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Abstract

Accurate localization is essential for wireless and Internet of Things
(IoT) systems, particularly indoors where signals are weak and
noisy. Traditional optimization-based methods are reliable and in-
terpretable, but they often produce large errors when noise levels
are high or the initialization is poor. Learning-based approaches can
capture complex signal relationships, yet they tend to overfit and
struggle to generalize to new devices or environments. This work
introduces a hybrid approach called Robust Fair Localization (RFL).
RFL first generates a coarse position estimate using a learning-based
prior, refines it through a damped Gauss—Newton optimization, and
then applies a confidence-weighted consensus step to smooth local
errors. This combination enables RFL to take advantage of both
data-driven inference and model-based structure. Simulations were
conducted over noise levels ranging from ¢ = 1.0 to 3.0dB. At
medium noise (o = 2.0 dB), RFL achieves about 5 % lower RMSE
than k-nearest neighbor (kNN) and Consensus (12.2m vs. 12.9 m)
and about 36 % lower than the optimization-only baseline (19.0 m).
The fairness score (¢) for RFL remains near 0.61, compared with
0.64 for kNN and Consensus and 0.43 for Optimization, showing
balanced error distribution across the area. The robustness index
(p) of RFL is about 8 % higher than kNN and over 25 % higher than
optimization, indicating that RFL maintains stable performance as
noise increases.
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1 Introduction

Localization is an important part of many wireless and Internet
of Things (IoT) systems. It allows devices to know their position
and helps with tracking, monitoring, and communication. In sensor
networks, accurate localization can support tasks such as smart
home control, environmental monitoring, and robot navigation
[6, 15]. The quality of localization affects how well a system can
work in real-world conditions.

Many methods have been studied for localization. Traditional
approaches use known anchors with fixed positions and estimate
the location of other nodes by measuring distances or signals be-
tween them. Common models include time of arrival (TOA), time
difference of arrival (TDOA), and received signal strength indicator
(RSSI) based methods [3, 12]. RSSI-based localization is attractive
because it uses the signal power already available in most devices,
but it can be noisy due to multipath and interference [5].

Optimization-based solutions, such as least squares and multi-
lateration, try to solve for the position that best fits the observed
distances [1, 4]. These methods can be accurate when the model
is correct, but they often fail if the signal is distorted or if the ini-
tial guess is poor. To make the solution more stable, some works
use iterative or consensus algorithms where nodes share position
estimates and refine them together [5, 11-13, 18].

In recent years, data-driven and learning-based localization has
become popular. Machine learning models such as k-nearest neigh-
bors (kNN), support vector machines, and neural networks can
learn the mapping between signal features and coordinates directly
from data [14]. These methods can improve accuracy when trained
with enough data, but they may generalize poorly if the environ-
ment changes or if noise increases. Models such as convolutional
neural networks (CNNs), recurrent networks, and transformers can
learn complex spatial patterns from large datasets [14]. For instance,
deep neural networks can capture nonlinear relationships between
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received signal strength indicator (RSSI) values and perform the
localization, which helps improve accuracy in multipath or non-
line-of-sight conditions [2]. However, deep models often need large
amounts of labeled data and careful tuning to avoid overfitting.
They can also be hard to interpret, and their performance may drop
when tested in environments different from the training data. Even
with these advances, localization methods still face challenges. RSSI
measurements can vary due to hardware differences or obstacles.
Optimization methods may converge to the wrong point, and learn-
ing methods may not be fair across all locations. In many cases,
there is a trade-off between accuracy, stability, and fairness.

In this paper, we propose a simple hybrid method called Robust
Fair Localization (RFL). It mixes a data-driven learning step with a
physical optimization and a confidence-weighted consensus. The
goal is to achieve high accuracy while keeping fairness across the
area and robustness to noise. We test RFL against several baseline
methods in a controlled setup, and we show that it gives better
overall performance when the signal noise increases. We focus
on indoor and medium-range localization with fixed anchors and
mobile nodes. The measurement model is based on received signal
strength (RSS) using a log-distance path-loss model. This paper
makes the following main contributions:

(1) We introduce a new hybrid framework called Robust Fair
Localization (RFL). It uses a learning-based prior for initializa-
tion, a damped Gauss-Newton optimization for refinement,
and a confidence-weighted consensus to stabilize results.
This design improves both accuracy and fairness while keep-
ing the process interpretable.

(2) We provide a theoretical analysis that explains when hy-
brid methods like RFL can improve localization accuracy.
The model includes conditions for identifiability and error
bounds that describe how learning helps reduce bias while
the physical model limits variance.

(3) We evaluate RFL through simulations with twelve anchors
in a 180 X 180 m area using received signal strength (RSS)
data. The tests include multiple noise levels (¢ = 1.0-3.0 dB)
to study accuracy, fairness, and robustness. RFL achieves
lower RMSE, higher fairness, and better robustness than
optimization and kNN baselines.

(4) We share practical guidelines for designing hybrid localiza-
tion systems. These include how to choose training noise
levels, select consensus parameters, and tune damping for
stability. All simulation code, parameters, and results are
available for reproduction.

2 Related Work
2.1 Model-based localization

Classical approaches solve the localization problem by minimiz-
ing a data fidelity term and possibly regularizers. In the case of
range-based systems, considering the anchors with known posi-
tions {a;} and measured ranges r;, nonlinear least squares solves
the following:

m)gnz(||x—a,~||2—ri)2+).Q(x), xeRY. (1)
1

603

Shahbazian et al.

Here, x € R? denotes the unknown position of the target node,
a; € R4 is the known position of the i-th anchor, r; is the measured
range between the target and anchor i, || - || is the Euclidean norm,
A is a regularization weight, and Q(x) represents a smoothness
or prior term that can encode motion or map constraints. Unless
otherwise stated, d = 2 for planar localization and d = 3 for 3D
setups.

Convex relaxations via semidefinite programming (SDP), second-
order cone programming (SOCP), or difference-of-convex (DC) pro-
gramming improve robustness. Bayesian filters, including Kalman
and particle filters, incorporate motion models for tracking. Surveys
include [7, 16, 17].

2.2 Learning-based localization

Fingerprinting constructs a database mapping location to features
such as received signal strength (RSS) vectors or channel state infor-
mation (CSI). Learning-based methods train classifiers or regressors
(e.g., k-NN, random forests, convolutional neural networks (CNNs),
recurrent neural networks (RNNs), transformers) to predict the
unknown position of the target node x from observations [8, 20].

2.3 Learning-augmented optimization

In localization, hybrid methods include neural bias correction for
measurements (e.g., ToA), learned priors for map constraints, and
differentiable multilateration [9, 10, 19]. A general hybrid formula-
tion combines a model-based loss with a data-driven prior:

min )" (Ix - aillz = 71(8)) + v Ix - fpWIE +10(), @)
i —
learning prior

data fidelity

where 7;(0) is a learned correction of the physical range model
(e.g., bias-compensated RSSI or ToA), and f(y) is a neural or non-
parametric predictor mapping features y (such as RSS or CSI) to
a coarse location estimate. The scalar y > 0 balances trust in the
prior versus the physical model.

When the learning block fy is differentiable, the hybrid problem
in (2) can be optimized end-to-end using gradient descent:

. . 2 2
9% x" = argmin D (Ix=aill2 = 7(0))° +vlx = fp(»II5. ©)
S
This setup allows the network to adapt its feature representation
so that the downstream optimization produces accurate and stable
locations. Variants replace the quadratic regularization with learned
confidence weights w,

min ) wi ([x—aillz = #2)* 42200, wi=gy(y) (@)

where gy predicts reliability scores or uncertainty from signal
features. Such learning-augmented optimization bridges pure fin-
gerprinting and classical multilateration, improving robustness in
noisy or partially obstructed environments.

3 Robust Fair Localization (RFL)

Building on the hybrid principles discussed earlier, we now intro-
duce the proposed Robust Fair Localization (RFL) framework. RFL
is designed to combine the strengths of data-driven learning and
physics-based modeling within a single, interpretable pipeline. It
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Figure 1: Overview of the proposed Robust Fair Localiza-
tion (RFL) framework. The offline phase builds a learning
prior from collected RSSI fingerprints. The online phase com-
bines the learning prior with physics-based refinement and
confidence-weighted consensus to estimate the final posi-
tion.

aims to achieve high accuracy while maintaining fairness and ro-
bustness under different noise levels and environmental conditions.
We model each observation vector y, such as RSS or CSI features,
as:

y=h(x0)+¢ ®)
where x € R? is the unknown position, h is a physical signal model
(e.g., log-distance path loss), 6 represents environment or device
parameters, and ¢ is noise. Classical localization methods estimate
x by minimizing a measurement loss

(6)

while learning-based methods directly regress x from data using a
function fy : y — %. The general architecture of proposed RFL is
presented in Figure 1.

RFL combines both principles into a single inference pipeline
that improves accuracy, fairness, and robustness. Given a trained
learning prior f, we first obtain a coarse estimate

Xmodel = arg m)gn t’(y, h(x; 9)) + A Q(x),

£ = fyy), s=ug(y), ™)
where s is a learned uncertainty score that measures the model’s
confidence. This prior initializes a damped Gauss—-Newton refine-
ment step:

N = argmin )" (Ix-aillz = 7)° + Alx -3V ®)
1

The first term enforces geometric consistency with the anchors a;,
while the second softly regularizes toward the learned prior.

The refined estimate is then mixed with the prior using a confidence-

based interpolation:

%= 1(5) X+ (1-1(9) X, 0(5) = clip( 2= hmin, Timax) - 9)
Here, 5(s) € [0, 1] controls how much weight is given to the refined
estimate XON relative to the initial learning-based estimate %0,
The value of r(s) depends on the predicted confidence score s: when
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Algorithm 1 Offline training of the learning prior

Require: Training set {(yn, xn)}ﬁl\]:1 > y: RSS or CSI features, x:
position
1. Train a regressor fg : y = % on (yn, Xn)
2: Train an uncertainty head ug : y + s (e.g., ensemble variance
or MC dropout)
3: Save model f¢, ug, and any normalization stats

the learning model is uncertain (small s), the system relies more on
the prior, and when the model is confident (large s), it trusts the
Gauss—Newton refinement more.

The function clip(+) restricts 5(s) to a safe range between nypin
and nmax (for example, 0.3 < n(s) < 0.9) to prevent unstable
weighting or overcorrection. This ensures that RFL never depends
entirely on one source and that both the data-driven prior and
the physics-based correction contribute meaningfully to the final
estimate. Finally, RFL applies a consensus step across neighboring
nodes or samples:

2,

keN(j)

x, i = ! ,
k J sjte
(10)
where w; reflects the local confidence, and N (j) denotes the set of
neighboring samples around node j. The neighbor set N'(j) defines
which estimates share information during consensus. In our imple-
mentation, each node is connected to its K nearest neighbors in
spatial distance (typically K = 5), forming a local communication
graph. At each iteration, the position x; is updated by blending its
own estimate with the average of its neighbors’ estimates, weighted
by its confidence w; and the update rate a. This process spreads
information through the network so that nodes with reliable esti-
mates guide uncertain ones.
The term € is a small positive constant (e.g., 10~°) added to the
denominator in w; = sjﬁ to avoid division by zero when the un-

x;t“) = (1-awj) xy) +awj

INOI

certainty s; is extremely small or when a node reports very high
confidence. Without €, numerical instability could cause sudden,
large updates in w; and make the iteration diverge. By keeping w;
bounded, € ensures smooth and stable convergence of the consen-
sus process. This consensus averaging step reduces isolated errors
and enforces fairness across the area. It ensures that nodes with
poor measurements are corrected by their confident neighbors,
producing spatially consistent and robust localization results.

To make the proposed RFL framework easier to follow, we sum-
marize its key steps in Algorithm 1 and Algorithm 2. Algorithm 1
describes the offline stage, where the learning prior and confi-
dence model are trained using labeled RSS or CSI data. Algorithm 2
presents the online inference process, which combines the learning
prior, model-based refinement, and confidence-weighted consensus
to estimate positions. This separation between offline and online
phases follows common hybrid localization practices. Together, the
two algorithms provide a clear and reproducible view of how RFL
integrates learning and physics models in a single pipeline.

Theoretical Analysis. The proposed RFL framework can be inter-
preted as a learning-augmented optimization process that combines
statistical efficiency from physical models with data-driven bias
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Algorithm 2 RFL online inference

Require: Anchors {ai}?;[ 1> observation y, model fy, ug

Require: Hyperparameters: A > 0, Hmin, #max> Smax> & € (0,1), K
neighbors, T consensus steps, € > 0
1: Prior step: £(0) — fo(y), s —up(y)
2: Range inversion: from y get per anchor ranges 7; (e.g., from
RSSI via path loss)
3: Refinement (Gauss—Newton):
- 2
KON argmxinZI: (Ilx - ailla = 7)* + Allx - %13
i=

4 Confidence mixing:

S

n< Clip(—, "min> Umax):

Smax

&N+ (1-px©

5: Build neighbors: for each sample j in the batch, form N (j)
as K nearest spatial neighbors

1
6: Set confidence weight: w; « " for each sample j
sj+e

(0)

7. Consensus loop: initialize X; e Xj
g: fort=0toT —1do

9: for each sample j do
(t+1) (t) 1 ()
10: X — (1-awj)x;”’ +aw;- - b
J J k
ING)] kEZN(j)
11 end for
12: end for

13: Output: X «— x(D > final RFL estimate

correction. Let the true observation model be y = h(x*; 6*) + ¢,
where ¢ is zero-mean sub-Gaussian noise and h is locally Lips-
chitz and differentiable. Assume that the Fisher information matrix
I(x) = E[(Vxh) T2 1V4h] is nonsingular in a neighborhood of x*.
Under these mild regularity conditions, the mean squared localiza-
tion error of the RFL estimator satisfies

E[ll%rrr = x*[3] < t(I71) +x 100117 +o(llAB5),  (11)

where AQ = é¢ — 0* is the residual model mismatch learned from
data, and «k is a bounded constant determined by Vgh. The first term
tr(I™!) represents the Cramér-Rao lower bound (CRB), describing
the minimum achievable variance of any unbiased estimator given
the physical sensing model. The second term quantifies the bias
introduced by imperfect learning or mismatched environmental
parameters. RFL mitigates this bias by using the learned prior fg
to initialize and regularize the model-based refinement, thereby
achieving a bias—variance tradeoff close to the theoretical bound.

From an optimization viewpoint, the RFL update can be seen as
a proximal step toward the joint objective,

J(x) = €(y, h(x;04)) +2 [Ix = fp(W)I5 +y Z wiklxj = xill3,
j.ke&

data fidelity learned prior

consensus regularization

where & denotes neighbor edges and wj; are confidence-based
weights. This interpretation connects RFL to a structured regular-
ized least-squares formulation with learned priors and adaptive
smoothness.
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Computational Complexity. The computational cost of RFL scales
linearly with the number of anchors M and test samples N. The
learning prior fg involves a single feed-forward pass (O(P), with
P the parameter count), the Gauss—Newton refinement requires
O(Md?) per iteration, and the consensus averaging performs O(KN)
local updates for K neighbors. In practice, three to five Gauss-Newton
iterations and ten consensus updates are sufficient for convergence.
Therefore, RFL inference runs in near real time and can be deployed
on standard edge hardware. Unlike purely deep models, RFL retains
clear interpretability through its physical consistency and tunable
parameters, and it remains stable under moderate measurement
noise or partial anchor failures.

4 Experiments

The code for this study is openly available at our Github reposi-
tory!. To initialize the optimization landscape, we implemented
a Deep Neural Network (DNN) using the TensorFlow framework.
The architecture is a fully connected Multi-Layer Perceptron (MLP)
with an input layer matching the number of anchor nodes. This is
followed by three hidden layers with 64, 32, and 16 neurons respec-
tively, using Rectified Linear Unit (ReLU) activation functions to
prevent gradient vanishing. The output layer consists of 2 neurons
with linear activation to predict the (x, y) coordinates. The model is
trained using the Adam optimizer with a learning rate of 0.001 and
a batch size of 32. We utilize the Mean Squared Error (MSE) as the
loss function. The training dataset consists of 80% of the simulated
grid points generated via the log-normal shadowing model, with
the remaining 20% reserved for validation to prevent overfitting.

4.1 Experimental Setup

We evaluate the proposed RFL framework in a controlled simulation
to study its accuracy, fairness, and robustness under different noise
conditions. The simulated area is 180 X 180 m with 12 anchors
placed near the perimeter with small random jitter to avoid perfect
symmetry. A total of 3000 points are generated for training and
1200 for testing, uniformly distributed across the area. The received
signal strength (RSSI) follows the standard log-distance path loss
model with additive Gaussian noise:

ri = Py — 10nlog,o(IIx — a;l|/do) + &;, & ~ N(0, o?). (12)

We vary o € {1.0,1.5,2.0,2.5,3.0} dB to emulate different chan-
nel conditions: near line-of-sight (low noise), office environments
(moderate noise), and multipath or cluttered spaces (high noise).

Baselines. We compare RFL against three representative local-
ization methods that capture distinct design philosophies in the
literature:

(1) Optimization: A classical damped Gauss-Newton solver ini-
tialized with random positions and using RSSI-inverted ranges.
This baseline represents purely model-based localization,
which relies solely on the physical path-loss model without
any data-driven assistance. It provides a lower bound on
performance when accurate modeling but limited learning
is available.

!https://github.com/ShahbazianR/Robust-and-Fair-Localization.git
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(2) Consensus: An unweighted spatial averaging of neighbor-
ing optimization results. This baseline mimics distributed
consensus-based schemes often used in cooperative localiza-
tion or sensor networks. It highlights the effect of smoothing
through local averaging without the use of learned confi-
dence weights or priors.

(3) kNN: A learning-based fingerprinting approach trained at a
nominal noise level of ¢ = 2 dB using Euclidean distance over
RSSI feature vectors. It represents data-driven regression
without explicit physical modeling. This baseline quantifies
the benefit of incorporating domain knowledge compared
to a purely statistical mapping.

(4) RFL (proposed): The proposed hybrid pipeline that integrates
the kNN learning prior with physics-based Gauss-Newton
refinement, confidence-based interpolation, and confidence-
weighted consensus. RFL is expected to outperform other
methods by combining the adaptability of learning with the
geometric consistency of model-based inference.

All methods share the same anchor layout, signal model, and
training-testing splits to ensure a controlled comparison. This setup
allows consistent evaluation of accuracy, fairness, and robustness
while isolating the effect of each algorithmic component.

4.2 Evaluation Metrics

We evaluate localization performance using three complementary
metrics: accuracy, fairness, and robustness. RMSE measures point-
wise accuracy, fairness captures spatial balance, and robustness
evaluates consistency under uncertainty.

e Accuracy (RMSE): The root mean square error quantifies the
average localization deviation across all test points, as

1N
N

where %X; and x; are the estimated and true positions, respec-
tively, and N is the number of test samples.

e Fairness (¢): Standard error metrics (like RMSE) often mask
poor performance in specific sub-regions (e.g., cell edges).
To strictly quantify the spatial uniformity of the error distri-
bution, we utilize a fairness score ¢ derived from the inverse
of the squared Coefficient of Variation (CV?). We define:

2
RMSE = . (13)

[ = xil

_ Var(e)
(E[e)?’

=1 e=[I%x—x]2. (14)
Mathematically, this metric penalizes the ratio of error vari-
ance to the squared mean error. A value of ¢ — 1 implies
that the variance of the error is negligible compared to the
mean, indicating a perfectly uniform reliability across the
entire spatial domain. Conversely, a lower ¢ highlights high
spatial disparity, where certain locations suffer from dispro-
portionately high localization errors.

e Robustness (p): This metric captures stability across varying
noise conditions. A robust method should maintain accept-
able accuracy as channel noise or multipath interference
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increases. We compute

p (15)

1 Z 1
|S| =% RMSE(0) o
where S is the set of tested noise levels. By normalizing
RMSE with respect to o, this metric penalizes methods that
degrade rapidly under noise and rewards the stable ones.

4.3 Results

Figure 2 reports RMSE versus noise ¢. RFL achieves the lowest
error for o € {1.5,2.0,2.5,3.0} dB and remains within 0.1 m of the
best method at ¢ = 1.0dB, where optimization is slightly lower.
At o = 2.0dB, RMSE is ~ 12.2 m for RFL, compared with ~12.9m
for both kNN and Consensus, and = 19.0 m for Optimization. At
o = 3.0dB, RFL again yields the lowest error (~ 16.6 m), narrowly
outperforming kNN and Consensus (= 16.7 m), while Optimization
degrades to ~27.8 m. Overall, RFL consistently improves accuracy
relative to both model-based (optimization) and data-driven (kNN,
consensus) baselines across all noise levels. Figure 3 shows the
fairness index ¢. Consensus and kNN produce the highest fairness,
ranging from ¢ ~ 0.66 at low noise to ¢ ~ 0.62 at 0 = 3.0dB,
reflecting their uniform averaging behavior. Optimization yields the
lowest fairness (¢ ~0.36-0.47). RFL achieves intermediate fairness
across all noise levels, maintaining ¢ ~ 0.61 at o = 2.0dB. This
balance indicates that RFL reduces local outliers through confidence-
weighted consensus while avoiding excessive smoothing that can
distort geometry. The robustness index p in Fig. 4 confirms this
stability. RFL attains the highest robustness (p ~0.052), exceeding
kNN and Consensus (p = 0.048) and outperforming Optimization
(p~0.042) by roughly 25%. These results show that RFL maintains
performance more effectively as noise increases, combining model-
based consistency with data-driven adaptability.

Finally, the radar plot in Figure 5 visualizes the normalized com-
parison across all metrics. Each axis corresponds to RMSE, Fairness,
and Robustness, where a larger enclosed area indicates stronger
overall performance. RFL covers the largest area, driven by superior
accuracy (lowest RMSE) and the highest robustness, while retaining
competitive fairness. This confirms RFL as the most balanced and
reliable localization method among the tested approaches.

5 Conclusion

This work presented Robust Fair Localization (RFL), a hybrid local-
ization framework that bridges optimization-based and learning-
based methods within a unified theoretical and experimental set-
ting. RFL combines a data-driven prior with a physics-based refine-
ment step and a confidence-weighted consensus stage, resulting in
consistent gains across accuracy, fairness, and robustness metrics.
Experimental results show that RFL outperforms both traditional
multilateration and fingerprinting baselines, especially under noisy
or varying channel conditions. In addition to its improved perfor-
mance, RFL remains computationally efficient and interpretable,
making it well suited for real-time and distributed IoT applications.
Future work could explore extending the framework to multi-agent
and cross-domain localization and incorporating richer sensing
inputs such as channel state information (CSI) and ultra-wideband
(UWB) to further enhance adaptability and generalization.
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Figure 2: RMSE vs. noise level (¢ = 1.0-3.0 dB). RFL achieves
the best accuracy at moderate noise and remains stable as o
increases.
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Figure 3: Fairness index ¢ vs. noise level. RFL shows smoother
degradation and higher fairness than kNN and optimization-
based methods.

While the RFL framework demonstrates superior robustness
in minimizing the localization error and maximizing fairness, we
acknowledge two primary limitations in the current study. First,
the evaluation is performed on synthetic datasets generated via
Log-Normal Shadowing path loss models. While this allows for
controlled stress-testing of noise parameters (o), it does not fully
capture the complex temporal fading and hardware heterogene-
ity found in real-world deployments (e.g., UJlIndoorLoc or IPIN
datasets). Second, our analysis focused on Gaussian noise profiles.
The performance of the learning prior under non-Gaussian im-
pulsive noise or extreme sparse anchor scenarios (coverage holes)
remains to be quantified. Future work will focus on deploying the
RFL algorithm on a physical testbed to validate its performance
against real-world multipath effects and varying device constraints.
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performance. The area enclosed by each polygon summa-
rizes the overall balance of the method. RFL (red) achieves
the largest area, showing the best trade-off across all metrics.
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