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Abstract

A new analytical procedure is developed to design microirrigation units of rectangular shape with
tapered laterals and manifolds laid on flat fields. The methodology relies on a normalizing pressure
heads approach based on the pressure head tolerances concept to assure limited emitter flow rate
variability across all emitters. The results indicated that tapered laterals primarily enhance energy
saving and efficiency in drip irrigation systems. Moreover, the proposed procedure included new
relationships for tapered laterals and manifolds helping identify commercial characteristics of
emitters and pipe diameters. The validation of the proposed analytical procedure was performed by
the comparison of results with the precise stepwise solution conducted for #1000 simulations. Since
the procedure had been based on the assumption of uniform emitter flow rates, no errors occurred

when the exponent x of the emitter flow relation was set equal to zero. Whilst for non-pressure
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compensating emitters (x > 0) slight relative errors in inlet pressure head, REs, occur, laying in a very
limited range, from —1.2 % to 0.8%, and reaching the maximum values for the fully laminar flow
condition (x = 1). A numerical application was performed to illustrate the reliability of the suggested
design procedure, also illustrating that an energy-saving ES = 55.6 % was achieved. Results also
illustrated that much higher ESs can be achieved for different geometric and hydraulic characteristics
of the tapered units. The proposed methodology could serve as a foundational framework for saving
energy in drip irrigation systems, and for analyzing the effects of tapered laterals and manifolds on

the design variables.

Keywords: Dual—diameter laterals; Energy—saving; Analytical solutions; trickle irrigation design

Introduction

Microirrigation systems, known for their water efficiency and precision, have become increasingly
popular in addressing drought challenges, energy saving, and water losses (Madramootoo and
Morrison 2013; Li 2020; Patel et al. 2023). Despite significant research on drip irrigation units, there
is limited understanding of the use of tapered drip laterals and their design procedures. This work
aims to suggest an analytical method to design drip irrigation units with tapered pipes, providing a
comprehensive analysis of the principles, methodologies, and applications involved.

Tapered laterals and manifolds are characterized by a reduction in diameter along the pipeline
in the direction of the flow. The use of tapered pipes makes the design process more complicated than
single-diameter pipes, because of the increase in the number of variables, but results in a more
uniform pressure head distribution, thereby ensuring consistent water emission uniformity across all
emitters (Valiantzas 2003; Sadeghi and Peters 2012; Baiamonte 2018a; Baiamonte et al. 2024). The
design and optimization of these systems require a robust analytical framework that considers various

factors and parameters, including hydraulic principles and emitter characteristics (Ayars et al. 2023).
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The methodologies applied in designing drip irrigation units frequently rely on numerical
approaches, such as the stepwise method, characterized by trial-and-error iterations and time-
consuming calculations (Bralts and Segerlind 1985; Kang and Nishiyama 1997; Jiang and Kang 2010;
Wang and Chen 2020; Ravikumar 2023). Furthermore, the results yielded by such methods do not
facilitate a comprehensive analysis of pressure heads, emitter characteristics and inside diameters
behavior when dealing with tapered pipes. Indeed, the stepwise method provides specific solutions
for particular scenarios, which limits its usefulness in understanding the broader principles. Thus, the
numerical method can result in low-efficient design solutions that negatively affect crop yield, as well
as water and energy efficiency.

Whilst numerical approaches have been widely used in designing drip irrigation units,
analytical methods offer a key advantage in providing insight into the design problem and include
complete analyses, thereby overcoming the drawbacks of numerical ones. Analytical procedures can
provide explicit solutions, offering more efficient tools to explore the effect of the design parameters
on water distribution uniformity and energy efficiency (Chamba et al. 2019; Baiamonte et al. 2024).
Unlike numerical methods that require iterative calculations, analytical solutions yield the required
inlet pressure head for fixed pressure variability and pipe diameters in a single step, facilitating
systematic analysis of their interactions with water distribution uniformity.

Various analytical methods were also proposed to design tapered drip laterals (Sadeghi et al.
2016; Yildirim 2023), which may require high levels of sophistication, making them not user-friendly
due to the high number of variables involved in the calculation of pressure heads.

In consideration of the above, analytical methods were implemented in software to facilitate
the complex process of designing (Krishnan and Ravikumar 2002; Moreno et al. 2016; Baiamonte
2018b; Palau et al. 2019). Molina-Martinez and Ruiz-Canales (2009) assessed the drip irrigation
lateral diameters with on-line emitters employing Pocket PC software. The results included a diagram
featuring light-emitting diodes (LEDS) illustrating the available commercial diameters when varying

emitter number, spacing, and flow rate. Valipour (2012) used the HydroCalc software to compare the



78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95
96
97

98

99

100

101

102

effectiveness of single and tapered pipes in adjusting pressure loss. The study demonstrated that
tapered pipes were capable of adjusting pressure loss, whereas single manifolds were unable to
achieve the desired pressure head. Palau et al. (2019) developed DIMSUB, a computer program
designed as a decision support tool to study different hydraulic design alternatives characterized by
various unit geometry. The authors evidenced that irregular geometries and different laterals and
manifolds feeding points can be easily examined with DIMSUB to achieve accurate results.

Recently, Baiamonte et al. (2023) proposed a simplified procedure for designing dual-diameter
laterals based on the concept of pressure head tolerances, and in line with the normalized pressure
head distribution approach. The authors also conducted an experimental validation to demonstrate
the reliability of this methodology (Baiamonte and Palermo 2024a).

The objective of this study is to develop a comprehensive theoretical foundation for designing
rectangular irrigation units with tapered drip laterals and manifolds, thereby expanding the procedure
introduced by Baiamonte and Palermo (2024a), which was valid for just one tapered lateral. The
design incorporates branching pipe networks with multiple tapered laterals and a single tapered
manifold, all configured for use on flat fields. Detailed analyses and evaluations to enhance energy

efficiency, and case studies to validate the proposed method are also included.

Methodology

The sketch of a drip submain unit with tapered pipes is shown in Fig. 1, where laterals and a
manifold with dual-diameter are illustrated. The figure also shows a qualitative behavior of the
pressure head distribution (PHD) along the manifold and lateral, where the drop in pressure head
corresponding to the change in diameter can be observed. The characteristic pressure heads along the
manifold (inlet pressure head, hin, pressure head at the manifold diameter change, hwm, at the distal

end, hmmin), and along the lateral, (maximum pressure head, hmax, at the lateral diameter change, hn,
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at the distal end, hmin) are also depicted. Note that at the conjunction of the lateral with the manifold,
hmmin = hmax, Which is a crucial condition for further developments.

Pressure head tolerances are a crucial aspect of drip irrigation system design that ensures
uniform water distribution and optimal system performance. These tolerances refer to the acceptable
range of pressure head variations within different components of the irrigation system. In this context,
three different tolerances can be distinguished: i) the pressure head tolerance of the lateral namely the
allowable pressure variation between the maximum pressure head of the lateral and the minimum
(hmax — hmin), 11) the manifold pressure head tolerance that refers to the acceptable pressure variation
from the inlet pressure head to the minimum in the manifold (hin — hmmin), and iii) the unit pressure
head tolerance that encompasses the overall pressure variation across the entire irrigation unit, from
the inlet pressure head to the minimum in the lateral (hin — hmin), representing the combined pressure
head changes in both the manifold and laterals. These tolerances were defined in the section “Lateral,

manifold and unit pressure head tolerances”.

Design relationships for tapered drip laterals

The methodology previously suggested for one-lateral units (Baiamonte and Palermo, 2024a) is
shortly summarized in the following. Note that minor losses, as additional fraction of kinetic head in
the energy balance equation, are neglected, since it is necessary for extending the analytical procedure
to rectangular units. However, these minor losses could be incorporated using the equivalent length
method developed by Baiamonte (2020), which facilitates their calculation without affecting the
derivation of the design procedure.

Fig. 2 shows a tapered drip lateral laid on a horizontal field. The downstream segment, denoted
as sub-lateral I, exhibits a smaller diameter, D, (L), compared to that of the upstream segment,
denoted as sub-lateral 11, which has a diameter D (L). Emitters js are numbered from right to left,

so that Ny and Ny are the number of emitters on sub-laterals | and Il with lengths L, (L) and Ly (L),
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respectively. Note that the total lateral length L. = L, + Ly (Fig. 2). Once the geometry is established,
the design procedure could be applied for two or more sub-laterals, but for a simplified description
of the procedure, only two sub-laterals are considered later.

A uniform emitter flow rate is assumed, denoted as gn (L® T), whereas S, (L) and Si (L),
indicate the emitter spacing of sub-lateral 1 and Il respectively, so that L. = N; S; + Ny Sy with N =N
+ Ni. For the sublateral 1 (j < Ni), by neglecting local losses, the energy balance equation can be

written:

hj = R + Kpp Sy HY for j < Ni (1)
where Hj(f)l = Z{C_:llki /;J € N is the generalized harmonic number truncated at the emitter j — 1, of

order r (Abramowitz and Stegun 1972), K. ; is the energy gradient corresponding to g», and S; is the
emitter spacing associated with the sub-lateral I. According to Blasius resistance equation the energy

gradient Kz ;, can be written as:

KL,I =k n (2)

where r, s and k depends on the resistance equation (Nakayama and Bucks 1986; Keller and Bliesner

1990). For smooth walled Polyethylene Pipe, Blasius’sand Hazen-Williams’s equations can be

considered:

k= 10-C6r75 r=1.852,s=4.871 Hazen-Williams (3a)
2.5

k = 0.316 2"  0.25 r=1.75,s=4.75 Blasius (3b)

g 175
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Where C is smoothness factor, g is the acceleration of gravity, and v = 1.008 10°® m? s is the water’s
kinematic viscosity for a standard water temperature at 20° C. Note that while the Hazen-Williams
equation with C = 135 is used here (Moghazi 1998), this procedure can also be applied to any other
resistance formula.

Of course, for j = Nj, hj = hn, and Eq. (1) yields:
hy = Mo + Kiy S HS (4)
n min LIl N,

where h,, is the pressure head corresponding to the diameter change that also appears in the energy

balance equation for the sub-lateral /7 (j > N)):
by = hy + Ky S (HD, — HYY) forNi+1<j<N (5)

where K¢ i can be calculated by Eq. (2), if replacing D, with Dy .

Substituting Eq. (4) into Eq. (5) provides:
hj = hpin + K1 S H;E/r,) + K11 Si (H,-(f)l —H IE/TI)) (6)

In line with the normalized pressure head distribution approach, dimensionless relationships
are used in the following to consolidate the influence of emitter spacing, inside diameter, and emitter
flow rate. As a result, it becomes significantly easier to interpret the effects of proportional changes
in one variable on another. This advantage is particularly pronounced when dealing with tapered
laterals, because of the high number of parameters that are involved.

Dividing both sides of Egs. (4) and (6) by K..; and S, the same equations can be rewritten:
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hn = humin + Hyy? (7)

_ (r) | KouSu @ Q)
h*j - h*min + HNI + —KL,I s, (Hj—l - HNI ) (8)

Importantly, by using Eq. (2) and rearranging, Eq. (8) can be further simplified as follows:

DS .
Ruj = homin + HY) (1422 W) for Nj+1<j<N 9)
where:
s Ko _ (M)S (10)
+L Kp1 Dp 1
Si
— 2L 11
S, =+ (11)
"
W = —H@l -1 (12)

Eq. (9) shows that the pressure head at the emitter j of the sub-lateral Il, normalized with
respect to K;,; and S;, depends on the h=min, diameter ratio D=, emitter spacing ratio S~ = S)/Sy;, and

W; parameter (Eq. 12). The latter is affected by the harmonic number of the sub-lateral | and that
truncated at the emitter j belonging to the sub-lateral 11. Of course, for j = N, hxj = h«max, and Eq. (9)

yields:
D;
Remax = homin + HY, (1422 W) (13)

where W can be derived by Eq. (12), if imposing init j -1 = N:
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Hy~

y = —
L= 5@

(14)

The normalized average pressure heads, h=, and h=max, can be expressed as a function of the

pressure head tolerance of the laterals, oL, respectively:

_ h*min

han CE)

himax = hun 1+ 5L)

Combining Eqg. (15) and (16), yields:

1+6;,
himax = Rumin —
1-6;

Substituting Eq. (17) into Eq. (13), provides:

(1+6L)
*min (1_8L)

=mwn+Hm(1+ LWJ

that can be solved with respect to h,pin:

_ Rimin 1 5L (7”) *L
hamin = KpiSi 268 Hy (1 T 1p )

(15)

(16)

(17)

(18)

(19)

Therefore, for a fixed pressure head tolerance 6. and hydraulic parameters of the tapered lateral,

Eq (19) makes it possible to calculate the normalized minimum pressure head, h=min. Moreover, by

using Egs. (15 and 19), the normalized average pressure head can be rewritten as a function of the

input variables:
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mn—Ji-—J;H“(1+%f%) (20)

CKpiS; 26, N
Determining the characteristics of the emitter

Although the design procedure is developed under a uniform emitter flow rate assumption, the
procedure could be also applied for non-pressure compensating emitters, i.e. when the exponent x of
the emitter flow rate — pressure head relationship is greater than zero, if low values of the pressure
head tolerance are imposed (Baiamonte 2024).

In this context, where the mean flow rate of the tapered drip laterals is assumed “constant”, the
emitter characteristics (ke and emitter exponent x) of the flow rate — pressure head relationship, can

be determined from the average pressure head h.

ke= (2 (21)

ke = In 2 O (22)

Given input variables and emitter exponent, x, Eq. (22) enables identifying the coefficient ke of
the commercial emitters, a key parameter for the design. This contrasts with numerical methods,
which typically require trial-and-error to estimate the characteristics of the emitters. For example,
with reference to the characteristics of cylindrical integrated in-line labyrinth emitters (TANDEM®)

with double holes and turbulent flow provided by IRRITEC S.p.A., reported in Table 1, choosing
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Dr,=13.8mm, Dy, =17.25 mm (i.e., D~. =0.8), Si =Sy =0.5m (i.e., S~ = 1), x = 0.49, for N = 175,
Fig. 3a plots the relationship between the coefficient ke and the emitters’ number N; (Eq. 22), with
the average emitter flow rate as a parameter. To establish the N, value that matches the ke to be
selected, Fig. 3a also plots dashed lines indicating the commercial ke = 0.56 and 0.8 L h™t m™ values
(Table 1), whereas the black dot refers to the application that will be performed later.

For the same emitter flow rates considered in Fig. 3a, by using Eq. (19), Fig. 3b plots the
minimum pressure head, hmin, Versus Nj, showing that at increasing Ni, the minimum pressure head
required for the unit also increases. A similar illustration could be performed for the average pressure

head of the laterals, hn, by using Eq. (20).

Comparison with single-diameter lateral

Tapered drip laterals reduce the required inlet pressure head, thus decreasing the energy costs of
microirrigation systems. However, the design lengths of the pipeline segments with different
diameters must be carefully determined. The energy saving obtained by using tapered laterals can be
determined by comparing with single diameter laterals for any N;, D=, and pressure head tolerance,
d. For single diameter laterals Baiamonte (2018a, see Eq. 23) found a simplified relationship to

calculate the average pressure head, which is reported in the following:

where S is the emitters spacing, which is assumed to be constant for single-diameter lateral.

Eqg. (23) can also be rewritten by normalizing hn with respect to K S:

hgrrlle _ 1 H(T') (24)

T2 52ne None
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where None is the number of the emitter for the single-diameter lateral, h2€ is the average normalized
pressure head for a single diameter lateral, and H,E,?ne is the generalized harmonic number truncated

at the emitter None.

Substituting Eq. (15), which is also valid for single diameter laterals, into Eq. (24), yields:

one _ 1=6"¢ (1) (25)

smin — 2 52712 None

Assuming S =Sy = Syi (S« = 1), None = N (which for a fixed value of S means that the one-diameter

lateral length Lone = L), and 67™¢ = §,, by using Egs. (19) and (25), the ratio h,,;,/h253, can be

*min

derived:
1-81,(r) s
homin _ 28, FiN; (1407, 1) (26)
- one
homin 120, ™

28{™€ None

By rearranging, Eq. (26) yields a simplified form:

Romin _ Remax 1+D;; VL,

pone - pone = (27)

*min *Max 1+ "UL

Interestingly, Eq. (27) is not affected by the pressure head tolerance 6 and the total number of
emitters, and because of Eq. (17) also expresses the h,q./honss » Which can be considered as an
energy saving factor, under the S= = 1 condition.

Fig. 4a shows the h,,,q./hohs, ratio versus Ni/N ratio, by varying D«_ values (Eq. 27). The
figure shows that for a fixed Ni/N, at decreasing of D= the energy h.,nqax/homas decreases, improving

the energy saving. For example, for Ni/N = 0.526 (black dot), which refers to the application that will
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be performed later, for tapered laterals the required inlet pressure head is 45.2 % less than that of one-
diameter laterals. Of course, all curves join in Ni/N = 1.

In conclusion, the benefit in terms of energy saving depends on the length of sub-lateral II,
which has larger diameters than the sub-lateral I, as well as on the diameter ratio, D=.. When the
diameter of the upstream segment (the sub-lateral Il) is larger than that of sub-lateral I (i.e. low D+
values), the energy saving highly increases. On the other hand, the increase in pipe diameters
determines an increase in the unit’s costs.

From a practical point of view, only D+ values ranging from 0.65 to 0.8 are commercially
available, and for this D+ range, the suggested procedure allows economic analysis to be performed

that however is beyond the objective of this work.

Design relationships for tapered manifolds

A sketch of a tapered manifold with many dual-diameter laterals is displayed in Fig. 5. By
maintaining the same notation of the tapered laterals, the downstream segment of the manifold,
denoted as sub-manifold I, exhibits a smaller diameter, Dm, (L), compared to that of the upstream
segment, denoted as sub-manifold Il, which has a diameter Dw,1 (L). Laterals are numbered from the
distal end of the manifold to the inlet, so that Nrows,1 and Nrows,i are the number of laterals on sub-
manifolds | and Il with lengths Lwm, (L) and Lm,n (L), respectively (Fig. 5). Note that Lm = Lm,1 + Lm,ui
= Nrows,I Srows,1 + Nrows,11 Srows,it With Srows,1 and Srows,i1 the drip lateral spacing of sub-manifold I and I1.

Considering that the laterals along the manifold behave as emitters along the lateral (Palermo
and Baiamonte 2023), the simplified relationships developed for tapered laterals can be easily

extended to the manifold. According to the latter, replacing D« by Dxm, S* by Sxrows = Srows,1/Srows,11,
8L by dm, WL by Ww, and H,f,rl) by HIE,TT)OW“, Eq. (20) can be applied to the manifold to provide the

relationship of the average pressure head of the manifold, 4, normalized with respect to Km,i Srows,

which is denoted as /.
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Py = —2— = L (142 p,) (28)

Km1 Srows 268y  Nrowst Serows

where om is the manifold pressure head tolerance, H,f,rr)ow is the generalized harmonic number

s,1
truncated at the lateral i = Ny 7, S*rows IS the ratio Srows,1 /Srows,1, Usually set equal to one, D=y =
Dwm,i/Dwm,i, and the W), parameter depends on the harmonic numbers of the Nrows laterals, and on the

number of laterals in the sub-manifold I, Ny

H{
Wy = —ous g (29)

Nrows,I

Of course, for the sub-manifold I, the energy gradient Kwu, appearing in Eq. (28) needs to be associated

with the lateral flow rate (N gn) and inside diameter Dw,:

Ky, = k Wa) (30)

S
Dy 1

Once the relationship of the average normalized pressure head of the manifold is known (Eq.
28), it is shown here that the inside manifold diameters to assure the imposed pressure head tolerance,
d, can be derived.

Indeed, using Eq. (30) to express the average normalized manifold pressure head, /4y, provides:

h h D1
hoy = — 2 — =M M 31
*M Km 1 Srows Srows k (N qn)r ( )

that can be solved with respect to the lateral flow rate, N gq:
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N = ()

k Srows hsm

(32)

Repeating the same steps for the average normalized lateral pressure head (i.e. combining Eq.

2 and 20), &+, can be expressed:

h _ hn Di,l
N~ o L o T
S; kan

that can be solved with respect to gn, analogously to Eq. (31):

1/r

— DZ,I hn
In = (k S h*n)
Substituting Eq. (34) into Eq. (32) provides:

1/r

1/r
N(Di,zhn) — ( D31t hu )/
k St hin k Srows hum

that can be solved with respect to Dw,:

NT h*M Srows )1/S

Dy, = DL"( A hup S
*M

where, considering that hv min = hmax (Fig. 1), A is expressed as follows:

A= h_M — Rmax — 1+6;,
hn hn(l_SM) 1-8py

(33)

(34)

(35)

(36)

(37)
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Finally, Eq. (36) can be further simplified and rearranged by considering Egs. (20 and 28):

s 1/s
H) (1+—D*M ‘PM>

8.  Nrowsl Ssrows

S,
J— /S TOWS

DM,I - DL,I N / S Sy A ™ DSL
HNI (1+_S* ‘PL)

(38)
It is interesting to observe that for fixed D« and D= ratios, the sub-manifold I inside diameter,
Dw,, is linearly related to Dy, and linked to the other geometric variables according to the exponents
r and s of the resistance equation considered in the design.
To finalize the design procedure of the rectangular unit, the required inlet pressure head, hin,
also needs to be determined. For an arbitrarily set manifold pressure head tolerance, dm, considering

Eq. (37), hin can be expressed as:

It can be shown that the ratio between h,,,,, and h2}S,., expressed by Eq. (27) also matches
the ratio between the inlet pressure head of the tapered unit, hin (Eg. 39), and that of the standard

single-diameter drip irrigation systems, h?;*¢. This is because, substituting h, from Eq. (20), into Eq.

(39) provides:
Ki1S DS
hin = AEZLHD (14229, ) (14 8y) (40)

Noting that h{*¢ can be derived by the same Eq. (40) putting D«_ =1, yields:

heve = AT (14 2) (1+8) (41)
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Therefore, the ratio h;,/h{,*¢ can be derived from Egs. (40 and 41), giving:

1+—D§L p
h; =Wy
in 5 - (42)

S

one —

that for S~ = 1 demonstrates that the results illustrated in Fig. 4a can also be extended to h;,/h{}*, as
reported in dimensionless terms in the ordinate label.
Eq. (42) can be used to calculate energy saving ES, also considering different emitter spacing

in both single diameter and tapered laterals:

hin

one
hin

ES = (43)

T 1+S./ ¥,

_ 1| _1-D§

as illustrated in Fig. 4b, under the S~ =1 condition. Fig. 4b also plots the ES (black dot) corresponding

to the application that will be performed later.
Lateral, manifold and unit pressure head tolerances

The unit pressure head tolerance, o, which is usually imposed to limit the pressure head variation

within a specific range in the design, is defined as:

5 = Rin—hmin (44)

hinthmin

and can be analytically derived, if expressing the numerator and the denominator of Eq. (44):
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hin = hpin = hM(l + SM) - hn(l - 6L) (45)

hin + hpin = 2 hppin + hM(l + SM) - hn(l + SL) (46)

Substituting Eqgs. (45 and 46) into Eq. (44), using Egs. (15 and 16) in dimensional terms and
rearranging, the relationship between &, and its two components v and . can be derived,

respectively:

Spm+8L
_1+8M8L (47)
5-6,
S 1-8.8 (48)
=
81 1-88 (49)

Of course, Eq. (48) can be used if & is fixed and dm needs to be calculated, the vice versa for
EQ. (49). Note that to derive design relationships, minor losses must be neglected. This is because the

additive local loss term in Eq. (19 or 20) would otherwise prevent the derivation of Eq. (38).

Inlet pressure heads and sub-manifold diameters analysis

The manifold inside diameters (Eg. 38) and inlet pressure head (Eq. 39) are two common key
parameters to assess the performance of drip irrigation systems. Both affect the hydraulic
performance and the distribution uniformity of emitter flow rate. For tapered laterals and manifold, it
is shown here the dependance of hin and Dwm, from Ni/N ratio and om.

For example, for the tapered laterals, we refer to the same parameters considered in Fig. 3, and
nominal emitter’s flow rate gn = 3 L/h (x = 0.49, ke = 0.8 L h™X m™). Whereas for the tapered manifold,
we assume that the total length is Lm = 100 m with a spacing between the laterals Srows,1 = Srows,1 = 2

m and that the number of the laterals for the two segments are Nrows,1 = 23 and Nrows,1 = 27.



443

444

445

446

447

448

449

450

451

452

453

454

455

456

457

458

459

460

461

462

463

464

465

Imposing D=wm = Dm,/ Dm,i = 0.8, Fig. 6a plots the diameter of sub-manifold I, calculated by
Eq. (38), versus Ni/N ratio and dm. The figure shows that for any Ni/N, Dwm, decreases at increasing
dm. The inlet pressure head, hin (Eqg. 39), which also needs to be considered, is plotted in Fig. 6b
versus Ni/N ratio and dm. Contrarily to Dwm,, the figure shows that for any Ni/N, hin increases at
increasing owm.

The results illustrated in Fig. 6 demonstrate that dm needs to be accurately chosen, when
designing drip irrigation units with tapered pipes, according to the arbitrarily imposed input
parameters. Indeed, high dm values determine small inside manifold diameters (Fig. 6a), thereby
decreasing the investment costs. On the other hand, high dm values also determine a high inlet pressure
head, increasing the operational costs (Fig. 6b). The vice versa occurs for low ow.

In consideration of the above, a further analysis was performed to isolate the effect of the
manifold pressure head tolerance on inlet pressure heads and manifold inside diameters. This is
because Egs. (38 and 39) can be rewritten in dimensionless terms, making more general the results
illustrated in Fig. 6.

Substituting o relationship (Eg. 49) into Eq. (38), a dimensionless solution of the inside

diameter of the sub-manifold I, D=w,1, depending only on & and dw, can be derived:

S
r Dy
D}y 18I H,E,I)(H—S*L qJL)

(50)

D*M,I =

Di'l NTSTOWS’IHIEI?OWS I(1+Siioﬂ\//lvs
Similarly, substituting Eq. (49) in Eq. (20) and then into Eq. (39), a dimensionless solution of

the inlet pressure head, h+in, which also depends on & and dm only, can be derived:

hin _ (@+8)@+ém)

DS _
Kp1 St HIE,TI)(HSL*L‘PL) 2 (8= 6m)

h* in = (51)
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Fig. 7a and Fig. 7b show the variation of dimensionless manifold diameter and inlet pressure
head versus owm, respectively. It is noteworthy that the results reported in Fig. 7 are of general validity
since are independent of the geometric and hydraulic parameters. Moreover, Egs. (50 and 51) have a
crucial role in the objective of this work when designing units with tapered pipes for an assigned 9,
confirming that the arbitrarily set v needs to be accurately chosen. Egs. (50 and 51) could be relevant
to perform an economic analysis to detect the most convenient 6m to be selected, thereby optimizing
both the operational and investment costs. However, this analysis, which should include the additional
fitting costs that tapered laterals require, was not included in this study, since it is beyond the purpose
of this work.

Finally, it is interesting to note that the dimensionless groups derived in Egs. (50 and 51) match
with those reported in Baiamonte and Palermo (2024b), where the same groups depending on pressure

heads tolerances facilitated the design of trapezoidal drip irrigation units.

Error analysis

An error analysis was conducted to evaluate the accuracy of the proposed methodology by comparing
the analytical solution with the results obtained by the step-by-step numerical method. The latter has
the advantage of being applied for non-pressure compensating emitters, i.e. when the exponent x of
the emitter flow relation is greater than zero, thus helping detect the errors in the suggested design
procedure that was developed under the simplified assumption of uniform flow rate (x = 0).

A high number (# 1000) of simulations were performed for different random combinations of
the input parameters, Si, Su, Ni, N, D=, DL, On, Srows,1, Srows,1, Nrows,1, Nrows i, and D=m, as well as for
different exponent x, of the emitter flow relation (gn = ke h¥).

Due to the wide number of the involved parameters Srows,1 Was set equal to Srows,11, and & was set

equal to 10 %. These equal spacings do not limit the results of the error analysis that will be
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performed, moreover, they are conditions usually set in practice. The latter is because Srows,1 7 Srows, i
could be of interest only when multiple crops are irrigated in the same unit, and & = 10 % is a unit
pressure head tolerance commonly assumed (Wu 1992; Baiamonte et al. 2024).

For each input parameter, Table 2 reports the range of variability within which the variables
were randomly sampled, indicating their considerable wideness that makes the error analysis general.
Moreover, each set of # 1000 of random simulations was replicated for eleven different values of the
exponent x (0-1) which may characterize the flow relation of commercial emitters.

The relative error in the inlet pressure head estimated by the analytical procedure, RE, was

calculated as:

RE — hin,analyt_hin,SBS (52)
hin, sBs

where hinanaiyt is the inlet pressure head calculated by the present methodology, and hin,sgs is the inlet
pressure head obtained by the SBS procedure.

For different x, Fig. 8a illustrates the RE results, calculated by Eq. (52) with respect to that
obtained by the exact SBS procedure, clearly showing that RE increases at increasing X, as could be
expected. A better illustration of the error analysis results is illustrated in Fig. 8b where, for the same
simulations, the RE cumulative frequency distributions are plotted.

Interestingly, for x = 0 a vertical line is obtained, indicating that no errors occur under the same
assumption adopted in the suggested solution. Whereas as x increases, a range of increasing
variability of RE can be observed. It is worth noting that the RE range is slight, confined from —0.6%
to 0.4%, for the common x = 0.5 value, and a bit wider (from —1.2% to 0.8%), for the fully laminar

flow condition of the emitters (x = 1).
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In conclusion, the error analysis revealed that the suggested methodology is suitable to be
applied for designing drip irrigation units with tapered pipes also considering non-pressure

compensating emitters, and it is expected it will be used in practice.

Example of application

For the parameters already indicated in Figs. 3 and 6, a numerical application of the presented
procedure is performed, and the corresponding pressure head distribution is determined by applying
the SBS method. The unit pressure head tolerance was set 6 = 10 %, whereas that of the lateral 6. =
5 %, which means from Eq. (48) ém = 5.02 %.

The lateral length, L., can be easily derived by the emitter number and their spacing, giving L,
=N S=46m,Ly=NyS=415mand L. =L, + Ly =87.5 m, whereas the manifold length, L, is
equal to Lm = Srows,1 Nrows + Srowsi Nrows) =2 x 23 + 2 x 27 =100 m.

For an imposed D«u = 0.8, the calculated diameters of both sub-manifolds are Dm, = 60.7 mm
(Eq. 38) and Dw,i1 = Dwm,1 / D=m = 75.9 mm. The inlet pressure for the tapered laterals can be calculated
by Eq. (39), resulting in hin=17.45 m.

EQ. (41) makes it possible to calculate the inlet pressure head associated with a standard single-
diameter drip irrigation system, resulting in h{;*°=39.30 m. Thus, tapered laterals allow energy to be
saved, since hin = 0.44 h{*¢, as illustrated in Fig. 4a, and the associated ES (Eq. 43) is equal to 55.6
% (Fig. 4b). Of course, at decreasing Ni/N and D+, higher energy-saving is expected (Fig. 4a).

For an exponent of the emitter flow relation x = 0.49, Fig. 9 shows the pressure head distribution
(PHD) of the unit obtained by the SBS method, where the minimum pressure head is hmin = 14.27 m
and the maximum pressure head is hin = 17.40 m, providing the pressure head tolerance of the unit &

= 9.87 %, which slightly differs from the 10 % value imposed in the design. The relative error, RE

(EqQ. 52), in the inlet pressure head, is equal (17.45 — 17.40) / 17.40 = 0.27 %, as can be also observed
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in Fig. 8, indicating a negligible overestimation, with respect to the exact hi, obtained by the SBS

method.

Quantifying the energy-saving for different tapered irrigation units

To quantify the energy-saving for different irrigation units, the #1000 simulations performed in
the error analysis section, and obtained by randomly varying the geometry and hydraulic parameters
(Table 2), were considered. For each simulation, the energy-saving, ES, was calculated from Eq. (43),
which also accounts for different emitter spacing in both single and dual-diameter laterals, in line
with Table 2. The use of Eq. (43) makes homogeneous the comparison between tapered and single
diameter laterals, since the total length of the laterals is the same in both cases, also for S; # Si..

For the #1000 simulations, Fig. 10 shows the results of the energy-saving calculation, indicating
that ES can achieve 88 %. Of course, the highest ES values correspond to low values of D+, S=, and
Ni/N (i.e., high Wi, Eqg.14), as can also be observed by Eqg. (43).

Fig. 10 also plots the dot corresponding to the application illustrated in Fig. 9, for which ES =

55.6 % was found (Fig. 4b).

Conclusions

The following conclusions were drawn in this study:

1. Simplified relationships to design drip irrigation units with tapered laterals laid on flat fields
were developed, under the assumption of uniform emitter flow rate (exponent x of the emitter
flow relation equal to zero);

2. Onthe question of the tapered manifold inside diameters detecting, this study found an explicit
relationship that depends on the geometric and hydraulic characteristics of the unit, for any

pressure head tolerances of the laterals &, or of the manifold dw;
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3.

5.

6.

Given input variables, the proposed design procedure enables identifying the characteristics
of the commercial emitters, thereby contrasting with numerical methods, which typically
require trial-and-error.

The influence of tapered laterals and manifold pressure head tolerance dm, on inlet pressure
head and manifold inside diameters was investigated,

An error analysis was performed by comparing the analytical solution with the step-by-step
numerical one to evaluate the accuracy of the suggested procedure. Results showed that for x
=0, no relative errors in inlet pressure head estimation occurred. Whilst for emitter exponent
X =1, the maximum errors were obtained, laying in a negligible range (from —1.2% to 0.8%).
For the most commonly used x = 0.5, the range of errors was even smaller (from —0.6% to
0.4%);

A numerical example to illustrate an application of the procedure suggested to design a
rectangular unit with tapered laterals and manifold was performed, by considering non-
pressure compensating emitters (x > 0). The pressure head tolerance of the unit resulted in &
= 9.87 %, which slightly differs from the 10 % value imposed in the design, thus validating
the methodology presented in this work.

Energy savings were evaluated by comparing the inlet pressure heads required by tapered and
single-diameter laterals. Results indicated that energy savings remain fairly consistent
regardless of the total lateral length. However, energy efficiency is significantly influenced
by the fraction length of the small diameter segment and by the diameter ratio, D,; . For #1000
simulations, obtained by randomly varying geometry and hydraulic parameters, it was shown

that the energy-saving can achieve 88 %.

Notation

The following symbols are used in this paper:
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C = smoothness factor of the Hazen-Williams resistance equation;
D« =the D/Dyratio;

Dv  =the Dm/Dwm i ratio;

D+m,; = normalized internal diameter of sub-manifold I;
DLy = internal diameter of sub-lateral I [L];

DLu = internal diameter of sub-lateral 11 [L];

Dwm, = internal diameter of sub-manifold I [L];

Dwmu = internal diameter of sub-manifold Il [L];

ES = energy saving;

g = acceleration of gravity [L/T?];

H(.,.) = generalized harmonic number;

h«in  =normalized inlet pressure head;
h+j = pressure head at the emitter j normalized with respect to Sy and K;.;;
h«v = pressure head at manifold diameter changing normalized with respect to Srows,1 and K

h«max = maximum pressure head normalized with respect to S; and K; ; for a tapered lateral;
h«min = minimum pressure head normalized with respect to S; and K;,; for a tapered lateral;
hn = pressure head at diameter changing of the lateral normalized with respect to Sy and K j;
Nin = inlet pressure head [L];

hin.anayt= inlet pressure head calculated by the analytical procedure [L];

hinses = inlet pressure head calculated by the numerical procedure [L];

hj = pressure head at the emitter j [L];

hm = pressure head at diameter changing of the manifold [L];

hmmin = minimum pressure head of the manifold [L];

hmin = minimum pressure head [L];

hn = pressure head at diameter changing of the lateral [L];

h21e = maximum pressure head normalized with respect to S and K for a single diameter lateral,
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e, = minimum pressure head normalized with respect to S and K for a single diameter lateral;

e, = minimum pressure head normalized with respect to S and K for a single diameter lateral;
hore = average pressure head normalized with respect to S and K for a single diameter lateral;

h{*  =inlet pressure head for a single diameter lateral [L];

i = generic lateral counted from the distal end of the manifold,;

] = generic emitter counted from the distal end of the lateral,
k = flow resistance equation coefficient;

K =energy gradient for single diameter lateral;

Ke = coefficient in the emitter flow relation [V Tt L™

Kir  =energy gradient for sub-lateral 7,

K =energy gradient for sub-lateral /7;

Kur  =energy gradient for sub-manifold /;

Li = length of sub-lateral I [L];

Lu = length of sub-lateral Il [L];

Lo = lateral length [L];

Lm = manifold lenght [L];

Lmi = length of sub-manifold I [L];

Lmn = length of sub-manifold Il [L];

Lone = lateral length of a single diameter lateral [L];
N = total number of emitters of the lateral;
N = number of emitters on sub-lateral I;
Nii = number of emitters on sub-lateral I1;

None = total number of emitters on a single diameter lateral;
Nrows = number of laterals on the manifold;
Nrows, = number of laterals on sub-manifold I;

Nrows,1 = number of laterals on sub-manifold II;
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Qn = nominal (average) emitter flow rate [L3 TY];

r = flow rate exponent in the flow resistance formula;
S = diameter exponent in the flow resistance formula;
S = emitter spacing of single diameter laterals [L];

S« = the Srows,1/Srows,11 ratio;

S«rows = the S\/S) ratio;

Si = emitter spacing of sub-lateral I [L];

Su = emitter spacing of sub-lateral Il [L];

Srows, = lateral spacing of sub-manifold I [L];

Srows,1 = lateral spacing of sub-manifold Il [L];

X = emitter exponent

Y = ratio of the generalized harmonic numbers corresponding to a tapered lateral for the

emitter j of sub-lateral I1;

Y. =ratio of the generalized harmonic numbers corresponding to the tapered lateral;
Ywm  =ratio of the generalized harmonic numbers corresponding to the manifold;

A = the hw/hn ratio;

) = pressure head tolerance of the unit;

oL = pressure head tolerance for laterals;

67 = pressure head tolerance for single diameter laterals;
M = pressure head tolerance for the manifold;and

% = kinematic viscosity of water [L? T1].

Data Availability

All data, models, and code generated or used during the study appear in the submitted article.
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Tables_REV1 Click here to access/download;Table;Tables_REV1.docx %

Table 1 — Characteristics of the cylindrical integrated in-line labyrinth emitters (TANDEM®) with
double holes and turbulent flow, provided by IRRITEC S.p.A. (emitters spacing, S, nominal diameter,

¢, inside diameter, D, and emitter parameters, k. and x).

ke .

S (m) ¢ (mm) D (mm) (L b ) X emitter color
0.2 0.43 0.55 yellow
0.3 16 13.8 0.69 0.50 blue
0.4 1.32 0.49 black
0.5 2.48 0.51 red
0.6 0.56 0.52 yellow

0.75 0.80 0.49 blue

1 20 17.25 1.2 0.48 black
1.25 2.35 0.49 red
1.5 4.94 0.47 green



https://www2.cloud.editorialmanager.com/jrnireng/download.aspx?id=283514&guid=f99c002e-d315-4ff0-baf9-c2457744bdd1&scheme=1
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Table 2 — Ranges of the design variables selected to perform the #1000 random simulations.

SI , SII Dy n Srows 1= Srows 17
N I N 8L D * ' _ ’ ’ N rows, I N rows D *M 8
(m) (mm) (Lh™) (m)
min 0.5 20 50 0.01 0.65 138 2 1 20 50 0.65

0.1

max 1.5 N 300 0.05 0.80 17.7 8 4 Nrows 150 0.80
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Figure Captions_REV1

Figure Captions

Fig. 1. Sketch of a horizontal tapered drip irrigation unit.

Fig. 2. Sketch of a horizontal tapered drip lateral.

Fig. 3. For fixed input variables, and x = 0.49, a) k. coefficient calculated by Eq. (22), and b)
corresponding minimum pressure head, /ui», versus the number of emitters of the sub-lateral 1, N,

with g, as a parameter. Horizontal dashed lines refer to k. values of commercial emitters (Table 1).

Fig. 4. Variation of the R4 /hong, ratio against N/N. Note that D+, = Dy ;/Dy, iy and the black dot

refers to the application illustrated in Fig. 9.

Fig. 5. Sketch of a horizontal tapered manifold.

Fig. 6. 3D plot of a) the inside diameter of the sub-manifold 7, Da;, determined by Eq. (38), and b)
the inlet pressure head, /i, estimated by Eq. (39), versus N; /N and dm. The black dot refers to the /i,

and Dy values of the application illustrated in Fig. 9.

Fig. 7. Dimensionless relationships between a) the manifold inside diameter, D=7 (Eq. 50), and b)
the inlet pressure head, 4+, (Eq. 51), versus the manifold pressure head tolerance, om. Dots refer to

the application illustrated in Fig. 9.

Fig. 8. For # 1000 simulations performed for different random combinations of D, S, ke, N, gn, hmin

and o, and for different x as a parameter, a) relative error in the inlet pressure head estimation, RE,



calculated by Eq. (52) with respect to that obtained by the exact SBS procedure, and b) corresponding

cumulative frequency distributions. Black dot refers to the application illustrated in Fig. 9.

Fig. 9. For the input parameters of the unit designed in line with the suggested procedure, reported
on the right panel, the pressure head distribution (PHD), obtained by the SBS method. The drops in

pressure heads corresponding to the diameter change along laterals and the manifold can be observed.

Fig. 10. For the #1000 simulations obtained by randomly varying the geometry and hydraulic

parameters (Table 2), energy-saving percentage, ES, obtained from Eq. (43).



