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Abstract  

Robust and practical models describing the radiation field in heterogeneous photocatalytic 

systems, used in emerging environmental, photochemical and renewable energy 

applications, are fundamental for the further development of these technologies. The six-

flux radiation absorption-scattering model (SFM) has shown to be particularly suitable for 

the modeling of the radiation field in solar pilot-plant photoreactors. In this study, the SFM 

was coupled to the Henyey-Greenstein (HG) scattering phase function in order to assemble 

the model with a more accurate description of the scattering phenomenon provided by this 

phase function. This new version of SFM, named as SFM-HG, was developed through 

fitting the Local Volumetric Rate of Photon Absorption (LVRPA) determined in a flat 

photoreactor to the “pseudo-experimental” LVRPA calculated by a Monte Carlo (MC) 

approach, which included the HG expression. As a result, simple mathematical correlations 

describing the SFM-HG scattering probabilities as function of the HG scattering parameter 

were determined. The SFM-HG was validated through a comparison with the MC model 

predictions of the Total Rate of Photon Absorption (TRPA) in the slab photoreactor. A 

RMSE% of approximately 5% demonstrated satisfactory agreement between the models. 

The SFM-HG was further applied to evaluate the impact of selected scattering phase 

functions on the absorption of radiation in solar photoreactors, operated with commercial 

TiO2 photocatalyst. The results have established that, the apparent optical thickness, τapp or 

τapp,max for tubes, a parameter derived from the SFM approach, is the most appropriate 

parameter for the design and optimization of photocatalytic reactors, since such parameter 

is insensitive to scattering albedos and phase functions. CPC, tubular and flat-plate 
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photoreactors operated with TiO2 P25 should be designed with τapp,max = 12, τapp,max = 7 and 

τapp = 4.5 respectively. 

 

Keywords: TiO2-Photocatalysis, Titanium Dioxide, Local Volumetric Rate of Photon 

Absorption, Monte Carlo simulation, Radiative Transfer Equation.   

 

Abbreviations:  

DOM, Discrete Ordinate Method 

HG, Henyey-Greenstein  

LVRPA, Local Volumetric Rate of Photon Absorption 

MC, Monte Carlo 

SFM, Six Flux Scattering-Absorption Model 

SFM-HG, Six Flux Scattering-Absorption Model coupled to Henyey-Greenstein phase 

function 

RTE, Radiative Transfer Equation 

TRPA, Total Rate of Photon Absorption  

1. Introduction 

As an emerging environmental technology, heterogeneous photocatalysis has received 

increasing attention in recent years. Its promising applications in air and water remediation 

[1], clean fuels production [2], green products (e.g. self-cleaning surface [3]) and selective 



4 
 

synthesis of organic molecules [4] demonstrates great interest in this technology. The 

underlying basis of every photocatalytic reaction mechanism is the photoactivation of the 

semiconductor photocatalyst by absorption of photons with energy higher or equal than the 

catalyst band-gap. The consequent generation of electron-hole pairs produces a chain of 

reactions that drive simultaneous oxidation and reduction (redox) reactions.  

The evaluation of the radiation field and of the spatial distribution of radiation absorption in 

a photoreactor system, commonly described by the local volumetric rate of photon 

absorption (LVRPA), is therefore a crucial aspect in the development of efficient 

photocatalytic processes [5]. 

The LVRPA is the photon equivalent to the concentration of reactant species and is always 

considered in the description of the kinetics of photochemical reactions and in the 

optimization of the performance of photoreactors. For instance, several methodologies have 

been proposed for the determination of the optimum catalyst load or reactor thickness 

which maximize the absorption of radiation [6,7].   

The estimation of the LVRPA has been a defiant task within the heterogeneous 

photocatalysis community, as result of the complex nature of the absorption and scattering 

radiation phenomenon, which in the most rigorous case is modeled by the Radiative 

Transfer Equation (RTE).  The RTE for a medium that does not emit radiation is [8]: 

 
( ) ( ) ( ) ( ) ( )

4
ABSORPTION OUT SCATTERING

IN SCATTERING

,
, , ,

4
dI s

I s I s p I s d
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λ λ
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sκ s
p Ω=

−
−

Ω
= − Ω − Ω + Ω →Ω Ω′Ω′ ′∫   (1) 

where Iλ is the photon irradiance at λ wavelength, s is a spatial coordinate, Ω is the 

directional solid angle, κλ is the absorption coefficient and σλ the scattering coefficient. The 
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term ( )p ′Ω →Ω  is the scattering phase function representing the probability of a photon 

to be redirected by scattering from the direction Ω’, in surroundings of the position s, into 

the direction Ω [8]. A trivial solution for the RTE cannot be achieved and a numerical 

method is always necessary.  

Although the precise modeling of the LVRPA and a better understanding of the radiation-

photocatalyst-operational conditions nexus still remains a challenge, several approaches 

have been proposed to solve the RTE.  The most rigorous methods are described by the 

Discrete Ordinate Method (DOM) [5,9] commonly included in CFD packages, and by the 

Monte Carlo (MC) stochastic method which yields an accurate representation of the 

radiation field [10,11]. Despite the modeling power of the previous methods, these are often 

mathematically and computationally demanding when applied at the solar dimension scale, 

which is invariably characterized by atmospheric fluctuations of the boundary conditions 

(i.e., photon flux), in turn increasing the complexity of the models. Hence these methods 

are generally limited to modeling systems with constant-flux artificial radiation sources 

(e.g., UV lamps) [12].  

In contrast, the Six Flux Absorption-Scattering Model (SFM) has been proposed as a 

practical and simplified approach for solving the RTE. It is based on geometric optics but 

retains the key aspects of radiation field modeling characteristic of a rigorous approach. 

The SFM algebraic nature allows short computational times and low mathematical 

complexity, even when applied to complex geometries at solar scale as the tubular and the 

CPC photoreactor [13].  

Brucato et al. [14] proposed the SFM for the calculation of the LVRPA in heterogeneous 

photoreactors under the hypothesis that scattering of photons occurs only along the six 
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Cartesian directions. These directions were differentiated as forward, backward and 

sideward (orthogonal) and were assigned with scattering probabilities pf, pb and ps as 

represented in Fig. 1. Their values depend on the phase function describing the photon 

scattering phenomena and have been estimated for the case of a diffuse reflectance (DR) 

phase function as pf = 0.11, pb = 0.71 and ps = 0.045 [14]. For isotropic scattering, SFM 

probabilities should all be equal to pf = pb  = ps = 1/6 [15].  

 

 

Fig. 1. Scattering directions considered by the SFM in a differential volume. The liquid is 

in blue, the scattering particle in white and the scattered light in yellow. 

Albeit remains unclear which scattering phase function is the most adequate to model the 

radiation field in heterogeneous photocatalytic reactors, the determining role played by 

different formulations of these on the radiation field calculations has been shown [16], 

which makes its determination a significant step, as relevant as the prior knowledge of the 

absorption and scattering coefficients of the photocatalyst [17]. Table 1 lists the most 

common scattering phase functions used in photocatalysis and some of the most relevant 

studies in which were adopted. 
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The DR phase function was originally considered in early studies for the estimation of the 

LVRPA in photoreactors. This theoretical phase function was borrowed from the radiation 

transport theory, since the optical characteristics (i.e. particle size and wavelength of 

photons absorbed) of titanium powders approximate the behavior of a diffuse reflective 

particle [18]. The expression for the DR phase function, with φ as the exit angle of the 

scattered photon is [8]: 

 

 ( ) ( )3 sin cos
8

p ϕ ϕ ϕ ϕ
p

= −   (2) 

However, subsequent studies suggested the isotropic phase function as more appropriate to 

model the scattering behavior of commercial titanium dioxide particles [19,20].  Since the 

pioneering work of Satuf et al. [21], the implementation of the Henyey-Greenstein (HG) 

phase function has been consolidating in literature, as an improvement to other expressions. 

The HG phase function is defined as follows [22]: 

 ( )
( )

2

3/22

1 1

1 2 cos2
gp

g g
ϕ

ϕ

−
=

+ −
  (3) 

Where -1≤ g ≤ 1 is a scattering parameter indicating the anisotropy of the medium called 

asymmetry factor, negatives values correspond to backward scattering and positives values 

to forward scattering, isotropic scattering corresponds to g = 0 [21]. The main contribution 

of HG function is that it removes the assumption about the scattering behavior of the 

particles implicitly made when a theoretical phase function is implemented, since it allows 

a previous experimental characterization of scattering thanks to its adjustable scattering 
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parameter. A graphical representation of DR, isotropic and HG phase functions is reported 

in Figure SD1 of the Supplementary Data. 

Notwithstanding the advantages of using the SFM for the modeling of the radiation field in 

solar photoreactors, previous studies have only been reported with the DR and/or the 

isotropic phase function, although the proven superiority offered by HG function. The SFM 

can indeed be formulated with any type of phase function, therefore, the aim of this study 

was to couple the SFM to the HG phase function combining the practicality of the SFM 

approach to the improvement in the description of the scattering phenomenon offered by 

the HG function. This new model is here referred to as “SFM-HG”, in order to differentiate 

it from the SFM incorporating the diffuse reflectance phase function “SFM-DR“ presented 

in earlier studies. The SFM-HG was fitted, using an optimization algorithm, to the “pseudo-

experimental” data of LVRPA in a slab photocatalytic reactor with suspended 

photocatalytic particles obtained from a MC approach, which also considered the HG 

expression. The application of SFM-HG is outlined in this study through its implementation 

in the radiation field modeling of solar heterogeneous photoreactors.  

 

Table  1. Common scattering phase functions used in heterogeneous photocatalysis. 

Phase 

function 
Applications Contribution Ref. 

Diffuse 

reflectance 

(DR) 

Determination of optical 

properties by 

spectrophotometry and 

Pioneer experimental method for 

optical properties. These were 

reported for TiO2  

[18] 
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DOM. 

Modeling photocatalytic 

degradation of water 

contaminants by SFM. 

Methods for kinetics, 

optimization and scale-up of 

annular tubular and CPC 

photoreactors 

[23,24] 

Isotropic 

(ISO) 

Modeling photocatalytic 

degradation of water 

contaminants.  

Approach for kinetics 

independent of the reactor 

conditions. 

[15] 

Henyey-

Greenstein 

(HG) 

Determination of optical 

properties by 

spectrophotometry and 

DOM. 

HG phase function is proposed as 

an improvement. Optical 

properties reported for TiO2 with 

a tendency to forward scattering g 

> 0.4.   

[21,25] 

Modeling photocatalytic 

degradation of organic 

compounds by DOM and 

MC method. 

Kinetics and scale-up methods for 

annular photoreactors 
[26–29] 

Radiation field and 

evaluation of scattering for 

TiO2 suspensions in annular 

photoreactor by MC method 

Phase functions found crucial on 

radiation field. HG parameter 

0.6<g<0.8 is reported as suitable 

for TiO2   

[16,30] 

Optical properties by 

goniometry and CFD 

Experimental and numerical 

method for optical properties. The 
[17] 
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HG found as better for scattering 

characterization than the DR. A 

preferential forward scattering is 

reported for TiO2, g > 0.5.  

 

1.1 Slab geometry photoreactor setup 

A slab photoreactor geometry was considered for the fitting of SFM to the HG phase 

function. This geometry is commonly used in the formulation of radiation transport models, 

such as the SFM [14] or RTE [21,31]. It provides a one-dimensional approach of the 

phenomenon and a convenient handling of the resulting data. Furthermore, results obtained 

from the slab can be conveniently adapted to more complex geometries. For instance, the 

SFM was formulated for this geometry [14] and was extended to annular [32], tubular and 

CPC photoreactors [6]. The photoreactor considered in this work is as that described in 

Brucato et al. [14]: an infinitely high and wide slab solid-liquid photoreactor of thickness L, 

uniformly irradiated with photons arriving perpendicularly to the front wall, with an 

incident photon flux of I0. As a result, the radiation field varies along the x-coordinate only 

(Fig. 2).   
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Fig. 2. Schematic diagram of the slab photoreactor with absorbing and scattering particles 

suspended in the inside. I0, IR and IT are the incident, reflected and transmitted intensity of 

light, L is the reactor length and l the free path of photons. 

2. Mathematical methods 

2.1 Monte Carlo radiation field model  

The Monte Carlo method allows the solution of complex radiation transport problems 

without making significant simplifications [33]. In fact, the intrinsic random nature of 

absorption and scattering of light makes it an ideal system to be modeled with MC. The 

MC model in the present work follows the methodology described in Pasquali et al. [34] 

and Brucato et al. [14]. The approach consists in establishing a statistically representative 

sample of photons and recording the history of each photon, from the moment it enters the 

system until its extinction (by absorption or scattering outside the system) including every 

interaction along the path. In order to make decisions about photons fates and trajectories, 

random numbers (R) uniformly distributed in the interval [0, 1] were employed. The slab 
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reactor computational domain was gridded in volume cells of thickness dx to perform the 

simulations. The model was outlined according to the following steps: 

i) Since photons irradiates the photoreactor normal to the front wall, each photon 

is emitted in a direction θi = 0 and assigned with the position x = 0.  

ii) The mean free path-length l, where the photon is neither absorbed nor scattered, 

is related to the extinction coefficient of the suspension β according to the 

equation [12]: 

 1 lnl R
β

= −   (4) 

iii) The new position of the photon is calculated by geometry: 

 1 cosi i ix x l θ−= +   (5) 

Where i and i-1 refers to the actual and previous iteration of the algorithm. If x 

> L or x < 0, the photon is deemed to be outside the geometry of the slab and it 

is considered lost. Then, a new photon is considered.  

iv) Once the free path length is traveled by the photon, an event is considered to 

occur. Whether the photon is absorbed or scattered is determined by generating 

a random number R. The photon is absorbed and its location (cell) is recorded if 

R is larger or equal to the scattering albedo ω. If R < ω the photon is scattered 

and a new random direction is determined. ω which is determined by the ratio of 

the scattering and extinction coefficients of the photocatalyst suspension 

represents the probability of scattering [35]. 
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v) If the photon is scattered, the new scattering direction is determined by the 

azimuth (longitude) and the zenith (latitude) angles. The azimuth is a variable 

uniformly distributed in the interval [0, 2π], thus it can be sampled with the 

formula [36]: 

 1 2i Rα π+ =   (6) 

The zenith angle φ is provided by the HG phase function. In order to achieve a 

convenient form for the sampling of Eq. (3), this is rearranged as: 

 ( )
( )

2

3/22

1 1cos
2 1 2 cos

gp
g g

ϕ
ϕ

−
=

+ −
  (7) 

Here the sampling variable is the cosine of the angle, thus the zenith is 

calculated as follows [22]:  

 

22
2

1

1 11 ,    0
2 1 2

cos

2 1                                        ,    0   

i

gg if g
g g gR

R if g

ϕ +

   − + − ≠  − +    = 

 − =

  (8) 

The scattering direction is specified by the scattering angle θ relative to the x 

coordinate, its corresponding cosine is defined by spherical trigonometry [37]: 

 1 1 1 1cos  cos cos sin cos sin  i i i i i iθ ϕ θ ϕ α θ+ + + += +   (9) 

Once the new direction is obtained, the procedure is reiterated from step ii. 

The LVRPA is computed as a normalized magnitude under the hypothesis of complete 

radiation absorption within the reactor volume, simply by counting the number of photon 
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absorbed in each volume cell divided by the incident radiation (represented by the total 

number of photons entering the reactor) and the reactor volume:  

 ,   

0 ,   

/
 

/ /  
phot cell

phot max

N dxLVRPA
I L N L

=   (10) 

Where ,   phot cellN  and ,   phot maxN  are the photons absorbed in the ith cell and total number of 

photons in the simulation, respectively. The incident photon flux was set as 106 photons, 

since it provided invariant results and short computational times. The flow chart for the MC 

model is reported in Figure SD2 of Supplementary Data. 

2.2 SFM-HG model  

2.2.1 SFM structure 

The LVRPA divided by the incident radiation flux at a point x in the photoreactor 

calculated with SFM for a plane geometry is [14]: 

 ( )
2 2

0

1 1 1 1 1
1

corr corr

corr

x x

corr corr corr corr
corr

LVRPA e e
I

ω ωλ λ

ω

ω ω γ ω ω
λ ω γ

−  
  = − + − + − − −

 −    
  (11) 

Where a, b, ωcorr and γ are SFM parameters defined as follows:  

 
2 241

1 2
s

f
sf b

ω  pa ωp
ωp ωp ωp

= − −
− − −

  (12) 

 
2 24

1 2 s

s
b

f b

ω  pb ωp
ωp ωp ωp
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bω
a

=   (14)  
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2

1
1corrω

corr

λ
aβ ω

=
−

  (15) 

 
2

2

2

1 1

1 1
appτcorr

corr

ω
γ e

ω
−− −

=
+ −

  (16) 

Where the apparent optical thickness τapp is:  

 21app corrτ aτ ω= −   (17) 

The above SFM parameters are computed exclusively from the photocatalyst scattering 

albedo, reactor optical thickness and the scattering phase function. The scattering albedo is 

defined as:  

 σσ ω
β σ κ

= =
+

  (18) 

where β, κ and σ are the photocatalyst specific extinction, absorption and scattering 

coefficients. The optical thickness is: 

 catL Ct β=   (19) 

with L and Ccat as the reactor length and catalyst load, respectively. The scattering phase 

function is specified in the SFM by the scattering probabilities: forward “pf”, backward 

“pb” and sideward “ps”. They must satisfy the SFM main principle, from their definition of 

probabilities [14]: 

 4 1f b sp p p+ + =   (20) 
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2.2.2 SFM-HG structure  

In contrast to the DR or isotropic phase functions which indicate only a particular scattering 

mode and to which correspond unique values of pf, pb and ps, the HG expression includes a 

range of scattering modes by means of its asymmetry factor g which can vary in the interval 

[-1, 1]. Therefore, the inclusion of this new phase function in the SFM should involve a 

way for the calculation of the SFM-HG scattering probabilities from the knowledge of the 

HG scattering parameter. This can be accomplished if it is postulated that a mathematical 

relation between the HG asymmetry factor and SFM-HG scattering parameters exists. 

By considering SFM-HG as a function exclusively of the scattering probabilities, since 

scattering albedo and optical thickness are usually known, Eq. (11) could be written as:  

 ( )
0

, ,SFM HG f b s
LVRPA f p p p

I −=   (21) 

with the SFM-HG scattering probabilities expressed as function of the HG parameter g, as 

follows:   

 ( )1fp f g=   (22) 

 ( )2bp f g=   (23) 

It should be noted that only two of the scattering probabilities are independent variables. pf 

and pb are chosen as independent because the anisotropy of scattering is referred as 

“forward” or “backward”, thus ps always can be obtained from Eq. (20). 
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2.2.3 Optimization procedure 

In order to determine f1 and f2, it is necessary to find the SFM-HG scattering probabilities 

for each value of g. On the basis of Eqs. (21-23), this is carried out by obtaining the 

LVRPA in the photoreactor for different values of the HG scattering factor along the 

interval [-1, 1] through the MC model and fitting the SFM-HG to each simulation. The 

information from the MC model is treated as “pseudo-experimental” in analogy to the 

classical fitting method in science and engineering in which experimental data are gathered 

to fit models. Models supported on MC simulations are usually used as gold standard for 

the evaluation of other numerical or analytical models [38].  

The search for the best values of SFM-HG scattering probabilities that match each MC 

simulation is carried out by an optimization procedure. It starts with an initial guess for pf, 

pb and ps and follows an optimization criterion until the required convergence is reached. In 

this study, it is proposed to minimize the error function given by the sum of the squared 

errors of the LVRPA calculated by both models: 

 ( ) ( )2
, ,  error f b s MC SFM HGf p p p LVRPA LVRPA −= −∑   (24) 

subject to the limiting conditions: 

 0 , , 1 b f sp p p< <   (25)  

 4 1 f b sp p p+ + =   (26) 

where MCLVRPA  denotes the normalized LVRPA profile along the slab photoreactor 

determined from the MC model for a given scattering albedo, optical thickness and HG 

asymmetry factor, and SFM HGLVRPA −  is the normalized LVRPA profile evaluated with the 
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SFM-HG (Eq. (11) divided by reactor length L) for the same scattering albedo and optical 

thickness. 

Eqs. (25) and (26) are constraints regarding the fundamental principles of the SFM and they 

must be satisfied. The system was solved using the Matlab optimization toolbox “fmincon” 

which determines the local minimum of a specified function subject to linear inequalities 

by an interior point algorithm. 

The value of the product of the specific extinction coefficient and catalyst load (the 

volumetric extinction coefficient with units m-1) was assumed to solve the MC model and 

SFM-HG, and the reactor length was easily obtained from Eq. (19), in order to match the 

desired value for the optical thickness. Fig. 3 sketches the optimization procedure 

described. The purpose of using normalized LVRPA and dimensionless parameters is to 

make the results valid for any photocatalyst, reactor size or irradiance conditions. It has 

been shown that photoreactors with identical optical thicknesses and scattering albedos 

perform similarly regarding the absorption of radiation [6]. 
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Fig. 3. Schematic representation of the optimization procedure used to fit the SFM-HG for 

each value of g. 

3. Results and discussion 

3.1 Determination of correlations for SFM-HG scattering parameters  

Fig. 4 shows the trend of the SFM-HG scattering probabilities relative to the HG 

asymmetry factor determined from the optimization procedure. A tendency to follow a 

linear dependence is evident for both the backward and forward scattering probabilities, 

with deviations at the extreme values of g approaching -1 and 1. Therefore, a linear fitting 

of the simulation data is proposed as a mathematical representation for the f1 and f2 

functions in Eqs. (22) and (23) which take the form:  

 0.4467 0.5193fp g= +   (27) 
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0.4692 0.3805   1 0.8

                     0                  0.8
b

g g
p

g

− + − ≤ ≤
= 
 >

  (28) 

 

with correlation coefficients of R2 = 0.99 for pb and R2 = 0.988 for pf. 

Furthermore, from Eq. (20), the side scattering probability equals:  

 ( )1 1
4s f bp p p= − −   (29) 

 

Fig. 4. Fitted SFM-HG scattering probabilities as function of the HG asymmetry factor and 

linear fitting of the data.  

Eq. 27 and 28 corresponded to the linear fitting for scattering albedo ω = 0.9 and optical 

thickness τ = 10 in Fig. 4. These optical properties were selected to ensure that SFM-HG is 
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able to match the limit conditions of the radiation field for a slab geometry photoreactor, 

following Brucato et al. approach in SFM formulation [14]. Besides, ω = 0.9 can be 

considered as an arbitrary average value for the scattering albedo of the photocatalyst 

titanium dioxide reported in literature [7,24]. Different combinations of these optical 

parameters (0.1 ≤ ω ≤ 0.95 and 2 ≤ τ ≤12) were tested and yielded close results (Fig. 4) in 

the confidence interval of -0.8 ≤ g ≤0.8. The observed deviations from the linear fitting in 

Fig. 4 are expected to be compensated when smaller scattering albedos and optical 

thicknesses are considered in radiation field simulations.  

Eqs. (27-29) coupled with Eq. (11) conform the novel SFM-HG. As shown in Fig. 4, the 

contrasting slopes for pf and pb are in agreement with the HG phase function model, which 

predicts an increase of forward scattering with an increase of the asymmetry factor g, and 

vice versa.  

3.2 Validation of SFM-HG 

The validation of radiation-transport photoreactor models against the MC model is an 

approach widely adopted in literature [14,41]. The gathering of experimental data to 

determine the spatial-dependent magnitudes of the LVRPA can be very complex, since the 

absorption and scattering of radiation by the system is often disturbed by the measuring 

device [39]. Accordingly, in this study the SFM-HG that was calibrated at optical thickness 

τ = 10 and scattering albedo ω = 0.9, was validated with data from MC simulations of the 

radiation field collected at different values of these optical parameters. 

Fig. 5 compares the transversal profiles of the normalized LVRPA in the slab photoreactor 

calculated with the MC and SFM-HG models for different combinations of scattering 

albedos, optical thicknesses and asymmetry factors. It shows the profound effect of the 
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asymmetry factor g on the radiation field in the slab, as scattering switches from 

predominantly back-scattering to predominantly forward scattering. The discrepancies 

observed in Fig 5a up to x/L = 0.1 are due to a local maxima predicted by the MC model 

and not shown by the SFM-HG. These have also been observed by Brucato et al. [14] for 

the DR phase function (black line in Fig. 5a) and also predicted from DOM simulations 

[19]. This maxima found at such high values of scattering albedo and optical thickness in a 

slab photoreactor, results probably because under these conditions since the reactor is 

optically “thick”. A perfect agreement between SFM/SFM-HG and MC or DOM 

simulation should not be expected, since the former considers that scattering only occurs in 

six-directions, in order to gain practicality over the more complex MC and DOM models. 

By comparing Fig. 5a and Fig. 5b, the accuracy of the SFM-HG improves at smaller 

scattering albedos, a feature also observed by Brucato et al. [14] on the SFM.   
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Fig. 5. Normalized LVRPA across the slab photoreactor as function of the scattering phase 

function determined with the MC model, the SFM-HG and the SFM-DR. a) ω = 0.9 and τ = 

10. b) ω = 0.5 and τ = 5 MC-DR and SFM-DR refers to simulations performed with the 

Diffuse Reflectance phase function. 

The SFM-HG was further validated via the estimation of the Total Rate of Photon 

Absorption (TRPA) which is the overall rate of radiation absorbed in the entire reactor 

volume. The TRPA has shown useful in the analysis of photocatalytic systems [16,23]. For 

a flat photoreactor the TRPA normalized by the incident photon flux is: 

 
0 00

LTRPA LVRPA dx
I I

= ∫    (30) 

The normalized TRPA profiles, as illustrated in Fig. 6a provides a clear graphical 

representation of the effect of scattering albedo and optical thickness on the TRPA. It 

shows an increase with optical thickness up to reaching a plateau at τ values progressively 

increasing with higher values of g. In contrast, the results in Fig. 6b shows that the TRPA 

plateau is reached at the same τapp = 4.5, regardless of the value of the HG asymmetry 

factor, which should be taken as reference for design and operation of flat photoreactors. A 
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close value of τapp has also been reported in literature for the annular geometry [35]. The 

results shown in Fig. 6 reports good agreement between SFM-HG and MC model, 

independently of the optical thickness τ and the HG asymmetry factor g. Because of the 

integral nature of the TRPA, discrepancies in this variable between MC model and SFM-

HG can be considered as integral errors, since the models estimate directly the LVRPA and 

not the TRPA.  

 

Fig. 6. Normalized TRPA for a slab photoreactor as function of the HG asymmetry factor g 

calculated with the MC model (diamonds) and SFM-HG (lines). Optical properties: ω = 

0.9. 

The accuracy of the SFM-HG calculations against the MC calculations for varying 

scattering albedo, optical thickness and HG asymmetry factor was numerically evaluated 

using the Root Mean Square Percentage Error (RMSE%) of the TRPA profiles:  

 
2

, ,

1 ,

1%   *100  
N

MC i SFM HG i

i MC i

TRPA TRPA
RMSE

N TRPA
−

=

 −
=   

 
∑   (31) 
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where MC ,iTRPA  and SFM HG ,iTRPA −  are the normalized TRPA for the ith optical thickness 

calculated with the MC and SFM-HG models respectively, and N = 15 is the total number 

of optical thicknesses sampling values considered (Fig. 6). Table 2 shows the RMSE% of 

the TRPA profiles for different scattering albedos and HG asymmetry factors. Low values 

(around 5%) for RMSE% were observed.  

 

Table  2. RMSE% of TRPA profiles estimated with the SFM-HG relative to MC model 

HG scattering factor  

(g) 

RMSE%  

ω = 0.3 

RMSE% 

 ω = 0.6 

RMSE%  

ω = 0.9 

-0.7 0.96 1.6 4.62 

-0.35 0.95 2.45 3.38 

0 (Isotropic) 1.74 3.74 3.3 

0.35 1.68 3.61 3.18 

0.7 0.49 1.18 5.39 

3.3 Isotropic scattering  

The case of isotropic scattering (g = 0) offers an ideal point of reference to evaluate the 

accuracy of the SFM-HG model proposed in this study. The scattering probabilities 

estimated with the SFM-HG with Eqs. 27-29 results in pf = 0.519, pb = 0.381 and ps = 

0.025, which differ from the theoretical values of the SFM for isotropic scattering (SFM-

ISO), pf = pb = ps = 1/6 = 0.167 (i.e. scattering probabilities must be equal [35]). These 

discrepancies between SFM-ISO and SFM-HG are attributed to the divergence in the 
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directional approach for scattering adopted in MC simulations and SFM. Despite both 

models are 3-dimensional, the MC model considers scattering to occur in N-directions 

while SFM in 6-directions only. Thus, the theoretical pb and pf for isotropic scattering of the 

SFM hardly match with those obtained from fitting the SFM-HG to the MC model.  

Figs. 7 and 8 show the normalized profiles of the LVRPA and TRPA for the slab calculated 

from the MC model and the SFM-ISO and SFM-HG model prediction for isotropic 

scattering. The SFM-ISO appears to overestimate the radiation absorption in the 

photoreactor by approximately 10% at such high value of the scattering albedo (ω = 0.9), 

with the error diminishing at smaller albedos [14]. It is further observed that both models 

do not predict the maxima observed at very small x/L values by the MC model, which gives 

a rigorous representation of the radiation field, although SFM-ISO fails by a larger margin. 

The more accurate representation of the radiation field by the SFM-HG model originates 

from fitting it to the MC model in the first instance, to determine the dependence of the 

scattering probabilities from the asymmetry factor g (Eqs. (27-29)). A more accurate fit of 

the MC model results with the SFM has been shown for a diffusively reflecting phase 

function with pf = 0.11, pb = 0.71 and ps = 0.045 [14]. 
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Fig. 7. Normalized LVPRA in the slab photoreactor. MC model (diamonds) and SFM-

ISO/SFM-HG (lines). Optical properties ω = 0.9 and τ = 10. 
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Fig. 8. Normalized TRPA for a slab photoreactor. MC model (diamonds) and SFM-

ISO/SFM-HG (lines). Optical properties ω = 0.9. 

 

3.4 Application of SFM-HG to solar heterogeneous photocatalytic reactors 

Satuf et al. [21] reported the HG asymmetry factor as a wavelength-dependent magnitude 

for different commercial brands of titanium dioxide photocatalyst. By combining the solar 

radiation spectrum taken from [40] with the data reported by Satuf et al., a solar spectral 

averaged HG asymmetry factor could be obtained by the equation:  

 
max

min

max

min

g I d
g

I d

λ

λ λλ
λ

λλ

λ

λ
=
∫
∫

  (32) 
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where λmin = 295 nm and λmax = 405 nm are the upper and lower limits of the interception of 

the solar radiation and the TiO2 absorption spectrums. 

Table 3 reports the average HG asymmetry factor and their corresponding SFM-HG 

scattering probabilities for three commercial brands of TiO2 studied by Satuf et al. Forward 

scattering predominates for every photocatalyst. Similar results have been found for TiO2 

P25, with g = 0.68 [30] and 0.3 < g < 0.9 depending on wavelengths [17], which suggests 

that predominantly forward scattering with positives values of g (usually higher than 0.5) 

are more suitable for describing the scattering phenomenon of irradiated aqueous 

suspensions of titanium dioxide.  

Replacing the solar spectral averaged HG asymmetry factors in Eqs. (27-29) the SFM-HG 

scattering probabilities were calculated for each commercial photocatalyst (Table 3). In 

contrast to the SFM-DR [14] with scattering probabilities invariant with catalyst type 

(Table 3), the SFM-HG can now differentiate between photocatalysts types through the 

appropriate estimation of the HG asymmetry factor. Therefore, accurate modeling of the 

radiation field using the SFM-HG is subject to determining, by appropriate experimental 

methods [21], the HG scattering phase function of the photocatalyst. Therefore, the SFM-

HG becomes more accurate and precise than simply using the SFM-DR for the modeling 

the radiation field in photocatalytic reactors. This feature relies on the use of the HG phase 

function under consideration.   

  

Table  3. SFM-HG scattering probabilities for the average HG asymmetry factor for solar 

irradiation of aqueous suspension of commercial TiO2 photocatalysts.  

Photocatalyst g pf pb ps 
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Aldrich 0.53 0.754 0.133 0.028 

P25 0.53 0.754 0.133 0.028 

Hombitak 0.57 0.774 0.113 0.028 

Xa -- 0.11 0.71 0.045 

aThis row was introduced to compare the SFM-HG against the SFM scattering probabilities 

reported by Brucato et al. [14] for a Diffuse Reflectance phase function in which for any 

“X” photocatalyst the scattering probabilities are the same.  

The tubular and CPC solar photocatalytic reactors described by Colina-Márquez et al. [6] 

were considered as illustrative examples, to evaluate the performance of the SFM-HG in 

the modeling of solar photoreactors. The photoreactors of radius RR = 1.65 cm were 

operated with TiO2 Degussa P25 with average optical properties: σ = 1295.75 m2/kg, κ = 

174.75 m2/kg and scattering albedo ω = 0.88, which were calculated from the optical 

properties of the catalyst [21] combined with the solar radiation spectrum [40]. The incident 

radiation was I0 = 30 W/m2.  

Fig. 9 illustrates the LVRPA distribution in the CPC reactor calculated using the SFM with 

the diffuse reflectance phase function (SFM-DR) and the SFM-HG adapted to this 

geometry (see [6] for more details). By close inspection better radiation absorption toward 

the inner regions of the CPC tube is observed (Fig. 9b). This results directly from the nature 

of the HG function, which for TiO2 is described by predominantly forward scattering (g = 

0.53), favoring the penetration of photons into the reactor volume, and in consequence a 

reaching a higher degree of photon absorption. In contrast, the predominantly back 

scattering nature of the DR phase function causes photon to be redirected to their entry 

points (see Figure SD3 in Supplementary Data for a schematic representation of the rays 
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entering the photoreactor window), leading to a higher loss of photons through the reactor 

walls. 

 

 

Fig. 9. LVRPA distribution in a CPC photoreactor for TiO2 P25 as photocatalyst. a) SFM-

DR (pf = 0.11, pb = 0.71, ps = 0.045) b) SFM-HG g = 0.53 (pf = 0.754, pb = 0.113, ps = 

0.028). Catalyst load, Ccat = 0.3 g/L. 

As further verification, the TRPA per unit of reactor length [6], which offers a broader view 

of the photon absorption in tubulars and CPC photoreactors, was calculated by integration 

of the LVRPA across the cross section of the CPC reactor:  

 
2

0 0

RR

TRPA / H LVRPA(r, )rdr d
π

θ θ= ∫ ∫   (33) 

and this yielded 1.12 W/m with the SFM-DR model (Fig. 9a) and a higher value equal to 

1.45 W/m with the SFM-HG (Fig. 9b) model, since photons penetrate deeper in the inner 

regions of the reactor. Similar results were determined in the tubular reactor, as shown in 

Figure SD4 in Supplementary Data.  
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3.4.1 Phase functions and their impact on the optimization of radiation absorption of 

solar photoreactors 

The impact of different phase functions on the radiation field of photoreactors has recently 

been investigated in literature [16,17], however, there is a lack of information on its 

significance with regards to the optimization of radiation absorption is solar photoreactors.  

Derived from the SFM approach, the apparent optical thickness τapp has been proposed as a 

key parameter for the design and optimization of photocatalytic reactors [6,35]. τapp 

includes the same advantages related to the use of the optical thickness as a design 

parameter (i.e. the removal of the effect of the catalyst concentration and reactor 

length/diameter on the prediction of an optimal radiation field), however in addition, it also 

removes the effect of the scattering albedo ω [6,35]. In other words, τapp incorporates in one 

single parameter the effect of catalyst loading, reactor dimension and scattering albedo, 

allowing easy design and optimization of photocatalytic reactors. τapp for the tubular and 

CPC configurations is given in terms of the tube diameter (2RR) as τapp,max [6]: 

 21app ,max max corraττ  ω= −   (34) 

where τmax is the maximum optical thickness, defined as: 

 2max cat RC ( R )t β=   (35) 

with β the specific extinction coefficient averaged across the solar radiation spectrum and 

Ccat the catalyst load. Fig. 10 reports the TRPA/H vs τapp,max as a function of the scattering 

phase function and asymmetry factor for CPC photoreactors, operated with TiO2 Degussa 

P25 (scattering albedo ω = 0.88). It is observed, that the total radiation absorption increases 

with forward scattering (greater values of g), which facilitates the penetration of photons in 
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the inner region of the reactor tube. In addition, it is also shown that the value of τapp,max 

which maximizes radiation absorption in the CPC (i.e. the optimum value at which the 

photoreactor should be operated), is not affected by the phase function or scattering mode. 

The optimum τapp,max = 12 is significantly higher than that for tubular reactor (τapp,max = 7) 

and a flat-plate (τapp = 4.5) since the proven superior radiation absorption for a CPC allows 

this reactor to be able to bear more catalyst load before reaching the maximum value of 

radiation absorption. This is attributed, using common language, to the clouding effect due 

to the increase in the amount of suspended particles [6], a very relevant feature because in 

heterogeneous photocatalysis reaction rates are expected to be proportional to the catalyst 

concentration [41]. This outcome agrees with an early study by Li Puma and Brucato [35] 

who demonstrated through the comparison of the SFM and the Two Flux Model (TFM) 

(TFM is a singularity of the SFM with pf = 0, pb = 1, ps = 0, i.e. photons are totally 

backscattered,) that the optimum apparent optical thickness for an annular reactor was 

invariant regardless of the radiation model used, SFM or TFM. This is because the 

parameters ωcorr and a in Eq. 34 incorporate the scattering nature through the SFM/SFM-

HG scattering probabilities (see Eqs. (12-14)).  

In summary, the results here presented confirm the apparent optical thickness, τapp or τapp,max  

for tubes, as the most suitable parameter for photocatalytic reactor design, operation and 

optimization, because such parameter is insensitive to scattering albedos and phase 

functions. This analysis can be easily extended to the tubular configuration and the results 

are reported in Figure SD5 of Supplementary Data.   
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Fig. 10. Effect of the scattering mode/phase function on the optimum maximum apparent 

optical thickness. The profiles were calculated by keeping constant the optical properties 

reported for TiO2 P25 (σ = 1295.75, κ = 174.75 m2/kg, ω = 0.88), while the scattering mode 

was varied by changing the HG asymmetry factor and including the DR phase function. 

4. Conclusions 

 

In this study, we have presented the SFM-HG. This new version of the SFM, which 

incorporates the Henyey-Greenstein phase function, was validated by comparison to Monte 

Carlo simulations. The SFM-HG retains the simplicity of the SFM approach and adds a 

more accurate representation of the scattering phenomenon, since it removes the theoretical 

assumptions of the nature of scattering by the suspended catalytic particles made by the 

former SFM, relying instead on experimentally determined HG scattering data of 
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photocatalysts. The SFM-HG is able to differentiate between photocatalysts, commercial 

brands and even operational conditions by means of the HG asymmetry factor, which 

improves the accuracy in radiation field modeling.  

In addition, the SFM-HG model allowed the evaluation of the radiation absorption of solar 

pilot photoreactors and the impact of the scattering phase function. As result, it was shown 

that forward scattering favors radiation absorption due to better penetration of photons into 

the reactor volume. The maximum apparent optical thickness derived from the SFM-

HG/SFM was confirmed as an ideal parameter for photoreactors design and optimization, 

since it is insensitive to the phase function. It is believed that the SFM-HG represents an 

advance in the path of simplified modeling and scale-up of photocatalytic systems for 

environmental, renewable energy and photochemical applications. 
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Highlights  

• The coupling of Six Flux Model to the Henyey-Greenstein phase function is 

achieved. 

• The model is validated by comparison to Monte Carlo simulations.  

• The model discerns the photocatalysts scattering modes. 

• Phase functions evaluated on radiation absorption of solar reactors for first time. 

• Photoreactors optimization including the effect of phase functions is presented. 

 

 


	1. Introduction
	1.1 Slab geometry photoreactor setup

	2. Mathematical methods
	2.1 Monte Carlo radiation field model
	2.2 SFM-HG model
	2.2.1 SFM structure
	2.2.2 SFM-HG structure
	2.2.3 Optimization procedure


	3. Results and discussion
	3.1 Determination of correlations for SFM-HG scattering parameters
	3.2 Validation of SFM-HG
	3.3 Isotropic scattering
	3.4 Application of SFM-HG to solar heterogeneous photocatalytic reactors
	3.4.1 Phase functions and their impact on the optimization of radiation absorption of solar photoreactors


	4. Conclusions

