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ABSTRACT. Continuing previous studies by one of us (HI), a polar
decomposition and a functional calculus for an unbounded Tomita’s
observable are studied. For both problems we distinguish two dif-
ferent cases dictated by commutation properties.

1. INTRODUCTION

The notion of Tomita’s observable algebra has recently been recov-
ered by Atsushi Inoue in [1]. Two types of observable have been consid-
ered: the first one consists of a quartet (A, x,y*, u) where A is a linear
operator in Hilbert space H, x € H, y* is an element of the conjugate
dual space H* of H and p is an expectation; the second type is described
as a trio observable and it consists essentially of the triplet (A, z,y*)
which appears in a quartet observable. The structure of families of
quartet observables Q*(H) or trio observables T*(#) has been studied
in detail in the cited monograph, under the assumption that A is a
bounded operator in H. A trio observable (A, z,y*) has also a physical
meaning since it describes, in a certain sense, a measurement process:
A represents a physical quantity, x and y are vector representing states
of the system and y* is nothing but the linear functional determined
by y, the ket |y) of the Dirac formalism. However the assumption that
the physical quantity A is represented by a bounded operator, is not
convenient since operators representing physical quantities are often
unbounded. For this reason the case when the operator A in a member
of some *-algebra of unbounded operators acting on a dense domain D
of Hilbert space has been considered in [2, 3, 4], where several proper-
ties of unbounded observable algebras have been obtained.

We do not go further in discussing the physical interpretation of
Tomita’s observables and we address our interest in the mathematics
which this notion entails in the same line as in [2, 3, 4]. This paper
is, in particular, devoted to the polar decomposition of an unbounded

Tomita’s observable and to the functional calculus constructed on an
1
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observable of this type. In the case of bounded Tomita’s observables
some results in this direction have been discussed in [1].

After some preliminaries and basic definitions, we envisage the prob-
lem of the polar decomposition of an unbounded trio observable, by
which we mean of course the possibility of expressing an unbounded
trio observable A as the product US of a partial isometry acting on
the dense domain D and of an unbounded observable S which is rea-
sonable to consider as the module |A| of A. We consider two different
situations (Sections 3.1 and Section 3.2) and we obtain the result for
hermitian elements A = AT. Section 4 is devoted to the construction
of a functional calculus for an unbounded trio observable. Also in this
case, we distinguish two different situations (Sections 3.1 and Section
3.2) determined by the commutation properties of the involved opera-
tors and under some convenient condition we construct an unbounded
trio observable f(A) associated to some continuous functions on the
half-line (0,00) in such a way that f — f(A) is a *-homomorphism
(or, even, a *-isomorphism) of *-algebras.

2. PRELIMINARIS: TT-ALGEBRAS AND ALL THAT

In this section we summarize the main basic definitions and facts
concerning unbounded observables and TT-algebras.

Definition 2.1. Let D be a dense domain in Hilbert space H and
LT(D) the maximal O*-algebra on D. An unbounded trio observable
(for short, observable) is a triplet (Ao, &, n*) where Ay € LI(D), € € D
and n* € D* = {¢(* € H* : ( € D}. The set of unbounded trio
observables on D is denoted by T7(D).

The set TT(D) is a complex *-algebra without identity with respect
to the following operations:

aA = (aAOaagaan)
AB = (AoBy, Ao(, (BSn)*)
AT - (A(ngnvg*)v

where A = (Ag,&,n*), B = (By,(,x*) and o € C.

Definition 2.2. A *-subalgebra of the *-algebra T7(D) is called a trio
observable algebra on D, for simplicity, a Tf-algebra on D. Let 2 be a
TT-algebra on D in H. If the O*-algebra 7 () on D is closed (resp. self-
adjoint, essentially self-adjoint, integrable), then 2A is called m-closed
(resp. m -self-adjoint, m-essentially self-adjoint, m-integrable).
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When D = H, a trio (Ao, z,y*) with Ag € B(H) and z,y € H is
called a Tomita’s trio observable on H. The set T%(H) of all Tomita’s
trio observables on H is a Banach *-algebra without identity equipped
with the above algebraic operations and the norm || A|| := max{|| Ao||, ||z, ||y }-
We denote the involution on T*(H) by A — A% with A* = (A, n, &),
to distinguish 7*(H) from T1(D).
If A= (Ao, & n") € TH(D), we write

7T<A) = Ao, )‘(A) = 57 7>‘*<A) = 77*-

Then 7 is a (in general, unbounded) *-representation of T7(D) onto
LT(D) and A is a linear map of T7(D) onto D, with

MAB) = 1m(A)NB), VA,BeT(D).
Similarly, \* is a linear map of T(D) onto D*, satisfying
N (A) = (MAT)", AN(AB) = (n(B)']N(AT)*, VA, B e T'(D).

Let 2 be a m-self-adjoint T-algebra on D in H. The commutant 2A°
of A [2, Section 5] can be defined as
A° = {K € T*(H); 7(K) € n(A),,, \(K), \(K*) € D,

w?

7(K)MA) = m(A)AK) and 7(K)*MA) = m(A)A(KH), VA € 1.

3. POLAR DECOMPOSITION OF ELEMENTS OF T7(D)

To study the polar decomposition of a trio observable, we define the
following notions of absolute values of it as follows:

Definition 3.1. Let 2 be a Tf-algebra on D in H. An element A of A
is said to be positive if A = BTB for some B of 2, and A is said to be
m-positive if it is hermitian and 7(A) is positive, that is, (m(A){[€) = 0
for all £ € D.

Clearly, if A is positive, it is w-positive.

Definition 3.2. If A = B? for some positive (resp. m-positive) ele-
ment B of A, then B is said to be the absolute value or root (resp.
r-absolute value or the 7-root) of A and denoted by |A| or Az (resp.

1
| Al or AZ).

In this section, let 2 be a m-selfadjoint 7T-algebra on D in H.
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3.1. The case K n2°. By the symbol K n2° we mean the following
Definition 3.3. We say that K € T7(D) is affiliated with 2(° if

(i) w(K) nm(RA),;
(ii) T(K)N(A) = 7(A)NK) and 7(K)TA(A) = m(A)NKT), VA €
20°.
In this case we write K n®°. The set of all K n2¢ will be denoted by
2A°.
n

Let K n®A°¢. As is known, if 7(K) = Uk|m(K)| is the polar decom-
position of 7(K), then

m(K)* = |n(K)|Uf = U U |m(K)|Uj = Uge|m (K|

is a polar decomposition of 7(K)*.

Let us put Ko := |r(K)| = (7(K)*r(K))"? and let Ko = [, tdEk (t)
be its spectral decomposition. Then, from Konm (1), it follows that

Uk, Uy, € m(2A)!, and Ek(t) € n(),, for all ¢ € (0, 00).
Moreover, if £ € D C D(Ky), putting Ex(n) = Ex(—n,n), we
obtain KoEx(n)§ — Ko& and m(A)KoEk(n)é = KoEx(n)m(A)E —

Kom(A)E, for every A € 2. Hence, we have Ko§ € ()49 D(7(A4)) = D.
Hence

Similarly, if we put Hy = |7 (K)*|, we get HyD C D.
Let us define

Ko = (Kolp, UMK, (U A(K))")

Hy := (Holp, UxA(H), (UgA(H))").

In what follows, we will write f(o instegd of Kylp and H, instead of
Hylp. Since Ky, Hy € L1(D), Ky and Hy belong to TT(D). Moreover,

Lemma 3.4.
Ko €A, (Ko)'=Ky and (Ko)=K'K
Hy €7, (Ho)'=Ho and (Hy)’=KK!
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Proof. Clearly, n(Ky) = Ko € w(21)!,. Moreover, for every A € A, we
have

(Ko )A(A) = KoA(4)
= U U KoA(A)
= Upm(K)A(A) since Ky = 7(K)

= W(A))\(K(;) by definition of K(;v;

r(Kq YIA(A) = 7(K5)MA)
r(AA(KS)

K
= (AANK ).

From these equalities we deduce that K, € Qlf] Moreover (K(;V )T =K,
clearly and

(Ko)? = (K§, KgURA(K), (KoURA(K))")
= (r(K)'m(K), m(K)'\(K), (n(K)"\(K))") = K'K.
The proof for Hy is similar. O

Lemma 3.4 shows that K, and H, are m-positive and they are the
m-absolute values of K and KT, respectively, so we can write

(3.2) K|z = (In(K)], URAK), (UgA(K))")

(KMl = (In ()|, URAE"), (UM (KT)").
It is natural to ask if |K|, is positive, i.e., there exists a hermitian
element S of A7 with 7(S) = |7(K)|2[p. In Theorem 3.8 below we

shall show this is true if 7(K) is invertible, that is, it has a bounded
inverse. In general, this does not necessarily hold.
The next step consists in considering the polar decomposition of

a hermitian K. For this purpose, we first define the product of an
operator Ay € LT(D) and X = (n(X), \(X), M(X)*) € TH(D). We put

AgX = (Agm(X), ApA(X), (A(])‘<XT))*>'
Then AgX € TT(D) and T1(D) is a left-module over LI(D).
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We also put
PK:UKU[*( and PKT:U[*{UK
Then Pk is the projection onto the closure of the range R(w(K)) of
7m(K). Similarly, Pg+ is the projection onto the closure of the range
R(m(K)") of m(K)*.
Taking into account the above mentioned facts and notations, we
have

Uk|K|r = (7(K), Pk A(K), (PkA(K))").
We now prove the following
Lemma 3.5. Let K = K'. Then Ug|K|,n2¢
Proof. Since m(Uk|K|,) = 7(K) we clearly have m(Uk|K|;)nn(2).,.
Moreover
T(Uk|[K|x)A(A) = m(K)A(A)
= Prm(K)A\(A)
= Pgm(A)NK)
T(A) Pk A(K)
= m(A)MUK[K]z).
If K = KT, then (U |K|)! = Uk|K|,; in this case the preceding series
of equalities also implies that (U |K|,)" = m(A)A((Ux|K|,)T). Hence,
Uk| K|, € 2. O
Remark 3.6. If K # KT, we have
m(Uk|K]x)'\(A) = 7(K)'A(A)
= PKTW(K)T)\(A)
= m(A) P A(KT)
T(A)MU KT
T(A)A ((UK|K|7F)T), in general.
Lemma 3.7. Let K € TT( ) with KnA°. Suppose that A is non-

degenerate, that is, the linear span [7(A)D] of m(A)D is dense in H.
Then

PeMK) = MK)  and  PriMKT) = MNKT).
Proof. For every A € 2,
T(A)PrA(K) = Prm(K)ANA) = m(K)A(A) = m(A)NK).

The density of [7(A)D] then implies that PgA(K) = A(K).
The proof of the equality PriA(KT) = A\(KT) is similar. O
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The next theorem establishes the polar decomposition of an hermit-
ian element K.

Theorem 3.8. Let K be a hermitian element of A which is affialiated
with A°. Then we have the following
(i) Suppose that A is nondegenerate. Then

(3.3) K = Ux|K]|,.

(it) Suppose that w(K) is invertible. Then |K|, is the absolute value
of K, that is |K|, = |K| and

(3.4) K = Ug|K].

The equalities (3.3) and (3.4) are called the w-polar decomposition and
the polar decomposition of K, respectively.

Proof. (i) This follows easily from Lemma 3.5 and Lemma 3.7.
(ii) In the same way as (3.1) we can show

(3.5) |m(K)?*|D C D.

Since 7(K) is invertible, |7 (K)|, [x(K)|z, 7(K)*, |(K)*| and |x(K)*|2
are invertible, and Uj;Ux = UgUj. = I, which implies by (3.3) that
[w(K)|2 (), and

T(A)|a(K)| 2UNE) = [a(K)| 2Ujm(K)A(A)
= [7(K)|" 2|7 (K)|MA)
= |7(K)|"z\(4)

for all A € 2, so that, putting

1

S = (|w(EK)|2 o, [1(K)| 2 URA(K), (|7 (K)| 2URA(K))")

we get

S e A
and S* = (|7(K)|, URA(K), (UgA(K))")
= |K|..
Hence | K|, is positive, so | K|, = |K| and K = Ugk|K|. This completes
the proof. O

Remark 3.9. If K is not hermitian,
U|K|x = (7(K), Pk M(K)), (P A(K))") & 203,
in general, and even if 2 is nondegenerate,

Uk|K |z = (n(K), \(K)),MEK)") # (7(K), \(K)), \(K")") = K.
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Theorem 3.10. Let K € TT(D) be affialiated with A°. Let us put
K, = (n(K), PkA(K), (P A(ET)D),
Ky = (0, (I = Pr)ME), (I = Pri)AK))T).

Then K, K, € Ql; and K = K, + K,,.

Proof. We have w(K,) = n(K) € n(2()!, and, for every A € 2,

T(K)AA) = m(K)A(A)
= UgUjn(K)A\(A)
= 7(A)Px A\ K)
= m(A)A(K5).

and

T(K)TAA) = m(K)'A(A)
= UrUgn(K)T\(A)
= m(A) P A(K")
= w(A)NK]).

This implies that K is affiliated with A% i.e., Ky € .
On the other hand, n(K,) = 0 € w(2),,, obviously, and, for every
Ae
T(A)AK,) = m(A)(I — P)A(K)
= (I = Pg)m(K)A(A)
=0
T

(Kn)A(A).
and
T(AME]) = 7(A) (I — Pi)AKET)
= (I — Pgi)m(K"A(A)

=0
s

(KDAA).

This implies that K, € Q[f) It is evident that K = K, + K,,. This
completes the proof. O
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We will call K, the semisimple part of K and K, the nilpotent part
of K. Moreover if K = K, then K is called semisimple and in K = K,
then K is called nilpotent.

By Theorem 3.10 and Lemma 3.7 we get the following

Proposition 3.11. Let K € 2[;. If 2 is nondegenerate, then K is
semisimple.

3.2. The case of A € A%, Let 2 be a m-selfadjoint TT-algebra on D.
We denote by 2 the following bicommutant

A° ={AcTI(D): AK = KA, VK € A°Y}.

Since A C A, A is a m-selfadjoint TT-algebra on D in H. Further-
more, since 7(A) C w(A)!, we also have (7())) C m(A°), where
denotes the usual commutant of the *-algebra of bounded operators.
In this subsection we will consider the polar decomposition, semisim-
plicity and nilpotentness for an element A € 2.

Let A € 2(°° and suppose that m(A) is affiliated with 7(¢)" and let
m(A) = Uu|m(A)| be its polar decomposition. Then

(3.6) Uy e W(Q(C)/ and ]ﬂ(A)|777T(Q(C)’.
We notice that the inclusions

UsDCD, |n(A)DCD

are not necessarily true. For this reason, throughout this subsection
we will consider elements A € A with the property U4 € LT(D).

Lemma 3.12. Let us put

7 (A)] = (|7 (A)| 2, UAA(A), (UIA(A))").
Then,
TAT €A and (7)) = m(A)n(A).

Proof. For simplicity we write |7(A)]| instead of |r(A)|Ip.
Since Uy € LT(D), we have |w(A)|¢€ = Uin(A)¢ € D for every & € D;
i.e., |m(A)|D C D. Thus |7(A)[ € T(D). We shall show that |7(A)] €
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2. This follows from

K|n(A)] = (x(K)|x
(4)

w(A)], 7(K)UZA(A), ([r(A)AKT))*
(K), Uar(A)MEK), (Usm(A)MET))")
(), UsUa|n(A)A(K), (Um(K)TA(A))")
w(A)|(K), [m(A)NEK), (r(K)TULA(A))")
T(A)JK, VK e,

N

=3

|

A
=

S

(m
(
(
( K
I

Moreover, we have

(Iw(A))? = (I (A)17, [r(A)|UZAA), (|7 (A)|UAA(A))")
= (m(A)'(A), 7 (A)A(A), 7(A) N(A))7) = ATA

This completes the proof. 0

By Lemma 3.12, it appears natural to define |7(A)[ as |A|.

Let us now put Py = UaU} and Pyt = U Us. Then P, is the
projection onto the closure of the range R(m(A)) of m(A). Similarly,

*

P,i is the projection onto the closure of the range R(m(A)") of w(A)*.
Then we have

UalAlx = (Ualn(A)], UsUAA(A), (URUANAT)))
= (m(A)T, PAN(AT), (PAN(AT)))
and
Uil Alx = (n(A)T, UZUNAT), (U3UaN(AT)))
= (m(A)Y, ParA(AT), (ParA(AT))")

but they are not necessarily contained in 2. Indeed, for any K € ¢,
we have

(3.7) Ual Al K = (n(A)m(K), (AME), (r(K) PaA(A))")
= (m(K)m(A), T(ANE), (m(A)ME)");

but, on the other hand,

(3.8) KU|Alx = (n(K)m(A), m(K) PAX(A), ((A)A(KT)))
= (m(K)m(A), n(AAE), (r(A)NET))),

but w(A)N(KT) # (m(A)TA(KT) unless A is hermitian.

3



POLAR DECOMPOSITION FOR UNBOUNDED OBSERVABLES 11

Theorem 3.13. If A is hermitian and Uy € LT(D), then
UalAlz = (m(A), PANA), (PaA(A))") € A,
In addition, if 2A° is nondegenerate (i.e., [w(A°)H] is dense in H ), then
(3.9) A = UalAl,
Proof. Let A be hermitian. Then, by (3.9) and (3.8), (Ua|Al;)K =

K(Ua|Al;) for every K € ¢ Hence, Ua|Al; € A®. Assume now that
21¢ is nondegenerate. Then as shown in Lemma 3.7, we have

7(K)PaA(A) = 1(K)A(A), VK € 2°.

Since [m(2A°)H] is dense in H, it follows that P4A(A) = A(A). This
completes the proof. O

The equality in (3.9), A = Ua|A|, is called the 7-polar decomposition
of A.

Remark 3.14. If A is nonhermitian, even if 2°¢ is nondegenerate, we
may have

For example, let M be a self-adjoint O*-algebra on D in ‘H with a cyclic
and separating vector &. & € D is called cyclic (resp. separating) for
M if My (resp. ML &) is dense in H. Then we can define a w-self-
adjoint T-algebra 2 on D in H by

A ={A:=(Ag, A&, (Ao&o)"); Ao € M}.
Since & is cyclic for M, we have
A= {(C, C&, (C"&)"); C € M},
which implies by separateness of &, that for A, B € 2
A=DB ifandonlyif w(A)=mn(B)
if and only if A(A) = A\(B).
Hence if A is not a hermitian element of 2, then A # Ua|A|,.

As in Theorem 3.10 and Proposition 3.11, we can show that every
A € 2° can be decomposed into a semisimple part A, and a nilpotent
part A,.

Theorem 3.15. Let A € A, Suppose that Uy € LI(D) and put
Ay 1= (7(A), PANA), (PaA(AD)),
Ay = (0, (T = PA)AA), (T = Py)AAD)).

Then Ay, A, € A% and A = A, + A,,.
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A, is called the semisimple part of A and A, is called the nilpotent
part of A. Furthermore, If A = A, then A is called semisimple and if
A = A, then A is called nilpotent.

Even if A is hermitian and A = Ua|Alx, |Al+ need not be positive;
in fact, the inclusion |7(A)|2D C D also does not hold, in general.
So, we shall consider when the polar decomposition A = U A\A| of A
is possible. Let now A = A" € TH(D). Let 7(A) = Ua|r(A)| be
the polar decomposition of 7(A) and let |r(A)| = JoStdEA(t) be the
spectral resolution of |7(A)|. Let us denote by P(A) the TT-algebra
on D generated by A. We suppose that P(A) is w-closed (otherwise,
replace D with D := Naepa) D(m(A))).

The following equalities are clear

P(r(A))y ={m(A)}w;  PA) ={A}"
But P(A) is not necessarily m-self-adjoint. By [6, Lemma 3.2] we know
that {w(P(A))}.,, is a von Neumann algebra on H if, and only if, 7(A)
is essentially self-adjoint. Moreover, from [5, Theorem 2.1], we know
that the following statements are equivalent
(i) P(m(A)) is self-adjoint;

(ii) w(A™) is essentially self-adjoint, for every n € N;

(iii) {w(A)},, is a von Neumann algebra and {7(A)}, D C D.
Then

{Ua, {Ea(t);t € (0,00)}}" = ({m(A)},,)" € {7 (A)},-
Hence,
(3.10) {Us,{EA(t); t € (0,00)}'D C {w(A)},,D C D.
Now we have the following
Theorem 3.16. Let A = AT € TT(D). Suppose that w(A) is invertible

and m(A"™) is essentially self-adjoint for every n € N. Then |A|; is
positive and the polar decomposition A = Ux|A| of A holds.

Proof. By (3.10) UA € L'(D) and Py = I because m(A) is invert-
ible, which implies by Theorem 3.13 that A = Ug4|A|.. Moreover,
[7(A)|2D C D and |7(A)|"2D C D by (3.10). Putting

X = (|7 (A)|2[p, [7(A)| 2 UaMA), (7 (A)|2UsA(A))"),

we can show that X = XT € P(A)* and X? = X. Hence |A|, is
positive and A = Uy|A|. This completes the proof. O

Finally we show that every A € T7(D) can be decomposed into a
semisimple part Ag and a nilpotent part A,, in P(A).
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Corollary 3.17. Let AT = A € TV(D) and suppose that w(A") is
essentially self-adjoint, for every n € N. Put

A= (m(A), (I = Ea(0)A(A), (I = Ea(0))A(A))"),

An = (0, Ea(0)A(A), (E4(0)A(A))").
Then As, A, € P(A)” and A = As+ A,,. In particular, if Ker(m(A)) =
{0}, then A is semisimple and has the polar decomposition A = Ual|A|.
Proof. P(A) is m-self-adjoint and by (3.10) Us € LI(D) and Py =
UaU} = I—E4(0), being the projection onto Ker (m(A)), which implies
that Ag, A, € P(A)®. Thus, the statement follows from Theorem 3.13
and 3.15. U

4. FUNCTIONAL CALCULUS

In this section we will study the functional calculus for an unbounded
trio observable and consider a density theorem for T-algebras.

4.1. Case K n2°¢. Let n(K) = Uk|m(K)| = |r(K)*|Uk be the polar
decomposition of 7(K) and |7 (K)| = JT tdEk(t) be the spectral res-
olution of |7(K)|. We put Ky := |7(K)| and Hy := |r(K)*| for short.
We recall that, by (3.2), the absolute value of K is defined as

K7 = (In (K], U AK), (U A(K)))-

First we will consider the functional calculus for |K|,.
We put

CK0.00) = {7 e c0.0): [T IR aIER(DEI < o0
and /0 IO 15, e)e < oo}
= {f € C(0,00) : D(f(Ky)) D D and D((fy " f)(Ko)) D D}
where fo(t) =t, t € (0,00).
For every f € C¥(0,00) we have
(4.1) f(Ko)D € D and (fy ' f)(Ko)Uj D C D.

Indeed, since f(Ko)n{n(20)}. , Ex(n) € {n(A)}.,, for every £ € D we

have,

F(Fo) Ea(n)é = / " HER (D€ = F(Ko)E
and

m(A)f (Ko)Er(n)§ = f(Ko)Er(n)m(A)§ — f(Ko)m(A)¢
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for all A € 2. Hence, f(Ko) € ()yeq D(7(A)) = D. Thus, f(Ky)D C
D.

In very similar way, taking into account that D C D((fy f)(Ko)) we
prove that (f;'f)(Ko)UiD C D.

Now we put,
(4.2)

FUIKz) = (f(Ko), (fo " ) (Ko)URAE), ((fo ' f) (o) URA(K))")-
Then we have the following
Lemma 4.1. f(|K|,)nl° for every f € CE£(0,0).

Proof. By (4.1), we have f(|K|,) € TT(D) and furthermore 7(f(| K|)) =
f(Ko)nm(A),,. For every A € 2, we have
m(f([K]2))AA) = f(Ko)A(A)
= (fo 1f)(Ko)Ko)\( )
= (fo ' N)(Ko)Um(K)A(A)
=(fo (A

) (Eo)Ugm(A)ME)
= m(A)(f5 " f) (Ko URME)
= m(AAS ([ Klx))-
Similarly,
T(f([K[2)TAA) = F(Ko)M(A)
= (fo ') EURA(K)
= m(AMF(KIL)).
Hence, f(|K|:)nA°. O

Lemma 4.2. C¥(0,00) is a *-subalgebra of C(0,00).

Proof. Let f,g € CE(0,00) and a € C. 1t is clear that f + g,af, f* =
f € CK(0,00). We show that fg € CF(0,00).
For every € € D,

(f9)(Ko)§ = f(Ko)g(Ko)§.

By (4.1), g(Ky)¢ € D.
Thus, g(Ko)§ € D(f(|K]r)) and f(Ko)g(Ko)¢ € D. O]

By Lemma 4.1 and Lemma 4.2 we have the following theorem which
establishes the functional calculus for |K]|;.
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Theorem 4.3. Let K € 7. There exists a map
K
feCy(0,00) = f(|K]|r) €2

with the properties

(f+9(Kl|x) = f(IK|x) + g(|K]x)
(af)(|K|z) = af(|K]x),
(fo)(1K]x) = f(IK]x)g(|K]x),
FUK]) = F(I K],
for every f,g € CF(0,00), a € C.

Remark 4.4. In other words, the map f € C{(0,00) — f(|K|,) € A
is a *~homomorphism.

Let us now denote by C,(0, c0) the set of all continuous functions on
(0,00) with compact support.

For every Kn2¢, C.(0,00) is a *-subalgebra of C(0,00). Thus,
using (4.2), we define

Ce(|Klz) = {f([Kl]x); f € Ce(0,00)}.
The functional calculus of | K|, when restricted to C.(0, 00) exhibits
more regularity.
Theorem 4.5. Suppose that K nA°¢. Then

(1) C.(|K|r) is a commutative *-subalgebra of A¢ and the map f €
Ce(0,00) = f(|K|,) € C|K|,) is a *-isomorphism.
(it) For f € C.(0,00), Kf(|K|7r) € 2A° and

[ FE ) FOE DT | = [FEOAED].
Proof. (i) Let f € C.(0,00). Since f(KO) € m(A),,, it follows from

w?

Theorem 4.3 that f(|K|,) € ¢ and since C.(0, c0) is a *-subalgebra of
CE(0,00), it follows from Theorem 4.3 that the map f € C.(0,00) —
FUK]x) € Co(|K|x) is a *-isomorphism.
(ii) For K € A we have
Kf(|Kl|x) = (w(K)f(Ko), 7(K)(f5 [)(Ko)URME), (f(Ko)AMEKT))")
= (Ux Ko f (Ko), U Ko(fg ' ) (Ko)UR MK, (f(Ko)A(KT))")
= (Ux Kof (Ko), Ur f (Ko)UR MK, (f(Ko)ME™)")

which implies that K f(|K|,) € TT(D).
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For every A € 2 we have

, ((
KO>UK7T(K) (A), (f ( 0)m(K)"A
Uk f(Ko)U U KoA(A )(?( O)W(A)T/\ K")")
U f(Ko) KoA(A), (m(A)T
Kof(Ko) ( )( (4)!
At

Thus we have K f(|K|,) € ¢ and
MEf(IK]x)) = Urf(Ko)URAK),  MEf(K])") = F(Ko)AEY).

Moreover we have

O

Theorem 4.6. Let 2 be a nondegenerate m-self-adjoint T'-algebra on D
inH. Then, for every K € A° there exists a sequence { K, } C C.(|K|x)

such that KK? € ¢ = K, in the following sense:
T(KK?) — 7(K) strongly,

T(KK)") = w(K")  strongly,
MKK?) — MK),
MEE)Y) = MK,
Proof. We will show that, if f € C.(0, c0),
(4.3) Uk f(Ko) = f(Ho)Uk.

Indeed, by Weierstrass approximation theorem, there exists a sequence
{pn} of polynomials such that p, — f, uniformly. Since Ux Ky = HoUg
it follows that Uxp,(Ko) = pn(Ho)Uk and Ugp,(Ky) — Uk f(Ko),
pn(Ho)Ux — f(Ho)Uk uniformly (i.e., in the norm of bounded opera-
tors).
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Let us now consider an increasing sequence { f,, } of nonnegative func-
tions in C,(0, 00) such that lim, ., f2(t) =1, 0 < t < co. We put

Ky = ful|Klx) = (fa(Ko), (fg ' fa) (Ko)URANE), ((fo ' fu)(Ko)'Ug), n € N.
By Theorem 4.5,

(4.4) K, € C.(|K|;) and KK, € 2°.

By (4.3) and (4.4) we get, for all n € N,

m(KKy) = n(K)n(Ky)
= HoUg [ (Ko)
= Hof3(Ko)Uk
= fa(Ho)HoUk.
We have f2(Ky) — Q¥ and f2(Hy) — Q, where Q¥ and Q¥ denote

the projections onto the R(Ky) and R(H,), respectively. From this we
obtain

T(KK?) — Q"HyUyx = HyUg = m(K).
and
T(KK)T) = n(Kp)m(K)' = f,(K§) KUy —
QY KU, = KoUj, = n(K)' = 7n(K").
Now we prove that
MEK?) = Uk f(Ko)*Up AK) = Ug QXU NK) = MK).
Indeed, for every A € 2, we have
(AU QT URAK) = UxQ" Uz (K)A\(A)
= U QXU Uk Ko\ (A)
= U Q¥ Ko\ (A)
= 1(K)\(A)
= 1(A)NK).

Since [r(2A)D] is dense in H, Ux QXU N (K) = M\(K). Finally, we prove
that

MEERD)Y) = fulFo)PAKT) — A(KT).
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Indeed, since f,,(Ko)2A(KT) — QEAN(KT), it suffices to show QEN(KT) =
MKT). For every A € 2, we have
T(A)QNKT) = QFr(KT)A(A)

= QN KoUpA(A)

= KoUpA\(A)

= m(K")A(A)

= 7(A)NKT).
Again, since [7()D] is dense in H, we get

QENKT) = M(KT).

In conclusion, KK?2 € ¢ % K. O

4.2. The case of A € A*. Let A be a m-self-adjoint TT-algebra on
D. We consider here a functional calculus for A € A%, Let m(A)
Ua|m(A)| be the polar decomposition of W(A) and Ay = |7(A)|
J, tdE4(t) be the spectral resolution of |7(A)|. Then {UA,EA(t)

(0,00)} C (w(A).,) but, in general, they are not contained in Lf(D
In what follows we will assume that

(4.5) (r(2A),) D C D.

Then {Ua, EA(t);t € (0,00)} € LI(D). Furthermore, since f(A,) €
(m(A).,), for every f € C.(0,00) then, by (4.5), f(Ay)D C D. Hence

FUALR) = (f(Ao). (fo ' F)(A)UIN(A), (F(A)UsN(A))*) € TN(D)
and
(4.6) m(f(1Alz)) = f(Ao) € (m(A),)"
Lemma 4.7. For every f € C,(0,00),
F(1ALz), Af([Al7) € 2.

-
)-

Proof.

K f(|Alx) = (r(K) f(Ao), m(K)(f5 F)(A)UAN(A), (F(A)AKT)))
= (1(K) f(Ao), (f5 ' /) (A UAT(AAK), (f(A)A(KT))")
= (n(K) f(Ao), (fo ' £)(A0) AoA(K), (F(Ao)A(KT))")

= (m(K) f(Ao), f(A)AE), (F(Ao)MET))");
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FUAR) K = (f(Ao)m(K), F(A)AK), (m(K)'F(Ao)URAKT))")
= (f(A))m(K), f(A)NE), (F(Ao)Usm(A)AKT))")
= (f(A))m(K), f(A)ANE), (F(A)ANET))").
Therefore, f(|A];) € 2. The proof for Af(|A|,) is similar. O
We put

I
f

Ce([Alz) = {f(|Al); f € Cc(0,00)}.
By Lemma 4.7, C.(|A|,) is a *-subalgebra of .
Moreover, we have

Theorem 4.8. Let 2 be a m-self-adjoint T -algebra on D in H. Suppose
that (w(A).,)' D C D and that 7(A°) is nondegenerate. Then,
(i) For every A € A% the map f € C.(0,00) = f(|A|x) € Ce(|Alr)
is a *-isomorphism.
(ii) For every A € A there exists a sequence {A,} C A such that
A, 55 A
Proof. (i) can be proved as in Theorem 4.5. (ii) We take, similarly
to what we did in Theorem 4.6, an increasing non negative sequence
{fu} C C.(0,00) such that lim, .. f2(t) =1, 0 < ¢t < co and, in the
very same way as in Theorem 4.6, we prove that Af,(|A|,) € A and

Afa(|Al7) =5 A, .

Now we consider a functional calculus of A € A for the following
subspace C$(0, 00) of C(0,00) We put

(0, 00) = {f e C.00): [ O P EA)E]? < oo

and/o FOF ()g|y2<oo}.

By Lemma 3.12, |A|, = (AO,U;})\(A),(U;“/\(A))*) € A but, differ-
ently from the case K € 2, the inclusion f(Ay)D C D does not
necessarily hold. We have the following

Theorem 4.9. Let A be a m-self-adjoint TT-algebra on D. Suppose
that (m(A),,)"D C D, n(2A°) is nondegenerate and w(2A;) is closed; i.e.,
D= ﬂKe% D(n(K)). If A € A%, then

FUAL) = (f(Ao), (fg " F)(A)UIAA), (fF(Ao)UAN(A))") € A=, f € CF(0, 00)

Proof. We prove that f(A4y)D C D and that f(|]A)) € TT(D), for ev-
ery f € C{(0,00). If K € A and ¢ € D, we have f(Ag)Ea(n)é €
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(m(A),,)D C D and f(Ag)Ea(n)§ — f(Ao)S; m(K)f(Ao)Ea(n) =
f(Ag)Ea(n)m(K)E — f(Ap)m(K)E. This implies that

f(A)¢ € () Dx(K)) =D,

Keg

Hence, f(A49)D C D and f(|A]) € TT(D); as in Lemma 4.7 we can
prove that in fact f(]Al;) € A and, in the same way as in Theorem
4.3, that f € C{{(0,00) — f(|Al,) € 2 is a *-isomorphism. O

For A= A" € TT(D), we get the following

Corollary 4.10. Let A = A" € T(D). Let us denote by P(A) the
w-closed TT- algebra generated by A. Assume that

(i) m(A)" is essentially self-adjoint, for every n € N;

(ii) w(A) is nonsingular; i.e., [m(A)D] is dense in H.
Then, f(|Alz) € P(A), for every f € C{(0,00) and the map f €
C{(0,00) — f(|Alx) € P(A)* is a *~isomorphism.

Proof. By (i) P(A) is a m-self-adjoint Tf-algebra on D and (P(A)!)" C

w

P(A).,; this implies that that (P(A),,)D C D. Furthermore from the
inclusion P(A) C P(A); it follows that P(A); is m-closed. For every
n € N, we put

A, = (m(A)Ea(n), \(A), \(A)%).

Then, A, € P(A)¢ and 7w(A4,)¢ = 7(A)Ea(n)é — w(A)E. By the as-
sumption (ii) it follows that m(P(A)¢) is nondegenerate. The statement
then follows from Theorem 4.9. O

5. EXAMPLES

Example 5.1. Let M be a self-adjoint O*-algebra on D in H with
identity I and & # 0 € D. We define a 7-self-adjoint Tf-algebra 2 on
D in ‘H by

A = {X = (Xo, Xo&o, (ngo)*)S Xo € M}.
Then it is easily shown that
A = {C = (Co, Coo, (C560)7); Co € M},
A, = {K= (Ko, Koo, (K§é0)™); Kon M},
A° = {A=(Ag, Aok, (Al&0)"); Ao € (M)}
(1) Let K = KT € A¢. Then
| K|z = (IKol[, [Kol&, (1Kol&)")

—~ IO
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and
K = Uk|K]|.
Furthermore, putting
8 1= (IKo| o, | Kol 6o, (1Kol 260)°),
S €2y and S? = |K|,. Hence |K|, is positive, so K = Ug|K]|.
(2) Let A = AT € A%, Suppose that A? is essentially self-adjoint
for all n € N. By (3.10), Ua[p, |Ao|[p, |Ao|2[pE LI(D), so
[Al= = ([4ol[>, [Aoléo (| A0[€0)")
= (1ol . [ A| 260, (| 0] 260)")°
= 4]
and A = Uy|A|. This shows that Theorem 3.8 for K = KT n 2l
and Theorem 3.16 for A = AT € 2 hold without assumption
of the invertivility of 7(K) and 7(A).

Example 5.2. [2; Example 2] Let § := S(R) denote the Schwartz
space of all C* rapidly decreasing functions. It is well known that the
operators ¢ and p defined for ¢ € S by

(99)(t) = to(t),
Ao

(pg)(t) = —i—

leave § invariant, are essentially self-adjoint on S and satisfy the Canon-
ical Commutation Relation (CCR) gp¢ — pqp = i¢; this implies that
the self-adjoint O*-algebra Mg that they generate on S is constituted
by elements of the form

N M
a=> > amdp"

Here we treat with the following m-self-adjoint Tf-algebras 21y, Az
and 243y on S:

Aoy = {(a,9,0"); a € Ms, ¢, ¢ € S},
o = {(a,ap,(a))"); a € Ms} for ¢, €S8
Az = {(a,0,0); a € Ms}.
Since, as is well known, (M), = CI, we can show
(i) A,y = {0} and Af) = T1(S),
(ii) Ay = {(al, ap, (ay)); o € C}and ARG, = {(z, vy, (zt)*); = €
LY(S)},
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(i) A = {(al,0,0); a € C} and AT = {(2,0,0); z € L1(S)},

so the results of Section 3.2 on polar decomposition and of Section
4.2 on functional calculus can be applied to every element A of ngf)
(i = 1,2,3) satisfying

(5.1) Uy € LI(S).

where U}, is the partial isometry defined by the polar decomposition of
m(A). We give examples where the property (5.1) is fulfilled.
Let

a_ = %(qjtip) . ay = %(q—ip)

h=a_a, and k=a,a_.

Then Mg is generated by I, a_ and ay. Let {¢,} be the ONB in the
Hilbert space L? := L*(R) contained in S defined by

d 2
(t——)"e" 2, neNy:=NU{0}.
dt
Then g € S is a strongly cyclic vector for Mg, that is, Mgy, is

tmg-dense in & and

N

pult) = 72(2"n1)

a _ 0 , n=20
—on = \/ﬁ(ﬁn,1 , N eN
atrpn = Vn+lpnp, neNy
he, = (n+4+1)p,, n €Ny
ke, = ng,, n €N
hold, so a_ and a, are called the lowering operator and the raising

operator, respectively, and h and k are called the number operators,
and

a- = ) Vnt1le,® @,

n€eNp

aL = Z\/n“f'lson—&-l@@na
n€eNyp

h = Z(n+1) “n & Pn,
n€Ng

k = anpn@)@n

n€Ng
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where (p ® ¥)¢ = (£|Y)p. Then h and k are positive self-adjoint

operators in L? and a_ = uafk;% and a, = u, Jﬁ are the polar decom-
positions of a_ and a., respectively, satisfying
0 , n=0
(52) Ua_SDn - { Spn—l , n E N
and
(53) UZ_QOTL = Uqy Pn = Pn+1, N € N07
which implies that
(5.4) Ua_sta, € L1(S),
(5.5) Uy Vo, = Ug Uy =T, uq uy, = uy u, = Proj {po}*
and
(5.6) h is invertible.

Let AL be any element of T7(S) having m(A+) = ax and write
Ay = (ax, o, (¥1)7)
for some ¢,y € S, respectively. By (5.4)
Ayl = (|a+|,uz+w+,(uz+s0+)*>
= (W ua o, (ua_ 1)),
[Alr = (ol ug o, (ug_©-)7)
= (k?, U, -, (tta, 0-)")
are well defined. Moreover, we can show that
(5.7) | Ay |, is positive.

Indeed, by (5.3) u; ¢ = u,, p— € {©o}*, so <ZneN \/iﬁgan ® @n> Uq, P
is in S and

X o= (k%, <Z %son ® %) Ug_ P ((Z %@n ® %) u2_80> )
c THS),

X' = X_ and (X_)? = |A_|,. Hence |A|, is positive. By (5.6) |4},
is positive.
First we consider the polar decomposition of an element of 91‘(33
For any ¢ € § we put

Ag:l,)‘ﬂ = (aivgpa (90)*)7 NS S.
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Then
1 * * *
AV = (laxlul, e, (ul,9)"),
1 * * *
U [ ALl = (0, g il o, (waytil, 9)").

By (5.5) we have
o |AY | = A%

7<p'

For AS:’L it follows from (5.5) that if (¢|gg) = 0, then

1
Uay | AL | = Sr,)sw

and if otherwise, then
1
ua, |AT| # AV,

Second, take the following elements of Q[(Q)'

Af) = (ax, axpo, (aipo)”).
Then since
A® = (a-,0,4),
AZ] = (Ja-],0,0) = |A],
it follows that
e |A?| = (a_,0,0) # A®

Moreover
Af) = (ag,ayp0, (a1o)*) = (ax, 1,0),
AP = (layl,up, avpo, (15, ar00)")
(la+], 0, ¢0),
Uq, |AD| (a4 Uay P05 (Uay 0)")
(at; 1, 01)
# AD.
Third, let
AP = (ax,0,0).
Then

AP = (lay],0,0), and u,, |[AP| = (as,0,0) = AP
and similarly

|A |_ua |A
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As seen above, various cases arise for unbounded trio observables A_
(resp. A,) defined by the lowering operator a_ (resp. the raising
operator a. ).

Example 5.3. Let P(h) be a polynomial algebra on S generated by 1
and h. Then P(h) is a self-adjoint O*-algebra on S and

P(h)y = {h}y = {(pn ® @n); n € No}' = (P(h)y,)"

We define the following m-self-adjoint T7-algebras on S by

Bay = {(p(h),,¢"); p(h) € P(h) and p,? € S},
By = {(p(h), p(h)go, (p(h)Tpe)"); p(h) € P(h)},
By = {(p(h),0,0); p(h) € P(h)}.

(1)

By = {(r(4),0,0); 7(A)n (P(h),)}.

2 = {@(K),m(K)po, (7(K)"p0)*); 7(K) € P(h),},
B = {(m(A), m(A)go, (m(A) o)) m(A)n (P(),)'}-

By = {(r(K).0,0); n(K) € P(h),}.

B = {(n(A4),0,0); 7(A)n (P(h),)'}.

)
Hence every element A of B{) (i = 1,2,3) satisfies (5.1), so its polar
decomposition and functional calculus are possible.
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