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Abstract 14 

 15 

A new analytical procedure is developed to design microirrigation units of rectangular shape with 16 

tapered laterals and manifolds laid on flat fields. The methodology relies on a normalizing pressure 17 

heads approach based on the pressure head tolerances concept to assure limited emitter flow rate 18 

variability across all emitters. The results indicated that tapered laterals primarily enhance energy 19 

saving and efficiency in drip irrigation systems. Moreover, the proposed procedure included new 20 

relationships for tapered laterals and manifolds helping identify commercial characteristics of 21 

emitters and pipe diameters. The validation of the proposed analytical procedure was performed by 22 

the comparison of results with the precise stepwise solution conducted for #1000 simulations. Since 23 

the procedure had been based on the assumption of uniform emitter flow rates, no errors occurred 24 

when the exponent x of the emitter flow relation was set equal to zero. Whilst for non-pressure 25 
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compensating emitters (x > 0) slight relative errors in inlet pressure head, REs, occur, laying in a very 26 

limited range, from 1.2 % to 0.8%, and reaching the maximum values for the fully laminar flow 27 

condition (x = 1). A numerical application was performed to illustrate the reliability of the suggested 28 

design procedure, also illustrating that an energy-saving ES = 55.6 % was achieved. Results also 29 

illustrated that much higher ESs can be achieved for different geometric and hydraulic characteristics 30 

of the tapered units. The proposed methodology could serve as a foundational framework for saving 31 

energy in drip irrigation systems, and for analyzing the effects of tapered laterals and manifolds on 32 

the design variables. 33 

 34 

Keywords: Dualdiameter laterals; Energysaving; Analytical solutions; trickle irrigation design   35 

 36 

Introduction 37 

 38 

Microirrigation systems, known for their water efficiency and precision, have become increasingly 39 

popular in addressing drought challenges, energy saving, and water losses (Madramootoo and 40 

Morrison 2013; Li 2020; Patel et al. 2023). Despite significant research on drip irrigation units, there 41 

is limited understanding of the use of tapered drip laterals and their design procedures. This work 42 

aims to suggest an analytical method to design drip irrigation units with tapered pipes, providing a 43 

comprehensive analysis of the principles, methodologies, and applications involved.  44 

Tapered laterals and manifolds are characterized by a reduction in diameter along the pipeline 45 

in the direction of the flow. The use of tapered pipes makes the design process more complicated than 46 

single-diameter pipes, because of the increase in the number of variables, but results in a more 47 

uniform pressure head distribution, thereby ensuring consistent water emission uniformity across all 48 

emitters (Valiantzas 2003; Sadeghi and Peters 2012; Baiamonte 2018a; Baiamonte et al. 2024). The 49 

design and optimization of these systems require a robust analytical framework that considers various 50 

factors and parameters, including hydraulic principles and emitter characteristics (Ayars et al. 2023). 51 



The methodologies applied in designing drip irrigation units frequently rely on numerical 52 

approaches, such as the stepwise method, characterized by trial-and-error iterations and time-53 

consuming calculations (Bralts and Segerlind 1985; Kang and Nishiyama 1997; Jiang and Kang 2010; 54 

Wang and Chen 2020; Ravikumar 2023). Furthermore, the results yielded by such methods do not 55 

facilitate a comprehensive analysis of pressure heads, emitter characteristics and inside diameters 56 

behavior when dealing with tapered pipes. Indeed, the stepwise method provides specific solutions 57 

for particular scenarios, which limits its usefulness in understanding the broader principles. Thus, the 58 

numerical method can result in low-efficient design solutions that negatively affect crop yield, as well 59 

as water and energy efficiency. 60 

Whilst numerical approaches have been widely used in designing drip irrigation units, 61 

analytical methods offer a key advantage in providing insight into the design problem and include 62 

complete analyses, thereby overcoming the drawbacks of numerical ones. Analytical procedures can 63 

provide explicit solutions, offering more efficient tools to explore the effect of the design parameters 64 

on water distribution uniformity and energy efficiency (Chamba et al. 2019; Baiamonte et al. 2024). 65 

Unlike numerical methods that require iterative calculations, analytical solutions yield the required 66 

inlet pressure head for fixed pressure variability and pipe diameters in a single step, facilitating 67 

systematic analysis of their interactions with water distribution uniformity. 68 

Various analytical methods were also proposed to design tapered drip laterals (Sadeghi et al. 69 

2016; Yildirim 2023), which may require high levels of sophistication, making them not user-friendly 70 

due to the high number of variables involved in the calculation of pressure heads. 71 

In consideration of the above, analytical methods were implemented in software to facilitate 72 

the complex process of designing (Krishnan and Ravikumar 2002; Moreno et al. 2016; Baiamonte 73 

2018b; Palau et al. 2019). Molina-Martínez and Ruiz-Canales (2009) assessed the drip irrigation 74 

lateral diameters with on-line emitters employing Pocket PC software. The results included a diagram 75 

featuring light-emitting diodes (LEDs) illustrating the available commercial diameters when varying 76 

emitter number, spacing, and flow rate. Valipour (2012) used the HydroCalc software to compare the 77 



effectiveness of single and tapered pipes in adjusting pressure loss. The study demonstrated that 78 

tapered pipes were capable of adjusting pressure loss, whereas single manifolds were unable to 79 

achieve the desired pressure head. Palau et al. (2019) developed DIMSUB, a computer program 80 

designed as a decision support tool to study different hydraulic design alternatives characterized by 81 

various unit geometry. The authors evidenced that irregular geometries and different laterals and 82 

manifolds feeding points can be easily examined with DIMSUB to achieve accurate results. 83 

Recently, Baiamonte et al. (2023) proposed a simplified procedure for designing dual-diameter 84 

laterals based on the concept of pressure head tolerances, and in line with the normalized pressure 85 

head distribution approach. The authors also conducted an experimental validation to demonstrate 86 

the reliability of this methodology (Baiamonte and Palermo 2024a). 87 

The objective of this study is to develop a comprehensive theoretical foundation for designing 88 

rectangular irrigation units with tapered drip laterals and manifolds, thereby expanding the procedure 89 

introduced by Baiamonte and Palermo (2024a), which was valid for just one tapered lateral. The 90 

design incorporates branching pipe networks with multiple tapered laterals and a single tapered 91 

manifold, all configured for use on flat fields. Detailed analyses and evaluations to enhance energy 92 

efficiency, and case studies to validate the proposed method are also included. 93 

 94 

Methodology 95 

 96 

The sketch of a drip submain unit with tapered pipes is shown in Fig. 1, where laterals and a 97 

manifold with dual-diameter are illustrated. The figure also shows a qualitative behavior of the 98 

pressure head distribution (PHD) along the manifold and lateral, where the drop in pressure head 99 

corresponding to the change in diameter can be observed. The characteristic pressure heads along the 100 

manifold (inlet pressure head, hin, pressure head at the manifold diameter change, hM, at the distal 101 

end, hM,min), and along the lateral, (maximum pressure head, hmax, at the lateral diameter change, hn, 102 



at the distal end, hmin) are also depicted. Note that at the conjunction of the lateral with the manifold, 103 

hM,min = hmax, which is a crucial condition for further developments. 104 

Pressure head tolerances are a crucial aspect of drip irrigation system design that ensures 105 

uniform water distribution and optimal system performance. These tolerances refer to the acceptable 106 

range of pressure head variations within different components of the irrigation system. In this context, 107 

three different tolerances can be distinguished: i) the pressure head tolerance of the lateral namely the 108 

allowable pressure variation between the maximum pressure head of the lateral and the minimum 109 

(hmax – hmin), ii) the manifold pressure head tolerance that refers to the acceptable pressure variation 110 

from the inlet pressure head to the minimum in the manifold (hin – hM,min), and iii) the unit pressure 111 

head tolerance that encompasses the overall pressure variation across the entire irrigation unit, from 112 

the inlet pressure head to the minimum in the lateral (hin – hmin), representing the combined pressure 113 

head changes in both the manifold and laterals. These tolerances were defined in the section “Lateral, 114 

manifold and unit pressure head tolerances”. 115 

 116 

Design relationships for tapered drip laterals  117 

 118 

The methodology previously suggested for one-lateral units (Baiamonte and Palermo, 2024a) is 119 

shortly summarized in the following. Note that minor losses, as additional fraction of kinetic head in 120 

the energy balance equation, are neglected, since it is necessary for extending the analytical procedure 121 

to rectangular units. However, these minor losses could be incorporated using the equivalent length 122 

method developed by Baiamonte (2020), which facilitates their calculation without affecting the 123 

derivation of the design procedure. 124 

Fig. 2 shows a tapered drip lateral laid on a horizontal field. The downstream segment, denoted 125 

as sub-lateral I, exhibits a smaller diameter, DL,I (L), compared to that of the upstream segment, 126 

denoted as sub-lateral II, which has a diameter DL,II (L). Emitters js are numbered from right to left, 127 

so that NI and NII are the number of emitters on sub-laterals I and II with lengths LI (L) and LII (L), 128 



respectively. Note that the total lateral length LL = LI + LII (Fig. 2). Once the geometry is established, 129 

the design procedure could be applied for two or more sub-laterals, but for a simplified description 130 

of the procedure, only two sub-laterals are considered later.  131 

A uniform emitter flow rate is assumed, denoted as qn (L
3 T-1), whereas SI (L) and SII (L), 132 

indicate the emitter spacing of sub-lateral I and II respectively, so that LL = NI SI + NII SII with N = NI 133 

+ NII. For the sublateral I (j < NI), by neglecting local losses, the energy balance equation can be 134 

written: 135 

 136 

ℎ𝑗 = ℎ𝑚𝑖𝑛 + 𝐾𝐿,𝐼 𝑆𝐼 𝐻𝑗−1
(−𝑟)

  for j < NI (1) 137 

 138 

where 𝐻𝑗−1
(𝑟)

= ∑
1

𝑘𝑟

𝑗−1
𝑘=1  /; 𝑗 ∈ ℕ is the generalized harmonic number truncated at the emitter j  1, of 139 

order r (Abramowitz and Stegun 1972), KL,I  is the energy gradient corresponding to qn, and SI is the 140 

emitter spacing associated with the sub-lateral I. According to Blasius resistance equation the energy 141 

gradient KL,I, can be written as: 142 

 143 

𝐾𝐿,𝐼 = 𝑘 
 𝑞𝑛

𝑟

𝐷𝐿,𝐼
𝑠  (2) 144 

 145 

where r, s and k depends on the resistance equation (Nakayama and Bucks 1986; Keller and Bliesner 146 

1990). For smooth walled Polyethylene Pipe, Blasius’sand Hazen-Williams’s equations can be 147 

considered:  148 

 149 

𝑘 =
10.675

 𝐶𝑟  r = 1.852, s = 4.871 Hazen-Williams  (3a) 150 

𝑘 =
0.316 22.5

𝑔 𝜋1.75 ν0.25 r = 1.75, s = 4.75 Blasius  (3b) 151 

 152 



Where C is smoothness factor, g is the acceleration of gravity, and  = 1.008 10−6 m2 s−1 is the water’s 153 

kinematic viscosity for a standard water temperature at 20◦ C. Note that while the Hazen-Williams 154 

equation with C = 135 is used here (Moghazi 1998), this procedure can also be applied to any other 155 

resistance formula. 156 

Of course, for j = NI, hj = hn, and Eq. (1) yields: 157 

 158 

ℎ𝑛 = ℎ𝑚𝑖𝑛 + 𝐾𝐿,𝐼 𝑆𝐼 𝐻𝑁𝐼

(𝑟)
 (4) 159 

 160 

where ℎ𝑛 is the pressure head corresponding to the diameter change that also appears in the energy 161 

balance equation for the sub-lateral II (j > NI): 162 

 163 

ℎ𝑗 = ℎ𝑛 + 𝐾𝐿,𝐼𝐼 𝑆𝐼𝐼 (𝐻𝑗−1
(𝑟)

 − 𝐻𝑁𝐼

(𝑟)
)          for NI + 1 < j < N  (5) 164 

 165 

where KL,II can be calculated by Eq. (2), if replacing DL,I with DL,II.  166 

Substituting Eq. (4) into Eq. (5) provides: 167 

 168 

ℎ𝑗 = ℎ𝑚𝑖𝑛 + 𝐾𝐿,𝐼 𝑆𝐼 𝐻𝑁𝐼

(𝑟)
+ 𝐾𝐿,𝐼𝐼 𝑆𝐼𝐼 (𝐻𝑗−1

(𝑟)
 − 𝐻𝑁𝐼

(𝑟)
)  (6) 169 

 170 

In line with the normalized pressure head distribution approach, dimensionless relationships 171 

are used in the following to consolidate the influence of emitter spacing, inside diameter, and emitter 172 

flow rate. As a result, it becomes significantly easier to interpret the effects of proportional changes 173 

in one variable on another. This advantage is particularly pronounced when dealing with tapered 174 

laterals, because of the high number of parameters that are involved. 175 

Dividing both sides of Eqs. (4) and (6) by KL,I  and SI , the same equations can be rewritten: 176 

 177 



ℎ∗𝑛 = ℎ∗𝑚𝑖𝑛 + 𝐻𝑁𝐼

(𝑟)
  (7) 178 

ℎ∗𝑗 = ℎ∗𝑚𝑖𝑛 + 𝐻𝑁𝐼

(𝑟)
+

𝐾𝐿,𝐼𝐼 𝑆𝐼𝐼

𝐾𝐿,𝐼 𝑆𝐼
 (𝐻𝑗−1

(𝑟)
− 𝐻𝑁𝐼

(𝑟)
)  (8) 179 

 180 

Importantly, by using Eq. (2) and rearranging, Eq. (8) can be further simplified as follows: 181 

 182 

ℎ∗𝑗 = ℎ∗𝑚𝑖𝑛 + 𝐻𝑁𝐼

(𝑟)
 (1 +

𝐷∗𝐿
𝑠

 𝑆∗
 Ψ𝑗)            for NI + 1 < j < N (9) 183 

 184 

where: 185 

 186 

𝐷∗𝐿
𝑠 =

𝐾𝐿,𝐼𝐼

𝐾𝐿,𝐼
= (

𝐷𝐿,𝐼

𝐷𝐿,𝐼𝐼
)

𝑠

   (10) 187 

𝑆∗ =
 𝑆𝐼

 𝑆𝐼𝐼
 (11) 188 

Ψ𝑗 =
 𝐻𝑗−1

(𝑟)

𝐻𝑁𝐼

(𝑟) 1 (12) 189 

 190 

Eq. (9) shows that the pressure head at the emitter j of the sub-lateral II, normalized with 191 

respect to KL,I  and SI, depends on the h*min, diameter ratio D*L, emitter spacing ratio S* = SI/SII, and 192 

Ψ𝑗  parameter (Eq. 12). The latter is affected by the harmonic number of the sub-lateral I and that 193 

truncated at the emitter j belonging to the sub-lateral II. Of course, for j = N, h*j = h*max, and Eq. (9) 194 

yields: 195 

 196 

ℎ∗𝑚𝑎𝑥 = ℎ∗𝑚𝑖𝑛 + 𝐻𝑁𝐼

(𝑟)
  (1 +

𝐷∗𝐿
𝑠

 𝑆∗
  Ψ𝐿)  (13) 197 

 198 

where L can be derived by Eq. (12), if imposing in it  j 1 = N: 199 

 200 



 Ψ𝐿 =
𝐻𝑁

(𝑟)

𝐻𝑁𝐼

(𝑟) 1 (14) 201 

 202 

The normalized average pressure heads, h*n and h*max, can be expressed as a function of the 203 

pressure head tolerance of the laterals, δL, respectively: 204 

 205 

ℎ∗𝑛 =
ℎ∗𝑚𝑖𝑛 

(1−𝛿𝐿)
  (15) 206 

ℎ∗𝑚𝑎𝑥 = ℎ∗𝑛 (1 + 𝛿𝐿)  (16) 207 

 208 

Combining Eq. (15) and (16), yields: 209 

 210 

ℎ∗𝑚𝑎𝑥 = ℎ∗𝑚𝑖𝑛  
1+𝛿𝐿

1−𝛿𝐿
  (17) 211 

 212 

Substituting Eq. (17) into Eq. (13), provides: 213 

 214 

ℎ∗𝑚𝑖𝑛  
(1+𝛿𝐿)

(1−𝛿𝐿)
= ℎ∗𝑚𝑖𝑛 + 𝐻𝑁𝐼

(𝑟)
 (1 +

𝐷∗𝐿
𝑠

 𝑆∗
  Ψ𝐿)  (18) 215 

 216 

that can be solved with respect to ℎ∗𝑚𝑖𝑛: 217 

 218 

ℎ∗𝑚𝑖𝑛 =
ℎ𝑚𝑖𝑛

𝐾𝐿,𝐼 𝑆𝐼
=

1−𝛿𝐿

2 𝛿𝐿
𝐻𝑁𝐼

(𝑟)
 (1 +

𝐷∗𝐿
𝑠

 𝑆∗
 Ψ𝐿)  (19) 219 

 220 

Therefore, for a fixed pressure head tolerance L and hydraulic parameters of the tapered lateral, 221 

Eq (19) makes it possible to calculate the normalized minimum pressure head, h*min. Moreover, by 222 

using Eqs. (15 and 19), the normalized average pressure head can be rewritten as a function of the 223 

input variables: 224 



 225 

ℎ∗𝑛 =
ℎ𝑛

𝐾𝐿,𝐼 𝑆𝐼
=

1

2 𝛿𝐿
𝐻𝑁𝐼

(𝑟)
 (1 +

𝐷∗𝐿
𝑠

 𝑆∗
 Ψ𝐿)  (20) 226 

 227 

Determining the characteristics of the emitter 228 

 229 

Although the design procedure is developed under a uniform emitter flow rate assumption, the 230 

procedure could be also applied for non-pressure compensating emitters, i.e. when the exponent x of 231 

the emitter flow rate – pressure head relationship is greater than zero, if low values of the pressure 232 

head tolerance are imposed (Baiamonte 2024). 233 

In this context, where the mean flow rate of the tapered drip laterals is assumed “constant”, the 234 

emitter characteristics (ke and emitter exponent x) of the flow rate – pressure head relationship, can 235 

be determined from the average pressure head hn.   236 

 237 

𝑘𝑒 =  (
𝑞𝑛

ℎ𝑛
)

𝑥

  (21) 238 

 239 

Substituting Eq. (20) into Eq. (21), yields: 240 

 241 

𝑘𝑒 =  (
 𝑞𝑛 2 𝛿𝐿

𝐾𝐿,𝐼 𝑆𝐼 𝐻𝑁𝐼

(𝑟)
 (1+

𝐷∗𝐿
𝑠

 𝑆∗
 Ψ𝐿)

)

𝑥

    (22) 242 

 243 

Given input variables and emitter exponent, x, Eq. (22) enables identifying the coefficient ke of 244 

the commercial emitters, a key parameter for the design. This contrasts with numerical methods, 245 

which typically require trial-and-error to estimate the characteristics of the emitters. For example, 246 

with reference to the characteristics of cylindrical integrated in-line labyrinth emitters (TANDEM®) 247 

with double holes and turbulent flow provided by IRRITEC S.p.A., reported in Table 1, choosing 248 



DL,I = 13.8 mm, DL,II = 17.25 mm (i.e., D*L = 0.8), SI = SII = 0.5 m (i.e., S* = 1), x = 0.49, for N = 175, 249 

Fig. 3a plots the relationship between the coefficient ke and the emitters’ number NI (Eq. 22), with 250 

the average emitter flow rate as a parameter. To establish the NI value that matches the ke to be 251 

selected, Fig. 3a also plots dashed lines indicating the commercial ke = 0.56 and 0.8 L h-1 m-x values 252 

(Table 1), whereas the black dot refers to the application that will be performed later. 253 

For the same emitter flow rates considered in Fig. 3a, by using Eq. (19), Fig. 3b plots the 254 

minimum pressure head, hmin, versus NI, showing that at increasing NI, the minimum pressure head 255 

required for the unit also increases. A similar illustration could be performed for the average pressure 256 

head of the laterals, hn, by using Eq. (20). 257 

 258 

Comparison with single-diameter lateral 259 

 260 

Tapered drip laterals reduce the required inlet pressure head, thus decreasing the energy costs of 261 

microirrigation systems. However, the design lengths of the pipeline segments with different 262 

diameters must be carefully determined. The energy saving obtained by using tapered laterals can be 263 

determined by comparing with single diameter laterals for any NI, D*L, and pressure head tolerance, 264 

. For single diameter laterals Baiamonte (2018a, see Eq. 23) found a simplified relationship to 265 

calculate the average pressure head, which is reported in the following: 266 

 267 

2 𝛿 ℎ𝑛

𝐾 𝑆
= 𝐻𝑁

(𝑟)
    (23) 268 

 269 

where S is the emitters spacing, which is assumed to be constant for single-diameter lateral. 270 

Eq. (23) can also be rewritten by normalizing hn with respect to K S: 271 

 272 

ℎ∗𝑛
𝑜𝑛𝑒 =

1

2  𝛿𝐿
𝑜𝑛𝑒  𝐻𝑁𝑜𝑛𝑒

(𝑟)
    (24) 273 



 274 

where None is the number of the emitter for the single-diameter lateral, ℎ∗𝑛
𝑜𝑛𝑒 is the average normalized 275 

pressure head for a single diameter lateral, and 𝐻𝑁𝑜𝑛𝑒

(𝑟)
 is the generalized harmonic number truncated 276 

at the emitter None. 277 

Substituting Eq. (15), which is also valid for single diameter laterals, into Eq. (24), yields: 278 

 279 

ℎ∗𝑚𝑖𝑛
𝑜𝑛𝑒 =

1−𝛿𝐿
𝑜𝑛𝑒

2 𝛿𝐿
𝑜𝑛𝑒  𝐻𝑁𝑜𝑛𝑒

(𝑟)
    (25) 280 

 281 

Assuming S = SI = SII (S* = 1), None = N (which for a fixed value of S means that the one-diameter 282 

lateral length Lone = L), and 𝛿𝐿
𝑜𝑛𝑒 = 𝛿𝐿, by using Eqs. (19) and (25), the ratio ℎ∗𝑚𝑖𝑛/ℎ∗𝑚𝑖𝑛

𝑜𝑛𝑒  can be 283 

derived: 284 

 285 

ℎ∗𝑚𝑖𝑛

ℎ∗𝑚𝑖𝑛
𝑜𝑛𝑒 =

1−𝛿𝐿
2 𝛿𝐿

𝐻𝑁𝐼

(𝑟)
 (1+𝐷∗𝐿

𝑠   Ψ𝐿)

1−𝛿𝐿
𝑜𝑛𝑒

2 𝛿𝐿
𝑜𝑛𝑒 𝐻𝑁𝑜𝑛𝑒

(𝑟)
   (26) 286 

 287 

By rearranging, Eq. (26) yields a simplified form: 288 

 289 

ℎ∗𝑚𝑖𝑛

ℎ∗𝑚𝑖𝑛
𝑜𝑛𝑒 =

ℎ∗𝑚𝑎𝑥

ℎ∗𝑚𝑎𝑥
𝑜𝑛𝑒  =

1+𝐷∗𝐿
𝑠  𝛹𝐿

1+ 𝛹𝐿
   (27) 290 

 291 

Interestingly, Eq. (27) is not affected by the pressure head tolerance  and the total number of 292 

emitters, and because of Eq. (17) also expresses the ℎ∗𝑚𝑎𝑥/ℎ∗𝑚𝑎𝑥
𝑜𝑛𝑒  , which can be considered as an 293 

energy saving factor, under the S* = 1 condition. 294 

Fig. 4a shows the ℎ∗𝑚𝑎𝑥/ℎ∗𝑚𝑎𝑥
𝑜𝑛𝑒  ratio versus NI/N ratio, by varying D*L values (Eq. 27). The 295 

figure shows that for a fixed NI/N, at decreasing of D*L the energy ℎ∗𝑚𝑎𝑥/ℎ∗𝑚𝑎𝑥
𝑜𝑛𝑒  decreases, improving 296 

the energy saving. For example, for NI/N = 0.526 (black dot), which refers to the application that will 297 



be performed later, for tapered laterals the required inlet pressure head is 45.2 % less than that of one-298 

diameter laterals. Of course, all curves join in NI/N = 1. 299 

In conclusion, the benefit in terms of energy saving depends on the length of sub-lateral II, 300 

which has larger diameters than the sub-lateral I, as well as on the diameter ratio, D*L. When the 301 

diameter of the upstream segment (the sub-lateral II) is larger than that of sub-lateral I (i.e. low D*L 302 

values), the energy saving highly increases. On the other hand, the increase in pipe diameters 303 

determines an increase in the unit’s costs. 304 

From a practical point of view, only D*L values ranging from 0.65 to 0.8 are commercially 305 

available, and for this D*L range, the suggested procedure allows economic analysis to be performed 306 

that however is beyond the objective of this work. 307 

 308 

Design relationships for tapered manifolds 309 

 310 

A sketch of a tapered manifold with many dual-diameter laterals is displayed in Fig. 5. By 311 

maintaining the same notation of the tapered laterals, the downstream segment of the manifold, 312 

denoted as sub-manifold I, exhibits a smaller diameter, DM,I (L), compared to that of the upstream 313 

segment, denoted as sub-manifold II, which has a diameter DM,II (L). Laterals are numbered from the 314 

distal end of the manifold to the inlet, so that Nrows,I and Nrows,II are the number of laterals on sub-315 

manifolds I and II with lengths LM,I (L) and LM,II (L), respectively (Fig. 5). Note that LM = LM,I + LM,II 316 

= Nrows,I Srows,I + Nrows,II Srows,II with Srows,I and Srows,II the drip lateral spacing of sub-manifold I and II. 317 

Considering that the laterals along the manifold behave as emitters along the lateral (Palermo 318 

and Baiamonte 2023), the simplified relationships developed for tapered laterals can be easily 319 

extended to the manifold. According to the latter, replacing D*L by D*M, S* by S*rows = Srows,I/Srows,II,  320 

L by M, L by M, and 𝐻𝑁𝐼

(𝑟)
 by 𝐻𝑁𝑟𝑜𝑤𝑠,𝐼

(𝑟)
, Eq. (20) can be applied to the manifold to provide the 321 

relationship of the average pressure head of the manifold, hM, normalized with respect to KM,I Srows, 322 

which is denoted as h*M: 323 



 324 

ℎ∗𝑀 =
ℎ𝑀

𝐾𝑀,𝐼 𝑆𝑟𝑜𝑤𝑠
=

1

2 𝛿𝑀
𝐻𝑁𝑟𝑜𝑤𝑠,𝐼

(𝑟)
 (1 +

𝐷∗𝑀
𝑠

𝑆∗𝑟𝑜𝑤𝑠
 Ψ𝑀)      (28) 325 

 326 

where δM is the manifold pressure head tolerance, 𝐻𝑁𝑟𝑜𝑤𝑠,𝐼

(𝑟)
 is the generalized harmonic number 327 

truncated at the lateral i = 𝑁𝑟𝑜𝑤𝑠,𝐼, S*rows is the ratio Srows,I /Srows,II, usually set equal to one, D*M = 328 

DM,I/DM,II, and the  Ψ𝑀 parameter depends on the harmonic numbers of the Nrows laterals, and on the 329 

number of laterals in the sub-manifold I, 𝑁𝑟𝑜𝑤𝑠,𝐼: 330 

 331 

 Ψ𝑀 =
 𝐻𝑁𝑟𝑜𝑤𝑠

(𝑟)

𝐻𝑁𝑟𝑜𝑤𝑠,𝐼

(𝑟) 1    (29) 332 

 333 

Of course, for the sub-manifold I, the energy gradient KM,I appearing in Eq. (28) needs to be associated 334 

with the lateral flow rate (N qn) and inside diameter DM,I: 335 

 336 

𝐾𝑀,𝐼 = 𝑘 
 (𝑁 𝑞𝑛)

𝑟

𝐷𝑀,𝐼
𝑠    (30) 337 

 338 

Once the relationship of the average normalized pressure head of the manifold is known (Eq. 339 

28), it is shown here that the inside manifold diameters to assure the imposed pressure head tolerance, 340 

, can be derived. 341 

Indeed, using Eq. (30) to express the average normalized manifold pressure head, h*M, provides: 342 

 343 

ℎ∗𝑀 =
ℎ𝑀

𝐾𝑀,𝐼 𝑆𝑟𝑜𝑤𝑠
=

ℎ𝑀

𝑆𝑟𝑜𝑤𝑠
 

𝐷𝑀,𝐼
𝑠

𝑘 (𝑁 𝑞𝑛)
𝑟   (31) 344 

 345 

that can be solved with respect to the lateral flow rate, N qn: 346 



 347 

𝑁 𝑞𝑛 = (
𝐷𝑀,𝐼

𝑠  ℎ𝑀

𝑘 𝑆𝑟𝑜𝑤𝑠 ℎ∗𝑀
)

1/𝑟

  (32) 348 

 349 

Repeating the same steps for the average normalized lateral pressure head (i.e. combining Eq. 350 

2 and 20), h*n can be expressed: 351 

 352 

ℎ∗𝑛 =
ℎ𝑛

𝑆𝐼

𝐷𝐿,𝐼
𝑠

𝑘 𝑞𝑛
𝑟
   (33) 353 

 354 

that can be solved with respect to qn, analogously to Eq. (31): 355 

 356 

𝑞𝑛 = (
𝐷𝐿,𝐼

𝑠  ℎ𝑛

𝑘 𝑆𝐼 ℎ∗𝑛
)

1/𝑟

   (34) 357 

 358 

Substituting Eq. (34) into Eq. (32) provides: 359 

 360 

𝑁 (
𝐷𝐿,𝐼

𝑠  ℎ𝑛

𝑘 𝑆𝐼 ℎ∗𝑛
)

1/𝑟

= (
𝐷𝑀,𝐼

𝑠  ℎ𝑀

𝑘 𝑆𝑟𝑜𝑤𝑠 ℎ∗𝑀
)

1/𝑟

  (35) 361 

 362 

that can be solved with respect to DM,I: 363 

 364 

𝐷𝑀,𝐼 = 𝐷𝐿,𝐼 (
𝑁𝑟  ℎ∗𝑀 𝑆𝑟𝑜𝑤𝑠 

𝛥 ℎ∗𝑛 𝑆𝐼
)

1/𝑠

   (36) 365 

 366 

where, considering that hM,min = hmax (Fig. 1),  is expressed as follows: 367 

 368 

Δ =
ℎ𝑀

ℎ𝑛
=

ℎ𝑚𝑎𝑥

ℎ𝑛(1−δ𝑀)
=

1+δ𝐿

1−δ𝑀
   (37) 369 



 370 

Finally, Eq. (36) can be further simplified and rearranged by considering Eqs. (20 and 28): 371 

 372 

𝐷𝑀,𝐼 = 𝐷𝐿,𝐼 𝑁𝑟/𝑠 [
  𝑆𝑟𝑜𝑤𝑠 

𝑆𝐼 
 

 δ𝐿

δ𝑀 Δ

𝐻𝑁𝑟𝑜𝑤𝑠,𝐼

(𝑟)
(1+

𝐷∗𝑀
𝑠

𝑆∗𝑟𝑜𝑤𝑠
  Ψ𝑀)

 𝐻𝑁𝐼

(𝑟)
(1+

𝐷∗𝐿
𝑠  

𝑆∗
Ψ𝐿)

]

1/𝑠

 (38) 373 

 374 

It is interesting to observe that for fixed D*L and D*M ratios, the sub-manifold I inside diameter, 375 

DM,I, is linearly related to DL,I, and linked to the other geometric variables according to the exponents 376 

r and s of the resistance equation considered in the design. 377 

To finalize the design procedure of the rectangular unit, the required inlet pressure head, hin, 378 

also needs to be determined. For an arbitrarily set manifold pressure head tolerance, M, considering 379 

Eq. (37), hin can be expressed as: 380 

 381 

ℎ𝑖𝑛 = Δ ℎ𝑛(1 + δ𝑀)  = ℎ𝑀  (1 + δ𝑀) (39) 382 

 383 

It can be shown that the ratio between ℎ∗𝑚𝑎𝑥 and ℎ∗𝑚𝑎𝑥
𝑜𝑛𝑒 , expressed by Eq. (27) also matches 384 

the ratio between the inlet pressure head of the tapered unit, hin (Eq. 39), and that of the standard 385 

single-diameter drip irrigation systems, ℎ𝑖𝑛
𝑜𝑛𝑒. This is because, substituting hn from Eq. (20), into Eq. 386 

(39) provides: 387 

 388 

ℎ𝑖𝑛 = Δ
𝐾𝐿,𝐼 𝑆𝐼

2 𝛿𝐿
𝐻𝑁𝐼

(𝑟)
 (1 +

𝐷∗𝐿
𝑠

 𝑆∗
 Ψ𝐿) (1 + δ𝑀)  (40) 389 

 390 

Noting that ℎ𝑖𝑛
𝑜𝑛𝑒 can be derived by the same Eq. (40) putting D*L =1, yields: 391 

 392 

ℎ𝑖𝑛
𝑜𝑛𝑒 = Δ

𝐾𝐿,𝐼 𝑆𝐼

2 𝛿𝐿
𝐻𝑁𝐼

(𝑟)
(1 +

 Ψ𝐿

 𝑆∗
)  (1 + δ𝑀)  (41) 393 



 394 

Therefore, the ratio ℎ𝑖𝑛/ℎ𝑖𝑛
𝑜𝑛𝑒 can be derived from Eqs. (40 and 41), giving: 395 

 396 

ℎ𝑖𝑛

ℎ𝑖𝑛
𝑜𝑛𝑒 =

1+
𝐷∗𝐿

𝑠

 𝑆∗
 Ψ𝐿

1+
 𝛹𝐿
𝑆∗

   (42) 397 

 398 

that for S* = 1 demonstrates that the results illustrated in Fig. 4a can also be extended to ℎ𝑖𝑛/ℎ𝑖𝑛
𝑜𝑛𝑒, as 399 

reported in dimensionless terms in the ordinate label. 400 

Eq. (42) can be used to calculate energy saving ES, also considering different emitter spacing 401 

in both single diameter and tapered laterals: 402 

 403 

𝐸𝑆 = |
ℎ𝑖𝑛

ℎ𝑖𝑛
𝑜𝑛𝑒  − 1| =

1−𝐷∗𝐿
𝑠

1+𝑆∗/ 𝛹𝐿
   (43) 404 

 405 

as illustrated in Fig. 4b, under the S* = 1 condition. Fig. 4b also plots the ES (black dot) corresponding 406 

to the application that will be performed later. 407 

 408 

Lateral, manifold and unit pressure head tolerances 409 

 410 

The unit pressure head tolerance, , which is usually imposed to limit the pressure head variation 411 

within a specific range in the design, is defined as: 412 

 413 

δ =
ℎ𝑖𝑛−ℎ𝑚𝑖𝑛

ℎ𝑖𝑛+ℎ𝑚𝑖𝑛
  (44) 414 

 415 

and can be analytically derived, if expressing the numerator and the denominator of Eq. (44): 416 

 417 



ℎ𝑖𝑛 − ℎ𝑚𝑖𝑛 = ℎ𝑀(1 + δ𝑀) − ℎ𝑛(1 − δ𝐿)   (45) 418 

ℎ𝑖𝑛 + ℎ𝑚𝑖𝑛 = 2 ℎ𝑚𝑖𝑛 + ℎ𝑀(1 + δ𝑀) − ℎ𝑛(1 + δ𝐿)  (46) 419 

 420 

Substituting Eqs. (45 and 46) into Eq. (44), using Eqs. (15 and 16) in dimensional terms and 421 

rearranging, the relationship between , and its two components M and L can be derived, 422 

respectively: 423 

 424 

δ =
δ𝑀+δ𝐿

1+δ𝑀δ𝐿
  (47) 425 

δ𝑀 =
δ−δ𝐿

1−δ𝐿δ
  (48) 426 

δ𝐿 =
δ−δ𝑀

1−δ𝑀δ
  (49) 427 

 428 

Of course, Eq. (48) can be used if L is fixed and M needs to be calculated, the vice versa for 429 

Eq. (49). Note that to derive design relationships, minor losses must be neglected. This is because the 430 

additive local loss term in Eq. (19 or 20) would otherwise prevent the derivation of Eq. (38). 431 

 432 

Inlet pressure heads and sub-manifold diameters analysis 433 

 434 

The manifold inside diameters (Eq. 38) and inlet pressure head (Eq. 39) are two common key 435 

parameters to assess the performance of drip irrigation systems. Both affect the hydraulic 436 

performance and the distribution uniformity of emitter flow rate. For tapered laterals and manifold, it 437 

is shown here the dependance of hin and DM,I from NI/N ratio and M. 438 

For example, for the tapered laterals, we refer to the same parameters considered in Fig. 3, and 439 

nominal emitter’s flow rate qn = 3 L/h (x = 0.49, ke = 0.8 L h-1 m-x). Whereas for the tapered manifold, 440 

we assume that the total length is LM = 100 m with a spacing between the laterals Srows,I = Srows,II = 2 441 

m and that the number of the laterals for the two segments are Nrows,I = 23 and Nrows,II = 27.  442 



Imposing D*M = DM,I/ DM,II = 0.8, Fig. 6a plots the diameter of sub-manifold I, calculated by 443 

Eq. (38), versus NI/N ratio and M. The figure shows that for any NI/N, DM,I decreases at increasing 444 

M. The inlet pressure head, hin (Eq. 39), which also needs to be considered, is plotted in Fig. 6b 445 

versus NI/N ratio and M. Contrarily to DM,I, the figure shows that for any NI/N, hin increases at 446 

increasing M. 447 

The results illustrated in Fig. 6 demonstrate that M needs to be accurately chosen, when 448 

designing drip irrigation units with tapered pipes, according to the arbitrarily imposed input 449 

parameters. Indeed, high M values determine small inside manifold diameters (Fig. 6a), thereby 450 

decreasing the investment costs. On the other hand, high M values also determine a high inlet pressure 451 

head, increasing the operational costs (Fig. 6b). The vice versa occurs for low M.  452 

In consideration of the above, a further analysis was performed to isolate the effect of the 453 

manifold pressure head tolerance on inlet pressure heads and manifold inside diameters. This is 454 

because Eqs. (38 and 39) can be rewritten in dimensionless terms, making more general the results 455 

illustrated in Fig. 6. 456 

Substituting L relationship (Eq. 49) into Eq. (38), a dimensionless solution of the inside 457 

diameter of the sub-manifold I, D*M,I, depending only on  and M, can be derived: 458 

 459 

𝐷∗𝑀,𝐼 =
 𝐷𝑀,𝐼

𝑠 𝑆𝐼 𝐻𝑁𝐼

(𝑟)
(1+

𝐷∗𝐿
𝑠  

𝑆∗
Ψ𝐿)

𝐷𝐿,𝐼
𝑠  𝑁𝑟𝑆𝑟𝑜𝑤𝑠,𝐼𝐻𝑁𝑟𝑜𝑤𝑠,𝐼

(𝑟)
(1+

𝐷∗𝑀
𝑠

𝑆∗𝑟𝑜𝑤𝑠
  Ψ𝑀)

=
𝛿−𝛿𝑀

𝛿𝑀+𝛿 𝛿𝑀
   (50) 460 

 461 

Similarly, substituting Eq. (49) in Eq. (20) and then into Eq. (39), a dimensionless solution of 462 

the inlet pressure head, h*in, which also depends on  and M only, can be derived: 463 

 464 

ℎ∗𝑖𝑛 =
ℎ𝑖𝑛

𝐾𝐿,𝐼 𝑆𝐼 𝐻𝑁𝐼

(𝑟)
(1+

𝐷∗𝐿
𝑠

 𝑆∗
 Ψ𝐿)

 =
(1+𝛿)(1+𝛿𝑀)

2 (𝛿− 𝛿𝑀)
        (51) 465 



 466 

Fig. 7a and Fig. 7b show the variation of dimensionless manifold diameter and inlet pressure 467 

head versusM, respectively. It is noteworthy that the results reported in Fig. 7 are of general validity 468 

since are independent of the geometric and hydraulic parameters. Moreover, Eqs. (50 and 51) have a 469 

crucial role in the objective of this work when designing units with tapered pipes for an assigned , 470 

confirming that the arbitrarily set M needs to be accurately chosen. Eqs. (50 and 51) could be relevant 471 

to perform an economic analysis to detect the most convenient M to be selected, thereby optimizing 472 

both the operational and investment costs. However, this analysis, which should include the additional 473 

fitting costs that tapered laterals require, was not included in this study, since it is beyond the purpose 474 

of this work. 475 

Finally, it is interesting to note that the dimensionless groups derived in Eqs. (50 and 51) match 476 

with those reported in Baiamonte and Palermo (2024b), where the same groups depending on pressure 477 

heads tolerances facilitated the design of trapezoidal drip irrigation units. 478 

 479 

Error analysis 480 

 481 

An error analysis was conducted to evaluate the accuracy of the proposed methodology by comparing 482 

the analytical solution with the results obtained by the step-by-step numerical method. The latter has 483 

the advantage of being applied for non-pressure compensating emitters, i.e. when the exponent x of 484 

the emitter flow relation is greater than zero, thus helping detect the errors in the suggested design 485 

procedure that was developed under the simplified assumption of uniform flow rate (x = 0). 486 

A high number (# 1000) of simulations were performed for different random combinations of 487 

the input parameters, SI, SII, NI, N, D*L, DL,I, qn, Srows,I, Srows,II, Nrows,I, Nrows,II, and D*M, as well as for 488 

different exponent x, of the emitter flow relation (qn = ke h
x). 489 

Due to the wide number of the involved parameters Srows,I was set equal to Srows,II, and  was set 490 

equal to 10 %. These equal spacings do not limit the results of the error analysis that will be 491 



performed, moreover, they are conditions usually set in practice. The latter is because Srows,I ≠ Srows,II 492 

could be of interest only when multiple crops are irrigated in the same unit, and  = 10 % is a unit 493 

pressure head tolerance commonly assumed (Wu 1992; Baiamonte et al. 2024). 494 

For each input parameter, Table 2 reports the range of variability within which the variables 495 

were randomly sampled, indicating their considerable wideness that makes the error analysis general. 496 

Moreover, each set of # 1000 of random simulations was replicated for eleven different values of the 497 

exponent x (0-1) which may characterize the flow relation of commercial emitters. 498 

The relative error in the inlet pressure head estimated by the analytical procedure, RE, was 499 

calculated as: 500 

 501 

𝑅𝐸 =  
ℎ𝑖𝑛, 𝑎𝑛𝑎𝑙𝑦𝑡−ℎ𝑖𝑛, 𝑆𝐵𝑆

ℎ𝑖𝑛, 𝑆𝐵𝑆
  (52) 502 

 503 

where hin,analyt is the inlet pressure head calculated by the present methodology, and hin,SBS is the inlet 504 

pressure head obtained by the SBS procedure. 505 

For different x, Fig. 8a illustrates the RE results, calculated by Eq. (52) with respect to that 506 

obtained by the exact SBS procedure, clearly showing that RE increases at increasing x, as could be 507 

expected. A better illustration of the error analysis results is illustrated in Fig. 8b where, for the same 508 

simulations, the RE cumulative frequency distributions are plotted. 509 

Interestingly, for x = 0 a vertical line is obtained, indicating that no errors occur under the same 510 

assumption adopted in the suggested solution. Whereas as x increases, a range of increasing 511 

variability of RE can be observed. It is worth noting that the RE range is slight, confined from 0.6% 512 

to 0.4%, for the common x = 0.5 value, and a bit wider (from 1.2% to 0.8%), for the fully laminar 513 

flow condition of the emitters (x = 1). 514 



In conclusion, the error analysis revealed that the suggested methodology is suitable to be 515 

applied for designing drip irrigation units with tapered pipes also considering non-pressure 516 

compensating emitters, and it is expected it will be used in practice. 517 

 518 

Example of application 519 

 520 

For the parameters already indicated in Figs. 3 and 6, a numerical application of the presented 521 

procedure is performed, and the corresponding pressure head distribution is determined by applying 522 

the SBS method. The unit pressure head tolerance was set  = 10 %, whereas that of the lateralL = 523 

5 %, which means from Eq. (48) M = 5.02 %. 524 

The lateral length, LL, can be easily derived by the emitter number and their spacing, giving LI 525 

= NI S = 46 m, LII = NII S = 41.5 m and LL = LI + LII = 87.5 m, whereas the manifold length, LM, is 526 

equal to LM = Srows,I  Nrows,I  + Srows,I  Nrows,I  = 2  23 + 2  27 = 100 m. 527 

For an imposed D*M = 0.8, the calculated diameters of both sub-manifolds are DM,I = 60.7 mm 528 

(Eq. 38) and DM,II = DM,I / D*M  = 75.9 mm. The inlet pressure for the tapered laterals can be calculated 529 

by Eq. (39), resulting in hin = 17.45 m. 530 

Eq. (41) makes it possible to calculate the inlet pressure head associated with a standard single-531 

diameter drip irrigation system, resulting in ℎ𝑖𝑛
𝑜𝑛𝑒= 39.30 m. Thus, tapered laterals allow energy to be 532 

saved, since hin = 0.44 ℎ𝑖𝑛
𝑜𝑛𝑒, as illustrated in Fig. 4a, and the associated ES (Eq. 43) is equal to 55.6 533 

% (Fig. 4b). Of course, at decreasing NI/N and D*L, higher energy-saving is expected (Fig. 4a).  534 

For an exponent of the emitter flow relation x = 0.49, Fig. 9 shows the pressure head distribution 535 

(PHD) of the unit obtained by the SBS method, where the minimum pressure head is hmin = 14.27 m 536 

and the maximum pressure head is hin = 17.40 m, providing the pressure head tolerance of the unit  537 

= 9.87 %, which slightly differs from the 10 % value imposed in the design. The relative error, RE 538 

(Eq. 52), in the inlet pressure head, is equal (17.45  17.40) / 17.40 = 0.27 %, as can be also observed 539 



in Fig. 8, indicating a negligible overestimation, with respect to the exact hin obtained by the SBS 540 

method. 541 

 542 

Quantifying the energy-saving for different tapered irrigation units 543 

 544 

To quantify the energy-saving for different irrigation units, the #1000 simulations performed in 545 

the error analysis section, and obtained by randomly varying the geometry and hydraulic parameters 546 

(Table 2), were considered. For each simulation, the energy-saving, ES, was calculated from Eq. (43), 547 

which also accounts for different emitter spacing in both single and dual-diameter laterals, in line 548 

with Table 2. The use of Eq. (43) makes homogeneous the comparison between tapered and single 549 

diameter laterals, since the total length of the laterals is the same in both cases, also for SI ≠ SII. 550 

For the #1000 simulations, Fig. 10 shows the results of the energy-saving calculation, indicating 551 

that ES can achieve 88 %. Of course, the highest ES values correspond to low values of D*L, S*, and 552 

NI/N (i.e., high L, Eq.14), as can also be observed by Eq. (43). 553 

Fig. 10 also plots the dot corresponding to the application illustrated in Fig. 9, for which ES = 554 

55.6 % was found (Fig. 4b). 555 

 556 

Conclusions 557 

 558 

The following conclusions were drawn in this study: 559 

1. Simplified relationships to design drip irrigation units with tapered laterals laid on flat fields 560 

were developed, under the assumption of uniform emitter flow rate (exponent x of the emitter 561 

flow relation equal to zero); 562 

2. On the question of the tapered manifold inside diameters detecting, this study found an explicit 563 

relationship that depends on the geometric and hydraulic characteristics of the unit, for any 564 

pressure head tolerances of the laterals δL or of the manifold δM; 565 



3. Given input variables, the proposed design procedure enables identifying the characteristics 566 

of the commercial emitters, thereby contrasting with numerical methods, which typically 567 

require trial-and-error. 568 

4. The influence of tapered laterals and manifold pressure head tolerance M, on inlet pressure 569 

head and manifold inside diameters was investigated; 570 

5. An error analysis was performed by comparing the analytical solution with the step-by-step 571 

numerical one to evaluate the accuracy of the suggested procedure. Results showed that for x 572 

= 0, no relative errors in inlet pressure head estimation occurred. Whilst for emitter exponent 573 

x = 1, the maximum errors were obtained, laying in a negligible range (from 1.2% to 0.8%). 574 

For the most commonly used x = 0.5, the range of errors was even smaller (from 0.6% to 575 

0.4%); 576 

6. A numerical example to illustrate an application of the procedure suggested to design a 577 

rectangular unit with tapered laterals and manifold was performed, by considering non-578 

pressure compensating emitters (x > 0). The pressure head tolerance of the unit resulted in  579 

= 9.87 %, which slightly differs from the 10 % value imposed in the design, thus validating 580 

the methodology presented in this work. 581 

7. Energy savings were evaluated by comparing the inlet pressure heads required by tapered and 582 

single-diameter laterals. Results indicated that energy savings remain fairly consistent 583 

regardless of the total lateral length. However, energy efficiency is significantly influenced 584 

by the fraction length of the small diameter segment and by the diameter ratio, 𝐷∗𝐿. For #1000 585 

simulations, obtained by randomly varying geometry and hydraulic parameters, it was shown 586 

that the energy-saving can achieve 88 %. 587 

 588 

Notation 589 

 590 

The following symbols are used in this paper: 591 



C  = smoothness factor of the Hazen-Williams resistance equation; 592 

D*L   = the DI/DII ratio; 593 

D*M   = the DM,I/DM,II ratio; 594 

D*M,I  = normalized internal diameter of sub-manifold I; 595 

DL,I  = internal diameter of sub-lateral I [L]; 596 

DL,II  = internal diameter of sub-lateral II [L]; 597 

DM,I  = internal diameter of sub-manifold I [L]; 598 

DM,II  = internal diameter of sub-manifold II [L]; 599 

ES   = energy saving; 600 

g  = acceleration of gravity [L/T2]; 601 

H(.,.)  = generalized harmonic number; 602 

h*in  = normalized inlet pressure head; 603 

h*j   = pressure head at the emitter j normalized with respect to SI and KL,I ; 604 

h*M = pressure head at manifold diameter changing normalized with respect to Srows,I and KM,I; 605 

h*max  = maximum pressure head normalized with respect to SI and KL,I for a tapered lateral; 606 

h*min  = minimum pressure head normalized with respect to SI and KL,I  for a tapered lateral; 607 

h*n  = pressure head at diameter changing of the lateral normalized with respect to SI and KL,I; 608 

hin  = inlet pressure head [L]; 609 

hin,analyt = inlet pressure head calculated by the analytical procedure [L]; 610 

hin,SBS  = inlet pressure head calculated by the numerical procedure [L]; 611 

hj  = pressure head at the emitter j [L]; 612 

hM  = pressure head at diameter changing of the manifold [L]; 613 

hM,min  = minimum pressure head of the manifold [L]; 614 

hmin  = minimum pressure head [L]; 615 

hn  = pressure head at diameter changing of the lateral [L]; 616 

ℎ∗𝑚𝑎𝑥
𝑜𝑛𝑒  = maximum pressure head normalized with respect to S and K for a single diameter lateral; 617 



ℎ∗𝑚𝑖𝑛
𝑜𝑛𝑒   = minimum pressure head normalized with respect to S and K for a single diameter lateral; 618 

ℎ∗𝑚𝑖𝑛
𝑜𝑛𝑒   = minimum pressure head normalized with respect to S and K for a single diameter lateral; 619 

ℎ∗𝑛
𝑜𝑛𝑒  = average pressure head normalized with respect to S and K for a single diameter lateral; 620 

ℎ𝑖𝑛
𝑜𝑛𝑒  = inlet pressure head for a single diameter lateral [L]; 621 

i   = generic lateral counted from the distal end of the manifold; 622 

j   = generic emitter counted from the distal end of the lateral; 623 

k   = flow resistance equation coefficient; 624 

K  = energy gradient for single diameter lateral; 625 

ke   = coefficient in the emitter flow relation [V T−1 L-x] 626 

KL,I  = energy gradient for sub-lateral I; 627 

KL,II  = energy gradient for sub-lateral II; 628 

KM,I  = energy gradient for sub-manifold I; 629 

LI  = length of sub-lateral I [L]; 630 

LII  = length of sub-lateral II [L]; 631 

LL  = lateral length [L]; 632 

LM  = manifold lenght [L]; 633 

LM,I  = length of sub-manifold I [L]; 634 

LM,II  = length of sub-manifold II [L]; 635 

Lone  = lateral length of a single diameter lateral [L]; 636 

N  = total number of emitters of the lateral; 637 

NI  = number of emitters on sub-lateral I; 638 

NII  = number of emitters on sub-lateral II; 639 

None  = total number of emitters on a single diameter lateral; 640 

Nrows  = number of laterals on the manifold; 641 

Nrows,I  = number of laterals on sub-manifold I; 642 

Nrows,I I = number of laterals on sub-manifold II; 643 



qn  = nominal (average) emitter flow rate [L3 T−1]; 644 

r  = flow rate exponent in the flow resistance formula; 645 

s  = diameter exponent in the flow resistance formula; 646 

S  = emitter spacing of single diameter laterals [L]; 647 

S*  = the Srows,I/Srows,II ratio; 648 

S*rows  = the SI/SII ratio; 649 

SI  = emitter spacing of sub-lateral I [L]; 650 

SII  = emitter spacing of sub-lateral II [L]; 651 

Srows,I  = lateral spacing of sub-manifold I [L]; 652 

Srows,II = lateral spacing of sub-manifold II [L]; 653 

x  = emitter exponent  654 

j  = ratio of the generalized harmonic numbers corresponding to a tapered lateral for the    655 

emitter j of sub-lateral II;  656 

L  = ratio of the generalized harmonic numbers corresponding to the tapered lateral; 657 

M  = ratio of the generalized harmonic numbers corresponding to the manifold; 658 

  = the hM/hN ratio; 659 

  = pressure head tolerance of the unit; 660 

L  = pressure head tolerance for laterals; 661 

𝛿𝐿
𝑜𝑛𝑒  = pressure head tolerance for single diameter laterals; 662 

M  = pressure head tolerance for the manifold;and 663 

  = kinematic viscosity of water [L2 T−1]. 664 

 665 

Data Availability 666 

 667 

All data, models, and code generated or used during the study appear in the submitted article. 668 
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Table 1 – Characteristics of the cylindrical integrated in-line labyrinth emitters (TANDEM®) with 

double holes and turbulent flow, provided by IRRITEC S.p.A. (emitters spacing, S, nominal diameter, 

, inside diameter, D, and emitter parameters, ke and x). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

S (m)  (mm) D (mm) 
ke 

(L h-1 m-x) 
x emitter color 

0.2 

16 13.8 

0.43 0.55 yellow 

0.3 0.69 0.50 blue 

0.4 1.32 0.49 black 

0.5 2.48 0.51 red 

0.6 

20 17.25 

0.56 0.52 yellow 

0.75 0.80 0.49 blue 

1 1.2 0.48 black 

1.25 2.35 0.49 red 

1.5 4.94 0.47 green 
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Table 2 – Ranges of the design variables selected to perform the #1000 random simulations. 

 SI, SII 

(m) 
NI N L D*L 

DL,I 

(mm) 

qn 

(L h-1) 

Srows,I = Srows,II 

(m) 
Nrows,I Nrows D*M  

min 0.5 20 50 0.01 0.65 13.8 2 1 20 50 0.65 
0.1 

max 1.5 N 300 0.05 0.80 17.7 8 4 Nrows 150 0.80 
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Figure Captions 

 

Fig. 1. Sketch of a horizontal tapered drip irrigation unit. 

 

Fig. 2. Sketch of a horizontal tapered drip lateral. 

 

Fig. 3. For fixed input variables, and x = 0.49, a) ke coefficient calculated by Eq. (22), and b) 

corresponding minimum pressure head, hmin, versus the number of emitters of the sub-lateral I, NI, 

with qn as a parameter. Horizontal dashed lines refer to ke values of commercial emitters (Table 1). 

 

Fig. 4. Variation of the ℎ∗𝑚𝑎𝑥/ℎ∗𝑚𝑎𝑥
𝑜𝑛𝑒  ratio against NI/N. Note that D*L = DL,I /DL,II and the black dot 

refers to the application illustrated in Fig. 9. 

 

Fig. 5. Sketch of a horizontal tapered manifold. 

 

Fig. 6. 3D plot of a) the inside diameter of the sub-manifold I, DM,I, determined by Eq. (38), and b) 

the inlet pressure head, hin, estimated by Eq. (39), versus NI /N and M. The black dot refers to the hin 

and DM,I values of the application illustrated in Fig. 9.  

 

Fig. 7. Dimensionless relationships between a) the manifold inside diameter, D*M,I (Eq. 50), and b) 

the inlet pressure head, h*in (Eq. 51), versus the manifold pressure head tolerance,M. Dots refer to 

the application illustrated in Fig. 9.  

 

Fig. 8. For # 1000 simulations performed for different random combinations of D, S, ke, N, qn, hmin 

and δ, and for different x as a parameter, a) relative error in the inlet pressure head estimation, RE, 

Figure Captions_REV1



calculated by Eq. (52) with respect to that obtained by the exact SBS procedure, and b) corresponding 

cumulative frequency distributions. Black dot refers to the application illustrated in Fig. 9. 

 

Fig. 9. For the input parameters of the unit designed in line with the suggested procedure, reported 

on the right panel, the pressure head distribution (PHD), obtained by the SBS method. The drops in 

pressure heads corresponding to the diameter change along laterals and the manifold can be observed. 

 

Fig. 10. For the #1000 simulations obtained by randomly varying the geometry and hydraulic 

parameters (Table 2), energy-saving percentage, ES, obtained from Eq. (43). 


