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Abstract. We investigate the dynamical Casimir-Polder force between an atom and a
conducting wall during the time evolution of the system from a partially dressed state. This state
is obtained by a sudden change of the atomic position with respect to the plate. To evaluate the
time-dependent atom-plate Casimir-Polder force we solve the Heisenberg equations for the field
and atomic operators by an iterative technique. We find that the dynamical atom-plate Casimir-
Polder interaction exhibits oscillation in time, and can be attractive or repulsive depending on
time and the atom-wall distance. We also investigate the time dependence of global observables,
such as the field and atomic Hamiltonians, and discuss some interesting features of the dynamical
process bringing the interaction energy to the equilibrium configuration.

1. Introduction

Vacuum field fluctuations of the quantized electromagnetic field are a consequence of the
Heisenberg uncertainty relations and are at the origin of many physical phenomena, for example
the Lamb shift [1, 2], the spontaneous emission by an excited atom [3], the resonant and
dispersion Casimir-Polder interactions between neutral atoms [4, 5, 6, 7, 8]. A remarkable
property of these effects is their dependence on the geometry of the system, as well as on the
magneto-dielectric properties of the materials [9, 10, 11, 12], and it has been shown that they
can be controlled through a structured environment (cavities, waveguides, photonic crystals)
[13, 14, 11, 15]. The effect of a static external field on the dispersion interactions between two
atoms has been also considered [16, 17, 18, 19, 20].

These effects have been also investigated in dynamical situations, for example when atoms
or macroscopic objects are set in motion or when some physical parameter of the system is
modulated in time [21, 22, 23]. For example, real photons can be produced from the vacuum by
a non adiabatic change of some boundary in the system (Dynamical Casimir Effect) or when an
atom is subjected to an oscillatory motion in vacuum (microscopic Dynamical Casimir Effect)
[24, 25]. Also, a frictional force may arise when two or more objects move relative to each other in
vacuum at a constant velocity, an effect usually known as quantum friction [22, 26]. The effects
of uniform acceleration of neutral atoms in vacuum and their relation with the Unruh effects
have been also studied [27, 28]. Dynamical environments can also modify radiative properties
of atoms or molecules nearby, under adiabatic conditions [29, 30, 31, 32].
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A conceptually different situation also giving a dynamical (i.e. time-dependent) effect, is when
some physical parameter in the system is suddenly changed, so that the system evolves starting
from a non-equilibrium situation. For example, a sudden change of some atomic parameter,
such as the atomic transition frequency between two levels or the electric dipole moment of one
atom, gives rise to time-dependent effects, such as the dynamical Lamb shift, the dynamical
Casimir-Polder force between two atoms [33] or the dynamical Casimir-Polder force between an
atom and a conducting mirror [34, 35, 36]. From the physical point of view, these dynamical
effects are essentially related to a change of the virtual photon cloud around the atom due to a
rapid change of some physical characteristic of the atom by an external action [37, 38, 39]. It
should be stressed that no real photons creation is taken into account in this case: our time-
dependent effects arise from the non-equilibrium dynamics of the system, that evolves unitarily
under the new Hamiltonian. We note that non-equilibrium conditions may manifest in many
realistic physical situations, for example when two or more interacting bodies in a system can
be at different temperatures from each other or from the temperature of the environment [40].

The main aim of this paper is to investigate the time-dependent atom-wall Casimir-Polder
interaction energy between a ground-state atom and a plane mirror, when the system evolves
from a nonequilibrium initial state, after a sudden change of the atomic position with respect
to the mirror. Specifically, we consider an atom prepared in its dressed ground state, in the
presence of a reflecting plane mirror. This state is an eigenstate of the total atom-field interacting
Hamiltonian. We then suppose that at ¢t = 0 the atomic position (with respect to the mirror)
is abruptly changed by some external action (quench of the atomic position). This change
brings the system to a non equilibrium situation since the initial (dressed) ground state of the
system is no longer an eigenstate of the new Hamiltonian, and the system starts to evolve in
time. We investigate the time-dependent atom-wall Casimir-Polder force during the dynamical
evolution of the system, leading it to the new equilibrium configuration. We first solve the
Heisenberg equations of motion of the atom-field interacting system by an iterative procedure,
and then evaluate explicitly the time-dependent atom-wall Casimir—Polder interaction energy
during the atomic self-dressing process. We find that, although the atom is in its ground
state, the dynamical Casimir-Polder force exhibits oscillations in time, and can be attractive or
repulsive depending on the atomic position and time. This is at variance with the usual (static)
Casimir-Polder force between a ground-state atom and a mirror, where the force is always
attractive. In the limit of long times it settles to the usual attractive Casimir-Polder interaction
between a ground-state atom and a perfectly reflecting plate. We also discuss the time-dependent
expectation values of global observables, such as the atomic and field Hamiltonians, on the
partially dressed state and their asymptotic behavior, and discuss some aspects of the dynamical
process bringing the interaction energy to the new equilibrium situation. Our results show that
new effects can appear under non equilibrium situations and that the Casimir-Polder force can
exhibit new features in dynamical situations.

2. Dynamical atom-wall Casimir-Polder interaction energy

Our system consists of a neutral atom, modeled as a two-level system, placed at a distance
lro|] = 20 from an infinite perfectly conducting plate, and interacting with the quantum
electromagnetic field in the vacuum state (see Fig. (1(a))).
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Figure 1. Pictorial description of the system. (a) The atom, modeled as two-level system, is
located at a distance |rg| = 2o from the mirror at z = 0. (b) At t = 0 the atom is subjected
to a rapid change of its position, from |rg| = 2o to the new position |r| = z with respect to the
mirror.

We adopt the Hamiltonian in the multipolar coupling scheme within the dipole
approximation, in the Coulomb gauge; the interaction Hamiltonian is then given by H; =
—p-E(x), where p is the atomic dipole moment operator and E(x) is the transverse displacement
field at the atomic position x.

The total Hamiltonian describing the atom-field interacting system, before the change of the
atomic position, is given by [41]

H = hwoS. + Y hwgal jax; + Vi + AV, (1)
kj
7 . . * ] 7 . ] * )
=3 (aqro)arSs + by (ro)al;s- ), V=Y (axjro)al;Ss + e (ro)asS- )
kj kj

where ay; and alT(j are the usual bosonic annihilation and creation field operators, Si, S_
and S, are the atomic pseudospin operators, wp is the atomic transition frequency. Also,

exj(ro) = —i4/ 2’{;” >k VE [p - £ij(r0)] is the coupling constant and fi;(r) are the usual field
mode functions satisfying the boundary conditions on the perfectly conducting walls of a cubic
cavity [39]. Finally, A is a parameter that can assume the values A = 0, —1, so that for A = 0
we obtain the Hamiltonian in the Rotating Wave Approximation (RWA).

We assume the atom initially prepared in its dressed ground state, that is an eigenstate of
total Hamiltonian (1); at first-order in the atom-field coupling we have,

Ekj(I‘o

oo 1 ) ey,
5ha= o O} = A3 5 e b 2)

We now suppose that at time ¢ = 0 the atomic position is abruptly changed by some external
action, from rg to the final position r (see figure (1(b))). This is equivalent to a rapid change of
the atom-field coupling that instantaneously brings the system to a dynamical non-equilibrium
configuration. Our assumption of a sudden change of the atomic position is valid if this change
occurs in a time ¢ such that ¢ < 2rg/c (that is the time taken by a virtual photon emitted by
the atom to go back after reflection on the mirror) and ¢t < wy . For an atom-plate distance
of the order of 10~7 m, our non-adiabatic approximation requires times of the order of 107165,
which is also consistent with the requirement ¢ < w Lfor a typical atomic transition frequency

wo ~ 1019 s 1,
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As a consequence of this change, the ground state | é) 4 in (2) it is not longer an eigenstate of
the new Hamiltonian which is now

H = hwoS,+ Z hwkaLjakj + Z <6kj(1‘)akj5+ + ﬁﬁj(r)a;f(js—>
kj kj

23 (ekj(r)aL S+ eﬂj(r)akjs_) : (3)
kj

and the system will evolve in time starting from the initial partially dressed state |¢>p, under
the Hamiltonian (3) (note that the only difference between the new Hamiltonian (3) and the
old one in (1) is the dependence on the atomic position in the coupling constant, which is now
ek;(r) and not ex;j(rg)). It is worth noting that the bare ground-state |g,{Oy;}) is an exact
eigenstate of the total Hamiltonian in the RWA (A = 0), and therefore it does not evolve. We
stress that in our approximation, no time dependence is included in the system’s Hamiltonian,
the atom being supposed at rest and locally interacting with the vacuum field fluctuations at
the new (static) atomic position. Therefore, no real photons creation is involved in this case,
time-dependent effects only resulting from the non-equilibrium dynamics of the system that
evolves unitarily under the new Hamiltonian (3). Time-dependent effects are only due to the
atomic self-dressing process after the rapid perturbation of the virtual photons cloud surrounding
the atom. Also, under these assumptions, we can neglect the contribution from the Rontgen
term in the Hamiltonian, which is of the order of v/c, where v is the velocity of the atom. To
evaluate the time-dependent Casimir-Polder interaction, we follow the same procedure adopted
in [34, 35, 36, 39] where the second-order interaction energy is obtained as half of the average
value of the interaction Hamiltonian H}Q) (t) on the initial state of the system (in our case, the
partially dressed state at + = 0% immediately after the change of the atomic position), and
taking only terms depending on the atom-plate distance,

ABO () = L HP @) 1), . (4)

2

where |¢), is the partially dressed state of the system, and H](2)(t) is the (second-order)
interaction Hamiltonian in the Heisenberg picture, obtained by solving iteratively the Heisenberg
equations of motion for field and atomic operators. Equation (4) is a generalization to time-
dependent situations of the well-known expression of the interaction energy obtained by second-
order stationary perturbation theory [42], AE = % 4(g|H;|g)a, where [1), is the second-
order dressed state of the system, and Hj is the interaction Hamiltonian in the Schrodinger
representation. We note that, since the time evolution of the system is unitary, the total energy
of the system is conserved during the dynamical self-dressing process. However, this energy does
not coincide with the total energy of the (second-order) dressed state |g),; of the Hamiltonian
(3), that is , (| H?)(t) ), #alg| H |g)4. This is because dressed and partially dressed states
have different energy (we shall discuss this relevant point below). Nevertheless, as we now show,
the average value of the interaction Hamiltonian H}Q) (t) on the partially dressed state |¢),,
settles to its stationary value 4(g| Hr |g), in the limit of large times (¢ — 00), and gives the usual
atom-plate Casimir-Polder interaction energy in the static case.

We first calculate the expressions of atomic and field operators in the Heisenberg
representation. At the lowest significant order, we obtain

S (t) = €154 (0) + 2S00 S ag(lal, (0)G(wr — wost) + Mg (006w +wo,1)], (5)
kj

ax;(t) = e*i‘“’“takj(O) + %e*iwktekj(r) (S—(0)G(wr, — wo,t) — AS+G(wi +wo,t)) , (6)
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where we have introduced the function

62xt -1

t
Glat) = / et g — (7)
0

T

Substituting equations (5) and (6) into the expression of the interaction Hamiltonian V3 +AV;
(see Eq. (3)), and taking the average value on the partial dressed state [t),, we obtain (up to
second order in the coupling):

&ﬂzzﬂ¢ﬂﬁmﬁﬂwh==Vij%;owﬁq&DZMifM#IanO+wwﬂ
N e i) (1 B ) % cos(en + ). (8)

kj

The presence of the parameter A in the equation above clearly shows that the time-dependent
interaction energy is related to the virtual photons that are emitted and reabsorbed by the atom
during the self-dressing process of the system. In other words, energy conserving processes arising
from the rotating terms of the interaction Hamiltonian and involving real photons, do not play
any role at the order considered.

In the continuum limit, using >, — V/(27)? [ d°k, after some algebra, we get

() = AEY (1) + ABD (1), (9)
where
2 o0 1 — cos (ct(k + ko)
AE® — _oluHm ) 2 / 3
ot ma L AL
;1 [ sinkR
FE — 1
+ om T /0 dk e cos (ct(k + /-co))} , (10)

is the free-space contribution to the time-dependent interaction energy of the partially dressed
atom (R’ = |r —rg|, and F}}, = (=0emV? + V,V,,)* is a differential operator acting on the
variable x, and we used the Einstein convention for repeated indices), and

(2) Mgy, 1 [ sinkR
AEb. (t) = 7T{O’gp |:Fme ) dkk‘—'—]{jo(l — COS (Ct(k“‘ko))
7 1 [ sinkR
R
—|—Fme//0 dk Wt E cos (ct(k + ko)} } , (11)
is the boundary-dependent contribution to the interaction energy. Here, R = |r — or| is the

distance between the atomic position r and its image through the mirror, and R’ = |r — o1y,
where o = diag(1, 1, —1) is the reflection matrix .

The expressions above give the time-dependent interaction energy during the self-dressing
process of the atom after the abrupt change of atom’s position. In particular, the free-space term
(10) can be interpreted as a time-dependent Lamb-shift due to the nonadiabatic perturbation of
the virtual photons cloud surrounding the atom. On the other hand, the boundary-dependent
contribution (11) gives the time-dependent atom-wall Casimir-Polder interaction energy.
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We now focus on this last term with the aim to discuss some features of this dynamical
interaction energy. Using equation (11) in (4), for an atom with an isotropic electric dipole
moment (|gs,[? = [, ? = |ps,? = |if?/3), we obtain

1 212 1 [  sin(gx
AEGHH) = 5ABT () = —5- ggnqu{R |7 (1 - costatx + xo)
1 [ sin(qy) I
- A 12
7 [ ostal+ ) 12

where we have defined the differential operator D, = 2 — 20/9q + 9%/0¢%, a = %, and a = %.
Also, x = kR, xo = koR, X = kR’ and Yo = koR'. The integrals in (12) can be explicitly
calculated for a < 1 (i.e. t < R/c) and a > 1 (i.e. t > R/c) (note that the integrals
diverge on the light cone ¢t = R; the physical origin of this divergence can be ascribed to
the dipole approximation and the radiation reaction field [34, 35]). We do not give here the
explicit expression of the time-dependent Casimir-Polder interaction energy, because the relevant
features of the atom-plate interaction can be extrapolated from figures 2 and 3. These figures
show the time evolution of the Casimir-Polder interaction energy, near the light-cone, for ct < R
and ct > R’ (we have supposed that the atom’s position is rapidly changed of a distance of the
order 10719 m from the initial position zg = 107" m). Similarly to the case discussed in [35], the
Casimir-Polder interaction energy oscillates in time, switching in time from an attractive to a
repulsive force. In the asymptotic limit (tf — c0), the interaction energy settles to its stationary
value. The oscillations of the interaction energy and its strong increase around the round-trip
time ¢t = R/c (typically of the order of 10716 + 1071 s,) suggest the possibility of observing
these effects in laboratory. Also, due to the assumption of an initial partially dressed state, the
value of the interaction energy at t = 07 is not zero; it represents a part of the energy stored in
the system immediately after the change the atom’s position. To make this point clearer, it is
convenient to reconsider the interaction energy of the partially dressed state given in (8). With
a simple algebraic manipulation, this expression can be written as follows

_ (2) _ Am o (r))2 K
Er(t) = p(UIH;” (1) [}y = —5; 2 (- fiy (1) =
4
+77T S~ b fig(r) (1 i (r) — - figg (o)) ﬁ cos(wo + we )t (13)

kj

that clearly shows that the interaction energy at the initial time is different from zero and
depends on rg and r. Thus, it keeps memory of the atom’s position before and after its sudden
change. On the other hand, in the limit of large times, the average value of the interaction
energy settles to its static value in the new equilibrium configuration of the system, that is

static 1 1
AR = 5 im0 HP (1) )y = 5 ale®) Hi lg®)a (14)

li
t—o00

where |g(?))4 is the fully (second-order) dressed state of the interacting system (with the atom
located at position r).
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Figure 2. Dynamical Casimir-Polder interaction energy for t < R/c. The orange (solid) line
corresponds to the case of an initial partially dressed state, while the blue (dashed) line refers to
the static CP force after the quench. The figure shows that the value of the interaction energy
at t = 07 is non vanishing, as a consequence of the assumption of an initial partially dressed
state. The values used are p = 6.31 x 1073 Cm, kg = 5.0 x 10" m~!, o = 1.001 x 107" m
r=10x10""m

[ 10739

AEcp(Y)

1.x10715 2.x1071%
t[s]

Figure 3. Dynamical Casimir-Polder interaction energy for ¢ > R/c. The orange (solid) line
corresponds to the time-dependent interaction energy for ¢ > R/c, while the blue (dashed)
line refers to the static interaction energy in the asymptotic limit. x = 6.31 x 10730 C m,
ko=50x10"m™, rg=1.001 x 107" m, r=1.0 x 10" m

Thus, we find that the system evolves in time and the interaction energy reaches a new
equilibrium condition in the long-time limit. It is also interesting to evaluate the time-dependent
average values of global observables, such as the field and atomic Hamiltonians. To do that, we
first calculate the second-order dressed ground state of the total Hamiltonian (1). We get,

52 — |€xj(ro) 0 1 ex;(ro) o i
19)a Zh2wk+wk2 19: {05} Zhwk—l—w )

ex;(ro) €K’y /(ro)
7)‘22 hQ : |g’ 1kja]-k’j’>' (15)

K K (wo + wir) (wo + wr)
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As before, this state is a partially dressed state after the nonadiabatic change of the atomic
position and evolves dynamically under the Hamiltonian (3). The time-dependent average values
of atomic and field Hamiltonian on the partially dressed state (15) are easily evaluated, obtaining

_ (2) 2m (rg))? L0k
ealt) = HWAHQO)WP), = szjw-fm( D) oo
+o > ) - Bte) i (o)) T (1= cos(w + en)t),(16)

2
er(t) = pwPHP W), = TS (0 figlro) ok

o (wo + w)?
™ W2
+47 > (1 - i () (1 - fij (r) — o - i (ro)) m (1 = cos(wo + wy)t) .(17)

In the asymptotic limit (¢ — 0o0), we have

i\r 2 7 wWow . i\r
EA(t)%@ZWOWk(H'fk]( 0)) +472 owg, (p - fij (1)) (1 fi;(r) — - fij(r)) . (18)

1% o (wo + wi)? \% - (wo + wi)?
and
27— w (p - fie;(ro)) w2 (- i ( ))
Ep(t) — = k J — Y B I (- fi(r) — e fig : 19
U D Dh e Z oy (e fie) — e fig() - (19)

A comparison with the analogous quantities obtained in the static case shows that, in the limit
of large times, the time-dependent atomic and field energies does not settle to their stationary
values on the fully dressed state of the system; the additional terms in (18) and (19) are related
to the energy initially stored in the field and in the atom, and to the work done to bring the
system in out-of-equilibrium configuration. In fact, we have

2 wow

. stat. _ (2) @y _ f o (p))2 WOk

Jim Ealt) # EX" =a(g" | Halg")y = va ~ (- fij(r)) (wo + wr)? (20)
2T w?

. stat. __ (2) (2)y _ . 2 Yk

Jim & (t) # €5 =4 (9P| Hr |9?) = T . (- fi (0" 2 (21)

This is different from the case where the system evolves from an initial bare state, where in
the asymptotic limit both dynamical energies stored in the field and in the atom tend to twice
their stationary values [39, 43]. On the other hand, at large times the energy stored in the
interaction Hamiltonian coincides with its stationary value (see Equation(14)). It should be also
stressed that since the time evolution of the system is unitary, the average value of the total
Hamiltonian does not change during the time evolution of the system, and it is

27 w
part. _ ) @ ()12 — _ (e K
e = AP O, = er e = =TS e fom)f
4 Wk am 2 Wk
il e . _ir s . 92
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This is different from what obtained in a completely static situation, that is

2 Wk

&5t = alg®| Hiot |9}y = o+ op

(1 figj (r))*
kj

(23)

Comparison of (22) and (23) shows that for ¢ — oo the total energy, similarly to the atomic and
field contributions, does not settle to the value obtained in the stationary case.

3. Conclusions

In this paper, we have investigated the dynamical Casimir-Polder interaction energy between an
atom and a perfect reflecting plane during the time evolution of the system after a sudden change
of the atomic position, that brings the system to a nonequilibrium situation. We have discussed
the dynamical processes leading the interaction energy to the new equilibrium configuration.
We have shown that the time-dependent Casimir-Polder interaction energy oscillates in time,
changing from attractive to repulsive, and that in the limit of large times it settles to its
stationary value. Finally, we have investigated some interesting aspects of the dynamical atomic
self-dressing process by investigating the time dependence of the field and atomic Hamiltonians,
and discussed the different behaviour of local and global observables in the dynamical evolution
of the system.
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