𝜏 (𝑡𝛿 ) =
𝑑 + (𝑣rx − 𝑣tx)𝑡𝛿

𝑐 − 𝑣rx
. (10)

In turn,

𝜉 = 𝜉 (𝑡𝛿 ) = 𝑡𝛿 + 𝜏 (𝑡𝛿 ) =
𝑑 + (𝑐 − 𝑣tx)𝑡𝛿

𝑐 − 𝑣rx
(11)

𝑡𝛿 = 𝜉−1 (𝜉) = 𝑐 − 𝑣rx
𝑐 − 𝑣tx

(
𝜉 − 𝑑

𝑐 − 𝑣rx

)
. (12)

Finally, defining the Doppler scaling factor 𝜎 = (𝑐 − 𝑣rx)/(𝑐 − 𝑣tx)
and 𝜏0 = 𝑑/(𝑐 − 𝑣rx), we obtain:

𝑦 (𝑡) = 𝜎𝜌 (𝜎 (𝑡 − 𝜏0))𝑥 (𝜎 (𝑡 − 𝜏0)), (13)

showing that the received signal is affected by Doppler time scaling
and a Doppler-induced amplitude shift proportional to 𝜎 . The abso-
lute value in (6) was neglected since 𝜎 > 0 for |𝑣tx | and |𝑣rx | ≪ 𝑐 .

2.2 Multipath propagation
In general, a number 𝐿 of paths will reach the receiver. Every path
will feature a different Direction of Departure, identified by a unit
norm vector uDoD

𝑙
, from the transmitter and Direction of Arrival,

identified by a unit norm vector uDoA
𝑙

, at the receiver.
Assuming that the transmitter and receiver move with veloc-

ity vectors respectively given by vtx and vrx, the path-dependent
Doppler scaling factor will result

𝜎𝑙 =
𝑐 − v𝑇rxuDoA𝑙

𝑐 − v𝑇txu
DoD
𝑙

(14)

while the path delays 𝜏𝑙,0 will result altered, with respect to those
computed for static nodes 𝜏𝑙 , by the factor

𝜏𝑙,0 = 𝜏𝑙
𝑐

𝑐 − v𝑇rxuDoA𝑙

(15)

Finally, the received signal model for a noiseless linear time-varying
multipath channel will result

𝑦 (𝑡) =
𝐿∑︁
𝑙=1

𝜎𝑙𝜌𝑙 (𝜎𝑙 (𝑡 − 𝜏𝑙,0))𝑥 (𝜎𝑙 (𝑡 − 𝜏𝑙,0)). (16)

2.3 Complex envelope of a passband signal
Underwater Acoustic Communication systems operate in definite
bands, and treating the transmitted and received signals as pass-
band is attractive from the point of view of receiver complexity,
as the baseband processing sampling rate may be reduced to only
accommodate the bandwidth of the complex envelope.

We consider a passband transmitted signal obtained as

𝑥 (𝑡) = ℜ
{
𝑥 (𝑡)𝑒 𝚥2𝜋 𝑓𝑐𝑡

}
(17)

where 𝑥 (𝑡) is the complex envelope of the transmitted signal, and 𝑓𝑐
is the carrier frequency with respect to which the complex envelope
is extracted (usually the center of the band).

Substituting the transmitted signal expression into (16), we ob-
tain the following expression for the complex envelope of the chan-
nel output:

𝑦 (𝑡) =
𝐿∑︁
𝑙=1

𝜌𝑙𝑥 (𝜎𝑙 (𝑡 − 𝜏𝑙,0))𝑒 𝚥2𝜋 𝑓𝑐 (𝜎𝑙−1)𝑡 (18)

where 𝜌𝑙 ≈ 𝜎𝑙𝜌𝑙 (𝜎𝑙 (𝑡 − 𝜏𝑙,0))𝑒− 𝚥2𝜋 𝑓𝑐𝜎𝑙𝜏𝑙,0 is assumed to be approxi-
mately constant during one transmission burst.

It is necessary to note that a path-dependent Doppler scaling
results in a combination of scaled and frequency shifted replicas of
the transmitted signal, where a scaling factor of 𝜎𝑙 is paired with
a Doppler-induced frequency shift equal to 𝑓𝑐 (𝜎𝑙 − 1). With RF
transmissions, the Doppler scaling effect is usually neglected as
(at most) comparable to quartz crystal oscillator timing drifts, and
the frequency shift term is the only readily observable Doppler
phenomenon. Conversely, in the UWAC scenario, even relatively
low transmitter and receiver velocities on the order of meters per



Channel Estimation for Doubly-Spread Channels WUWNet ’25, October 29–31, 2025, Shenzhen, China

second, result in large scaling errors that would only be obtained
for exceedingly high relative velocities in the RF scenario.

Also note that, in the context of RF communications, the Doppler
spread quantifies the bandwidth over which a sinusoidal tone
is spread, and this quantity is approximately constant over the
bandwidth of the signal (a.k.a. the narrowband hypothesis). For
UWAC, the Doppler spread should not be defined as a (frequency-
dependent) frequency span, but instead as a range of covered scaling
factors (wideband). Unless the scaling factor is the same for all paths,
or there is a dominant path such that the contributions of other
scaling factors result negligible, an intuitive definition of channel
frequency response seems unfeasible.

3 Channel Estimation
By channel estimation we mean estimation of delays, amplitudes,
and Doppler scaling factors of every path received with sufficient
strength.

The reason for channel estimation is that knowledge of these
parameters is useful to adapt the transmitted signal for the best
performance, eventually choosing the most suitable modulation
format for the scenario and/or adapting the modulation parameters
for the best trade-off between reliability and spectral efficiency [23].
It is also necessary in order to use complex receiver structures that
hypothesize knowledge of the channel parameters, such as [18].

Accurate channel estimation also allows advanced sensing on
multi-transducer nodes, enabling accurate Direction of Arrival esti-
mation and providing essential information for effective beamform-
ing, in turn useful to reduce the effective Doppler spread and enable
highly spectral efficient modulation formats, with low-complexity
receiver structures, in otherwise unfeasible scenarios.

3.1 Maximum Likelihood channel estimation
The channel estimation problem for passband channels could be
solved by suitable design of a training sequence 𝑝 (𝑡) ∈ C of duration
𝑇𝑝 , whose ambiguity function results well localized in the delay-
scale domain

𝐴𝑝 (𝜏, 𝜎) =
∫

𝑝∗ (𝑡)𝑝 (𝜎 (𝑡 − 𝜏))𝑒 𝚥2𝜋 𝑓𝑐 (𝜎−1)𝑡𝑑𝑡 (19)

that is, |𝐴𝑝 (𝜏, 𝜎) | features a sharp maximum in both the delay and
scale domains [5].

The transmitter would then transmit 𝑝 (𝑡) by upconversion (17),
and the receiver would feature a bank of correlators (or equivalent
basis projection) with a set of predefined scaling factors, obtaining
a noisy sampled version of a linear combination of 𝐴𝑝 (𝜏, 𝜎). Each
peak in the delay-scale domain would correspond to a different
path and scaling factor, and the amplitude estimation would be
carried out by linear projection on the signal basis corresponding
to the set of identified delays and scales.

The describedmethodwould require a computational complexity
proportional to the product between the number of samples used
to represent the scaled and frequency shifted versions of 𝑝 (𝑡), and
the number of predefined scaling factors. It is usually implemented
as Orthogonal Matching Pursuit or a variation aimed at reducing
its computational complexity [3, 6, 15]. It is necessary to note that
the delay-domain resolution is limited (Heisenberg’s principle) by
the bandwidth of the signal 𝑝 (𝑡), and the scale-domain resolving

power results directly proportional to the duration of the sequence
itself.

Another factor that cannot be neglected is that the UWAC en-
vironment cannot be considered static, so the duration 𝑇𝑝 of the
training sequence is the result of a trade-off between the energy of
the sequence and the per-path coherence time, i.e. the duration over
which a path in a multipath channel can be considered affected by
the same scaling factor.

In this paper, we are interested in low-complexity channel es-
timation approaches and will not further consider the correlation
bank solution, nor a possibly equivalent Wavelet Transform-based
method [22].

3.2 Sparse delay channels
A low-complexity solution to the Doppler scale estimation problem
is readily obtained in the case of sparse delay channels, that is chan-
nels for which the minimum distance between consecutive arrivals
is longer than the duration of a transmission burst. This is the case,
for example, of UWAC scenarios where the propagation doesn’t
result in multiple paths with comparable delays, and the transmitter
and receiver depths are such that paths reflected from the bottom
and/or the top interfaces experience a large delay increase. This
usually requires both the transmitter and receiver to be far from
acoustic impedance interfaces (deep sea).

In this case, it can be assumed that the received replicas will be
received independent of each other, and each one will feature its
own Doppler scaling factor [4, 7–9, 11, 17, 19–21].

A low-complexity Doppler scale estimation method in this case
may exploit a suitably introduced periodicity in the transmitted
signal. One possibility would be to use a sounding signal 𝑝 (𝑡) of
duration 𝑇𝑝 , and transmitting two copies of 𝑝 (𝑡) delayed 𝑇0 from
each other [17]. Note that a similar effect is obtained by transmitting
the desired modulated signal with a cyclic prefix, where the time
distance between the cyclic prefix and its repetition within the
signal is 𝑇0 [9, 19].

The receiver may then obtain an estimate of the delay and
Doppler scale by looking for maxima in the autocorrelation of
the received signal, within intervals where the normalized auto-
correlation is above a detection threshold. Setting the detection
threshold depends on the desired false positive (or, depending on
the application, false negative) probability.

The normalized autocorrelation allows the receiver to detect
periodic features in the incoming signal, while the plain autocor-
relation allows to estimate the delay. Since the periodicity 𝑇0 is
altered by the Doppler scaling, the receiver will need to compute
the normalized autocorrelation over a period𝑇𝑝/𝜎 with delay𝑇0/𝜎 ,
for a predefined set of 𝜎 values:

𝛾𝑦 (𝜏, 𝜎) =

∫ 𝑇𝑝/𝜎
0 𝑦∗ (𝑡 + 𝜏)𝑦 (𝑡 + 𝜏 +𝑇0/𝜎)𝑑𝑡√︂∫ 𝑇𝑝/𝜎

0 |𝑦 (𝑡 + 𝜏) |2𝑑𝑡
∫ 𝑇𝑝/𝜎
0 |𝑦 (𝑡 + 𝜏 +𝑇0/𝜎) |2𝑑𝑡

. (20)

This search may be conducted with low complexity by sensible
choice of the scaling factors 𝜎 , i.e. such that the delays 𝑇0/𝜎 re-
sult equal to an integer number of samples. In this case, denoting
with 𝑇𝑠 the sampling interval, with 𝐷 = 𝑇0/𝜎𝑇𝑠 the integer delay
and with𝑀 = ⌊𝑇𝑝/𝜎𝑇𝑠 ⌋ the correlation interval, the receiver will
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need to compute moving averages over𝑀 points of the sequences
𝑦∗ (𝑛)𝑦 (𝑛 +𝐷), |𝑦 (𝑛) |2 and |𝑦 (𝑛 +𝐷) |2, each of which requires only
one complex multiplication, and a memory buffer of length 𝐷 will
be necessary to avoid repeated computations.

The overall multiplication complexity of computing this set of
moving averages and the ratios (20) will be equal to four times
the number of tested scaling factors, for every incoming sample.
This results lower than the complexity of computing the output
of the bank of correlators described in section 3.1, when the order
of the filters 𝑀 , corresponding to the duration of the signal 𝑝 (𝑡),
is longer than four samples. That would be always, recalling that
the duration of 𝑝 (𝑡) will need to be much longer for direct Doppler
scale estimation.

While this method features a low complexity Doppler scale es-
timation (and signal presence detection), it catastrophically fails
when the sparse delays hypothesis is not met. In fact, when the
received signal results in a superposition of replicas affected by
different Doppler scaling factors, the periodicity test (20) will fail,
and no estimate will be obtained. The sparse delays hypothesis will
not be met for shallow water scenarios, where the paths interacting
with the interfaces will feature slightly differing delays with highly
diverse angles of departure and arrival, resulting in a large Doppler
scale spread.

4 Hyperbolic chirps
The impossibility of relying on a simple periodicity test such as (20)
requires a low-complexity method for Doppler scale estimation and
signal presence detection.

An Hyperbolic chirp (HC) [1] is designed to maintain its proper-
ties even after a scale change: it is defined as a constant envelope
frequency modulated signal (in short, chirp) with instantaneous
frequency given by:

𝑓𝑖 (𝑡) =
1

1
𝑓1
+
(
1
𝑓2
− 1

𝑓1

)
𝑡
𝑇𝑝

. (21)

The analytic expression for an hyperbolic chirp is

𝑝 (𝑡) = ℜ
{
𝑒
− 𝚥 2𝜋

𝜇
log(1−𝜇𝑓1𝑡 )

}
(22)

where 𝜇 =
𝑓2−𝑓1
𝑓1 𝑓2𝑇𝑝

is the chirp rate parameter, and 𝑓1 and 𝑓2 are the
instantaneous frequencies for 𝑡 = 0 and 𝑡 = 𝑇𝑝 respectively. Note
that this is not the complex envelope of the hyperbolic chirp, but
the baseband expression.

The hyperbolic trend in instantaneous frequency results in a
linearly varying period, which is the feature that makes hyperbolic
chirps resilient to Doppler scaling.

In detail, after Doppler scaling with a factor 𝜎 , the resulting
instantaneous frequency is given by

𝑓 𝑅𝑖 (𝑡) = 𝜎 𝑓𝑖 (𝜎𝑡) (23)

Setting a target instantaneous frequency 𝑓𝑇 , a delayed and Doppler-
scaled hyperbolic chirp instantaneous frequency will equate 𝑓𝑇 at
a time 𝑡𝑓𝑇 (𝜏, 𝜎) given by

𝑡𝑓𝑇 (𝜏, 𝜎) = 𝜏 +
𝑇𝑝

𝜎

1
𝑓1
− 𝜎

𝑓𝑇

1
𝑓1
− 1

𝑓2

. (24)

The Doppler-invariant property of HCs is proven by checking
that 𝑡𝑓2 (𝜏, 𝜎) − 𝑡𝑓1 (𝜏, 𝜎) = 𝑇𝑝 for any 𝜏 and 𝜎 . Note that a scaled
HC will not cover the whole range [𝑓1, 𝑓2] but instead the range
[𝜎 𝑓1, 𝜎 𝑓2].

Also note that (24) shows that Doppler scaling a HC results
in an apparent delay (or advance) of the received signal, i.e. the
scale-invariance property results in a delay estimation ambiguity.

4.1 Detection of a hyperbolic chirp
Let us assume that the transmitter operates in a band between 𝑓𝐿
and 𝑓𝐻 , low and high frequency bounds respectively. If the channel
is affected by a unknown Doppler scaling upper bounded by a
𝜎max = (𝑐 + 𝑣max)/(𝑐 − 𝑣max), with 𝑣max the maximum expected
transmitter or receiver velocity, the receiver will need to observe
the frequency range [𝑓𝐿/𝜎max, 𝑓𝐻𝜎max].

So, if the duration of the transmitted HC is 𝑇𝑝 , the receiver will
need to correlate with an extended HC with the expected chirp rate
𝜇, and duration equal to

𝑇𝑅
𝑝 = 𝑇𝑝

1
𝑓𝐿/𝜎𝑚𝑎𝑥

− 1
𝑓𝐻𝜎max

1
𝑓𝐿

− 1
𝑓𝐻

. (25)

This precaution will allow the receiver to capture the whole
energy of the received signals, regardless of the scaling factor. A
test for normalized correlation above a detection threshold will
allow the receiver to detect the presence of an incoming signal.

From a computational complexity point of view, the correlation
can be performedwith an FFT-basedmethod, resulting in a complex-
ity comparable to the bank of autocorrelators in the delay-sparse
channel case.

4.2 Channel estimation with hyperbolic chirps
Due to the delay-scale ambiguity (24), a single HC cannot be used
directly for delay and Doppler scale estimation.

Several papers, e.g. [8, 20], propose the joint use of up- (𝜇 > 0)
and down- (𝜇 < 0) chirps, where for an upchirp 𝑓1 = 𝑓𝐿 , 𝑓2 = 𝑓𝐻
and for a downchirp 𝑓1 = 𝑓𝐻 , 𝑓2 = 𝑓𝐿 . The idea is that, while
both chirps will maintain their feature after scaling, the apparent
delays (or advances) will appear in opposite directions for up- and
down-chirps.

Two variations have been proposed: consecutive (with a known
delay) up- and down- hyperbolic chirps, and superposed ones. The
first option has the advantage of constant envelope and low peak-
to-average power ratio (PAPR), which is a friendly option from the
point of view of required power amplifier linearity and transducer
efficiency. The second option has a slightly higher PAPR compen-
sated by the advantage of simultaneous measurement, so that no
assumption is needed on path coherence time.

When correlating a delayed and scaled upchirp 𝑝 (𝜎 (𝑡 − 𝜏)) with
an (extended) hyperbolic upchirp at the receiver, a correlation peak
will appear at a time 𝑡𝑈

𝑡𝑈 = 𝜏 +
𝑇𝑝

𝜎

1
𝑓𝐿

− 𝜎
𝑓𝐿

1
𝑓𝐿

− 1
𝑓𝐻

(26)

this expression was obtained by substituting 𝑓1 = 𝑓𝐿 , 𝑓2 = 𝑓𝐻 and
𝑓𝑇 = 𝑓𝐿 (the starting frequency) in (24).
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Similarly, the correlation peak for a delayed and scaled downchirp
will appear at:

𝑡𝐷 = 𝜏 +
𝑇𝑝

𝜎

𝜎
𝑓𝐻

− 1
𝑓𝐻

1
𝑓𝐿

− 1
𝑓𝐻

. (27)

To obtain a general result, useful both in the case of simultaneous
and offset hyperbolic chirps, we assume that up- and down-chirps
are transmitted with a known time offset 𝑇UD. In this case, con-
sidering that the time offset 𝑇UD gets scaled too, the measurable
difference 𝑡𝑈 − 𝑡𝐷 results equal to:

𝑇𝑅
UD = 𝑡𝑈 − 𝑡𝐷 =

𝑇UD
𝜎

+ 𝜅
(
1
𝜎
− 1

)
, (28)

where 𝜅 = 𝑇𝑝
𝑓𝐿+𝑓𝐻
𝑓𝐻 −𝑓𝐿 , from which the estimate for the Doppler

scaling factor 𝜎 is readily obtained:

𝜎̂ =

(
1 + Δ𝜏

𝑇UD + 𝜅

)−1
(29)

where Δ𝜏 = 𝑇𝑅
UD −𝑇UD is the measured time offset, after removal

of the known transmitted time offset.
When the offset 𝑇UD = 0, the formula simplifies to [8, 20]

𝜎̂ =
1

1 + Δ𝜏/𝜅 . (30)

Note that, in this latter case, the up- and down- chirps are trans-
mitted simultaneously, so that it is necessary to assume that they
result quasi-orthogonal and do not interfere significantly in the
estimation of 𝑡𝑈 and 𝑡𝐷 .

An estimate for the delay 𝜏 is obtained indirectly from (26) and
(27) as follows:

𝜏 =
𝑡𝑈 + 𝑡𝐷

2
+
𝑇𝑝 (𝜎̂ − 1) −𝑇UD

2𝜎̂
(31)

Finally, path amplitude estimation is a linear estimation problem,
and it is readily carried out by normalizing the amplitude of the
correlation peak. Indeed, projection of the received signal (13) over
𝑝 (𝜎̂ (𝑡 − 𝜏)) corresponds, in the ideal estimation case, to∫

𝑦 (𝑡)𝑝 (𝜎 (𝑡 − 𝜏))𝑑𝑡 = 𝜌𝜎

∫
|𝑝 (𝜎 (𝑡 − 𝜏)) |2𝑑𝑡 = 𝜌E𝑝 (32)

where 𝜌 is, by the mean value theorem, an approximation of 𝜌 (𝜎 (𝑡−
𝜏)) within the duration 𝑇𝑝 , and E𝑝 is the energy of the hyperbolic
chirp 𝑝 (𝑡), approximately equal to 𝑇𝑝/2 if no windowing is used.
Note that both the upchirp and the downchirp can be used for the
amplitude estimation, and taking the average improves the estimate
in the zero-mean noise case. Also note that the precaution of using
an extended hyperbolic chirp at the receiver avoids windowing
effects, so that the amplitude estimate results unaffected by the
Doppler scale.

5 The time aliasing issue
Up to this point, we assumed that a single propagation path is
present, with no real advantage of the hyperbolic chirp-based
method with respect to the autocorrelation bank method, apart
from an enhanced estimation accuracy that will be shown in the
experimental evaluation.

We want to point out a problem that specifically affects channels
affected by path-dependant Doppler scaling, that is time aliasing.

Consider two paths, featuring respectively delays 𝜏𝑖 and 𝜏 𝑗 , Doppler
scales 𝜎𝑖 and 𝜎 𝑗 and amplitudes 𝜌𝑖 and 𝜌 𝑗 . The received signal will
include the two contributions:

𝑦𝑖 (𝑡) = 𝜌𝑖𝑥 (𝜎𝑖 (𝑡 − 𝜏𝑖 )) (33)
𝑦 𝑗 (𝑡) = 𝜌 𝑗𝑥 (𝜎 𝑗 (𝑡 − 𝜏 𝑗 )) (34)

Consider a signal 𝑥 (𝑡) transmitted starting from 𝑡0. The received
signal 𝑦𝑖 (𝑡) will start from 𝑡0,𝑖 = 𝜏𝑖 + 𝑡0/𝜎𝑖 , while 𝑦 𝑗 (𝑡) will start
from 𝑡0, 𝑗 = 𝜏 𝑗 + 𝑡0/𝜎 𝑗 . For some combination of the parameters, the
two times 𝑡0,𝑖 and 𝑡0, 𝑗 can (and sometimes will) coincide.

This is especially an issue with hyperbolic chirps, as the chirp
rate is invariant to changes in scale, so that if two received hyper-
bolic chirps interfere, they will interfere for their whole duration,
leading to possibly severe fading and impairing the channel estima-
tion effort. Also, this problem is more severe in the shallow water
scenario, rich in multipath, with highly diverse Doppler scales.

5.1 Channel estimation for path-dependent
Doppler

Following the argument used to show how time-aliasing can hap-
pen, it should be clear that the time-aliasing issue is time-selective,
i.e. if two paths interfere at 𝑡0, they will not interfere at earlier or
later times.

For this reason, to solve the time-aliasing issue, we propose to
use 𝑁pr ≥ 2 copies of the channel estimation preamble on doubly-
spread channels. Although this is similar to the autocorrelation
bank approach, it should be clear that the purpose of repeated
transmissions is to have a chance to recover from time-aliasing
issues, and no periodicity is expected in the received signal.

The receiver will compute the plain and normalized correlation
with up- and down- hyperbolic chirps, and extract sets of (𝑡𝑈 , 𝜌𝑈 )
and (𝑡𝐷 , 𝜌𝐷 ) estimates. The estimates will be collected within inter-
vals, starting from when a normalized correlation results above a
detection threshold, and for a duration depending on the considered
scenario.

The collected estimates {𝑡𝑈 ,1, 𝑡𝑈 ,2, . . . } from up-chirp correla-
tions will need to be matched with the corresponding estimates
{𝑡𝐷,1, 𝑡𝐷,2, . . . } from the down-chirp correlations. To this purpose,
we use a greedy approach and match a correlation peak 𝑡𝑈 ,𝑖 with a
correlation peak 𝑡𝐷,𝑗 if, and only if, 𝑡𝐷,𝑗 is the only possible match
for 𝑡𝑈 ,𝑖 , given the maximum Doppler scale 𝜎max. Specifically, if a
correlation peak is detected at 𝑡𝑈 ,𝑖 , the time interval within which
a down-chirp correlation event is expected is:

𝑡𝐷,𝑗 ∈ 𝑡𝑈 ,𝑖 + 𝜅 − (𝑇UD + 𝜅)
[
𝜎max,

1
𝜎max

]
(35)

If no correspondence is found, or more than one 𝑡𝐷,𝑗 falls within
the interval, the correlation peak 𝑡𝑈 ,𝑖 is skipped and the test is
carried out for another 𝑡𝑈 ,𝑖 . After looping over every detected
𝑡𝑈 ,𝑖 , matching continues with the downchirp correlation instants,
where an event 𝑡𝐷,𝑗 is matched to 𝑡𝑈 ,𝑖 if it is the only one within
the interval

𝑡𝑈 ,𝑖 ∈ 𝑡𝐷,𝑗 − 𝜅 + (𝑇UD + 𝜅)
[

1
𝜎max

, 𝜎max

]
. (36)

When two correlation positions 𝑡𝑈 and 𝑡𝐷 are matched, we can
use (29) and (31) to estimate 𝜎 and 𝜏 . Since more than a preamble
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Figure 1: Root Mean Squared Error for 𝜏 estimates (samples)
vs Signal-to-Noise Ratio, for 𝑇𝑝 = {5, 10, 20}ms and 𝑇UD =

{0, 1.2𝑇𝑝 }

is transmitted, with a known delay 𝑇0, we can then check if the
corresponding correlation events after a delay 𝑇0/𝜎 were found
and mark those as used. The matching continues until no further
correlation events can be matched.

Note that this algorithm may miss some paths if time-aliasing
occurs in every repetition of the preamble, so that experimental
evaluation is needed in order to assess its performance.

6 Performance evaluation
We first evaluate the performance of the joint delay and Doppler
scale estimation method for a single path channel, affected by con-
stant Doppler scaling, for varying signal-to-noise ratio and pream-
ble configuration.

Then we proceed with analysis of the proposed method for multi-
path scenarios, describing how the simulations were conducted,
and showing how the preamble repetition is able to mitigate the
time aliasing phenomenon we described.

Finally, we present a quantitative example of computational com-
plexity of the proposed method, compared to the autocorrelation
bank method and orthogonal matching pursuit.

6.1 Single path evaluation
Figures 1 and 2 show the root mean squared errors for 𝜏 and 𝜎 esti-
mates, with Doppler scales covering the full range𝜎 ∈ [0.98, 1/0.98]
and a sampling frequency of 𝑓𝑠 = 192kHz, 𝑓𝐿 = 18kHz, 𝑓𝐻 = 34kHz.
Three choices for 𝑇𝑝 = {5, 10, 20}ms and 𝑇UD = 0 (overlapping
hyperbolic chirps) or 𝑇UD = 1.2𝑇𝑝 (consecutive hyperbolic chirps)
were considered. The signal-to-noise ratio was evaluated as the
ratio between the power of the preamble, that is 𝑃𝑠 = 1 for𝑇UD = 0
and 𝑃𝑠 = 1/2 for 𝑇UD = 1.2𝑇𝑝 , and the receiver input noise 𝑃𝑛 =

(𝑓𝐻 − 𝑓𝐿)𝑁0, with the assumption of AdditiveWhite Gaussian Noise
(AWGN).

For single-path evaluation, we chose to use𝑇UD = 1.2𝑇𝑝 in order
to avoid interference between the extended hyperbolic chirps used
at the receiver for the correlations and the received signals. As

Figure 2: Root Mean Squared Error for 𝜎 estimates vs Signal-
to-Noise Ratio, for 𝑇𝑝 = {5, 10, 20}ms and 𝑇UD = {0, 1.2𝑇𝑝 }

expected, opting for an offset between the up- and down- hyper-
bolic chirps results in a gain of approximately 3dB. Longer training
symbols appear to show diminishing gains in our setup. Conversely,
shorter training symbols result in higher asymptotic RMSEs (with-
out showing error floors).

The RMSE for 𝜎 estimates is always lower than 3 ·10−4, resulting
in an accurate velocity estimate, below 0.2m/s in the case of a static
receiver. The RMSE for 𝜏 estimates is always below the sampling
interval, thanks to the parabolic interpolation method [10] that can
always be used when the sampling rate is at least four times the
signal bandwidth. As it is apparent from both figures, the main
difference between the various configurations is the SNR detection
threshold. For the following evaluation, we choose to use 𝑇UD = 0.

6.2 Multipath evaluation
For performance evaluation in multipath scenarios we performed
MATLAB-based simulations, using the BellHop ray-tracer [16] to
determine the static delays, amplitudes and angles of departure
and arrival for every path. For every simulation run, we randomly
generated the velocity and direction of the transmitter and receiver,
computed the Doppler scale factors according to the ray-traced
angle of departure and arrival, and delayed and scaled the trans-
mitted sequences. We did add a small amount of AWGN noise, so
the signal-to-noise ratio resulted very high, exceeding 100dB. The
reason to consider such a high signal-to-noise ratio is that we want
to evaluate the intrinsic capability of the method to detect even the
faintest path.

We considered a sparse delay case, corresponding to the Kauai
example from the BellHop User Manual [13], and several shallow
water cases obtained simply reducing the sea bottom depth.

Table 1 reports the parameters needed to reproduce the con-
sidered scenarios, i.e. transmitter and receiver depth, horizontal
distance and sea bottom depth. Table 2 reports RMS delay spread,
maximum delay and Doppler scale spread of every scenario, for
random TX and RX direction and velocities up to 15m/s. The RMS
delay spread and Doppler spread have been obtained weighting
each contribution with |𝜌𝑙 |2/

∑ |𝜌 |2 [10].
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Scenario depth (m) TX depth (m) RX depth (m)
Kauai 971 323 485
K600 600 280 300
K200 200 86 100
K60 60 20 30
K20 20 6 10

Table 1: Geometric configuration of the considered scenarios.
The horizontal distance is 500 meters.

Scenario RMS d.s.(ms) max𝜏 −min𝜏 (ms) Doppler spr.
Kauai 152.7 1500 2.5 · 10−3
K600 127.3 1300 2.47 · 10−3
K200 26.78 880 1.15 · 10−3
K60 8.04 150 9.38 · 10−4
K20 2.56 31 6.13 · 10−4

Table 2: Spread parameters of the considered scenarios. The
Doppler spread is the standard deviation of the scaling factor.

Scenario Pr{det.} RMSE[𝜎] RMSE[𝜏/𝑇𝑠 ] RMSE[𝜌] %
Kauai 100% 1.26 · 10−7 3.42 · 10−4 5.02 · 10−4
K600 100% 1.44 · 10−7 3.38 · 10−4 6.66 · 10−4
K200 100% 5.75 · 10−5 1.54 · 10−1 1.26
K60 70.5% 1.13 · 10−4 0.287 4.4
K20 0% NaN NaN NaN

Table 3: Results for noiseless scenarios with maximum re-
ceiver and transmitter velocity 15m/s, preamble duration
10ms, one repetition.

Table 3 shows the probability of path detection Pr{det.} and
root mean squared errors obtained in the described scenarios, for
a high signal-to-noise ratio (exceeding 100dB), for a preamble du-
ration 𝑇𝑝 = 10ms. Note that the Kauai and K600 scenarios have
a minimum separation between consecutive delays of 206ms and
24ms respectively, so fall in the sparse delay scenario. The K200
scenario has a minimum delay separation of 8.8ms, and the channel
estimation almost always succeeded in detecting every path and
accurately extract the delay, Doppler and amplitude parameters.

The K60 scenario has a minimum delay separation of 1.45ms,
but thanks to the relatively large delay spread it is still possible
to detect almost every path, while the RMSE for the parameters
degrade considerably. In the K20 scenario, the minimum separation
between paths is 0.17ms and the RMS delay spread is only 2.56ms,
so the method fails most of the time, detecting on average only 23%
of the received paths.

In order to improve the channel estimation performance of the
method in the shallow water scenarios, we evaluated the effect of
reducing the duration of the preamble and exploit the repeated
transmission method.

The figures 3 and 4 show the probability of path detection, and
the corresponding RMSE of 𝜎 estimates, versus the preamble du-
ration 𝑇𝑝 in the considered scenarios. The scenarios Kauai, K600
and K200 have a 100% probability of detection for every duration

Figure 3: Probability of path detection versus preamble dura-
tion 𝑇𝑝 , for the considered scenarios.

Figure 4: Root Mean Squared Error for 𝜎 estimates versus
preamble duration 𝑇𝑝 , for the considered scenarios.

between 625𝜇s and 10ms, but the RMSE[𝜎] is not as low as expected
from the single-path analysis when 𝑇𝑝 > 5ms for K200. This can
be explained as interference arising between the received pream-
bles, since the minimum path separation for K200 is 8.8ms. In the
same way, in the K60 scenario the probability of path detection is
lower than 100% for 𝑇𝑝 = 10ms and the RMSE[𝜎] diagram shows
interference phenomena when 𝑇𝑝 > 1.25ms (the minimum delay
separation for K60 is 1.45ms).

The K20 scenario is the one for which the repeated preamble
transmission method is both necessary and effective to improve the
path detection probability. Indeed, the RMSE[𝜎] is approximately
invariant to the number of repetitions 𝑁pr and repetition delay 𝑇0,
while the probability of path detection is improved significantly.
Also note that, in order to limit the self-interference between the
received preambles, it is necessary to use preamble deurations
shorter than 10ms. In our evaluation, we found that 𝑇𝑝 ≤ 2.5ms
works well, with a probability of path detection higher than 75%, for
𝑁pr = 16 and 𝐷 = 40ms or similar overall duration combinations.
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6.3 Quantitative complexity analysis
The proposed method requires post-processing the output of two
correlators with the up- and down- extended hyperbolic chirps.
These can be implemented with FFT-based methods and, depend-
ing of the sampling rate and operating bandwidth, can also be
implemented processing the complex envelope.

To provide some quantitative analysis, we consider a receiver
operating with 𝑓𝑠 = 192kHz, 𝑓𝐿 = 18kHz, 𝑓𝐻 = 34kHz, and 𝑇𝑝 =

10ms for the sparse-delay scenario, or 𝑇𝑝 = 625𝜇s, with 𝑇0 = 40ms
and 𝑁pr = 16 for the doubly-spread scenario. In both scenarios we
consider a 𝜎max = 1.02.

In the delay-sparse scenario, the proposed method requires com-
puting two normalized correlations (sharing normalization) with
𝑇𝑅
𝑝 𝑓𝑠 = 2044 samples, which can be carried out with an FFT-based
method with 𝑁FFT = 4096 points. The computational complexity, in
terms of complex multiplications per second, results approximately

𝑓𝑠
3(𝑁FFT log2 𝑁FFT + 𝑁FFT)

𝑁FFT − 2044
≈ 15Mmul/s (37)

that is approximately 80 multiplications/sample. With this compu-
tational budget, The autocorrelation bank method can afford to use
20 scaling factors, with a Δ𝜎 ≈ 0.002 and a comparable RMSE[𝜎],
which is much higher than the 10−7 found in this scenario.

In the doubly-spread scenario, the proposed method requires
computing correlations with extended chirps made of 128 samples,
resulting in a computational complexity of approximately 8Mmul/s
with𝑁FFT = 4096. OMP-basedmethods require projection on scaled
versions of the reference signals, and result in a higher complexity
as soon as more than three scaled versions are used. They also
require knowledge of the dimensionality of the received signal, and
that is not readily available in operational scenarios without some
other means for channel estimation.

7 Conclusions and further work
We presented a novel, low complexity method for channel estima-
tion of doubly spread channels, and discussed its performance in
terms of mean squared errors and computational complexity. As
the simulation results show encouraging performance, we believe
this method outperforms most of the existing methods, and can find
application in operational scenarios. We plan to run measurements
campaigns, whose results will be subject of further work.
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