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PREFACE 

To mitigate the ongoing escalation of global warming and air pollution, new regulations 

have been established in the transport sector in order to minimise greenhouse gases and toxic 

emissions. To this purpose, a transition from conventional vehicles powered by an internal 

combustion engine towards more sustainable solutions has been fostered by governments 

and regulatory bodies worldwide. In this regard, the hybrid electric powertrain appears as an 

effective alternative to be widely adopted in the short term. 

The powertrain of a hybrid electric vehicle (HEV) includes an internal combustion engine 

and an electric unit. The synergy between these two power sources leads to a significant 

reduction of both fuel consumption and emissions, avoiding the most critical issues that 

affect pure electric vehicles, i.e., the low range and the need for significant enhancements to 

the electric infrastructure. 

Among the available hybrid technologies, the power-split powertrain is the most versatile 

solution. The speed, torque and power ratios between the engine, the electric machines, and 

the wheels are established by the power-split continuously variable transmission (PS-CVT), 

consisting of a power-split unit (PSU) that includes one or more planetary gear trains (PGs) 

and, optionally, ordinary gear trains. The PSU enables two kinematic degrees of freedom, 

making the engine kinematically decoupled from the wheels, thus being able to always 

operate close to the best efficiency. The simplest power-split layout includes a single PG, but 

some solutions deploy two or more PGs. Moreover, a system of brakes and clutches can be 

embedded in a PSU to realise multi-mode PS-CVTs, which makes available multiple power-

split layouts to select according to the current driving condition so as to pursue high-

efficiency performance. 

However, any HEV can achieve an actual reduction in fuel consumption and emissions 

in comparison with a conventional vehicle only if an effective energy management strategy 

(EMS) is implemented onboard. Hence, the demanded power should be instantaneously split 

between the engine and the battery so as to keep the ICE operating as efficiently as possible, 

minimise the powertrain power losses, and maintain the battery state of charge (SOC) around 

a desired value. 

Due to the different nature of the main components of a hybrid electric powertrain, its 

design and analysis often require expertise in several fields, e.g., mechanics, electrics, and 

control systems. Thus, owing to the two kinematic degrees of freedom of PS-CVTs, the high 
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constructive complexity, the wide variety of the feasible solutions, and the possibility of 

switching the operating mode, the power-split powertrain requires dedicated mathematical 

tools that must be accessible to scholars and engineers from different scientific areas. 

The most common approaches of the relevant literature use an equivalent representation 

of the PSU based on the lever analogy or the graph theory. The lever analogy is mainly 

adopted for analysis purposes, but it is not suitable to address more complex PS-CVTs with 

ordinary gearing and multiple modes. On the other hand, the graph theory is mainly adopted 

in the design stage, but the enabled design procedure relies on a merely explorative approach 

achievable only by the aid of extensive computation, which hinders the designer's awareness 

towards the optimal solution. Moreover, both approaches are not suitable for a rapid 

assessment of the PSU power losses, which, thus, are often neglected. 

On the contrary, this dissertation aims to study and extend a unified parametric model for 

PS-CVTs that enables a universal formulation suitable for both analysis and design purposes. 

The mathematical treatment relies on physically-consistent functional parameters that 

univocally characterise any PSU. The resulting equations of speed, torque, and power ratios 

do not depend on the PSU constructive arrangement, which, instead, only affects the 

numerical value of the functional parameters. Moreover, a modular, hierarchical design 

procedure is enabled, as well as a rapid assessment of the PSU meshing losses. As a result, 

the model provides all the crucial features that a mathematical tool for PS-CVTs requires 

within a comprehensive formulation. 

The main advancements of this research are the extension of three previous contributions 

already available in the literature, where the fundamentals of the modular parametric design 

and the analysis of single-mode PS-CVTs with up to two PGs were addressed, as well as the 

PSU meshing losses. Firstly, the analysis procedure has been extended also to multi-mode 

PS-CVTs with any number of PGs, not only in power-split operation, but also in the full-

electric mode. This enabled a comprehensive assessment of the powertrain response, 

considering also the PSU meshing losses. Moreover, the modular design procedure has been 

used for the global design of a power-split powertrain. Thanks to the utmost generality of 

the approach, it has been applied to propose the first power-split hybridisation of an oil 

drilling rig to recover braking energy during the gravity-driven work phases. Nonetheless, 

the analysed case study has revealed that the integration of an energy management strategy 

is essential to pursue the optimal sizing of the thermal and electric unit. 

Therefore, the research has been focused also on the implementation of effective EMSs 

relying on the parametric model to assess the optimal operations of power-split hybrid 

electric powertrains. In this regard, two different approaches have been developed to 
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optimise the operation of the power-split hybrid electric powertrain. The first method deals 

with the offline assessment of the optimal operating maps resulting in the maximisation of 

the powertrain global efficiency. The second contribution integrates the unified parametric 

model within an EMS based on the model predictive control. The universal mathematical 

formulation of the parametric model and the possibility of a rapid evaluation of the PSU 

meshing losses have allowed proposing a universal model predictive controller with 

integrated mode switch and assessing how the consideration of PSU meshing losses and 

electric machines efficiency affects the controller performance, by comparing internal 

models with different complexity.   

The contents of the dissertation are organised as follows. 

Chapter 1 introduces the main features and classification of hybrid electric vehicles, 

focusing on the power-split layout. It includes several examples of commercial PS-CVTs 

and a literature review on the most common models and EMSs for the power-split 

powertrain, to highlight the literature gaps and the novelty of this research. 

Chapter 2 describes the unified parametric model that is the core of the research work 

presented in this dissertation: the universal schematisation of any power-split unit and the 

functional parameters underpinning the mathematical treatment are introduced, along with 

the equations of the speed, torque, and power ratios. The procedure assessing the PSU 

meshing losses is described. Lastly, the rearrangement for the model to be extended to the 

pure electric operation is presented. 

Chapter 3 shows how to use the model described in Chapter 2 in the analysis stage. The 

procedure for identifying the functional parameters for any exiting PSU is presented. An 

example of application on the multi-mode PSU deployed on the Cadillac CT6 has been 

proposed. 

Chapter 4 describes the hierarchical and modular design procedure enabled by the unified 

parametric model and reports the considered case study of the oil drilling rig. 

Chapter 5 and Chapter 6 deal with the problem of the energy management of power-split 

HEVs and present the offline optimisation strategy and the model predictive control 

framework, respectively. 

The Conclusions section summarises the main findings of the research activity and paves 

the path for future development in a broad perspective. 
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CHAPTER 1  

INTRODUCTION TO POWER-SPLIT HYBRID ELECTRIC 

CVTS 

According to the data released by the European Union (EU) updated to 20191 [1], the 

greenhouse gases (GHG) emitted by the transport sector have increased over the last 

decades, in contrast with the decreasing trend of other sectors. Fig. 1.1 shows the GHG 

emitted by sector in EU-27 expressed as CO2 equivalent normalised to 1990. The CO2 

equivalent is a metric measure indicating the number of metric tons of CO2 emissions with 

the same global warming potential as one metric ton of another greenhouse gas. However, 

despite the increase of the GHG emitted by the transport sector, a global emissions reduction 

has been recorded. Indeed, as shown in Fig. 1.2, the CO2 emissions caused by transportation 

accounted for the 25.8% of the total emissions in the EU in 2019, with the largest share of 

71.6% coming from the road transportation. In this respect, the highest contribution is from 

cars (60.7%), followed by heavy-duty vehicles (27.0%) and light-duty trucks (11.1%). 

Therefore, with the ‘Fit for 55’ package under the European Green Deal [2], the EU has 

adopted a series of policies to achieve the climate neutrality by 2050, pursuing a 55% 

reduction in transport-related greenhouse gas emissions by 2030. Some of these initiatives 

foster the uptake of zero- and low-emission vehicles, namely, vehicles emitting up to 50 g 

CO2/km, including battery electric vehicles, fuel cell electric vehicles using hydrogen, and 

 
1 Although latest data referring to 2020 and 2021 are also available, they have not be considered here since 

they reflect the implications of the Covid-19 pandemic. 

Fig. 1.1. Trend of greenhouse gases emitted by sector in EU-27 from 1990 to 2019 [1]. 
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plug-in hybrid electric vehicles. However, it is foreseen that new cars will be only zero-

emission starting from 2035, thus gradually moving away not only from the traditional 

internal combustion engine (ICE), but also from the hybrid electric powertrain. 

Nonetheless, the milestone of phasing out hybrid electric vehicles (HEVs) in favour of 

battery or fuel-cell electric vehicles within the next decade appears rather ambitious. As 

shown in Fig. 1.3, the car market share in 2019-2022 was still dominated by petrol and diesel 

engines, but alternatively-powered vehicles account for 47.1%. However, 32.0% of new cars 

were hybrid electric and only 12.1% were powered by battery or fuel cell [3]. This may 

indicate a certain customers’ reluctance to adopt electric vehicles, which, although they 

succeed in reducing onboard tank-to-wheel emissions, are still affected by some major issues 

including range anxiety, high cost, and battery lifetime. Furthermore, the current electric 

supply appears inadequate to bear the significantly higher demand that the widespread 

adoption of battery electric vehicles would imply, in terms of charging infrastructure [4] and 

power generation [5,6]. Indeed, carbon neutrality in the transport sector cannot be achieved 

without a full transition to renewable energy for electricity generation. Moreover, the low 

specific energy of a pure electric powertrain hinders its adoption in transportation modes 

with demanding energy requirements, such as heavy-duty vehicles, agricultural machinery, 

vessels, and aircraft. 

Fig. 1.2. CO2 emissions in EU-27 in 2019: percentage share of the global emissions by sector, 

percentage share of the transport emissions by mode, and percentage share of the road transportation 

emissions by mean of transport [1]. 



Chapter 1  Introduction to power-split hybrid electric CVTs   

7 

 

On the contrary, the synergy between the internal combustion engine and the electric unit 

in the hybrid electric powertrain overcomes the main downsides of pure electric vehicles, 

appearing suitable for rapid extensive uptake until the ultimate establishment of pure electric 

propulsion. 

1.1 Hybrid electric vehicles 

Hybrid electric vehicles take advantage of technologies from both electric and ICE-

powered vehicles and overcome their drawbacks thanks to the synergy between two different 

power sources, namely, the thermal engine and the electric unit. The electric unit includes 

the battery pack, one or two electric machines, and the power converters. The efficiency of 

the ICE is enhanced by the electrical system, which allows the engine to work within its 

most efficient functioning range by gathering surplus power for battery recharge or by 

providing a power boost during acceleration. Furthermore, regenerative braking and full-

electric driving options are also available. 

Typically, low noise, fuel saving, and reduction of CO2 emissions make the full-electric 

mode ideal for urban driving, while the involvement of the engine provides better 

performance in extra-urban driving. Nevertheless, several hybrid electric powertrains are 

available, differing in the functional architectures, depending on how the thermal and electric 

unit interact, or in the degree of electrification, related to the power size of the electric unit. 

Fig. 1.3. New EU car sales from 2019-2022 by power source [3]. 
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1.1.1 HEVs functional architectures 

The most common differentiation of hybrid electric powertrain is series, parallel, and 

combined hybrid, depending on the connections between the engine, one or more electric 

motors, and the final drive [7,8,17,18,9–16]. The combined hybrid configuration includes 

the series-parallel and the power-split architectures. Each layout determines different power 

flows and specific ways of functioning. In the following, each HEV functional set-up is 

described in terms of the functional arrangement, functioning modes, and pros and cons. 

• SERIES HYBRID 

The series hybrid architecture has been conceptualised as a full-electric vehicle provided 

with an additional energy source, namely, the ICE, to recharge the battery and extend the 

range. A series hybrid powertrain consists of the ICE and two electric machines (Fig. 1.4). 

The ICE output is connected to the first electric machine, which converts the mechanical 

power supplied by the engine into electrical energy that can be transmitted to the battery 

pack or the second electric machine. The latter acts mainly as an electric motor to propel the 

vehicle. Still, its functioning mode can be reversed into electrical generation during 

regenerative breaking to transform the mechanical power of the wheels into electrical energy 

to be stored in the batteries. Thus, the electric storage system is a bidirectional energy source 

connected to a DC power bus. An AC/DC rectifier is needed at the generator output, while a 

reversible converter is deployed to control the electric traction motor. 

The main advantage of the series hybrid powertrain is that the engine is kinematically 

decoupled from the wheels. As a result, the driveline does not strictly require any clutch or 

gearbox, in contrast to the conventional ICE-powered vehicles. Moreover, the engine can 

continuously operate within its most efficient range since the electric unit can compensate 

for any lack or surplus of power through the regulation of the torque and the speed of the 

Fig. 1.4. Series hybrid powertrain. The arrows show the possible direction of the power flows. 
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electric motor. Also, control strategies for series HEVs are relatively simple and aim to keep 

the battery state of charge (SOC) between 40% and 80%. 

Nevertheless, only one out of the three actuators onboard contributes to the vehicle 

traction, namely, the traction motor, which is sized to satisfy the total power demand. As a 

result, the powertrain encumbrance and weight are significant. Moreover, all the power 

provided by the engine must undergo multiple energy conversions from the mechanical form 

to the electrical one and vice-versa, causing considerable losses and reducing the overall 

transmission efficiency. Hence, the series hybrid is potentially more successful in urban 

driving, since the engine can operate at the most efficient point despite transient driving, 

whereas it is less efficient in extra-urban steady-state driving. For these reasons, this solution 

is mainly deployed in urban vehicles, but is less successful in touring vehicles. 

 

• PARALLEL HYBRID 

The parallel hybrid configuration has been conceived as a traditional ICE-powered 

vehicle with an additional electric power source for the high-load functioning mode, the 

regenerative braking, and the full-electric operations. Unlike the series hybrid, only one 

electric machine is needed. The ICE and the electric machine are attached to a designated 

transmission so that they can power the vehicle either individually or by summing up their 

power in parallel (Fig. 1.5). Both the ICE and the electric machine are mechanically coupled 

to the wheels. The electric machine can be used as a motor when the battery provides traction 

power or as a generator when batteries are recharged by the power supplied by the ICE or 

recovered during braking. A single reversible DC/AC converter is needed. 

Fig. 1.5. Parallel hybrid powertrain. The arrows show the possible direction of the power flows. 
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The engine and the electric machine can be mechanically coupled in a multi-shaft 

configuration by ordinary gearing or pulley and chain assembly, or in a single-shaft 

arrangement where the rotor of the electric motor is directly connected with the ICE output 

shaft. In these types of coupling, the ICE speed is univocally dependent on the wheels speed. 

Hence, a conventional transmission with clutch, gearbox, and differential gear is always 

required in the parallel powertrain. The location of the electric motor differentiates the 

parallel hybrid architecture into five subcategories, shown in Fig. 1.6 [16,19]. The P0 and 

P1 layouts are typically deployed when the electric power is small; the electric machine is 

connected to the ICE by a belt or directly mounted on the ICE crankshaft, respectively. P2 

and P3 layouts are suitable for a larger electric unit; the electric machine is located on the 

input transmission shaft or on the output transmission shaft, respectively. Therefore, the 

transmission system does not affect the torque provided by the electric motor in the P3 

layout. Moreover, in neither P2 nor P3 the engine can recharge the battery at a standstill 

because the motor is rigidly connected to the driven wheels. Furthermore, in the P2 layout, 

the energy recovered through regenerative braking must pass through the transmission. 

Lastly, in the P4 layout, also known as the “through-the-road” parallel hybrid, the ICE 

handles the traction of the forward wheels, whereas the electric motor propels the rear 

wheels. Hence, the mechanical connection between the engine and the electric machine is 

realised only through the road, indeed. The P4 configuration allows a four-wheel drive. 

The advantage of parallel hybrid, if compared to the series configuration, is that the only 

electric machine needed can be sized for a portion of the maximum power requirement of 

the vehicle. Furthermore, the lack of multiple energy conversion enhances overall efficiency. 

Nonetheless, the ICE is kinematically coupled to the wheels; therefore, a traditional 

Fig. 1.6. Parallel hybrid sub-categories depending on the position of the electric machine(s) [16]. 
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transmission with a clutch and a gearbox is required. Moreover, the ICE cannot be operated 

stationarily at its most efficient functioning point. Also, it is not possible to exploit the 

electric unit without depleting or increasing the battery SOC. 

 

• COMBINED HYBRID: SERIES-PARALLEL 

After the full development of the series and parallel architectures, new hybrid powertrains 

merging the main features of both were implemented. The simplest combined hybrid is the 

series-parallel configuration, which consists of a parallel hybrid layout with an additional 

electric machine, used as a generator, kinematically coupled to the ICE (Fig. 1.7). The other 

electric machine is used primarily as a motor to propel the vehicle or as a generator during 

regenerative braking. A clutch is deployed between the ICE and the final drive linked to the 

wheels and the second motor/generator. If the clutch is disengaged, the powertrain operates 

in the series hybrid mode; if the clutch is engaged, the powertrain operates in the parallel 

hybrid mode. 

• COMBINED HYBRID: POWER-SPLIT 

A more complex and promising solution is the power-split hybrid architecture. The core 

of this layout is the power-split continuously variable transmission (PS-CVT) that couples 

the internal combustion engine and the final drive replacing the traditional transmission 

system made up of a gearbox and a clutch (Fig. 1.8). 

A PS-CVT involves two kinematic degrees of freedom. Hence, the ICE speed is 

decoupled from the vehicle speed and a continuous variation of the transmission ratio is 

achieved by adjusting the speed of two reversible electric machines. As a result, the engine 

Fig. 1.7. Series-parallel hybrid powertrain. The arrows show the possible direction of the power 

flows. 
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can operate at its best efficiency condition, as in series hybrid configurations. Moreover, the 

engine power can be transferred to the electric unit for battery recharging but also to the final 

drive for traction, as in parallel hybrid set-ups. The driving in full-electric mode and the 

regenerative braking are also available. 

Power-split CVTs are described in more detail in Section 1.2. 

1.1.2 HEVs degree of electrification 

The degree of electrification of a HEV is defined as the ratio between the peak electrical 

power and the total peak power available on the vehicle. A higher level of electrification can 

potentially increase fuel savings and reduce emissions. However, in general, the price of the 

vehicles increases for a higher degree of electrification. The most common classification 

includes the four types of hybrid electric vehicles [9,10,14–18,20–22] differing in the size of the 

electric unit. These are briefly described in the following, along with a few examples of vehicles 

currently available in the European and American markets. 

• MICRO HYBRID 

Micro-HEVs have a degree of hybridisation lower than 10%. A small starter/generator 

operated at 12 or 48 V provides the start-and-stop system with the vehicle stationary, as well 

as mild regenerative braking. It is also used as an alternator for the additional electrical loads 

on the vehicle. Although the electric machine is not directly involved in vehicle propulsion, 

the fuel efficiency can improve around 5 to 10% in city driving. Examples of micro-HEVs 

are the Citroen C3 e-HDi, Fiat 500 Hybrid, Fiat Panda Hybrid, Suzuki Ignis, and Suzuki 

Swift. 

• MILD HYBRID 

Mild-HEVs have a higher degree of hybridisation, up to 25%. A larger electric machine, 

operating at 48 V or 90 V, provides start-and-stop, more effective regenerative braking, and 

Fig. 1.8. Power-split hybrid powertrain. The arrows show the possible direction of the power flows. 
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power assist when an acceleration boost is required. Fuel-saving can be improved by up to 

25%. Examples of mild-HEVs have been manufactured by BMW, Ford, Hyundai, Jaguar, 

Land Rover, Mazda, Mercedes-Benz, Suzuki, and Volkswagen. Micro- and mild-HEVs 

usually deploy parallel hybrid architecture in the P0 or P1 layout. 

• FULL HYBRID 

Full hybrid electric vehicles (FHEVs) have a degree of hybridisation ranging from 25% 

to 50%, thus requiring larger batteries and electric motors, as well as high-voltage systems 

(200–300 V) and complex electronics. FHEVs enable pure electric driving for a short-

medium range. Batteries can be recharged only by the surplus power provided by the engine 

or by regenerative braking. Fuel saving can be improved by 30–50% by implementing proper 

energy management strategies to enhance performance, energy efficiency, or emission 

reduction. Examples of FHEVs are available in the series hybrid configuration from Nissan, 

in the parallel hybrid configuration from Hyundai, in the series-parallel configuration from 

Honda, Hyundai, and Renault, and in the power-split configuration from Chevrolet, Ford, 

Lexus, Suzuki, and Toyota. 

• PLUG-IN HYBRID 

Plug-in hybrid electric vehicles differ from FHEVs in the degree of hybridisation, which 

is higher than 50% in PHEVs, and the recharge method, since PHEVs can be plugged into 

the power grid to recharge the battery. As a result, PHEVs can drive in a charge-depleting 

mode, during which the battery SOC on average decreases, and in a charge-sustaining mode, 

which is the only available in FHEVs, during which the battery SOC slightly fluctuates 

around a certain SOC. Moreover, PHEVs use larger batteries that provide a more extended 

range in pure-electric driving (30–60 km). The plug-in hybrid setup is mainly available in 

the parallel configuration, such as in the hybrid technologies developed by Audi, BMW, 

Citroen, Jaguar, Jeep, Honda, Hyundai, Land Rover, Mercedes-Benz, Opel, Peugeot, 

Porsche, Renault, and Volkswagen; Honda and Renault have been proposed series-parallel 

PHEVs, while power-split PHEVs have been developed by Cadillac, Ford, Lexus, Suzuki, 

and Toyota. Among the PHEVs, are the extended-range electric vehicles (E-REVs), having 

a larger electric unit. The vehicle is mainly driven in full-electric operation and the engine is 

turned on only when the battery SOC falls below a minimum level [9,10,23,24]. A Plug-in 

HEV may still rely on the ICE to reach its maximum vehicle power, whereas an E-REV has 

full power capability in electric-only operation. One example of an E-REV with a series 

powertrain is the BMW i3 RE, while the second generation of the Chevrolet Volt is a power-

split E-REV. 
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A summary of the HEVs classification based on the size of the electric unit is shown in 

Fig. 1.9 [9]. 

1.2 Power-split continuously variable transmissions 

Unlike the series-parallel concept specifically developed after vehicles hybridisation, the 

power-split transmission system had been already deployed in ICE-powered vehicles to 

improve the efficiency and the ratio spread of conventional continuously variable 

transmissions [19,25,26].  

Any PS-CVT consists of a power-split unit (PSU) and a continuously variable unit 

(CVU). The PSU is a four-port mechanism that comprises at least one planetary gear train 

(PG) and, optionally, one or more ordinary gear trains (OGs). The adoption of planetary 

gearing involves two degrees of freedom, in general, for both speeds and torques established 

on the PSU ports, that can be connected to the ICE, the wheels, and the two shafts of the 

CVU. The PSU delivers a portion of the engine power to the electric unit, as in series hybrid, 

whereas the remaining fraction is mechanically transmitted to the wheels, being involved in 

the vehicle traction as in parallel hybrid. 

Before the development of power electronics, the CVU consisted in a mechanical or 

hydraulic speed variator [27]. In HEVs, the electric unit itself is deployed as CVU, whereby 

the continuous variation of the transmission ratio is achieved by the combined use of two 

electric machines at a variable speed. Moreover, in contrast to the traditional belt variator, 

the electric unit is an active CVU, providing additional power for vehicle propulsion or 

gathering the ICE surplus power for battery recharging. 

Fig. 1.9. Classification of HEVs in terms of degree of electrification: typical values of the battery 

energy [9]. 
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The simplest PSU arrangement includes only one planetary gear train. It is generally 

known as shunt PS-CVT, which can furtherly be classified into input-split (or output-

coupled) or output-split CVT (or input-coupled). The utmost constructive simplicity of shunt 

PS-CVTs makes them one of the most successful hybrid systems in the automotive market. 

Nonetheless, a single planetary gearing either enhances the efficiency by reducing the power 

size of the variator or, alternatively, expands the overall speed ratio range. 

A more complex mechanical layout with two or more planetary gear trains leads to 

compound PS-CVTs. Compound PS-CVTs often embed a clutches system which makes 

available several constructive arrangements to select according to the current demanded 

torque and speed. Multi-mode PS-CVTs enhance the minimisation of the power size of the 

electric machines and increase the overall ratio spread. Nevertheless, the constructive 

arrangement of the transmission is more complex, along with the management of the power 

flow. 

1.2.1 Input-split hybrid electric powertrains 

In the input-split CVT, the engine is connected to the power-split device. At the same 

time, the speed of one motor/generator speed is directly proportional to the vehicle speed, 

since the final drive and one electric machine are connected by an ordinary gear train. 

The most popular input-split hybrid transmission was implemented on the first and second 

generation of Toyota Prius, the first power-split hybrid electric vehicle put on the market in 

1997 [7,10,16,17,28,29]. The first generation of the Toyota hybrid system, shown in Fig. 

1.10, includes two electric machines attached to the sun gear and the ring gear of the 

planetary gear train, whereas the internal combustion engine is connected to the carrier. The 

output shaft is linked with the MG2 by an ordinary gear train.  

Fig. 1.10. Toyota hybrid system input-split drivetrain (1st and 2nd Gen. Toyota Prius) [7]. 
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Ford developed a very similar input-split concept, the so-called Ford Hybrid System, on 

Ford Focus, Kuga, Mondeo, Galaxy, and S-Max [7,29]. The only difference between Ford 

and Toyota hybrid systems concerns the fixed-ratio gear between MG2 and the output shaft 

(Fig. 1.11).  

The third generation of the Toyota Prius PS-CVT includes a second planetary gear train 

operating as a fixed gear ratio (Fig. 1.12(a)). It was also implemented on the Toyota Camry. 

Toyota Highlander, Lexus RX400h, and Lexus RX450h are based on the same power-split 

arrangement with a third motor on the rear axle to further improve performance [1,5,11,13]. 

The fourth generation of the Toyota Prius shares the same power-split device arrangement 

as the previous generations, but it has a different arrangement of the fixed-ratio gear, as 

shown in Fig. 1.12(b) [30]. 

Fig. 1.11. Ford Hybrid System input-split powertrain [7]. 

Fig. 1.12. Toyota Hybrid System input-split powertrain: (a) 3rd Gen. Toyota Prius [7]; (b) 4th Gen. 

Toyota Prius [30]. 
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In addition, Toyota launched further advancements in its input-split technology, mainly 

adopted in Lexus cars, where a system of clutches and brakes can modify the final fixed ratio 

[10,16,29]. 

1.2.2 Output-split hybrid electric powertrains 

In an output-split transmission, the output shaft is connected to the power-split device, 

whereas the ICE speed is kinematically coupled to the speed of one electric machine. The 

most popular output-split drivetrain is implemented on the first generation of Chevrolet Volt, 

shown in Fig. 1.13 [7,10,29,31]. 

Embedding the one-way clutch C1, the rotating multi-plate clutch C2, and the brake C3 

makes the Chevrolet Volt drivetrain a multi-mode transmission. The output-split operation 

is achieved by engaging C1 and C2. By disengaging C2, the ICE is decoupled from the 

wheels to achieve series hybrid or full-electric vehicle (EV) operations. In EV1, only MG1 

propels the vehicles, whereas, in EV2, both electric motors can provide traction power. The 

first generation of Chevrolet Volt drivetrain is the simplest example of multi-mode PS-CVTs, 

addressed in more details in the next subsection.  

1.2.3 Multi-mode compound-split hybrid electric powertrains 

As seen in the first generation of Chevrolet Volt, exploiting a system of clutches and 

brakes results in multi-mode power-split transmission. By adequately engaging or 

disengaging one or more clutches, it is possible to enable different constructive layouts. 

Several studies claim that the multi-mode power-split CVTs significantly improve 

efficiency and driving performance compared with single-mode powertrains [32–34]. 

Deploying two or three PGs in a multi-mode arrangement can improve acceleration 

performance, especially in SUVs, trucks, or buses [32]. On the other hand, using more than 

Fig. 1.13. Chevrolet Volt powertrain (1st Gen.) and operating modes [7]. 

C3        C2        C1 
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three PGs can be unnecessary, even counter-productive [33], because of the excessive 

mechanical complexity and encumbrance. As a matter of fact, the additional degrees of 

freedom available in the design phase allow the designer to adapt better the PSU power flows 

to the power demand of different driving conditions by minimising the fraction of converted 

power and maximising overall efficiency among an extended speed ratio range. On the other 

hand, if the mechanical complexity increases, encumbrance, weight, and costs may increase 

as well, thus reducing fuel-saving and mechanical efficiency. 

General Motors stands out in the market of multi-mode PS-CVTs. As well as the first and 

second generation of Chevrolet Volt PS-CVT, General Motors developed the multi-mode 

PS-CVT of the Cadillac CT6 PHEV. 

The second generation of the Chevrolet Volt transmission is a multi-mode PS-CVT 

including two planetary gearing (Fig. 1.14) [7,16,28,35,36]. A third planetary gear train 

combined with a chain drive (not shown in Fig. 1.14) acts as a fixed-ratio gear in the final 

drive. The clutches C1, C2, and C3 enable the shift between different modes. 

By engaging only the clutch C3, the ring gear of planetary-gearing 2 (PG2) is braked to 

the frame; thus, only PG1 acts as an epicyclic gear unit with non-proportional speeds of its 

branches. This realises an input-split mode, mainly exploited for lower vehicle speeds. A 

compound-split mode is achieved at higher speeds by engaging only the clutch C2, which 

connects the PG2 ring gear to the MG1 and the PG1 sun gear. The simultaneous engagement 

of C2 and C3 realises a fixed-ratio parallel mode, where only MG2 can operate, and the ICE 

speed is univocally coupled to the vehicle speed. Moreover, two EV modes can be performed 

by additionally engaging the one-way clutch C1, which locks the ICE and the PG1 ring gear 

to the frame. However, as shown in Fig. 1.14, General Motors exploits only the EV operation 

derived from the input-split arrangement. 

Fig. 1.14. Chevrolet Volt powertrain (2nd Gen.) and operating modes [7]. 
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The multi-mode power-split CVT of the Cadillac CT6 is significantly more complex 

[16,28,37]. As shown in Fig. 1.15, it comprises three planetary gear trains and five clutches, 

resulting in eleven different operating modes. 

If clutches C1 and C3 are engaged, a shunt input-split mode is achieved, since PG2 and 

PG3 are kinematically equivalent to an ordinary gear train and the output speed is 

proportional to the speed of MG2. Another input-split mode is realised when C2 and C3 are 

simultaneously engaged because all the three PG3 branches rotate at proportional speed to 

MG2. By engaging the clutches C1 and C4, PG1 and PG2 operate in a two-PG compound-

split mode, while PG3 acts as a fixed-ratio gear. Lastly, all the three PGs are fully active in 

a second compound-split mode, where C2 and C4 are engaged. 

Each power-split mode has a corresponding EV operation, achievable by activating the E 

clutch that provides the reaction torque on the input shaft while the ICE is off. In all the EV 

modes, speed ratios between the various PSU branches are univocally defined. 

Fig. 1.15. Cadillac CT6 PHEV powertrain and operating modes. 
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The parallel modes imply a high efficiency because the motors do not convert engine 

power. In Parallel 1, MG1 can be switched off, while MG2 can produce electric power to 

charge the batteries or convert it into mechanical form and provide an acceleration boost. 

The operation in Parallel 3 is very similar, except for the functioning of PG3, whose all 

branches are rotating, but still, it acts as a fixed-ratio gear. Parallel 2 is not significantly 

exploited during the drive but is only used to shift between Compound 1 and Compound 2. 

Indeed, in several multi-mode PS-CVTs, the shift between two contiguous modes is realised 

when the relative speed of the shafts attached to the involved clutches is null to prevent 

clutches from slipping. As a result, all the parallel modes assure a synchronous shift. 

The power-split architecture, especially in the multi-mode arrangement, offers a high 

level of flexibility both in the design stage and in the powertrain operation during the drive. 

Thus, significant enhancements in fuel saving and performance are potentially achievable. 

Nevertheless, the high constructive complexity requires dedicated mathematical models to 

design and analyse a power-split powertrain. Moreover, these models have to be suitable for 

the integration within the energy management strategy (EMS) and powertrain control 

system, which pursue the most efficient performance by relying on more complex algorithms 

than the other hybrid architecture. In this regard, Section 1.3 presents a literature review of 

the models for PS-CVTs commonly adopted in the relevant literature, while the most 

common EMSs for power-split HEVs are outlined in Section 1.4. 

1.3 Models for power-split CVTs 

Despite the apparent advantages of power-split transmissions, the wide variety of existing 

and non-existing PS-CVTs requires universal formulations for analysis purpose for their 

integration within an EMS. Similarly, the considerable number of feasible solutions available 

in the design stage complicates their synthesis [25,38]. 

The graph theory [39] is the most common method adopted to carry out an automated 

synthesis of power-split transmissions. The powertrain structure is converted into abstract 

entities and numerical combinations to be introduced in optimization algorithms to search 

for all potential constructive arrangements [40–47]. However, a merely explorative approach 

is pursued, which enables the automatic generation of a broad design space. Indeed, this 

procedure often results in hundreds of billions of potential solutions [38], without any 

indication on the selection of the best transmission layout. Thus, it is apparent that the 

screening and selection of the best constructive layout cannot be effectively fulfilled by the 

designer alone, who instead should rely on computer-aided design techniques [48,49]. The 

graph theory is sometimes used along with a matrix approach to address the synthesis of 
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multi-mode transmissions [50] or deployed for analysis purposes [51,52]. 

An alternative approach for power-split transmissions design is based on the optimization 

of the most promising mature technologies available on the market [30,53–56]. However, 

this procedure is unsuitable to meet specific functional requirements, especially outside the 

automotive field, given the limited number of already implemented solutions. 

Alternative design approaches based on the lever analogy have been proposed in 

[54,57,58]. The lever analogy is a representation of the rotating parts for the planetary gear 

by a single vertical lever [59]. Torques are represented by horizontal forces on the lever and 

the lever motion represents the rotational velocities. Thanks to the straightforward reduction 

of any single or compound PGs to the corresponding lever, the lever analogy is more 

practical than the graph theory for analysis purpose [60–65]. However, it is less efficient in 

the design stage, because of the lack of a generalised formulation. Moreover, the lever 

analogy becomes excessively convoluted in modelling complex PS-CVTs and it is not 

suitable to consider the deployment of any ordinary gear trains in the PSU. 

In addition to these, models based on a matrix approach have been proposed in [66,67] to 

address the synthesis and the analysis of multi-mode PS-CVTs, although some arbitrary 

restrictive assumptions limit the design space, resulting in a sub-optimal exploration of the 

feasible layouts. Other approaches are based on the investigation of the power flows 

established in the PSU to synthesise the best power-split solution leading to the absence of 

power recirculation in the electric unit [68–72]. In [73] an efficiency- and performance-

oriented design procedure has been proposed, but the considered design space is limited. All 

these methods often lack generality. 

Besides the difficulty in the design stage due to the large number of available solutions, 

the increased complexity of PS-CVTs hinders an adequate consideration of the transmission 

power losses. This is due to the intrinsic difficulty in evaluating PG power losses, which can 

be divided into load-dependent and load-independent losses [74,75]. Load-dependent or 

mechanical losses are due to the relative motion of the loaded components, i.e., gear meshes 

and bearings, that produces friction losses due to sliding and rolling. On the contrary, load-

independent or spin losses are caused by the interaction of the gear train components with 

the surrounding medium, which can be oil (churning losses), or air or air/oil mixture 

(windage losses). Spin losses occur also when the gear train does not transmit power and are 

mainly due to the drag losses of the spinning components, the viscous losses in bearings, and 

the pocketing of the fluid at the gear mesh interface. PG power losses has been the subject 

of extensive studies, resulting in three main approaches: experimental investigation [74,76], 

elastohydrodynamic lubrication formulation of the contacting surfaces [77], and models 
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using a constant or empirically estimated friction coefficient [78–83]. Due to the simplified 

formulation, the last approach is the most practical. Only the power losses due to sliding 

friction in meshing pairs are often considered, as they are the most significant ones [74,76].  

Nonetheless, even under this simplifying assumption, including an accurate assessment of 

the PSU meshing power losses during the design stage or within an EMS is still challenging 

because it often involves case-specific formulations necessary to consider the actual power 

flow into each PG branch. For instance, [84–89] propose an analytical model to assess power 

flows and efficiency of PS-CVTs, but these contributions deal with only one specific 

constructive arrangement and relies on case-specific equations, which need a preliminary 

evaluation of the power flows. Other case-related formulations have been proposed in 

[80,90–94]. 

Among the several approach proposed in literature, a unified parametric model, addressed 

in [83,95,96], stands out as a universal and straightforward tool for both analysis and design 

phase. The mathematical treatment relies on physically-consistent functional parameters that 

univocally characterise any PSU. The resulting equations of speed, torque, and power ratios 

do not depend on the PSU constructive arrangement, which, instead, only affects the 

numerical value of the functional parameters. Moreover, a modular, hierarchical design 

procedure for PS-CVTs is enabled, as well as a rapid assessment of the PSU meshing losses. 

The model was proposed for the first time in [95], where a hierarchical and modular 

procedure for the functional design of a single-mode PS-CVT was described. Then, a method 

for deriving the functional parameters underpinning the model for PS-CVTs with up to two 

PGs was presented in [96]. The model was further extended in [83], where a rapid procedure 

to assess the PSU meshing losses without any case-specific formulation was addressed. In 

[83,95,96] the mathematical treatment is dimensionless, i.e., PSU speed, torque, and power 

are expressed as fractions of the ICE speed, torque, and power, respectively. Moreover, the 

sizing and operations of the ICE and MGs were not considered in the numerical example on 

the design of a PS-CVT provided in [95]. Thus, the main focus on the contributions 

[83,95,96] consists in the driveline itself, with a limited emphasis on the operation of the 

other components of the powertrain, i.e., the ICE and the electric unit, for a given vehicle 

speed and demanded torque determined by the driving conditions. 

1.4 Energy management strategies for power-split HEVs 

Implementing an effective EMS is vital to achieve the full benefits of HEVs. An actual 

reduction in fuel consumption and emissions can be obtained only if the demanded power is 

instantaneously split between the engine and the battery so as to keep the ICE operating as 
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efficiently as possible, minimise the powertrain power losses, and maintain the battery state 

of charge (SOC) around a desired value. 

Besides the minimisation of the fuel consumption, the objectives of the EMS can include 

the reduction of CO2 and pollutant emissions, improvement of drivability and comfort, and 

preserve the battery life [12]. Moreover, different control strategies should be adopted for 

FHEVs and PHEVs since battery recharge from the grid available in PHEVs enables driving 

in a charge-depleting mode, in contrast to FHEVs that only allow a charge-sustaining drive 

[97–99]. Thus, the cost function minimised by the EMS should be defined accordingly to 

the powertrain characteristics to enhance fuel saving while maintaining the battery SOC 

within the desired range. Nonetheless, different cost functions deeply affect the resulting 

optimised operation of the powertrain [100]. 

Several EMSs for HEVs have been developed [12,18,106–109,98–105]. They are 

commonly divided into rule-based and optimisation-based EMSs. The former determine the 

control actions by relying on a set of rules derived from heuristics or from the prior 

knowledge of the optimal solution obtained by optimisation-based algorithms. 

Consequently, rule-based EMSs are suitable for real-time implementation but often lead to 

a suboptimal solution. On the other hand, optimisation-based EMSs consist of establishing 

and solving a constrained optimisation problem based on the minimisation of a cost function. 

Some optimisation-based EMSs, such as dynamic programming, Pontryagin’s minimum 

principle, simulated annealing, genetic algorithm, and game theory, are able to find a global 

optimum, but can be implemented only offline because of the high computational time and 

the need for prior knowledge of the driving cycle. On the contrary, other optimisation-based 

EMSs, such as the equivalent consumption minimisation strategy, model predictive control 

(MPC), and reinforcement learning, are based on algorithms that can solve an instantaneous 

optimisation problem, potentially in real-time. Nonetheless, they result in a local optimum 

and require a simplified vehicle model that balances accuracy and computational effort. 

Moreover, the results of a preliminary offline optimisation may be used as look-up tables to 

speed up the online optimisation. 

Among the EMSs outlined above, this research has been focused on MPC because of its 

capability to deal with complex multivariable constrained problems on the basis of the 

prediction of the system future state in a receding horizon framework [110–112]. Although 

the quality of the optimisation outcome is strongly dependent on the quality of the prediction 

and information on the road/traffic conditions ahead, MPC does not require knowing the full 

driving cycle in advance, as in global optimisation-based EMSs. Instead, such information 

on the route can be instantaneously acquired by the vehicle sensors, global positioning 
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systems, and intelligent transportation systems. As a result, the implementation of predictive 

controllers for automotive applications, benefitting from different typologies of preview 

information, is a clear trend in recent research, not only for EMS development [113–116]. 

In this regard, a case study on a power-split HEV presented in [117], proved that a 4% gain 

in fuel saving can be obtained if MPC is adopted in place of the EMS developed by the 

vehicle manufacturer. Nonetheless, also the accuracy of the vehicle model on which the 

optimisation algorithm is based may affect the controller performance in terms of both fuel 

saving and computational time. Thus, the internal model implemented within the control 

strategy should be complex enough to guarantee optimal powertrain operation in real time, 

while also involving a low running time. 

The latest contributions available in the literature on MPC strategies applied to power-

split HEVs mainly focus on more reliable predictions of future driving conditions 

[118,119,128–130,120–127] and more efficient optimisation algorithms [27,28,31–39]. 

Some of these contributions deal with multi-mode PS-CVTs 

[120,121,123,126,127,130,133–135], but only Oncken et al. [126] and Wang et al. [135] 

address in detail the mode shift strategy. The major challenge of a multi-mode PS-CVT is 

that, besides the continuous optimisation to allocate power among the thermal and electric 

units, additional discrete optimisation is required for mode selection. To overcome this issue, 

a two-level real-time-capable controller consisting of a discrete mode path planning and a 

continuous MPC is proposed in [126]. The solution presented in [135] is the only one that 

integrates the mode shift strategy into the MPC framework through a novel receding horizon 

algorithm combining MPC with dynamic programming. Its real-time implementation has 

not been tested. In the other cases, the mode shift strategy has relied on precalculated mode 

shift maps, often obtained through offline optimisation, which provide the optimal operating 

mode on the basis of the current driving conditions, e.g., the actual vehicle speed and driver 

demanded torque. Then, the optimal mode is provided as an external input to the MPC EMS, 

which involves as many internal models as the number of available modes. 

Moreover, the analysis of the literature reveals that, while considering the conversion 

power losses in the ICE, MGs, and the battery within the MPC internal model is well-

established, the vast majority of the published research works neglect any power losses in 

the PGs of the PSU, while there are some attempts [124,129,137] to consider a global 

efficiency of the PSU. Still, they fail to consider the possibility of power flow reversal during 

regenerative braking or when an MG switches from motoring to generating operations and 

vice versa. The analysis of how the inclusion of the PSU power losses in the internal model 

affects the MPC performance is not available in the literature. 
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1.5 Literature gaps and research novelty 

The literature analysis on the models for PS-CVTs reveals that the most common 

approaches are affected by: 1) the lack of generality due to case-specific formulations, or 

alternatively, 2) the loss of physical consistency for more general treatments. Moreover, a 

general mathematical treatment for the adequate consideration of the PSU power losses is 

often missing. 

In this framework, the unified parametric model for PS-CVTs described in [83,95,96] 

stands out as a novel alternative for offering within a comprehensive formulation all the 

crucial features that a mathematical tool for PS-CVTs requires. Hence, the aim of the 

research work described in this dissertation has been to study the potentialities of this model 

and expand it to provide a unique general formulation for all the existing and non-existing 

PSU, including the assessment of the PSU meshing losses. This enables: 1) a hierarchical 

and modular design procedure for the power-split powertrain, and 2) a rapid analysis of any 

power-split powertrain, also in the multi-mode arrangement, suitable to be embedded in the 

EMS. 

To this purpose, the outputs of the research subject of this dissertation, which have been 

presented in [139–144], concern: 

1) the rearrangement of the mathematical formulation of [95] to align it with the 

formulation adopted in [83] and to extend the model validity to the full-electric 

operation (Chapter 2, adapted from [139]); 

2) the extension of the analysis procedure to multi-mode transmissions with any number 

of PGs and modes (Chapter 3, adapted from [139]); 

3) the application of the modular design procedure for the global design of a power-split 

powertrain (Chapter 4, adapted from [140]); 

4) the adoption of the parametric model to assess the optimal operations of the power-

split hybrid electric powertrain so as to implement an efficient energy management 

strategy (Chapter 5 and Chapter 6). 

Regarding the last point, two different approaches have been developed to optimise the 

operation of the power-split hybrid electric powertrain. The first method deals with the 

offline assessment of the optimal operating maps resulting in the maximisation of an index 

related to the powertrain global efficiency (Chapter 5, adapted from [141–143]). The second 

contribution integrates the unified parametric model within an EMS based on the model 

predictive control (Chapter 6, adapted from [144]). Two main gaps have emerged from the 

literature analysis on MPC for the EMS of power-split hybrid electric vehicles: 

1) the lack of integration of the discrete mode shift strategy within the MPC framework 
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using a continuous formulation in a single and universal internal model, which is essential 

to find the optimal profile of all the control inputs over the prediction horizon, including the 

mode selection, through a single optimal control problem; 

2) the lack of a comparative analysis of MPC internal models with different levels of 

complexity to assess how the accuracy of the internal model affects the controller 

performance. 

The accuracy and complexity of the vehicle internal model implemented within the 

MPC formulation might affect the EMS performance in terms of fuel saving and running 

time. Thus, a comparison of different internal models is proposed to assess the influence 

of the following factors: 

1. PSU meshing losses; 

2. MGs efficiency; 

3. the inertial load of the actuators. 

Although the PSU meshing losses are usually far lower than the power lost in the electro-

mechanical conversion in the MGs and chemical-mechanical conversion in the ICE, they 

may become significant for considerable relative speed of PGs branches and high transmitted 

power. Moreover, their evaluation may help to select the optimal PSU constructive 

arrangement among those functionally equivalent in the design stage. Thus, evaluating their 

influence on the MPC performance may be interesting. Regarding the MGs efficiency, 

polynomial fitting is rather common in the literature to include the efficiency maps within a 

continuous formulation. Nonetheless, it may be useful to assess the effects of a constant 

efficiency to be considered during the design stage, when the optimal functional parameters 

are not selected and the MGs are not sized yet. Lastly, the inertia of the actuators is nearly 

always neglected within the MPC formulation because its consideration would involve an 

additional state that complicates the problem and increases the computational effort.  

The universal mathematical formulation of the parametric model and the possibility of a 

rapid evaluation of the PSU meshing losses have allowed 1) proposing a universal model 

predictive controller with integrated mode switch and 2) assessing how the consideration of 

PSU meshing losses and electric machines efficiency affects the controller performance, by 

comparing internal models with different complexity. 
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CHAPTER 2  

A UNIFIED PARAMETRIC MODEL FOR PS-CVTS 

This chapter describes in detail the unified parametric model for PS-CVTs underpinning 

the research. The mathematical treatment presented in [95] is aligned with the formulation 

adopted in [83]. Indeed, the independent variables and functional parameters adopted in [95] 

are suitable for a passive mechanical CVU with one kinematic degree of freedom (DOF); on 

the contrary, the formulation used in [83] and described in this chapter uses basic parameters 

that are better suited for modelling the behaviour of an electric CVU with two DOFs. 

Moreover, the formulation is rearranged for modelling also the full-electric operation of the 

vehicle. 

The basics of PSU kinematics and the definition of the functional parameters governing 

the model are defined in Section 2.1; Section 2.2 addresses the PSU ideal kinetostatics. 

Section 2.3 deals with the characterisation of the PSU by the generalised characteristic 

function, a tool crucial for both analysis and design purposes. Section 2.4 outlines the 

assessment of the PSU meshing losses as presented in [83] introducing some minor 

simplifications. In Section 2.5, the model is adapted to model the full-electric operation. 

 

The speed of each of the three branches of a PG, i.e., the sun gear (S), the ring gear (R), 

and the carrier (C), is linearly dependent on the speed of the other two according to the Willis 

equation: 

 Ψ = 
𝜔𝑅 − 𝜔𝐶

𝜔𝑆 − 𝜔𝐶
=

𝜔𝑅

𝜔𝑆
|
𝜔𝑐=0

 (2.1) 

where 𝜔𝑅, 𝜔𝑆, and 𝜔𝐶 are the speed of the ring gear, the sun gear, and the carrier, 

respectively, whereas Ψ is the PG Willis ratio, defined as the ratio between the ring and the 

sun gear when the carrier is stationary. Instead, the ratio between the torque developed in 

ideal conditions on two PG branches is a function of the Willis ratio only: 

 
𝑇𝑆
𝑇𝐶

=
Ψ

1 − Ψ
;          

𝑇𝑅
𝑇𝐶

=
1

Ψ − 1
;           

𝑇𝑆
𝑇𝑅

= − Ψ (2.2) 

where 𝑇𝑅, 𝑇𝑆, and 𝑇𝐶 are the ideal torques on the ring gear, sun gear, and carrier, respectively. 

As addressed in Section 1.3, several power-split architectures are available, which can 

vary for the number and arrangement of PGs, OGs, and clutches and brakes in the case of 

multi-mode PS-CVTs. The speed, torque, and power ratios between any two PSU shafts 

depend on how the PGs branches are connected, as well as on the PGs constructive ratio. 
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Moreover, any OGs and the connections between the PSU internal shafts with the actuators 

and the wheels must also be considered to model the whole power-split driveline. As a result, 

modelling any power-split powertrain by using Eqs. (2.1)-(2.2) involves equations suitable 

only for the analysed PS-CVT; whenever the PSU constructive arrangement changes, even 

just in terms of the connections between shafts as in a multi-mode layout, a different set of 

equations must be considered. 

On the contrary, under the unified formulation of the considered parametric model, any 

PSU is modelled as a four-port device that a set of functional parameters can 

comprehensively characterise. The PSU external ports are connected to the ICE, the wheels, 

and the two electric MGs. They are indicated as the port in, out, i, and o, respectively (Fig. 

2.1). The equations of PSU speed, torque and power ratios, resulting from this general 

parametric approach and presented in the next sections, are universal and do not change from 

one PSU to another. The only difference is the numerical value of the functional parameters. 

 

2.1 Kinematics of PS-CVTs 

Any PSU is a combination of planetary gear trains, whose branches rotate at linearly 

dependent speeds, ordinary gear trains, whose shafts have proportional speeds, and 

isokinetic joints, consisting of two or more shafts rotating at the same speed. Consequently, 

for some PSU shafts their rotational speed is proportional to the engine speed (𝜔𝑖𝑛), for 

others to the output speed (𝜔𝑜𝑢𝑡), for others it is a linear combination of both. In order to 

treat a two-DOF problem as a single-DOF one, any rotational speed is normalised to the 

engine speed. For the generic jth shaft in the PSU, the jth speed ratio 𝜏𝑗 is defined as follows: 

 𝜏𝑗 =
𝜔𝑗

𝜔𝑖𝑛
= 𝐴𝑗 +𝐵𝑗 𝜏 (2.3)   

Fig. 2.1. General representation for any PS-CVT. The arrows show the positive power flows. 
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where 𝜏 is the overall speed ratio between the PSU output and input shaft: 

 𝜏 =
𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
 (2.4)   

𝐴𝑗 and 𝐵𝑗 are two constant coefficients that depend on the PSU constructive parameters 

and can be derived as in Section 2.1.1. 

2.1.1 Nodal ratios and corresponding speed ratios 

The overall transmission ratio 𝜏 achieved when a generic kth shaft is stationary is called 

nodal ratio: 

 𝜏#𝑘 =
𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
|
𝜔𝑘=0

 (2.5)   

In the remainder of this section, we refer to a finite and non-zero nodal ratio as a proper 

nodal ratio. Hence, the nodal ratios associated with the output and input shafts are not proper, 

since 𝜏#𝑜𝑢𝑡 = 0 and 𝜏#𝑖𝑛 = ∞ from Eq. (2.5). Similarly, the nodal ratios associated with the 

shafts having a rotational speed proportional to 𝜔𝑜𝑢𝑡 or 𝜔𝑖𝑛 are not proper, because they 

equal zero or ∞, respectively. 

The value of the speed ratios 𝜏𝑗 achieved in correspondence of a nodal ratio 𝜏#𝑘 is the 

corresponding speed ratio: 

 𝜏𝑗#𝑘 =
𝜔𝑗

𝜔𝑖𝑛
|
𝜔𝑘=0

 (2.6)   

If 𝑗 = 𝑘, 𝜏𝑗#𝑘 equals zero. 

𝐴𝑗 and 𝐵𝑗 can be assessed by writing Eq. (2.3) in two operating conditions, i.e., when the 

jth shaft is stationary and when the kth shaft is stationary, with 𝑘 ≠ 𝑗. Indeed, the 

consideration of these two conditions results in a two-variable linear system (Eqs. (2.7)-

(2.8)), whose resolution leads to 𝐴𝑗 and 𝐵𝑗 (Eqs. (2.9)-(2.10)): 

 𝜏𝑗#𝑗 =
𝜔𝑗

𝜔𝑖𝑛
|
𝜔𝑗=0

= 𝐴𝑗 + 𝐵𝑗  𝜏#𝑗 = 0 (2.7) 

 𝜏𝑗#𝑘 =
𝜔𝑗

𝜔𝑖𝑛
|
𝜔𝑘=0

= 𝐴𝑗 + 𝐵𝑗  𝜏#𝑘 (2.8) 

 𝐴𝑗 = 
𝜏#𝑗 ∙ 𝜏𝑗#𝑘
𝜏#𝑗 − 𝜏#𝑘

 (2.9) 

 𝐵𝑗 =
𝜏𝑗#𝑘

𝜏#𝑘 − 𝜏#𝑗
 (2.10) 

Thus, Eq. (2.3) can be rewritten as follows: 

 𝜏𝑗 = 𝜏𝑗#𝑘
𝜏 − 𝜏#𝑗
𝜏#𝑘 − 𝜏#𝑗

 (2.11)   

Hence, the PSU speed ratios depend on the overall transmission ratio 𝜏 and the functional 
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parameters consisting of speed ratios assessed when a PSU shaft is stationary. 

2.1.2 Mechanical points and CVU speed ratios 

Rereferring Eq. (2.11) to the shaft i and o leads to the definition of the CVU kinematics, 

i.e., the MGs speed in a hybrid electric powertrain: 

 𝜏𝑖 =
𝜔𝑖

𝜔𝑖𝑛
= 𝜏𝑖#𝑜

𝜏 − 𝜏#𝑖
𝜏#𝑜 − 𝜏#𝑖

 (2.12)   

 𝜏𝑜 =
𝜔𝑜

𝜔𝑖𝑛
= 𝜏𝑜#𝑖

𝜏 − 𝜏#𝑜
𝜏#𝑖 − 𝜏#𝑜

 (2.13)   

The nodal ratios 𝜏#𝑖 and 𝜏#𝑜 referred to the shafts i and o, connected to the CVU, are 

called mechanical points. The mechanical points and the corresponding CVU speed ratios 

𝜏𝑜#𝑖 and 𝜏𝑖#𝑜 are sufficient to comprehensively address the kinematics of the CVU, 

whichever the PSU layout is. Fig. 2.2 is a visual example representing the linear trend of 𝜏𝑖 

and 𝜏𝑜 and the physical meaning of the basic functional parameters. The slope and the axis 

intercepts of the two lines change with the specific power-split transmission. 

In a power-split HEV, 𝜏𝑜 and 𝜏𝑖 are the electric machines speeds normalised to the ICE 

speed; therefore, a mechanical point is the overall transmission ratio realised when one 

electric machine is stationary. As a result, no power is flowing through the motionless MG, 

hence no electric losses due to power conversion occur. Furthermore, in a multi-mode PS-

CVT, the mode switch is often performed in correspondence with a mechanical point, since 

the stationarity of one or more shafts prevents clutches plates from slipping. 

Moreover, one mechanical point is zero in an input-split CVT because a fixed-ratio 

connection is realised between the output shaft and one of the CVU shafts. For instance, if 

the output shaft is attached to the shaft i, then  𝜏#𝑖 = 0. Instead, if the output speed is 

proportional to the speed of the shaft o, then  𝜏#𝑜 = 0. On the contrary, in an output-split 

 

    

  # 
  # 

 #  # 

  ,

  

Fig. 2.2. Example of linear CVU speed ratios and meaning of mechanical points and CVU 

corresponding speed ratios. 
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CVT, where the input shaft is directly connected to the shaft i or o, one mechanical point 

tends to infinity (𝜏#𝑖 → ∞ or 𝜏#𝑜 → ∞, respectively). 

2.2 Ideal PSU kinetostatics 

Assuming that the power flowing through the PSU main shafts is positive if entering the 

PSU (see Fig. 2.1), the power balance of the PSU in ideal conditions, i.e., when any power 

loss is neglected, is: 

 𝑃𝑖𝑛 + 𝑃𝑜𝑢𝑡 + 𝑃𝑖 + 𝑃𝑜 = 0 (2.14) 

Normalising to the input power, i.e., the power supplied by the ICE, the power balance 

becomes: 

 1 + 𝑝𝑜𝑢𝑡 + 𝑝𝑖 + 𝑝𝑜 = 0 (2.15) 

where: 

 𝑝𝑜𝑢𝑡 =
𝑃𝑜𝑢𝑡
𝑃𝑖𝑛

;            𝑝𝑖 =
𝑃𝑖
𝑃𝑖𝑛

;              𝑝𝑜 =
𝑃𝑜
𝑃𝑖𝑛

 (2.16)   

The same normalised approach can be considered also to define torques developed in the 

main shafts: 

 𝛩 =
𝑇𝑜𝑢𝑡
𝑇𝑖𝑛

;            𝜃𝑖 =
𝑇𝑖
𝑇𝑖𝑛

;              𝜃𝑜 =
𝑇𝑜
𝑇𝑖𝑛

 (2.17)   

Thus, Eq. (2.15) can be written as: 

 1 + 𝛩 𝜏 + 𝜃𝑖 𝜏𝑖 + 𝜃𝑜 𝜏𝑜 = 0 (2.18) 

2.2.1 Ideal CVU torques 

Since the devices included in the PSU involve speed-independent torque ratios in ideal 

conditions (see Eqs. (2.2)), Eq. (2.18) can be assessed in the condition whereby one CVU 

shaft is stationary to obtain the normalised torque on the other CVU shaft. For instance, by 

assuming 𝜔𝑜 = 0, Eq. (2.18) becomes: 

 1 + 𝛩 𝜏#𝑜 + 𝜃𝑖 𝜏𝑖#𝑜 = 0 (2.19) 

from which 𝜃𝑖 is: 

 𝜃𝑖 = −
1 + 𝛩 𝜏#𝑜

𝜏𝑖#𝑜
 (2.20) 

Similarly, assuming that 𝜔𝑖 = 0 leads to the definition of 𝜃𝑜: 

 𝜃𝑜 = −
1 + 𝛩 𝜏#𝑖

𝜏𝑜#𝑖
 (2.21)  

Thus, the CVU torque ratios are ruled by the overall torque ratio 𝛩. 
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2.2.2 Mechanical points and ideal CVU power flows 

From the combination of Eqs. (2.12), (2.13), (2.20), and (2.21), the normalised power that 

flows in the CVU shafts in ideal conditions can be calculated: 

 𝑝𝑖 =
𝑃𝑖
𝑃𝑖𝑛

=
𝜔𝑖

𝜔𝑖𝑛
∙
𝑇𝑖
𝑇𝑖𝑛

= 𝜏𝑖 ∙ 𝜃𝑖 =
(𝜏 − 𝜏#𝑖)(1 + 𝛩 𝜏#𝑜)

𝜏#𝑖 − 𝜏#𝑜
 (2.22) 

 𝑝𝑜 =
𝑃𝑜
𝑃𝑖𝑛

=
𝜔𝑜

𝜔𝑖𝑛
∙
𝑇𝑜
𝑇𝑖𝑛

= 𝜏𝑜 ∙ 𝜃𝑜 =
(𝜏 − 𝜏#𝑜)(1 + 𝛩 𝜏#𝑖)

𝜏#𝑜 − 𝜏#𝑖
 (2.23) 

𝑝𝑖 and 𝑝𝑜 are null respectively for 𝜏 = 𝜏#𝑖 or 𝛩 = −1 𝜏#𝑜⁄  and 𝜏 = 𝜏#𝑜 or 𝛩 = −1 𝜏#𝑖⁄ . It 

means that the occurrence of one of these circumstances causes a reversal of the CVU power 

flows. 

By defining as overall apparent efficiency 𝜂 the opposite of the output power normalised 

to the input power, Eqs. (2.22)-(2.23) can be expressed as functions of 𝜂: 

 
𝜂 = −𝑝𝑜𝑢𝑡 = −

𝑃𝑜𝑢𝑡
𝑃𝑖𝑛

= −
𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
∙
𝑇𝑜𝑢𝑡
𝑇𝑖𝑛

= −𝜏 𝛩 (2.24) 

 
𝑝𝑖 =

(𝜏 − 𝜏#𝑖)(𝜏 − 𝜂 𝜏#𝑜)

𝜏(𝜏#𝑖 − 𝜏#𝑜)
;                  𝑝𝑜 =

(𝜏 − 𝜏#𝑜)(𝜏 − 𝜂 𝜏#𝑖)

𝜏(𝜏#𝑜 − 𝜏#𝑖)
 (2.25) 

𝜂 is “apparent” because it is not only related to the transmission power losses, but also 

depends on the energy stored or provided by the CVU. If the CVU is a traditional 

V-belt variator, 𝜂 can vary from 0 to 1. Conversely, if the CVU is the electric unit of a HEV, 

it is 𝜂 > 1 when the electric unit provides surplus power for the traction, discharging the 

battery, or if 𝜂 < 1 during the battery recharging phases, even though any power loss is 

neglected. Moreover, a reversal of the output power flow results in 𝜂 < 0, e.g., during 

engine-on regenerative breaking. 

Eqs. (2.22), (2.23), and (2.25) show that the ideal power flows of the electric unit are fully 

defined by the mechanical points. Thus, selecting mechanical points means establishing the 

power flowing into the electric machines as a function of the overall transmission ratio 𝜏 and 

the normalised output power (i.e. 𝜂) or, alternatively, as function of 𝜏 and the overall torque 

ratio 𝛩. Once fixed the mechanical points, the definition of the corresponding CVU speed 

ratios rules the CVU torque ratios by Eqs. (2.20)-(2.21). This enables the designer to 

prioritise the characterisation of the electric motors during the design and only then to select 

the constructive PSU layout since each constructive layout is characterised by univocal 

functional parameters, but different constructive layouts can be arranged by the same 

functional parameters. Moreover, the knowledge of mechanical points and corresponding 

CVU speed ratios allows a rapid analysis of the PS-CVT without the need for further 

enquiring about the constructive layout of the transmission. Thus, the relationships of this 

section, despite neglecting any power loss, are a very powerful tool for comparing the several 
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feasible configurations at the early stage of the functional design. The procedure for 

identifying the functional parameters from any PSU constructive arrangement is described 

in Section 3.1. 

2.3 PSU characterisation: TPMs and characteristic functions 

Any PSU can be modelled as a combination of three-port mechanisms (TPMs). Fig. 2.3 

shows a generic TPM, enclosed in a dashed-line rectangle. It consists of one planetary gear 

train whose shafts rotate at non-proportional speeds, represented by a rounded-corner square 

and defined by its Willis ratio Ψ, and up to three fixed-ratio gears, indicated by rhombi and 

defined by the related speed ratio 𝑘. The power is assumed positive if entering the TPM. 

Furthermore, Fig. 2.3 clarifies the nomenclature used for TPMs: using the capital letters X, 

Y, and Z is a general way to refer to the internal TPM shafts linked to the PG ring gear, sun 

gear, or carrier (R, S, and C), while the lowercase letter x, y, and z are referred to the external 

TPM shafts linked to the PSU main ports (in, out, o, i, …). 

A shunt PSU comprises one TPM, which has available only three external connections to 

be associated with the four PSU main ports. Thus, two out of the PSU main ports must be 

kinematically connected through a fixed speed ratio. Excluding the trivial solution whereby 

the input and the output port are directly connected, one of the two CVU shafts must be 

coupled with the input shaft or with the output shaft, resulting in the output-split or input-

split layout shown in Fig. 2.4, respectively. Hence, in a shunt PSU, only one external shaft 

has a rotational speed that is not proportional either to 𝜔𝑖𝑛 or to 𝜔𝑜𝑢𝑡, but it is a linear 

combination of both. As a result, there is only one proper nodal ratio (see Sections 2.1.1 and 

2.1.2). 

Fig. 2.3. General scheme for a three-port mechanism (TPM). PG is represented by a rounded-corner 

square, OGs are represented by rhombi. The arrows show the positive power flows. 
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A compound PSU with two TPMs, shown in Fig. 2.5, has four ports available to be 

connected with the four PSU external ports. Thus, two PSU shafts have a rotational speed 

not proportional either to 𝜔𝑖𝑛 or to 𝜔𝑜𝑢𝑡, implying two proper nodal ratios, i.e., the two 

mechanical points (see Section 2.1.2). 

The two mechanical points are sufficient to totally define the CVU power flows, as 

addressed in Section 2.2.2. Therefore, any further TPM over two affects neither the CVU 

ideal power flows nor kinematics. Nonetheless, it can be useful to use more than two TPMs 

to arrange multi-mode transmission. Using three, four, or more TPMs implies that three, 

four, or more shafts have a rotational speed not proportional either to 𝜔𝑖𝑛 or to 𝜔𝑜𝑢𝑡, 

implying three, four, or more proper nodal ratios. Moreover, five, six, or more shafts are 

potentially available for external connections, but the core structure of the PSU requires only 

four main shafts to be linked with the ICE, the CVU and the wheels. As a result, one, two, 

or more available ports must be unloaded. Nonetheless, an unloaded port must be an 

Fig. 2.4. Schematization of the input-split and output-split layouts. Shafts i and o can be assigned 

arbitrarily. 

Fig. 2.5. Schematization of a compound-split PSU with two TPMs. 
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isokinetic joint made up of two or more shafts rotating at the same speed, while a TPM 

branch not connected with any other TPM must be assigned to one PSU external port. An 

isokinetic joint externally unloaded is called a neutral node and is indicated by the subscript 

n. Hence, a neutral node consists of an isokinetic joint that merges two or more branches 

linked neither with the CVU nor with the input/output of the driveline. Therefore, a neutral 

node is a fictitious PSU port since it does not have any external connection.  

To facilitate understanding, Fig. 2.6 shows the different core structures of a three-TPM 

PS-CVT. Starting from the two-TPM configuration of Fig. 2.5, the third TPM can be attached 

to two isokinetic joints (layout I), to two free shafts (layout II) or to one isokinetic joint and 

one free shaft (layout III). As a result, from Fig. 2.6 it is apparent that in layout I there are 

only two ports that can be potentially associated with a neutral node, while in layouts II and 

III there are four and three potential neutral nodes, respectively. 

In general, the number of TPMs, indicated as 𝑁𝑇𝑃𝑀, included in the PSU equals the 

number of shafts whose rotational speed is proportional neither to 𝜔𝑖𝑛 nor to 𝜔𝑜𝑢𝑡, but which 

is a linear combination of both. Thus, each TPM ensures the existence of a proper nodal 

ratio, i.e., a finite and non-zero nodal ratio, which can be freely selected during the design. 

Moreover, in a PSU, there are 𝑁𝑇𝑃𝑀 + 2 ports potentially available for external connection 

with the four PSU main ports linked with the ICE, the CVU, and the wheels. Hence, there 

are as many neutral nodes as the additional TPMs over two, recalling that a neutral node is 

an isokinetic joint that merge two or more branches linked neither with the CVU nor with 

the input/output of the driveline. 

Fig. 2.6. Available layouts for a three-TPM PS-CVTs. 
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Nodal ratios rule a set of characteristic functions, defined as the speed ratio between two 

generic TPM branches when the third one is stationary, divided by the same speed ratio when 

the third shaft is moving: 

 

𝜙𝑥 𝑦⁄
𝑧 =

𝜏𝑥 𝜏𝑦⁄ |
𝜏𝑧=0

𝜏𝑥 𝜏𝑦⁄
=

𝜏#𝑧 − 𝜏#𝑥
𝜏#𝑧 − 𝜏#𝑦

∙
𝜏 − 𝜏#𝑦
𝜏 − 𝜏#𝑥

 (2.26) 

The subscripts x, y and z depend on the considered PSU main shafts. Eq. (2.26) can be 

derived from Eq. (2.11) considering 𝑘 = 𝑧 and 𝑗 = 𝑥 or 𝑗 = 𝑦. 

Characteristic functions are a crucial tool for this model because they play an important 

role in both the design and analysis stage. 

2.3.1 Characteristic functions and PSU functional design 

The introduction of the characteristic functions to model the PSU kinematics enables the 

designer to pursue the optimal operation of PGs, which occurs when the three PGs branches 

rotate synchronously at the same speed. In this way, the meshing losses of the PG are null, 

and thus the power losses in the PSU are minimised. To ensure that all the PGs included in 

the PSU can reach their synchronism within the desired working range, the design procedure 

proposed in [95] relates the overall transmission ratio whereby a PG works synchronously 

(𝜏∗) to the PG constructive arrangement through the logical steps described in the following. 

Firstly, the fixed-ratio of every OG is defined as the ratio between the speed of the TPM 

external shaft and the speed of the shaft linked to the PG: 

 𝑘𝑥 =
𝜔𝑥

𝜔𝑋
;             𝑘𝑦 =

𝜔𝑦

𝜔𝑌
;             𝑘𝑧 =

𝜔𝑧

𝜔𝑍
 (2.27) 

Now, let us define as fixed-Z speed ratio 𝜓𝑋 𝑌⁄
𝑍  the ratio between 𝜔𝑋 and 𝜔𝑌 of the PG 

achieved when 𝜔𝑍 = 0: 

 𝜓𝑋 𝑌⁄
𝑍 =

𝜔𝑋 − 𝜔𝑍

𝜔𝑌 − 𝜔𝑍
=

𝜔𝑋

𝜔𝑌
|
𝜔𝑍=0

 (2.28) 

Thus, 𝜓𝑅 𝑆⁄
𝐶  equals the Willis ratio Ψ by definition (see Eq. (2.1)). 

Since 𝜔𝑥 𝜔𝑦⁄ = 𝜏𝑥 𝜏𝑦⁄ , from Eq. (2.26) and Eq. (2.27), it is: 

 

𝜙𝑥 𝑦⁄
𝑧 =

𝜔𝑥 𝜔𝑦⁄ |
𝜔𝑧=0

𝜔𝑥 𝜔𝑦⁄
=

𝑘𝑥
𝑘𝑦

𝜔𝑋

𝜔𝑌
|
𝜔𝑍=0

∙
𝑘𝑦
𝑘𝑥

𝜔𝑌

𝜔𝑋
=

𝜔𝑋

𝜔𝑌
|
𝜔𝑍=0

∙
𝜔𝑌

𝜔𝑋
 (2.29) 

At the PG synchronism, namely, for 𝜏 = 𝜏∗, it is 𝜔𝑌 𝜔𝑋⁄ = 1. Hence, Eq. (2.29) results in: 

 

𝜙𝑥 𝑦⁄
𝑧 (𝜏∗) =

𝜏𝑥 𝜏𝑦⁄ |
𝜏𝑧=0

𝜏𝑥 𝜏𝑦⁄ |
𝜏∗

= 𝜓𝑋 𝑌⁄
𝑍  (2.30) 

Eq. (2.30) correlates the speed of the TPM external ports with the speed of the PG 

branches bypassing the possible presence of OGs. Owing to Eq. (2.30), once the nodal ratios 
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are selected, there is a univocal relation between the synchronous condition 𝜏∗ of a PG and 

its Willis ratio, depending on how the PG branches (R, S, and C) are connected to the PSU 

main ports (in, out, i, o, n1, …) and not on the OGs. 

In a preliminary design stage, Eq. (2.30) enables the exploitation of the design chart [95], 

which allows a quick comparison between the main features of different feasible solutions. 

The design chart is a graphical representation of all the PSU characteristic functions that take 

on values comprised within the desired range of the Willis ratio (preferably from −2 3⁄  to 

−1 3⁄  [83]). Choosing one, two, or N curves of the design chart implies the definition of a 

feasible layout with one, two, or N TPMs — and thus N proper nodal ratios. Selecting a point 

from a specific curve implies the definition of the PG Willis ratio and the position of the 

carrier (linked to the main port z), the ring gear (linked to x) and the sun gear (linked to y), 

as well as the synchronous point 𝜏∗ of a PG. The use of the design chart is explained in detail 

in Section 4.1.2. 

The number of characteristic functions grows factorially with the number of TPMs — 

and thus of neutral nodes. Indeed, each TPM can be associated with three main ports out of 

the available ones, which are as many as NTPM+2, as stated above. Furthermore, for each 

triad of main ports attached to the TPM, there are 𝐏3
3 = 6 possible ways to arrange the 

position of carrier, ring gear, and sun gear. As a result, the number of all characteristic 

functions as a function of NTPM is: 

 (
NTPM + 2

3
) ·P3

3 = NTPM·(NTPM + 1)·(NTPM + 2) (2.31) 

In [96] the authors listed explicitly all the 24 characteristic functions for the design of PS-

CVTs with up to two active planetary gear trains. However, the only Eq. (2.26) is sufficient 

to assess any characteristic function independently from the PSU layout if the computational 

process is automated by exploiting a permutation of the nodal ratios. 

Lastly, imposing a certain synchronous point for the involved PGs results in constraining 

the constructive ratio of the OGs in the TPM: 

 𝑘𝑥
𝑘𝑦

=
𝜏𝑥
𝜏𝑦
|
𝜏∗

= −
𝜏𝑥#𝑦
𝜏𝑦#𝑥

∙  
𝜏∗ − 𝜏#𝑥
𝜏∗ − 𝜏#𝑦

;               
𝑘𝑥
𝑘𝑧

=
𝜏𝑥
𝜏𝑧
|
𝜏∗

= −
𝜏𝑥#𝑧
𝜏𝑧#𝑥

∙  
𝜏∗ − 𝜏#𝑥
𝜏∗ − 𝜏#𝑧

 (2.32) 

since at the PG synchronism 𝜔𝑋 = 𝜔𝑌 = 𝜔𝑍 in Eqs. (2.27). Using two equations like Eq. 

(2.32) for each TPM is sufficient to completely arrange the ordinary gear trains. 

An example of the application of the parametric model for the design of a power-split 

hybrid electric powertrain is reported in Chapter 4.  

2.3.2 Characteristic functions and PSU analysis 

In the analysis stage, the PGs Willis ratios of the PGs are known parameters as well as 
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the connections between their shafts and the PSU ports. Thus, Eqs. (2.26) and (2.30)  can be 

used to compute the overall transmission ratio corresponding to the PG synchronism as 

follows: 

 𝜏∗ =
Ψ (

𝜏#𝑧 − 𝜏#𝑦
𝜏#𝑧 − 𝜏#𝑥

) 𝜏#𝑥 − 𝜏#𝑦

Ψ (
𝜏#𝑧 − 𝜏#𝑦
𝜏#𝑧 − 𝜏#𝑥

)−1
 (2.33) 

where 𝜏#𝑥 is the nodal ratio referred to the main port linked with the ring gear, 𝜏#𝑦 is referred 

to the main port linked with the sun gear, and 𝜏#𝑧 is related to the main port linked with the 

carrier. 

Furthermore, characteristic functions represent the opposite of the ratio between the ideal 

power transmitted by two shafts of a TPM: 

 𝜙𝑥 𝑦⁄
𝑧 = −

𝑃𝑦
𝑃𝑥

= −
𝑝𝑦
𝑝𝑥

 (2.34) 

Eq. (2.34) can be easily proved using the ideal power balance of the TPM (Eq. (2.35)), 

considered when 𝜔𝑧 = 0 (Eq. (2.36)). 

 𝑃𝑥 + 𝑃𝑦 + 𝑃𝑧 = 0 (2.35) 

 𝜔𝑥𝑇𝑥 + 𝜔𝑦𝑇𝑦 = 0 (2.36) 

This leads to the identification of the ideal torque ratio between the shafts y and x when the 

shaft z is stationary as the opposite of the speed ratio assessed in the same condition: 

 
𝑇𝑦
𝑇𝑥

= −
𝜔𝑥

𝜔𝑦
|
𝜔𝑧=0

= −
𝜏𝑥
𝜏𝑦
|
𝜏𝑧=0

 (2.37) 

Thus: 

 
𝑃𝑦
𝑃𝑥

=
𝑇𝑦
𝑇𝑥

∙
𝜔𝑦

𝜔𝑥
= −

𝜏𝑥
𝜏𝑦
|
𝜏𝑧=0

∙
𝜏𝑦
𝜏𝑥

= −𝜙𝑥 𝑦⁄
𝑧  (2.38) 

Eq. (2.34) is a powerful tool for assessing the ideal power flow distribution in the PSU, 

as it is addressed in the next Section 2.4. Furthermore, there is no difference in considering 

the characteristic functions referring to the external TPM shafts (x, y, z) or to the PG branches 

(X, Y, Z), as in ideal conditions the presence of the OGs does not alter power flows, thus 

neither their ratios. 

2.4 PSU power losses 

Sections 2.2 and 2.3.2 neglect any power loss in the PSU. The assumption of ideal 

conditions does not significantly affect PS-CVTs analysis, as the mechanical losses are 

negligible if the transmission is well designed, i.e., the PGs always operate close to their 

synchronism. However, considering the PSU power losses is essential to implement an 
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effective energy management strategy to obtain the best energy efficiency. Furthermore, the 

assessment of the power losses in the driveline can aid the designer in detecting the best 

solution among several available constructive layouts. 

 The parametric model under consideration provides a rapid approximated procedure to 

consider the PSU meshing losses. The formulation was presented in [83] and depends on the 

PSU nodal ratios without relying on case-specific equations. This section summarises the 

main features of the method, introducing some minor simplifications to the treatment 

proposed in [83]. In the following, power losses are normalised to the input power; 

overlining a power flow or a torque indicates that they refer to the condition whereby the 

PSU meshing losses are considered. 

The total PSU meshing losses are the sum of the losses occurring in every PG and OG. 

As was demonstrated in [83], the mechanical power losses occurring in an OG linking the 

branch x of the TPM to the shaft X of the PG are: 

 𝑝̅𝐿|𝑂𝐺 =
𝑃̅𝐿|𝑂𝐺
𝑃𝑖𝑛

≈ −|(1 − 𝜂𝑋 𝑥⁄ ) 𝑝𝑥| (2.39) 

where 𝜂𝑋 𝑥⁄  is the OG efficiency and 𝑝𝑥 = 𝑃𝑥/𝑃𝑖𝑛 is the ideal normalised power flowing 

through the shaft x external to the TPM that, in ideal conditions, equals the power flowing 

through the shaft X connected to the PG. When possible, it is more convenient to choose 

shaft x among the four PSU external shafts; in this way, 𝑝𝑥 = 1 if x = in, 𝑝𝑥 = −𝜂 if x = out, 

or 𝑝𝑥 is given by Eqs. (2.22), (2.23), and (2.25) if x = i or x = o. Otherwise, 𝑝𝑥 can be 

calculated by combining Eq. (2.34) with power conservation in an isokinetic joint. 

The mechanical power losses occurring in a PG are: 

 𝑝̅𝐿|𝑃𝐺 =
𝑃̅𝐿|𝑃𝐺
𝑃𝑖𝑛

≈ − |(1 − 𝜂𝑌 𝑋⁄
𝑍 ) (

𝜙𝑥 𝑦⁄
𝑧 − 𝜓𝑋 𝑌⁄

𝑍

1 − 𝜓𝑋 𝑌⁄
𝑍 )𝑝𝑥| (2.40) 

where 𝑝𝑥 is that defined above, 𝜓𝑋 𝑌⁄
𝑍 = (𝜓𝑌 𝑋⁄

𝑍 )
−1

 is the fixed-Z speed ratio of the PG (Eq. 

(2.28)) and 𝜂𝑌 𝑋⁄
𝑍 = (𝜂𝑋 𝑌⁄

𝑍 )
−1

 is its fixed-Z efficiency: 

 𝜂𝑌 𝑋⁄
𝑍 = −

𝑃̅𝑌
𝑃̅𝑋

|
𝜔𝑍=0

= −
𝑇̅𝑌
𝑇̅𝑋

𝜔𝑌

𝜔𝑋
|
𝜔𝑆=0

 (2.41) 

In correspondence with the PG synchronism (𝜏 = 𝜏∗), Eq. (2.40) correctly implies that the 

PG meshing losses are null owing to Eq. (2.30). 

Usually, the PG fixed-Z speed ratio and efficiency are known in the fixed-carrier 

condition, because they are the PG Willis ratio Ψ = 𝜓𝑅 𝑆⁄
𝐶  and the basic efficiency 𝜂0

±1 =

𝜂𝑅 𝑆⁄
𝐶 , respectively. Nevertheless, in some cases, it is more convenient to match a different 

permutation of X, Y, and Z, depending on which 𝑝𝑥 TPM power flow is known or more 
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directly computable. In these cases, 𝜓𝑋 𝑌⁄
𝑍  can be calculated by the relationships of Table 2.1 

as functions of Willis ratio Ψ [83], while a more straightforward formulation than the one 

described in [83] has been proposed in [139] to assess 𝜂𝑌 𝑋⁄
𝑍 . Indeed, it is: 

 𝜂𝑌 𝑋⁄
𝑍 = 𝜓𝑌 𝑋⁄

𝑍 /𝜓̅𝑌 𝑋⁄
𝑍  (2.42) 

where 𝜓̅𝑋 𝑌⁄
𝑍  is an adjusted fixed-Z speed ratio which can be obtained from Table 2.1  by 

replacing Ψ with Ψ/𝜂0
±1. 

Table 2.1. Fixed-Z speed ratio of a PG as a function of the Willis ratio. 

𝝍𝑹 𝑺⁄
𝑪

 𝝍𝑺 𝑹⁄
𝑪

 𝝍𝑺 𝑪⁄
𝑹

 𝝍𝑪 𝑺⁄
𝑹

 𝝍𝑪 𝑹⁄
𝑺

 𝝍𝑹 𝑪⁄
𝑺

 

Ψ 
1
Ψ

 
Ψ−1
Ψ

 
Ψ

Ψ−1
 

1
1 −Ψ

 1 − Ψ 

 

Eq. (2.42) can be obtained from the resolution of the linear system of the equations related 

to the external torques equilibrium, the kinematic equation, and the definition of the basic 

efficiency of a PG. For example, supposing that the fixed-Z apparent efficiency of our 

interest is 𝜂𝑅 𝐶⁄
𝑆 , we have: 

 

{
 
 

 
 

𝑇̅𝐶 + 𝑇̅𝑅 + 𝑇̅𝑆 = 0  

Ψ =
𝜔𝑅 −𝜔𝐶

𝜔𝑆 − 𝜔𝐶
         

𝜂0
±1 = −

𝑇̅𝑅
𝑇̅𝑆

𝜔𝑅

𝜔𝑆
|
𝜔𝐶=0

  ⇒
𝑇̅𝑅
𝑇̅𝐶

= −
1

1 − Ψ 𝜂0
±1⁄

;  
𝜔𝑅

𝜔𝐶
|
𝜔𝑆=0

= 1 − Ψ = 𝜓𝑅 𝐶⁄
𝑆    (2.43) 

hence: 

 𝜂𝑅 𝐶⁄
𝑆 = −

𝑇̅𝑅

𝑇̅𝐶

𝜔𝑅

𝜔𝐶
|
𝜔𝑆=0

=
1 − Ψ

1 − Ψ 𝜂0
±1⁄

= 𝜓𝑅 𝐶⁄
𝑆 /𝜓̅𝑅 𝐶⁄

𝑆   (2.44) 

and similarly for the other cases. 

Eq. (2.40) was derived in [83] by expressing the PG torque ratios in real conditions as 

functions of the fixed-Z speed ratio 𝜓𝑌 𝑋⁄
𝑍  and fixed-Z efficiency 𝜂𝑌 𝑋⁄

𝑍 . Then, these torque 

ratios and the PG speed ratios are introduced in the PG power balance considering the 

meshing losses, which is: 

 𝜔𝑋 𝑇̅𝑋 + 𝜔𝑌 𝑇̅𝑌 + 𝜔𝑍 𝑇̅𝑍 + 𝑃̅𝑙𝑜𝑠𝑠|𝑃𝐺 = 0 (2.45) 

The resulting formulation would have implied an iterative formulation to assess the correct 

assumption on the power flow direction in calculating PG basic efficiency 𝜂0, to prevent any 

switch in the sign of the PG meshing losses since it must always be 𝑃̅𝑙𝑜𝑠𝑠|𝑃𝐺 ≤ 0. In other 

words, when calculating 𝜂𝑌 𝑋⁄
𝑍  as function of 𝜂0, we must discern between 𝜂0 and 𝜂0

−1 by 

verifying whether the power actually enters the equivalent fixed-carrier PG through the sun 
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gear or if, conversely, the driver is the ring gear. This switch may happen in correspondence 

with the PG synchronism or when the sign of the torque on a PSU shaft switches. 

Nonetheless, in [83] it is proved that 𝜂𝑌 𝑋⁄
𝑍  is usually high for the common values of 𝜂0 if it 

is Ψ < 0.5 or Ψ > 2. Moreover, if 𝜂𝑌 𝑋⁄
𝑍 → 1 then 𝜂𝑋 𝑌⁄

𝑍 = (𝜂𝑌 𝑋⁄
𝑍 )

−1
≅ 2 − 𝜂𝑌 𝑋⁄

𝑍 .  This 

implies that 𝜂𝑌 𝑋⁄
𝑍  and its reciprocal 𝜂𝑋 𝑌⁄

𝑍  can be used interchangeably in Eq. (2.40). Hence, 

the definition of only Z is sufficient to assess the fixed-Z apparent efficiency, defined simply 

as 𝜂𝑍. Similar considerations are valid for the assessment of the meshing losses in the OGs: 

Eq. (2.39) is valid if the OG efficiency is sufficiently high and 𝜂𝑋 𝑥⁄  and 𝜂𝑥 𝑋⁄  can be used 

indifferently. 

2.4.1 Real CVU power flows 

In the considered model, for a given input and output power, the PSU mechanical losses 

are supposed to be compensated only by the electric machines; thus, 𝑃𝑖𝑛 = 𝑃̅𝑖𝑛 and 𝑃𝑜𝑢𝑡 =

𝑃̅𝑜𝑢𝑡. The resulting power flowing through the shafts i and o were obtained in [83] through 

the procedure described in the following. 

The sum of the CVU power flows in real conditions can be obtained from the normalised 

real power balance of the PSU: 

 𝑝̅𝑖𝑛 + 𝑝̅𝑜𝑢𝑡 + 𝑝̅𝑖 + 𝑝̅𝑜 + 𝑝̅𝐿 = 0 (2.46) 

 𝑝̅𝑖 + 𝑝̅𝑜 = 𝜃̅𝑖𝜏𝑖 + 𝜃̅𝑜𝜏𝑜 = −(1 − 𝜂 + 𝑝̅𝐿) (2.47) 

where 𝑝̅𝐿 indicates the total meshing power losses in the PSU 𝑃̅𝐿 normalised to the input 

power. 𝑃̅𝐿 are assessed by summing the losses in PGs and OGs: 

 𝑃̅𝐿 = ∑𝑃̅𝐿|𝑃𝐺 +∑𝑃̅𝐿|𝑂𝐺 (2.48) 

The real torque ratios 𝜃̅𝑜 and 𝜃̅𝑖 are still speed-independent, thus they linearly depend on the 

overall torque ratio 𝛩 = −𝜂 𝜏⁄ , as in ideal conditions (Section 2.2.1). Consequently, 𝜃̅𝑜 and 

𝜃̅𝑖 remain constant if 𝛩 is constant; this means that the directional derivative of Eq. (2.47) 

along the vector [
𝜏
𝜂] = √𝜏2 + 𝜂2 [

𝜏̂
𝜂̂
] is: 

  𝜃̅𝑖
𝑑𝜏𝑖
𝑑𝜏

𝜏̂ +  𝜃̅𝑜
𝑑𝜏𝑜
𝑑𝜏

𝜏̂ = 𝜂̂ − ∇𝑝̅𝐿 [
𝜏̂
𝜂̂
] (2.49) 

where  ∇𝑝̅𝐿 = [
𝜕𝑝̅𝐿

𝜕𝜏

𝜕𝑝̅𝐿

𝜕𝜂
] is the gradient of 𝑝̅𝐿. By combining Eqs. (2.47) and (2.49), the real 

CVU power flows 𝑝̅𝑜 and  𝑝̅𝑖 are obtained after extensive math: 
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 𝑝̅𝑖 =
𝑃̅𝑖
𝑃𝑖𝑛

= 𝑝𝑖 −
𝜏𝑖
𝜏𝑖#𝑜

[𝑝̅𝐿 + (
𝜕𝑝̅𝐿
𝜕𝜏

+
𝜕𝑝̅𝐿
𝜕𝜂

𝜂

𝜏
) (𝜏#𝑜 − 𝜏)] (2.50) 

 
𝑝̅𝑜 =

𝑃̅𝑜
𝑃𝑖𝑛

= 𝑝𝑜 −
𝜏𝑜
𝜏𝑜#𝑖

[𝑝̅𝐿 + (
𝜕𝑝̅𝐿
𝜕𝜏

+
𝜕𝑝̅𝐿
𝜕𝜂

𝜂

𝜏
) (𝜏#𝑖 − 𝜏)] (2.51) 

Moreover, recalling that Eqs. (2.50)-(2.51) were derived considering the directional 

derivative along the vector whereby 𝛩 is constant, only the variation with 𝜏 has to be 

considered if the independent variables used to define 𝑝̅𝐿 are 𝜏 and 𝛩. Hence, Eqs. (2.50)-

(2.51) reduce to: 

 
𝑝̅𝑖 = 𝑝𝑖 −

𝜏𝑖
𝜏𝑖#𝑜

[𝑝̅𝐿 +
𝑑𝑝̅𝐿
𝑑𝜏

(𝜏#𝑜 − 𝜏)] (2.52) 

 
𝑝̅𝑜 = 𝑝𝑜 −

𝜏𝑜
𝜏𝑜#𝑖

[𝑝̅𝐿 +
𝑑𝑝̅𝐿
𝑑𝜏

(𝜏#𝑖 − 𝜏)] (2.53) 

Once the real CVU power flows are assessed, the real torque ratios 𝜃̅𝑖 and 𝜃̅𝑜 can be 

swiftly evaluated by dividing 𝑝̅𝑖 and 𝑝̅𝑜 by 𝜏𝑖 and 𝜏𝑜, respectively: 

 
𝜃̅𝑖 = 𝜃𝑖 −

1

𝜏𝑖#𝑜
[𝑝̅𝐿 +

𝑑𝑝̅𝐿
𝑑𝜏

(𝜏#𝑜 − 𝜏)] (2.54) 

 
𝜃̅𝑜 = 𝜃𝑜 −

1

𝜏𝑜#𝑖
[𝑝̅𝐿 +

𝑑𝑝̅𝐿
𝑑𝜏

(𝜏#𝑖 − 𝜏)] (2.55) 

2.4.2 Conversion power losses in the ICE and electric unit 

The dimensionless approach described above in this section leads to the complete 

characterisation of the speed, torque, and power of the CVU shafts i and o expressed as a 

fraction of the input speed, torque, and power. The independent variables of the model are 

the overall speed ratio 𝜏 and the overall torque ratio 𝛩 or the opposite of the overall power 

ratio 𝜂. Moreover, the consideration of the meshing power losses in the PSU is also included. 

Nonetheless, the described dimensionless approach is not suitable to assess the conversion 

power losses occurring in the ICE and in the electric unit, because the efficiency of these 

actuators varies as a function of their speed and torque. Thus, the knowledge of their actual 

operating point is required to evaluate their conversion losses, along with the knowledge of 

their efficiency maps. 

Due to the two DOFs of the power-split powertrain, the ICE operating point for given 

vehicle speed and demanded torque is not univocally defined, but it is the result of the 

adopted EMS. Therefore, the benefit of using the dimensionless approach outlined in this 

section is that the PS-CVT behaviour can be comprehensively analysed starting from the 

only knowledge of the functional parameters, without requiring any information on the 

actual operating points of the engine and electric machines and on the EMS. In this regard, 
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an example of the application of the parametric model for PS-CVTs analysis is presented in 

Chapter 3. Instead, the integration of the model with an EMS that allows the assessment of 

the actual operating point of the actuators and the respective power losses is addressed in 

Chapter 5 and Chapter 6. 

2.5 Full-electric operations 

The parametric model described in the previous sections is suitable for comprehensively 

analysing any PS-CVT with two DOFs for both speed (Eqs. (2.12)-(2.13)) and torque (Eqs. 

(2.20)-(2.21)) or power (Eqs. (2.22)-(2.23), (2.25)). 

In this section, the mathematical formulation is rearranged to assess the meshing power 

losses in the PSU and the resulting power flowing through the electric machines when the 

full-electric operation is achieved, whereby the ICE is turned off and the vehicle is propelled 

only by the electric unit. Indeed, if for the power-split operation it is convenient to refer the 

variables to the input shaft, the normalization to 𝑇𝑖𝑛 and 𝑃𝑖𝑛 is not advisable in full-electric 

modes, as 𝑇𝑖𝑛 is a reaction torque and 𝑃𝑖𝑛 is null. 

In the full-electric operation, the shaft in directly connected to the ICE is braked to the 

frame; thus, only one kinematic DOF is available. Therefore, the speed ratio between any 

two PSU branches is fixed and PGs are used only for torque multiplication from the electric 

machines to the output. As a result, the kinematic relationships computed for 𝜔𝑖𝑛 = 0 (𝜏 →

∞) can be normalised to the output speed and are constant: 

 
𝜔𝑜

𝜔𝑜𝑢𝑡
|
𝜔𝑖𝑛=0

=
𝜏𝑜#𝑖

𝜏#𝑖 − 𝜏#𝑜
;      

𝜔𝑖

𝜔𝑜𝑢𝑡
|
𝜔𝑖𝑛=0

=
𝜏𝑖#𝑜

𝜏#𝑜 − 𝜏#𝑖
;      

𝜔𝑜

𝜔𝑖
|
𝜔𝑖𝑛=0

= −
𝜏𝑜#𝑖
𝜏𝑖#𝑜

 (2.56) 

The torque distribution can be derived from the power balance of the PSU in ideal 

conditions (Eq. (2.14)) computed for 𝑃𝑖𝑛 = 0: 

 𝑇𝑜𝑢𝑡𝜔𝑜𝑢𝑡 + 𝑇𝑜𝜔𝑜 + 𝑇𝑖𝜔𝑖 = 0 (2.57) 

By dividing Eq. (2.57) to 𝜔𝑜𝑢𝑡 and introducing Eqs. (2.56), the contribution of both electric 

motors to the output torque is: 

 𝑇𝑜𝑢𝑡 =
𝜏𝑜#𝑖

𝜏#𝑜 − 𝜏#𝑖
𝑇𝑜 +

𝜏𝑖#𝑜
𝜏#𝑖 − 𝜏#𝑜

𝑇𝑖 (2.58) 

In other words, given a certain 𝑃𝑜𝑢𝑡 requested for vehicle propulsion, the power flowing in 

one electric motor can be freely selected, as opposed to the power-split operation where it 

would be more convenient to constrain the electric unit behaviour to the input (ICE) and 

output powers (Eqs. (2.22)-(2.23), (2.25)). 

Furthermore, the same method proposed in Section 2.4 enables the assessment of the PSU 

meshing losses occurring in full-electric operation if the power losses normalisation is not 
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performed for 𝑃𝑖𝑛 as in Eqs. (2.39)-(2.40). However, 𝜂𝑋 𝑥⁄ , 𝜂𝑍 and 𝜓𝑋 𝑌⁄
𝑍  are not affected by 

the variation of the normalising power and neither is the characteristic function 𝜙𝑥 𝑦⁄
𝑧 , being 

a powers ratio (Eq. (2.34)). Consequently, for full-electric operation, 𝜙𝑥 𝑦⁄
𝑧  can be easily 

computed by Eq. (2.26) for 𝜏 → ∞, by avoiding to refer the shaft x to a branch involving an 

infinite nodal ratio (such as the shaft in) to prevent numerical errors in 𝜙𝑥 𝑦⁄
𝑧  computation. 

As a result, the meshing losses can be normalised to any PSU power flow, if also 𝑃𝑥 is 

normalized to the same power. For convenience, we choose −𝑃𝑜𝑢𝑡 = −𝑃̅𝑜𝑢𝑡 as reference 

power. The minus sign is due to the actual negative sign of 𝑃𝑜𝑢𝑡, because coming out from 

the PSU (see Fig. 2.1). Hence, Eqs. (2.39)-(2.40) become: 

 𝑝̅′𝐿|𝑂𝐺 ≈ −|(1 − 𝜂𝑋 𝑥⁄ ) 𝑝′𝑥| (2.59) 

 𝑝̅′𝐿|𝑃𝐺 ≈ − |(1 − 𝜂𝑌 𝑋⁄
𝑍 ) (

𝜙𝑥 𝑦⁄
𝑧 − 𝜓𝑋 𝑌⁄

𝑍

1 − 𝜓𝑋 𝑌⁄
𝑍 )𝑝′𝑥| (2.60) 

where 𝑝̅′𝐿 = −𝑃̅𝐿 𝑃𝑜𝑢𝑡⁄  and 𝑝′𝑥 = −𝑃𝑥/𝑃𝑜𝑢𝑡.  

After the normalisation for −𝑃𝑜𝑢𝑡, the ideal power balance of Eq. (2.57) becomes 𝑝′𝑜 +

𝑝′𝑖 = 1, from which 𝑝′𝑜 = 1 − 𝑝′𝑖 and 𝑝′𝑖 = 1 − 𝑝′𝑜. Instead, when PSU meshing losses 

are considered, it is: 

 𝑝̅′𝑜 + 𝑝̅′𝑖 + 𝑝̅′𝐿 = 1 (2.61) 

from which we can derive the real power flowing through one MG after that the real power 

flowing through the other MG is fixed and the PSU meshing losses are assessed. However, 

neither 𝑝̅′𝑜 nor 𝑝̅′𝑖 should take on negative values, thereby avoiding unnecessary CVU power 

recirculation. After assessing the real power ratios of the electric motors, the real torque 

ratios can be swiftly evaluated by dividing them by the speed ratios (2.56). 

In the case study proposed in Chapter 3, the full-electric operation is also assessed by 

using the formulation presented in this section. 
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CHAPTER 3  

ANALYSIS OF POWER-SPLIT CVTS 

The parametric model described in Chapter 2 allows a comprehensive analysis of any PS-

CVT thanks to the universal and generalised formulation based on the functional parameters. 

Hence, provided that the functional parameters characterising the PSU under consideration 

are known, the PSU kinematics (Section 2.1), kinetostatics (Section 2.2), and meshing losses 

(Section 2.4) can be assessed, also in the full-electric operation (Section 2.5). 

In general, for an existing power-split transmission, the functional parameters in terms of 

nodal ratios and corresponding speed ratios are not explicitly disclosed; however, these 

functional parameters can be derived from the constructive arrangement of the PSU. To this 

purpose, a procedure for identifying the functional parameters from the constructive layout 

was presented in [96], but it only befits a power-split transmission with up to two TPMs and 

is based on a case-specific formulation hardly automatable. 

Section 3.1 describes a novel pocedure, presented in [139], for identifying the functional 

parameters. It is based on a generalised matrix approach suitable for any PSU, with any 

number of TPMs and operating modes. Moreover, the mathematical treatment does not 

require any case-specific formulas, thus the computing process is easily automatable by 

numerical software. Then, Section 3.2 addresses a case study on the application of the unified 

parametric model for analysing the multi-mode PS-CVT of the Cadillac CT6 PHEV, as 

proposed in [139]: starting from the known constructive arrangement of the PSU for each of 

the available eleven modes, the procedure of Section 3.1 is applied to identify the functional 

parameters for each mode; then, the dimensionless approach described Chapter 2 is applied 

to comprehensively assess the PS-CVT kinematics, kinetostatics, and PSU meshing losses 

for each operating mode, including the full-electric ones.

3.1 Procedure of identification of the functional parameters 

To perform the identification of the functional parameters from a PS-CVT, it needs to be 

known: 

• the constructive parameters of the involved gear trains, i.e., the PGs and OGs teeth 

ratios; 

• the PSU arrangement and the mutual connections between the devices. 

The aim is to evaluate: 
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• the nodal ratios, i.e., the mechanical points 𝜏#i and 𝜏#𝑜 and the nodal ratios referred 

to as the neutral nodes (𝜏#𝑛1, 𝜏#𝑛2, …); 

• the corresponding speed ratios for each nodal ratio. 

As addressed in Section 2.3, the number of non-zero and finite nodal ratios equals the 

number of the TPM included in the PSU; each nodal ratio implies as many corresponding 

ratios as the number of TPMs minus one. 

The functional parameters are obtained by performing some matrix operations derived 

from the linear system describing the kinematic constraints of the PSU: 

 [𝐊]{𝛚} = {0} (3.1) 

where [𝐊] is the constraints matrix and {𝛚} is a vector containing the angular speeds of the 

PSU shafts. To accelerate the computational process, it is advised to sort the rotational speeds 

included in {𝛚} so that the elements of the first rows are the speeds of the main shafts, 

starting from 𝜔𝑜𝑢𝑡 and 𝜔𝑖𝑛 and then 𝜔𝑖 and 𝜔𝑜, immediately followed by the ones referred 

to the neutral nodes and then all the others. Thus, {𝛚} is defined as follows: 

 {𝛚} = [𝜔𝑜𝑢𝑡 𝜔𝑖𝑛 𝜔𝑖     𝜔𝑜 𝜔𝑛1 𝜔𝑛2     ⋯ ]′ (3.2) 

Each row of the matrix [𝐊] reflects the kinematic constraints due to each mechanical 

device, hence [𝐊] is a sparse matrix. In particular, owing to Eq. (2.1), for the jth PG it is: 

 𝜔𝐶𝑗(1 − Ψ𝑗) + 𝜔𝑆𝑗(Ψ𝑗) + 𝜔𝑅𝑗(−1) = 0 (3.3) 

where Ψ𝑗 is the PG Willis ratio. For the xth OG it is: 

 𝜔𝑥(−1) + 𝜔𝑋(𝑘𝑥) = 0 (3.4) 

An isokinetic joint linking two shafts is a particular OG with 𝑘 = 1. 

Eq. (3.1) is valid also for modelling multi-mode PS-CVTs, where the PSU includes brakes 

and clutches that modify the connections among the PSU branches (see Section 1.2.3). 

Indeed, the working principle of a clutch connecting the 𝑋th PSU shaft to the frame (𝜔𝑥 =

0) can be mathematically modelled by a fixed-ratio gear having a constructive ratio tending 

to ∞; similarly, an engaged clutch connecting two rotating PSU branches acts as an isokinetic 

joint, and thus 𝑘 = 1. Shifting from one mode to another results in a variation of the 

constraint matrix [𝐊]; as a result, the numerical values of the functional parameters related 

to two power-split modes differ. However, the mathematical treatment for the analysis of the 

PS-CVT does not change and it is the one described in Chapter 2. 

The [𝐊] matrix has 𝑁𝐶 rows, which is the number of the mechanical constraints in the 

PSU given by the number of PGs plus the further constraints realised by OGs, isokinetic 

joints, or clutches. The number of columns of [𝐊] equals the number of rows of the {𝛚} 

vector, which is 𝑁𝐶  + 2 since the PSU has two degrees of freedom. Therefore, Eq. (3.1) is 
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a linear system in 𝑁𝐶 equations and 𝑁𝐶 + 2  variables. By supposing that two of the variables 

are known, for instance 𝜔𝑜𝑢𝑡 and 𝜔𝑖𝑛, the remaining rotational speeds can be written as 

functions of 𝜔𝑜𝑢𝑡 and 𝜔𝑖𝑛. For this purpose, it is necessary to perform a partition of the 

[𝐊] matrix in order to obtain a two-column matrix [𝐖] that relates the rotational speeds of 

the PSU output and input to the other speeds included in {𝛚}: 

 

        

 𝑘1,1 𝑘1,2 𝑘1,3 ⋯ 𝑘1,𝑁𝐶+2 𝜔𝑜𝑢𝑡  

 𝑘2,1 𝑘2,2 𝑘2,3 ⋯ 𝑘1,𝑁𝐶+2 𝜔𝑖𝑛  

[𝐊] {𝛚}   = 𝑘2,1 𝑘2,2 𝑘2,3 ⋯ 𝑘1,𝑁𝐶+2 𝜔𝑖 =    {0}  

 ⋮ ⋮ ⋮ ⋱ ⋮ 𝜔𝑜  

 𝑘𝑁𝐶,1 𝑘𝑁𝐶,2 𝑘𝑁𝐶,3 ⋯ 𝑘𝑁𝐶,𝑁𝐶+2 ⋮  

      𝜔𝑁𝐶+2   
 

(3.5) 

 

 

[𝐊(1,2)] is a submatrix of [𝐊] that includes only the first two columns of [𝐊], while [𝐊1,2] is 

a submatrix of [𝐊] obtained by removing the first two columns of [𝐊]. Hence, the previous 

equation can be rewritten as follows: 

 [𝐊]{𝛚} = [𝐊(1,2)]{𝛚𝑘𝑛𝑜𝑤𝑛} + [𝐊1,2]{𝛚𝑢𝑛𝑘𝑛𝑜𝑤𝑛} = {0} (3.6) 

from which we can calculate the column vector of the unknown rotational speeds:  

 {𝛚𝑢𝑛𝑘𝑛𝑜𝑤𝑛} = −[𝐊1,2]
−1

∙ [𝐊(1,2)]{𝛚𝑘𝑛𝑜𝑤𝑛} (3.7) 

In other terms: 

 (

𝜔𝑖
𝜔𝑜

𝜔𝑛1

⋮

)

NCx1

= [𝐖] (
𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
) (3.8) 

where 

 [𝐖] = −[𝐊1,2]
−1

∙ [𝐊(1,2)] (3.9) 

Note that in Eq. (3.8) the vector of the unknown rotational speeds has 𝑁𝐶 elements. By using 

the MATLAB notation that can appear more familiar, Eq. (3.9) can be considered as follows: 

 [𝐖] = −[𝐊(: , 3: end)]−1 [𝐊(: , 1: 2)] (3.10) 

At this point, the calculation of the functional parameters from the matrix [𝐖] is 

straightforward. After normalising the Eq. (3.8) to 𝜔𝑖𝑛 we get: 

[𝐊(1,2)] [𝐊1,2] 

{𝛚𝑘𝑛𝑜𝑤𝑛}    

{𝛚𝑢𝑛𝑘𝑛𝑜𝑤𝑛}    
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 (

𝜏𝑖
𝜏𝑜
𝜏𝑛1
⋮

)

𝑁𝐶x1

= [

𝑤1,1 𝑤1,2

𝑤2,1 𝑤2,2

⋮
𝑤𝑁𝐶,1

⋮
𝑤𝑁𝐶,2

] (
𝜏
1
) (3.11) 

The first row of the system is: 

 𝜏𝑖 = 𝑤1,1𝜏 + 𝑤1,2 (3.12) 

The previous equation computed for 𝜏𝑖 = 0 leads to the calculation of the nodal ratio 𝜏#𝑖: 

 0 = 𝑤1,1𝜏#𝑖 + 𝑤1,2        ⇒           𝜏#𝑖 = −
𝑤1,2

𝑤1,1
 (3.13) 

Similarly, by calculating the second row for 𝜏𝑜 = 0, we can obtain the nodal ratio 𝜏#𝑜 as 

−𝑤2,2 𝑤2,1⁄ , and so on for the other nodal ratios. As a result, the nodal ratios are the opposite 

of the ratio between each element of the second column of [𝐖] and the corresponding 

element in the first column. This ratio can be calculated with the aid of numerical software, 

e.g., MATLAB, by using the element-wise division to obtain a vector containing all the nodal 

ratios: 

 (

𝜏#𝑖
𝜏#𝑜
𝜏#𝑛1
⋮

)

𝑁𝐶x1

= − [𝐖(: ,2)] . [𝐖(: ,1)]⁄  (3.14) 

If the vector {𝛚} is sorted properly (see Eq. (3.2)), we can replace [𝐖] with its submatrix 

[𝐖(1,…,𝑁𝑇𝑃𝑀)], which consists of the first 𝑁𝑇𝑃𝑀 rows of [𝐖], if 𝑁𝑇𝑃𝑀 is the number of TPMs 

included in the PSU and of non-zero and finite nodal ratios. In this way, the unnecessary 

calculation of the nodal ratios related to the shafts rotating proportionally to one PSU main 

shaft is avoided. Thus, Eq. (3.14) returns a vector that does not contain any redundant nodal 

ratio. 

The same matrix [𝐖(1,…,𝑁𝑇𝑃𝑀)] also allows the identification of the corresponding speed 

ratios. Indeed, when for example Eq. (3.11) is computed for 𝜏 = 𝜏#𝑖, it gives the 

corresponding speed ratios of the mechanical point related to the shaft 𝑖. The same is for the 

other nodal ratios. By properly assembling all the corresponding speed ratios we get a 𝑁𝑇𝑃𝑀 

by 𝑁𝑇𝑃𝑀 square matrix whose diagonal elements are all equal to zero, while the other 

elements are the corresponding speed ratios: 

 [

0 𝜏𝑖#𝑜 𝜏𝑖#𝑛1 ⋯
𝜏𝑜#𝑖
𝜏𝑛1#𝑖
⋮

0
𝜏𝑛1#𝑜
⋮

𝜏𝑜#𝑛1
0
⋮

⋯
⋯
⋱

]

𝑁𝑇𝑃𝑀x𝑁𝑇𝑃𝑀

= [𝐖(1,…,𝑁𝑇𝑃𝑀)] [
𝜏#𝑖 𝜏#𝑜

1 1
    
𝜏#𝑛1 …  

1 …  
]
2x𝑁𝑇𝑃𝑀

 

(3.15) 

The submatrix of [W] that comprises its first and second row, defined as the kinematic 

matrix [𝛀], can be exploited for a rapid assessment of 𝜏𝑖 and 𝜏𝑜: 
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 [𝛀] = [𝐖(1,2)] = [𝐖(1: 2, : )] =
1

𝜏#𝑖 − 𝜏#𝑜
[
−𝜏𝑖#𝑜 𝜏#𝑖𝜏𝑖#𝑜

𝜏𝑜#𝑖 −𝜏#𝑜𝜏𝑜#𝑖
] (3.16) 

 (
𝜏𝑖
𝜏𝑜
) = [𝛀] (

𝜏
1
) (3.17) 

Eq. (3.17) is equivalent to the Eqs. (2.12)-(2.13). Furthermore, a similar matrix relation can 

be obtained for the ideal torque ratios of Eqs. (2.20)-(2.21): 

 

(
𝜃𝑖
𝜃𝑜
) = −[𝛀−1]′ (

𝛩
1
) = − [

𝜏#𝑜 𝜏𝑖#𝑜⁄ 1 𝜏𝑖#𝑜⁄

𝜏#𝑖 𝜏𝑜#𝑖⁄ 1 𝜏𝑜#𝑖⁄
] (

𝛩
1
) 

(3.18) 

This matrix approach is best suited for carrying out a quick and straightforward ideal 

analysis, but the relationships addressed in Sections 2.1 and 2.2 remain crucial for analysing 

the mechanical power losses and for design purposes. 

3.2 Case study on the Cadillac CT6 multi-mode PS-CVT 

The usability of the novel procedure of identification of the functional parameters is tested 

through a case study on the multi-mode transmission of the Cadillac CT6 PHEV, whose 

constructive arrangement and available operating modes are derived from [37,145], shown 

in Fig. 1.15, and described in Section 3.2.1. Then, a comprehensive analysis of the 

considered PS-CVT is performed by using the dimensionless approach described in Chapter 

2, according to the flow chart shown in Fig. 3.1. Once the functional parameters for each 

power-split mode are identified in Section 3.2.2 by the matrix approach of Section 3.1, 

enclosed in the red box of Fig. 3.1, these are used in Section 3.2.3 to deduce the range of 

utilisation of each mode by analysing the rotational speed of the electric machines. Section 

3.2.4  addresses the ideal CVU kinetostatics. Section 3.2.5 calculates the mechanical power 

losses and the resulting power and torque on the CVU shafts. The complete study of 

kinematics and real power flows shown in the flow chart is carried out also for full-electric 

operation in Section 3.2.6. Some of the results of this section have been presented in [139].  

3.2.1 Constructive layout of the multi-mode PS-CVT of the Cadillac CT6 

The Cadillac CT6 propulsion system includes a 2.0L 4-cylinder gasoline engine with 

turbocharging, direct injection and continuously variable valve timing acting on 4 valves per 

cylinder. The electric unit is provided with an 18.4 kWh battery pack, located in the rear, 

which offers more than 70 km of pure electric range and interacts with the two electric 

machines, which are identical in size, through a power inverter module that manages the 

electric power flows. The electric MGs were optimised to pursue the best balance among 

performance, cost, and efficiency [146,147]. MG1 is an induction electric machine mainly 
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used as a generator during hybrid propulsion or for supporting MG2 during the full-electric 

drive. MG2 is an interior permanent magnet motor and is the main electric actuator. 

The equivalent functional layout of the multi-mode power-split hybrid electric powertrain 

of the Cadillac CT6 is represented in Fig. 3.2 according to the symbology introduced in 

Chapter 2. 

 

The transmission under consideration consists of three planetary gear trains: PG1 and 

PG2 are identical, and their Willis ratio is Ψ1 = Ψ2 = −0.505; PG3 includes two sets of 

Fig. 3.2. Functional layout of Cadillac CT6 power-split hybrid electric powertrain [139]. 

Fig. 3.1. Flow chart of the procedure for PS-CVTs analysis [139]. 
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planet gears and its Willis ratio is Ψ3 = 0.44. The ICE (shaft 𝑖𝑛) is connected to the PG1 

ring gear. The PG3 ring gear is the transmission output, which is linked to a final drive (shaft 

𝑜𝑢𝑡) to deliver traction power to the wheels. In the following, the final drive is ignored 

because it does not affect the PSU behaviour. Also, the PG1 carrier, the PG2 carrier, and the 

PG3 sun gear are constrained to rotate together by a common shaft that is a neutral node 

(shaft 𝑛). The two electric machines can act as motors or generators: MG1 (shaft 𝑖) is directly 

linked with the PG1 sun gear, while MG2 (shaft 𝑜) is directly linked with the PG2 sun gear. 

Lastly, five multi-plate clutches enable several possible modes of operation. The half-

stationary clutches C1 and C3 can act as a brake on the PG3 carrier and the PG2 ring gear, 

respectively. The fully-rotating clutch C2 can connect the PG2 sun gear − and thus MG2 − 

to the PG3 carrier, while the fully-rotating clutch C4 can connect the PG1 sun gear − and 

thus MG1 − to the PG2 ring gear. The brake E- can prevent the ICE from moving and 

provides the reaction torque on the input shaft during full-electric operation. 

Clutches could be engaged in 25 = 32 different arrangements, among which 16 can enable 

the full-electric drive (EV modes) when the clutch E is engaged, while the remaining 16 

result in power-split hybrid operations [63]. However, not all these alternatives are suitable 

for vehicle propulsion since some of them cannot provide power on the output shaft. Indeed, 

if all the clutches are disengaged, four available kinematic DOFs are available, namely, two 

for each PG (six in total) minus two DOFs owing to the common shaft. Since each engaged 

clutch subtracts a further DOF, two clutches − not more and not less than two − among C1, 

C2, C3 and C4 must be engaged to achieve the power-split hybrid propulsion. However, C1 

and C2, or C3 and C4 cannot be engaged at the same time otherwise the transmission is 

unable to transmit power to the final drive. 

As a result, the viable power-split modes are only the four reported in Table 3.1. In 

particular, if clutches C1 and C3 are engaged, a shunt input-split mode is achieved, since 

PG2 and PG3 are kinematically equivalent to an ordinary gear train and the output speed is 

proportional to the speed of MG2. Another input-split mode is realised when C2 and C3 are 

both engaged because all three PG3 branches rotate with a speed that is proportional to the 

one of MG2. By engaging the clutches C1 and C4, PG1 and PG2 operate in a compound 

split mode, while PG3 acts as an OG. Finally, all three PGs are active in a second compound 

split mode, where C2 and C4 are engaged. 
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Table 3.1. Cadillac CT6 PS-CVT clutches operations for each of the eleven modes. 

Engaged clutches are marked with an X. 

MODE C1 C2 C3 C4 E 

INPUT-SPLIT 1 X  X   

PARALLEL 1 X  X X  

COMPOUND 1 X   X  

PARALLEL 2 X X  X  

COMPOUND 2  X  X  

PARALLEL 3  X X X  

INPUT-SPLIT 2  X X   

EV 1 X  X  X 

EV 2 X   X X 

EV 3   X X X 

EV 4  X X  X 

 

If three clutches are engaged, the transmission has only one DOF and the overall speed 

ratio is fixed. This situation is useful when a MG is stationary at its mechanical point. Indeed, 

by closing a third clutch the reaction torque on the shaft that connects the MG to the PSU 

can be provided by the frame, rather than by the MG itself, which therefore is unloaded. This 

condition determines a fixed-ratio parallel hybrid mode, whereby a MG is switched off while 

the other electric machine can provide additional power for boosting the vehicle propulsion 

or can recharge the battery, but at a fixed speed ratio. However, since operating in a fixed-

ratio parallel hybrid mode means operating in correspondence with a mechanical point of a 

power-split mode, it does not need to be addressed separately. Table 3.1 also shows that for 

each power-split mode there is a corresponding EV mode, achieved by engaging the clutch 

E. 

3.2.2 Identification of the functional parameters 

In this section, the functional parameters are derived by applying the new method 

explained in section 3.1. The first step is to determine the constraints matrix from the 

constructive arrangement of the PSU in each of the four power-split modes. The constraints 

matrix [𝐊] has as many rows as the number of constraints. Ignoring the simple isokinetic 

joints, which would cause redundant equations, the constructive constraints are related to the 

three PGs and the clutches system. In particular, the action of the clutch E is not considered 

now because it only affects the full-electric modes. Also, since the activation of C3 and C4 

is mutually exclusive in the power-split operation (see Table 3.1), they impose a single 

constraint on the shaft linked to the PG2 ring gear, which can be modelled by a fictitious 

fixed-ratio gear 𝑘𝑅2 (see Fig. 3.2) that switches from 1 to ∞ depending on the engaged clutch. 
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The clutches C1 and C2, likewise, constrain the PG3 carrier acting like a fictitious fixed-

ratio gear 𝑘𝐶3. Hence, there are 3+2 constraints: the [𝐊] matrix dimension is 5x7 (i.e.,  

𝑁𝐶 ∙ (𝑁𝐶 + 2)), while the rotational speed vector {𝛚} contains 7 elements (𝑁𝐶 + 2). 

The rotational speed vector chosen to properly assemble [𝐊] is: 

{𝛚} = [𝜔𝑜𝑢𝑡 𝜔𝑖𝑛 𝜔𝑖     𝜔𝑜 𝜔𝑛 𝜔𝑅2   𝜔𝐶3]′  

The general constraint matrix related to the power-split modes is: 

 0 −1 Ψ1 0 1 − Ψ1 0 0 

 0 0 0 Ψ2 1 − Ψ2 −1 0 

[𝐊]   = −1 0 0 0 Ψ3 0 1 − Ψ3 

 0 0 −1 0 0 𝑘𝑅2 0 

 0 0 0 −1 0 0 𝑘𝐶3 

where 𝑘𝑅2 = 𝜔𝑖/𝜔𝑅2 and 𝑘𝐶3 = 𝜔𝑜/𝜔𝐶3. According to Table 3.1 and Fig. 3.2, 𝑘𝑅2 is equal 

to 1 when the clutch C4 is engaged (in COMPOUND 1 and COMPOUND 2 operating 

modes) or to ∞ when the clutch C3 is engaged (in INPUT-SPLIT 1 and INPUT-SPLIT 2). 

Similarly, 𝑘𝐶3 is equal to 1 when the clutch C2 is active (in COMPOUND 2 and INPUT-

SPLIT 2) or to ∞ when the clutch C1 is active (in INPUT-SPLIT 1 and COMPOUND 1). 

After determining [𝐊], the matrix approach was implemented in MATLAB, where the 

matrix [𝐖] was calculated through Eq. (3.10). The implementation of a for-loop speeds up 

the replication of the same calculations for each mode. Hence, the model is highly 

automatable. In the numerical computing environment, ∞ was replaced by a value 

sufficiently high (e.g., 105). Since there are three TPMs, only the first, second and third row 

of [𝐖] are necessary to evaluate the nodal ratios and the corresponding speed ratios of the 

shafts i, o, and n by Eqs. (3.14)-(3.15). The results are reported in Table 3.2. 

Table 3.2. Nodal ratios and corresponding speed ratios for i, o, and n for the power-split modes. 

MODE  #   #   #𝒏   #    #𝒏   #    #𝒏  𝒏#   𝒏#  

INPUT-SPLIT 1 0.29 0 0 -2.0 -2.0 2.0 0 0.66 0 

COMPOUND 1 0.29 0.59 0 2.0 -2.0 2.0 3.9 0.66 1.3 

COMPOUND 2 1.4 0.59 2.2 2.0 -2.0 2.0 3.9 0.66 1.3 

INPUT-SPLIT 2 1.4 0 0 -2.0 -2.0 2.0 0 0.66 0 

 

3.2.3 Kinematic analysis and mode shift strategy 

The mechanical points and the corresponding speed ratios of Table 3.2 characterise the 

CVU kinematic through Eqs. (2.12)-(2.13) or, equivalently, Eq. (3.17). The speed ratios of 

MG1 (𝜏𝑖) and MG2 (𝜏𝑜) are shown in Fig. 3.3 as functions of the overall speed ratio τ. 
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Potentially, each power-split mode could be used for any overall transmission ratio τ, but 

the MGs maximum speed is limited by constructive and technological constraints. Therefore, 

multi-mode transmissions are arranged to modify the PSU internal connections, implying 

different functional parameters (Table 3.2) that involve different speed ratios (Fig. 3.3). 

However, it is advisable to perform the shift from one mode to another when the shafts 

involved in clutches operation have a null relative speed to prevent clutches from slipping. 

Hence, a synchronous switch can be realised in correspondence with the mechanical points, 

whereby one MG is stationary, along with the PSU shaft connected to that MG. Thus, Table 

3.2 suggests that the shift between INPUT-SPLIT 1 and COMPOUND 1 should be 

performed in the common mechanical point 𝜏#𝑖 = 0.29, the shift between COMPOUND 1 

and COMPOUND 2 should be performed in 𝜏#𝑜 = 0.59, and the shift between 

COMPOUND 2 and INPUT-SPLIT 2 should be performed in 𝜏#𝑖 = 1.4. 

Moreover, as stated above, fixed-ratio parallel hybrid modes can be achieved in 

correspondence with the mechanical points. Thus, if the clutches C1 and C2 are engaged 

along with C4, MG2 is unloaded and 𝜏 = 𝜏#𝑜 = 0.59,. Instead, if the clutches C3 and C4 are 

engaged along with C1 or C2, MG1 is unloaded and 𝜏 = 𝜏#𝑖 = 0.29 or 𝜏 = 𝜏#𝑖 = 1.4, 

respectively. 

To conclude the kinematic analysis of the transmission, the overall speed ratio whereby 

PGs operate synchronously was calculated for each power-split mode through Eq. (2.33) and 

Fig. 3.3. Speed ratios of MG1 (𝜏𝑖) and MG2 (𝜏𝑜) as functions of the overall speed ratio τ. 
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listed in Table 3.3. The missing values are due to the fact that the PG acts as an OG within 

that mode, thus it cannot reach the synchronism. Moreover, all the active PGs reach 

synchronism at the same 𝜏∗ in compound-split modes because of the lack of intermediate 

OGs. 

Table 3.3. Overall transmission ratio 𝜏∗ whereby the PGs are synchronous. 

 INPUT-SPLIT 1 COMPOUND 1 COMPOUND 2 INPUT-SPLIT 2 

PG1 0.44 0.44 1.0 2.1 

PG2 - 0.44 1.0 - 

PG3 - - 1.0 - 

 

3.2.4 Ideal CVU kinetostatics 

The ideal CVU torque ratios were assessed by Eqs. (2.20)-(2.21), equivalent to Eq. (3.18), 

and plotted as functions of the overall speed ratios 𝜏 and the overall apparent efficiency 𝜂 =

−𝜏 𝛩 in Fig. 3.4 and Fig. 3.5. The contour spacing is 5% for 𝜃𝑖 and 10% for 𝜃𝑜. The torque 

on the shaft i linked to MG1 expressed as a fraction of the input power is constant for the 

two input-split modes and equals −1 𝜏𝑖#𝑜⁄ = 0.5 (Eq. (2.20)). Instead, the absolute value of 

the normalised torque on the shaft o connected to MG2 increases asymptotically in the 

nearby of the stall condition (𝜏 = 0), even though in Fig. 3.5 it is graphically limited to 2. 

 

 

 

Fig. 3.4. Ideal torque on the shaft i as a fraction of the input torque (𝜃𝑖). 
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Then, the ideal power flowing through the CVU shafts was assessed by Eqs. (2.25). In 

Fig. 3.6 and Fig. 3.7, 𝑝𝑖 and 𝑝𝑜 are represented as functions of 𝜏 and 𝜂. In both figures, the 

contour spacing is 10%. Moreover, according to Eqs. (2.25) and Table 3.2, 𝑝𝑖 = 0 for 𝜏 =

𝜏#𝑖 and for 𝜂 = 𝜏/𝜏#𝑜, while 𝑝𝑜 = 0 for 𝜏 = 𝜏#𝑜 and for 𝜂 = 𝜏/𝜏#𝑖. Also, the normalised 

power flowing through the shaft i does not depend on the overall apparent efficiency 𝜂 in 

the input-split modes whereby 𝜏#𝑜 = 0. 

Fig. 3.5. Ideal torque on the shaft o as a fraction of the input torque (𝜃𝑜). 

Fig. 3.6. Ideal power flowing through the shaft i as a fraction of the input power (𝑝𝑖). 
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3.2.5 PSU meshing losses 

According to Section 2.4, the total meshing power losses result from the sum of the 

meshing losses occurring in each PG. Any loss in the clutches is neglected. Thus, the total 

meshing losses are: 

𝑝̅𝐿 = 𝑝̅𝐿|𝑃𝐺1 + 𝑝̅𝐿|𝑃𝐺2 + 𝑝̅𝐿|𝑃𝐺3  

which were calculated by Eq. (2.40), after labelling each branch of the TPMs as reported in 

Table 3.4. Nonetheless, any other reference notation could have been chosen for applying 

Eq. (2.40), since the meshing losses occurring in a PG depend only on the relative speed 

between two of its branches and on the torques. 

Table 3.4. Reference notation of the TPMs shafts for the calculation of meshing losses in power-

split modes. 

 x X y Y z Z 

PG1 in ring i sun n carrier 

PG2 n carrier o sun i ring 

PG3 out ring n sun o carrier 

 

Therefore: 

𝑝̅𝐿|𝑃𝐺1 = − |(1 − 𝜂𝐶) (
𝜙𝑖𝑛 𝑖⁄

𝑛 − 𝜓𝑅 𝑆⁄
𝐶

1 − 𝜓𝑅 𝑆⁄
𝐶 )𝑝𝑖𝑛| 

Fig. 3.7. Ideal power flowing through the shaft o as a fraction of the input power (𝑝𝑜). 
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𝑝̅𝐿|𝑃𝐺2 = − |(1 − 𝜂𝑅) (
𝜙𝑛 𝑜⁄

𝑖 − 𝜓𝐶 𝑆⁄
𝑅

1 − 𝜓𝐶 𝑆⁄
𝑅 )𝑝𝑛| 

𝑝̅𝐿|𝑃𝐺3 = − |(1 − 𝜂𝐶) (
𝜙𝑜𝑢𝑡 𝑛⁄

𝑜 − 𝜓𝑅 𝑆⁄
𝐶

1 − 𝜓𝑅 𝑆⁄
𝐶 )𝑝𝑜𝑢𝑡| 

The most convenient PSU main port was chosen as x for each PG. Indeed,  𝑝𝑖𝑛 = 𝑝̅𝑖𝑛 = 1 

and  𝑝𝑜𝑢𝑡 =  𝑝̅𝑜𝑢𝑡 = −𝜂 by definition. Furthermore, the real power transmitted by the PG1 

ring gear equals  𝑝𝑖𝑛 and the real power transmitted by the PG3 ring gear equals  𝑝𝑜𝑢𝑡, owing 

to the lack of OGs on the involved shafts. On the other hand, the power transmitted by the 

PG2 carrier can be calculated only in ideal conditions, by the principle of power conservation 

in the neutral node n and Eq. (2.34): 

𝑝𝑛|𝑃𝐺2 = − 𝑝𝑛|𝑃𝐺1 − 𝑝𝑛|𝑃𝐺3 = 𝑝𝑖𝑛 ∙ 𝜙𝑖𝑛 𝑛⁄
𝑖 + 𝑝𝑜𝑢𝑡 ∙ 𝜙𝑜𝑢𝑡 𝑛⁄

𝑜  

Table 3.5 summarises the fixed-Z apparent efficiencies 𝜂𝑍 and the fixed-Z speed ratios 

𝜓𝑋 𝑌⁄
𝑍  for each PG, based on the functional and constructive layout of the transmission. The 

basic efficiency was supposed to be slightly lower for PG3 because it has one more gear 

meshing between the two sets of planet gears. 

Table 3.5. Fixed-Z apparent efficiencies and fixed-Z speed ratios as functions of the basic 

efficiency 𝜂0 and the Willis ratio Ψ. 

 Ψ 𝜼𝟎 𝝍𝑿 𝒀⁄
𝒁  𝜼𝒁 = 𝝍𝑿 𝒀⁄

𝒁 /𝝍̅𝑿 𝒀⁄
𝒁  

PG1 -0.505 0.97 Ψ 𝜂0 

PG2 -0.505 0.97 
Ψ

Ψ− 1
 

Ψ
(Ψ − 1)⁄

Ψ 𝜂0⁄
(Ψ 𝜂0⁄ − 1)⁄

 

PG3 0.44 0.96 Ψ 𝜂0 

 

The involved characteristic functions were obtained by Eq. (2.26) using the proper nodal 

ratios from Table 3.2, as well as 𝜏#𝑖𝑛 = 105 and 𝜏#𝑜𝑢𝑡 = 0. The calculation of the power 

losses led to the power losses map of Fig. 3.8, where the PSU meshing losses are shown as 

a function of the overall transmission ratio τ and the overall apparent efficiency 𝜂. These 

losses are expressed as a fraction of the input power and the contour spacing is 0.005. In 

both the compound-split modes, the power losses are minimum for 𝜏 = 0.44 and 𝜏 = 1, which 

correspond to the PGs synchronism (see Table 3.3). Nonetheless, for 𝜏 = 1 the meshing 

power losses are null, because all the three PGs operate at synchronism. Instead, for 𝜏 = 0.44 

the meshing power losses are minimum but not null since only PG1 and PG2 are 

synchronous, while PG3 operates as an OG. 
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After computing the PSU meshing losses, the resulting power flowing in the CVU shafts 

was obtained by Eqs. (2.50)-(2.51) and shown in Fig. 3.9 and Fig. 3.10. The contour spacing 

is 0.1. Although the power losses do not show any discontinuities, their gradient does, owing 

to a torque or speed reversal in the PSU that would imply a switch in the PGs basic efficiency 

𝜂0. Although any a priori prediction of the power flow direction is not required by the 

adopted approximated method to address the switch of 𝜂0, the physical consistence of the 

model is confirmed by the results of Fig. 3.9 and Fig. 3.10 and it is mathematically ensured 

by the absolute value in Eqs. (2.40). The gradient discontinuity is reflected in the real CVU 

power flows in correspondence with the synchronism or the mode shift.  

Fig. 3.8. PSU meshing losses in power-split modes as a fraction of the input power (𝑝̅𝐿). 

Fig. 3.9. Real power flowing through the shaft i as a fraction of the input power (𝑝̅𝑖). 
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The same discontinuities are detected in the resulting CVU torques, which were 

calculated by dividing 𝑝̅𝑖 by 𝜏𝑖 and 𝑝̅𝑜 by 𝜏𝑜. In Fig. 3.11 and Fig. 3.12, the real CVU 

normalised torques are represented with a contour spacing of 5% for 𝜃̅𝑖 and 10% for 𝜃̅𝑜. 

 

 

 

 

Fig. 3.10. Real power flowing through the shaft o as a fraction of the input power (𝑝̅𝑜). 

Fig. 3.11. Real torque on the shaft i as a fraction of the input torque (𝜃̅𝑖). 
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3.2.6 Analysis in full-electric operation 

According to Section 2.5, the same functional parameters related to each power-split 

mode can be used to evaluate the transmission behaviour in the respective full-electric mode. 

Hence, this section analyses the four EV modes indicated in Table 3.1 by using the nodal 

ratios and the corresponding speed ratios of Table 3.2. 

The ratios between the speed of electric machines and the output shaft were computed by 

Eqs. (2.56) and listed in Table 3.6. These speed ratios are constant, thus, imposing 𝜔𝑜𝑢𝑡 

implies univocal rotational speeds for both MG1 and MG2. Furthermore, EV 1 and EV 2 

achieve the highest speed ratios available among the EV modes, which are very similar to 

the speed ratio between the MG2 and the output shaft realised during the parallel hybrid 

operation for 𝜏 = 𝜏#𝑖 = 0.29. Therefore, both EV 1 and EV 2 might be used for providing 

acceleration at low vehicle speed to comply with the MGs maximum speed. Owing to their 

kinematics similarity, the choice between EV 1 and EV 2 may depend on the respective PSU 

meshing losses. On the other hand, the speed ratios of EV 3 and EV 4 are lower, therefore 

they can be used at higher vehicle speeds. Nonetheless, the speed ratio of EV 4 is the same 

speed ratio between the MG2 and the output shaft realised during the parallel hybrid 

operation for 𝜏 = 𝜏#𝑖 = 1.4. Since this fixed-ratio functioning point is exploited for 

overdrive, EV 4 might not be suitable for full-electric drive whereby the vehicle usually 

achieves a lower maximum speed, because the MGs would work at an inconveniently low 

speed. Moreover, MG1 and MG2 rotate at a very similar speed in all EV modes, but in a 

reverse direction in EV 2 and EV 3. 

Fig. 3.12. Real torque on the shaft o as a fraction of the input torque (𝜃̅𝑜). 
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Table 3.6. Speed ratios in EV modes. 

MODE 
𝝎 

𝝎 𝒖𝒕
⁄  

𝝎 
𝝎 𝒖𝒕
⁄  

𝝎 
𝝎 
⁄  

EV 1 6.8 6.8 1.0 

EV 2 6.8 -6.6 -1.0 

EV 3 -2.5 2.4 -1.0 

EV 4 1.4 1.4 1.0 

 

The mechanical power losses in EV modes were assessed by the same equations used in 

Section 3.2.5 computed for 𝜏 = 𝜏#𝑖𝑛 = 105 and normalised to the opposite of the output 

power. Moreover, it is advisable to change the reference notation for PG1 according to Table 

3.7 to avoid that 𝑥 = 𝑖𝑛 (see Section 2.5). 

Table 3.7. Reference notation of the TPMs shafts for the calculation of meshing losses in EV modes. 

 x X y Y z Z 

PG1 i sun in ring n carrier 

PG2 n carrier o sun i ring 

PG3 out ring n sun o carrier 

 

The equations used for calculating power losses are: 

𝑝̅′
𝐿
|
𝑃𝐺1

= − |(1 − 𝜂𝐶) (
𝜙𝑖 𝑖𝑛⁄

𝑛 − 𝜓𝑆 𝑅⁄
𝐶

1 − 𝜓𝑆 𝑅⁄
𝐶 )𝑝′𝑖| 

𝑝̅′
𝐿
|
𝑃𝐺2

= − |(1 − 𝜂𝑅) (
𝜙𝑛 𝑜⁄

𝑖 − 𝜓𝐶 𝑆⁄
𝑅

1 − 𝜓𝐶 𝑆⁄
𝑅 )𝑝′𝑛| 

𝑝̅′
𝐿
|
𝑃𝐺3

= − |(1 − 𝜂𝐶) (
𝜙𝑜𝑢𝑡 𝑛⁄

𝑜 − 𝜓𝑅 𝑆⁄
𝐶

1 − 𝜓𝑅 𝑆⁄
𝐶 )𝑝′𝑜𝑢𝑡| 

where 𝑝′𝑜𝑢𝑡 = 𝑝̅′
𝑜𝑢𝑡

= −1, while 𝑝′
𝑖
|
𝑃𝐺1

and 𝑝′𝑛|𝑃𝐺2 must be assessed by combining Eq. 

(2.34) with the principle of power conservation: 

𝑝′
𝑖
|
𝑃𝐺1

= 𝑝′
𝑖
− 𝑝′

𝑖
|
𝑃𝐺2

= 𝑝′
𝑖
+ 𝜙𝑜 𝑖⁄

𝑛 ∙ 𝑝′
𝑜
|
𝑃𝐺2

= 𝑝′
𝑖
+ 𝜙𝑜 𝑖⁄

𝑛 ∙ (𝑝′
𝑜
− 𝑝′

𝑜
|
𝑃𝐺3

) =

= 𝑝′𝑖 + 𝜙𝑜 𝑖⁄
𝑛 ∙ (𝑝′𝑜 + 𝜙𝑜𝑢𝑡 𝑜⁄

𝑛 ∙ 𝑝′𝑜𝑢𝑡)
 

𝑝′𝑛|𝑃𝐺2 = − 𝑝′𝑛|𝑃𝐺1 − 𝑝′𝑛|𝑃𝐺3 = 𝑝′
𝑖
|
𝑃𝐺1

∙ 𝜙𝑖 𝑛⁄
𝑖𝑛 + 𝑝′𝑜𝑢𝑡 ∙ 𝜙𝑜𝑢𝑡 𝑛⁄

𝑜  

Fig. 3.13 shows the power losses as a function of 𝑝′𝑜 = −𝑃𝑜/𝑃𝑜𝑢𝑡 = 𝑝̅′
𝑜
; Fig. 3.14 shows 

the resulting CVU power flows, whereby 𝑝̅′
𝑖
= 1 − 𝑝̅′

𝐿
− 𝑝̅′

𝑜
. Fig. 3.13 suggests that EV 1 

should be preferred to EV 2 for lower vehicle speeds because of the lower power losses. 

Furthermore, the power losses occurring in EV 1 are constant, therefore the PSU mechanical 

efficiency is not affected by the power rates provided by each motor. EV 4 is the most 
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efficient mode, thus, where possible, it should be preferred to EV 3, which, on the contrary, 

is the least efficient. However, as stated before, EV 4 might be unsuitable for the full-electric 

drive, thus the exploitation of EV 3 for the highest vehicle speeds may be unavoidable. 

 

 

Fig. 3.13. PSU meshing losses in EV modes as a fraction of the output power (𝑝̅𝐿
′ ). 

Fig. 3.14. Real CVU power flows in EV modes as a fraction of the output power. 
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CHAPTER 4  

FUNCTIONAL DESIGN OF PS-CVTS 

The generality of the parametric model described in Chapter 2 enables a hierarchical and 

modular procedure for the design of the power-split powertrain.  

As addressed in Section 3.1, the functional parameters of an existing PSU are univocally 

defined; however, the same set of functional parameters can be achieved by several 

constructive arrangements. The variation of the PS-CVT constructive layout results in a 

variation of the numerical value of the functional parameters underpinning the model 

described in Chapter 2, and not in the form of the basic equations, which are universal. 

Indeed, modelling the PSU as a four-port mechanism whose kinematics and kinetostatics are 

univocally defined by the only functional parameters enables the assessment of the speed, 

torque and power ratios among the PSU external ports before the PSU constructive 

arrangement has been defined. Similarly, the consideration of the three-port mechanisms as 

core units of the PSU and the use of their characteristic functions allows the designer to 

model the global PSU kinematics before the synthesis of the PGs and OGs included in the 

PSU. 

As a result, the enabled design procedure consists of subsequent phases which are 

decoupled one from another so as to optimize the ICE, the electric machines, and the gear 

trains without any mutual interference. Moreover, in contrast to the mere explorative 

approach usually adopted in the literature, the designer oversees the physical consistency of 

their decisions through the whole design process. Indeed, the proposed approach allows the 

prioritisation of the selection of the mechanical points to minimise the size of the electric 

unit, which is usually the most expensive equipment. This is possible because the only 

mechanical points are sufficient to fully define the power flows of the electric unit (see Eqs. 

(2.22), (2.23), (2.25)). Hence, the electric MGs can be selected. The same mechanical points 

lead to the definition of the PSU kinematics and to the exploitation of a PSU design chart, 

by which the PGs Willis ratio can be chosen to achieve the PGs synchronism within the 

desired PSU working range. In this way, since the meshing losses in a PG are null at its 

synchronism, they are minimised within the whole working range. Lastly, selecting the 

corresponding speed ratios leads to the sizing of the OGs necessary to comply with the 

maximum speed and torque of the electric MGs. 

A design procedure for PS-CVTs based on the parametric model was introduced in [95], 
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where a numerical example of a PSU design was provided. The proposed design procedure 

is suitable for the functional design of a single-mode shunt and compound PSU with up to 

two TPMs. However, sizing and operations of the ICE and electric machines were not 

considered. Furthermore, the terminology and the mathematical treatment used in [95] were 

not aligned with the unified formulation presented in Chapter 2. In [148], the parametric 

model was used to design an automotive power-split transmission. Within the research 

described in this dissertation, the modular and hierarchical design procedure presented in 

[95] has been applied to hybridise an oil drilling rig and recover energy braking during the 

gravity-driven lowering phases. 

Soil drilling is a very energy-consuming process [149], where the energy efficiency can 

be enhanced in several ways, including the improvement of the drill bit material [150], the 

implementation of a proper control strategy to increase the engine efficiency [151], and the 

embedding of an energy storage system to modulate the peak power requested to the engine 

[152–154]. In addition, the release of gravitational energy during the lowering phases of 

drilling, tripping in, and casing can be exploited by avoiding completely dissipative braking 

but recovering part of the braking power hydraulically [155], mechanically [156], or 

electrically [157,158]. Nonetheless, the literature analysis has revealed that this is the first 

power-split electric hybridisation of a drilling rig for this purpose. 

The results reported in this chapter were presented in [140]. The modular and hierarchical 

procedure for the design of PS-CVTs is reported in Section 4.1. The design requirements of 

the addressed case study are presented in Section 4.2, where the oil drilling rig to hybridise 

is described. The results of the research are presented in Section 4.3; two solutions differing 

in the ICE size are proposed and discussed.

4.1 A modular parametric design for PS-CVTs 

The design procedure addressed in this chapter aims to synthesise the best power-split 

powertrain to fulfil some functional and constructive requirements, which determine the 

desired range of variation for the overall speed ratio 𝜏 and the overall power ratio −𝜂. The 

operating range of the power-split powertrain depends on the desired operations of the 

system to hybridise and on the characteristics of thermal and electric actuators. Nevertheless, 

these design requirements are usually identifiable before the transmission design process. 

After this preliminary analysis, a hierarchical and modular approach for the design of the 

power-split powertrain can be achieved through the following steps: 

1) selection of the mechanical points and electric machines power size; 

2) synthesis of planetary gearing through a PSU design chart; 
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3) selection of the corresponding speed ratios; 

4) synthesis of ordinary gearing. 

4.1.1 Selection of the mechanical points 

From Eqs. (2.25), which can be rearranged as in Eqs. (4.1)-(4.2), the power flows of the 

electric machines (𝑃𝑖 and 𝑃𝑜) are ruled only by the mechanical points: 

 
𝑃𝑖 =

(𝜏 − 𝜏#𝑖)(𝜏 − 𝜂 𝜏#𝑜)

𝜏(𝜏#𝑖 − 𝜏#𝑜)
𝑃𝑖𝑛 (4.1) 

 
 𝑃𝑜 =

(𝜏 − 𝜏#𝑜)(𝜏 − 𝜂 𝜏#𝑖)

𝜏(𝜏#𝑜 − 𝜏#𝑖)
𝑃𝑖𝑛 (4.2) 

As a result, within the desired range of variation of 𝜏 and 𝜂, selecting the mechanical points 

involves a univocal range of variation of the power flowing through the electric unit. 

Therefore, selecting the combination of mechanical points that minimises the power of the 

electric MGs could be particularly cost-effective given the high prices of electric equipment. 

Nevertheless, as addressed in [148], selecting a proper control strategy is crucial to carry 

out an optimisation process aimed at assessing the best mechanical points to pursue a 

downsizing of the involved actuators while complying with the desired performance. In 

particular, during the selection of the optimal mechanical points, two different assumptions 

can be considered in order to minimise the power size of the electric unit: 

• 𝑃𝑜 = −𝑃𝑖, whereby the ICE only supplies the total power required in output; 

• 𝑃𝑜 = 𝑃𝑖, whereby the ICE power is higher or lower than the required one, resulting 

in battery recharging or discharging, respectively. 

Moreover, given that in correspondence with a mechanical point the power flowing in 

one electric machine is null, it would be advisable to narrow the operating range as close as 

possible to the mechanical points. In this way, the electromechanical conversions and the 

related power losses would be reduced and the overall efficiency improved. However, this 

would result in a limited working range; thus, only implementing a multi-mode transmission 

enables the achievement of both lower CVU size (and thus lower conversion losses) and an 

extended range of the overall transmission ratio. 

In this regard, as addressed in Section 2.3, the number of nodal ratios available in the 

design stage equals the number of TPMs in the PSU. Thus, for a two-PG compound PSU, 

both mechanical points can be freely selected, while for a shunt PSU, only one. Indeed, in 

an input-split transmission where the MG1 speed (or MG2) is proportional to the output 

speed, only 𝜏#𝑜 (or 𝜏#𝑖) can be freely chosen since 𝜏#𝑖 = 0 (or 𝜏#𝑜 = 0). Similarly, in an 

output-split transmission where the MG1 speed (or MG2) is proportional to the input speed, 

only 𝜏#𝑜 (or 𝜏#𝑖) can be freely chosen since 𝜏#𝑖 = ∞ (or 𝜏#𝑜 = ∞). If the PSU includes more 
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than two TPMs, further nodal ratios than the two mechanical points should be defined; 

however, since the electric CVU has two degrees of freedom, only two nodal ratios, i.e., the 

two mechanical points, are sufficient to completely define the CVU power flows (Eqs. (4.1)-

(4.2)). Therefore, deploying more than two TPMs does not affect the ideal power flows, but 

it is useful to realise multi-mode transmissions to extend the optimal operating range of the 

PS-CVT. However, the design problem of multi-mode PS-CVTs has not been included 

within the scope of this research and the design procedure described in this section is suitable 

only for single-mode PS-CVTs with up to two TPMs. 

4.1.2 Synthesis of planetary gearing: the PSU design chart 

According to Eq. (2.30), the characteristic function 𝜙𝑥 𝑦⁄
𝑧 , defined in Eq. (2.26), computed 

for the transmission ratio 𝜏∗ corresponding to the synchronous condition of a PG, equals the 

PG Willis ratio if the PG carrier is connected to the main port 𝑧, the ring gear to the main 

port 𝑥, and the sun gear to the main port 𝑦. This property enables a straightforward procedure 

to select the constructive parameters of the PGs and their synchronous point through a PSU 

design chart. 

After establishing the nodal ratios in a proper number depending on the number of the 

involved PGs, it is possible to compute the totality of the characteristic functions related to 

all the available TPM configurations (see Eq. (2.31)), which differ one from each other for 

the involved PSU main ports and for the linkage among the PSU main ports and the PG 

branches. Hence, all the characteristic functions can be plotted in a PSU design chart, as 

functions of the overall transmission ratio 𝜏. 

The PSU design chart is an intelligible tool that enables the designer to synthesise the 

PGs by selecting their Willis ratio within a desired range and imposing their synchronism 

for whichever 𝜏. To this purpose, it is sufficient to select one point from one or more 

characteristic functions plotted on the design chart, depending on the number of TPMs; the 

abscissa of the selected point represents the transmission ratio 𝜏∗ corresponding with the PG 

synchronism, while the ordinate is the PG Willis ratio. The subscripts of the selected 

characteristic function determine the connection of the PG carrier (linked to z), ring gear 

(linked to x), and sun gear (linked to y) with the PSU main ports. Two PGs having the same 

carrier position but swapped positions for the sun and the ring gears are constructively the 

same PG, even though their Willis ratios are one the reciprocal of the other one. 

The constructive layout of the PS-CVT is determined by the combination of the subscripts 

of the selected curves on the PSU design chart. In particular, a shunt PS-CVT involves only 

one PG, therefore one point must be selected from one curve out of the 24 available 
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obtainable by considering all the four PSU eternal shafts — some of which are overlapped 

because two speeds are proportional. For a compound PS-CVT, the number of points to be 

chosen is the same as the number of TPMs involved in the transmission. The subscripts 

common to two or more selected characteristic functions indicate the label of the shafts 

attached to the same isokinetic joint. For a PS-CVT including three or more TPMs, the design 

procedure is more complicated. Firstly, the number of the available characteristic functions 

grows factorially — e.g., there are 60 characteristic functions for three-TPM compound-split 

CVT, according to Eq. (2.31). Secondly, the label of each PSU main shaft must appear at 

least once among the chosen characteristic functions, instead, the label of each neutral node 

must appear at least twice. Lastly, each label cannot appear more times than the number of 

TPMs, since the latter establishes the maximum number of shafts converging in an isokinetic 

joint. 

The advantages of the graphical procedure enabled by the PSU design chart are various. 

First, the PGs synthesis is performed without directly involving the OGs, which do not need 

to be synthesised beforehand. Furthermore, plotting only the characteristic functions 

comprised within the desired Willis ratio range (usually −2 3⁄ ÷ −1 3⁄ ) enables to 

automatically discard less efficient or not feasible constructive solutions (see [83,95]). Also, 

selecting the PGs synchronism within the actual working range increases the transmission 

mechanical efficiency (see Section 2.4). Lastly, selecting two or more points corresponding 

to the intersection of two or more curves allows the deployment of PGs with the same Willis 

ratio and synchronous point, reducing the transmission complexity and cost. In this regard, 

the paper [96] has proved that the adoption of the PSU design chart could have led to a more 

cost-effective arrangement of the PSU of the Chevrolet Volt; indeed, it would have been 

possible to include two identical PGs instead of the two different PGs deployed by the 

manufacturer while maintaining the same PGs synchronous ratio. 

4.1.3 Selection of the corresponding speed ratios 

The corresponding speed ratios rule the speed and torque ratios at the PSU ports along 

with the nodal ratios. Indeed, according to Eqs. (2.12)-(2.13), the MG1 and MG2 speeds are: 

 𝜔𝑖 = 𝜏𝑖#𝑜
𝜏 − 𝜏#𝑖
𝜏#𝑜 − 𝜏#𝑖

𝜔𝑖𝑛 (4.3)   

 𝜔𝑜 = 𝜏𝑜#𝑖
𝜏 − 𝜏#𝑜
𝜏#𝑖 − 𝜏#𝑜

𝜔𝑖𝑛 (4.4)   

While, according to Eqs. (2.20)-(2.21), the torques on the shaft connected to the electric unit 

are: 
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 𝑇𝑖 =
𝜂 𝜏#𝑜 − 𝜏

𝜏 ∙ 𝜏𝑖#𝑜
𝑇𝑖𝑛 (4.5) 

 𝑇𝑜 =
𝜂 𝜏#𝑖 − 𝜏

𝜏 ∙ 𝜏𝑜#𝑖
𝑇𝑖𝑛 (4.6) 

Consequently, the corresponding speed ratios should be selected to comply with the speed 

and torque constraints imposed by the operating range of the ICE and electric machines. As 

shown in Eqs. (4.3)-(4.6), the speed and torque on the shaft 𝑖 are ruled by the corresponding 

speed ratio 𝜏𝑖#𝑜, while 𝜏𝑜#𝑖 affects the speed and torque on the shaft 𝑜. 

In a shunt PS-CVT, where only one mechanical point is proper (see Section 2.1.1), Eqs. 

(4.3)-(4.6) can be simplified. Recalling that 𝜏 = 𝜔𝑜𝑢𝑡/𝜔𝑖𝑛 and 𝜂 = −(𝜔𝑜𝑢𝑡𝑇𝑜𝑢𝑡)/(𝜔𝑖𝑛𝑇𝑖𝑛), 

in an input-split layout (see Fig. 2.4), supposing that the shaft 𝑜 is directly coupled with the 

shaft 𝑜𝑢𝑡, it is  𝜏#𝑜 = 0; then: 

 𝜔𝑖 = −
𝜏𝑖#𝑜
𝜏#𝑖

(𝜔𝑜𝑢𝑡 − 𝜏#𝑖𝜔𝑖𝑛) (4.7)   

 𝜔𝑜 =
𝜏𝑜#𝑖
𝜏#𝑖

𝜔𝑜𝑢𝑡 (4.8)   

 𝑇𝑖 = −
1

𝜏𝑖#𝑜
𝑇𝑖𝑛 (4.9) 

 𝑇𝑜 = −
𝜏#𝑖𝑇𝑜𝑢𝑡 + 𝑇𝑖𝑛

𝜏𝑜#𝑖
 (4.10) 

In an output-split layout (see Fig. 2.4), supposing that the shaft 𝑜 is directly coupled with the 

shaft 𝑖𝑛, it is  𝜏#𝑜 = ∞ and 𝜏𝑖#𝑜 = ∞; then, by performing the limit of Eqs. (4.3)-(4.6), it is: 

 𝜔𝑖 =
𝜏𝑖#𝑜
𝜏#𝑜

(𝜔𝑜𝑢𝑡 − 𝜏#𝑖𝜔𝑖𝑛) (4.11)   

 𝜔𝑜 = 𝜏𝑜#𝑖𝜔𝑖𝑛 (4.12)   

 𝑇𝑖 = −
𝜏#𝑜
𝜏𝑖#𝑜

𝑇𝑜𝑢𝑡 (4.13) 

 𝑇𝑜 = −
𝜏#𝑖𝑇𝑜𝑢𝑡 + 𝑇𝑖𝑛

𝜏𝑜#𝑖
 (4.14) 

Note that the ratio 𝜏𝑖#𝑜 𝜏#𝑜⁄  in Eqs. (4.11) and (4.13) is finite; physically, it depends on the 

PG Willis ratio and the OGs constructive ratio; mathematically, it is the result of the limit of 

the ratio between two infinite quantities. During the selection of the corresponding speed 

ratios in the design of an output-split transmission, the ratio 𝜏𝑖#𝑜 𝜏#𝑜⁄  is the free parameter 

to comply with the constraints on MG1 speed and torque (see Section 4.3.1.3). 

From Eqs. (4.7)-(4.10) related to the input-split layout, it is apparent that the speed 𝜔𝑜 of 

the CVU shaft directly coupled with the shaft 𝑜𝑢𝑡 is directly proportional to the PSU output 

speed 𝜔𝑜𝑢𝑡 depending on the corresponding speed ratio 𝜏𝑜#𝑖, while the speed 𝜔𝑖 of the other 



Chapter 4 A modular parametric design for PS-CVTs 

73 

 

CVU shaft is a linear combination of 𝜔𝑜𝑢𝑡 and 𝜔𝑖𝑛; on the contrary, 𝑇𝑜 is a linear 

combination of 𝑇𝑜𝑢𝑡 and 𝑇𝑖𝑛, while 𝑇𝑖 is directly proportional to the PSU input torque 𝑇𝑖𝑛 

depending on the corresponding speed ratio 𝜏𝑖#𝑜. Thus, an input-split layout is an output-

coupled PS-CVT kinematically, but an input-coupled PS-CVT kinetostatically. 

Similarly, in the output-split arrangement (Eqs. (4.11)-(4.14)), the speed 𝜔𝑜 of the CVU 

shaft directly coupled with the shaft 𝑖𝑛 is directly proportional to the PSU input speed 𝜔𝑖𝑛 

depending on the corresponding speed ratio 𝜏𝑜#𝑖, while the speed 𝜔𝑖 of the other CVU shaft 

is a linear combination of 𝜔𝑜𝑢𝑡 and 𝜔𝑖𝑛; on the contrary, 𝑇𝑜 is a linear combination of 𝑇𝑜𝑢𝑡 

and 𝑇𝑖𝑛, while, 𝑇𝑖 is directly proportional to the PSU output torque 𝑇𝑜𝑢𝑡 depending on the 

ratio 𝜏𝑖#𝑜 𝜏#𝑜⁄ . Thus, an output-split layout is an input-coupled PS-CVT kinematically, but 

an output-coupled PS-CVT kinetostatically. 

4.1.4 Synthesis of ordinary gearing 

After selecting the nodal ratios and the corresponding speed ratios, the PSU kinematics 

is fully characterised. The OGs on each TPM branch must be synthesised to ensure that the 

kinematic constraints are satisfied during PG synchronism, as demonstrated in [95]. 

Therefore, the fixed ratios of the OGs belonging to the same TPM are ruled by the following 

equations, equivalent to Eqs. (2.32): 

 𝑘𝑥
𝑘𝑦

=
𝜔𝑥

𝜔𝑦
|
𝜏∗

;                        
𝑘𝑥
𝑘𝑧

=
𝜔𝑥

𝜔𝑧
|
𝜏∗

 (4.15) 

After calculating the ratios of Eqs. (4.15), one OG can be chosen arbitrarily, e.g., equal to 1 

to simplify the constructive arrangement, while the others are assessed subsequently. Further 

strategies for pursuing constructive simplicity, especially in a compound-split layout, are 

suggested in [95]. For instance, two or more OGs linked to the same main shaft but belonging 

to different TPMs can be merged into a unique one. Moreover, selecting two PGs with the 

same synchronous point leads to a further constructive simplification, since Eqs. (4.15) 

return the same ratio if the two TPMs share two isokinetic joints. 

In a shunt PS-CVT, which is constructively made up of a single TPM, the consideration 

of the simultaneous existence of two TPMs having the same PG (and thus mechanical points) 

but different corresponding speed ratios is useful to ensure two degrees of freedom in the 

selection of the corresponding speed ratios to comply with the MGs constraints of speed and 

torque. In this way, three equations as those in Eq. (4.15), taken so as to include each of the 

four OGs on the PSU main ports at least once, are sufficient to define the PSU OGs. By way 

of example, in an input-split transmission where the shaft 𝑜 is directly coupled to the shaft 

𝑜𝑢𝑡, the two TPMs to be considered are those connected to the shafts 𝑖𝑛, 𝑖, and 𝑜𝑢𝑡, and 
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those connected to the shafts 𝑖𝑛, 𝑖, and 𝑜. 

4.2 Case study on an oil drilling rig: description and operations 

The oil drilling rig considered as a case study in this research is the Drillmec MR-8000 

[159]: a mobile self-propelled rig with a maximum static hook load of 200 tons and a 

maximum drilling depth of 3000 m. Since this research aims to hybridise the drilling rig to 

recover braking energy, only the hoisting system is described in more detail in this section. 

Other subsystems are deployed in the plant, such as the mud pumping system, the hydraulic 

top drive providing the rotative drilling torque, and auxiliary equipment for lubrication, drill 

pipe handling, and casing pipe cementation; however, these subsystems are powered by 

different powertrains than the one that feeds the hoisting system. 

The hoisting mechanism under analysis, shown in Fig. 4.1, relies on a drawworks, namely, 

a large winch that reels out and in the drilling line in a controlled fashion. The drilling line 

is winded on the crown block and the travelling block. The latter carries a block made up of 

the top drive and the hook, which raises or lowers the drilling stem. The raising phases are 

powered by two diesel engines with 403 kW rated power each. The power flows of the prime 

movers combine together in an engine coupler and then in a chain box connected to the 

winch. The lowering phases are gravity-driven, and a brake system ensures the adequate 

descending speed of the drill stem. However, introducing an electric unit upstream of the 

drawworks would enable regenerative braking instead of dissipative friction braking to 

recover energy while the drill stem is lowered into the wellbore. Thus, this research aims to 

replace the diesel prime movers and the compound block with a hybrid electric power-split 

powertrain (see Fig. 4.1) to recover braking energy and reduce the thermal power needed 

thanks to the addition of the battery as a further power source. Therefore, a design 

requirement of this work is to keep only one diesel ICE in the hybridised rig. Moreover, the 

power-split unit decouples the ICE speed from the winch speed; hence, the ICE is potentially 

capable of continuously operating within the most efficient range. 

To design the power-split transmission, it is essential to know the speed, torque, and 

power required on the output shaft. For this purpose, a 3000 m deep drilling was simulated, 

with intermediate casing at 500, 1500, and 2500 m. The series of operations required to 

perform and complete an intermediate casing are the following: 

1) DRILLING: the drill string is slowly lowered into the wellbore while the top drive 

provides the drill bit with the torque to drill. When the drilling depth equals the drill 
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string length, the drill string is blocked into the wellbore while the top drive and hook 

block alone is raised to attach two more drill pipes and resume drilling. 

2) TRIP-OUT: when the desired casing depth is reached, the top drive and hook block 

is raised to pull out of the hole the drill string. When a double stand of drill pipes 

comes out of the wellbore, it is removed from the top drive and hook block, which is 

lowered to lift the remaining drill string. 

3) CASING: a joint of two casing pipes is lowered into the wellbore; then, the top drive 

and hook block is raised to pick up another joint and repeat the operation. When the 

casing pipes into the wellbore reach the bottom of the wellbore, they are cemented. 

4) TRIP-IN: the drill string is run into the hole, starting from the drill collars, which are 

thicker than the drill pipes to provide the weight on the bit. When a double stand of 

drill collars or drill pipes is completely lowered into the wellbore, the top drive and 

hook block is raised to pick up another double stand and repeat the operation until the 

drill string occupies the whole wellbore length. Then, the drilling phase can restart. 

To simplify the analysis, a realistic constant speed is assumed for the top drive and hook 

block in each phase, shown in Table 4.1 and derived from [149]. 

Fig. 4.1. Drillmec MR-8000 hoisting system and drawworks prime movers before and after 

hybridisation. The arrows show the positive power flows. 
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Table 4.1. Speed of the top drive and hook block in each phase. 

Phase Hook speed [m/s] 

Drilling 0.002 

Trip-out/-in −0.2/0.2 

Casing 0.1 

Unladed lowering/raising 0.8/−0.8 

 

The hook load was simulated by considering the weight of the hook, the top drive, the 

casing pipes during the casing phase, and the drill collars and drill pipes during the tripping 

phases, reduced by the weight on the bit and the buoyancy factor due to the immersion in 

drilling fluid during the drilling phase. The constructive parameters used in this analysis are 

reported in Table 4.2 and derived from [149]. Any inertial effects or other disturbances were 

neglected. 

 

Table 4.2. Constructive parameters of the drill string. 

Weight of top drive and hook block 16.5 t 

Weight on the bit 5 t 

Buoyancy factor 0.8 

Drill collar and drill pipe length 9.5 m 

Drill collars specific weight 225 kg/m 

Drill pipes specific weight 33 kg/m 

Casing pipe length 7.5 m 

Casing pipe specific weight (up to 500 m) 160 kg/m 

Casing pipe specific weight (up to 1500 m) 90 kg/m 

Casing pipe specific weight (up to 2500 m) 60 kg/m 

Casing pipe specific weight (up to 3000 m) 40 kg/m 

 

From data in Table 4.1 and Table 4.2, the linear speed, force, and power on the hook can 

be assessed and then reduced in terms of rotational speed, torque, and power on the PSU 

output shaft. The results shown in Figs 4.2–4.4 were obtained by considering the overall 

transmission ratio of 0.008 m between the hook and the PSU output shaft and the overall 

efficiency of 0.845, assessed from the actual constructive characteristics of the hoisting 

system upstream of the hook. From a simplified perspective, we omitted any bit trip for 

inspection and replacement of a worn or underperforming drill bit; nevertheless, it would 

have implied additional pull-out-of-the-hole and run-into-the-hole phases during drilling. 
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Fig. 4.2. Speed of the PSU output shaft. 

Fig. 4.3. Torque on the PSU output shaft. 
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On the basis of the red arrows in Fig. 4.1 showing that a power flow is positive if entering 

the PSU, from Fig. 4.4, it is easy to identify the raising phases (𝑃𝑜𝑢𝑡 < 0), during which the 

PSU provides power, and the lowering phases (𝑃𝑜𝑢𝑡 > 0), when energy recovery can be 

realised.   

4.3 Application of the design procedure and proposed solutions 

The design procedure described in Section 4.1 is applied to synthesise the power-split 

transmission for the oil drilling rig shown in Fig. 4.1. The overall speed and power ratios are 

evaluated starting from the output speed (Fig. 4.2) and power (Fig. 4.4), and assuming that 

ICE works at its best-efficiency operating point. Then, the mechanical points are selected to 

minimise the power of the electric machines, and the PSU design chart is obtained to 

synthesise the PGs. Lastly, the corresponding speed ratios are selected according to the speed 

and torque operating range of each electric machine, and the OGs are synthesised. 

Two possible solutions are proposed in the following, differing in the ICE power size. In 

this regard, an energy management strategy would have been essential to select the optimal 

ICE power size. Nonetheless, more accurate knowledge of the system operations would have 

been necessary to pursue the global energetic optimisation of the oil drilling rig chosen as a 

case study. Therefore, in the following, we firstly explore the solution—preferred by the 

manufacturer—where one of the two 403-kW ICEs of the current configuration is suppressed 

and only one of them is maintained. Then, a solution deploying a downsized engine is 

investigated to prove how it affects the electric unit power size. In both cases, once the ICE 

operating point is selected upstream of the design process, the designer has complete control 

Fig. 4.4. Power through the PSU output shaft. 
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over the following stages to select the power size of the electric MGs and synthesise the 

PSU. 

4.3.1 First solution with the existing ICE 

In this scenario, the thermal unit consists of one of the two 403-kW ICEs deployed in the 

original configuration. This solution may be preferable for the manufacturer wanting to 

deploy the current engine fleet in the hybrid powertrain. 

The overall speed and power ratios can be easily assessed from their definition (see Eqs. 

(2.4), (2.24)). The PSU output speed 𝜔𝑜𝑢𝑡 and output power 𝑃𝑜𝑢𝑡 are those shown in Fig. 

4.2 and Fig. 4.4, respectively. As for the ICE operating point, it is assumed that 𝜔𝑖𝑛 = 1400 

rpm, 𝑃𝑖𝑛 = 305 kW, and 𝑇𝑖𝑛 = 2080 Nm to let it continuously work at its most efficient 

operations. The resulting 𝜏 and 𝜂 for the simulated drilling are shown in Fig. 4.5. 

Table 4.3 reports the resulting 𝜏 for each drilling subphase described in Section 4.2. 

Table 4.3. PSU overall speed ratio for each drilling process phase. 

Phase   

Drilling 0.0017 

Trip-out −0.17 

Casing 0.085 

Trip-in 0.17 

Hook + Top drive up −0.68 

Hook + Top drive down 0.68 

Fig. 4.5. PSU overall speed and power ratios for the simulated drilling with ICE working at 1400 

rpm and 2080 Nm. 
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4.3.1.1 Selection of the mechanical points and electric machines power size 

The procedure to select the mechanical points is performed by implementing an 

optimisation algorithm to choose the combination of mechanical points leading to the lowest 

power size of the electric machines. Several compound-split, input-split, and output-split 

layouts were simulated by imposing that at least one long-lasting phase is performed at the 

mechanical point to reduce the power in the electrical path. Thus, the free mechanical points 

(two for compound solutions, one for shunt ones) are chosen among the values of the overall 

speed ratios reported in Table 4.3. Then, the mechanical power demand of each electric 

machine was computed by Eqs. (4.1)-(4.2) in each operating point. Lastly, the couple of 

mechanical points resulting in the lowest maximum power for each electric machine were 

selected as the best solution. 

The power-split functional layout resulting in the lowest electric machines rated power is 

an output-split solution with 𝜏#𝑜 = ∞ and 𝜏#𝑖 = 0.085. Thus, the power flowing through 

MG1 during casing operation is null and the power-split transmission operates as a parallel 

hybrid layout. The power flowing through MG1 and MG2 during the drilling phases for the 

selected mechanical points is reported in Table 4.4. The maximum power demand is 479 kW 

for MG1 and 499 kW for MG2. Thus, we select two electric machines with 500 kW rated 

power, which is the nearest power size commonly available on the market. The selected MGs 

have a base speed of 1000 rpm, a maximum speed of 4000 rpm, and a maximum torque of 

4775 Nm. 

4.3.1.2 PSU design chart and planetary gearing synthesis 

All the characteristic functions obtainable from the permutation of 𝜏#𝑜𝑢𝑡 = 0, 𝜏#𝑖𝑛 = ∞, 

𝜏#𝑖 = 0.085, and 𝜏#𝑜 = ∞ taken three at a time are evaluated by Eqs. (2.26). Then, the 

Table 4.4. MGs extreme power for each drilling subphase for 𝜏#𝑜 = ∞ and 𝜏#𝑖 = 0.085.  MG1 

and MG2 maximum power are indicated in bold. 

Drilling Subphase   𝜼 
𝑷𝑴𝑮𝟏 

[kW] 

𝑷𝑴𝑮𝟐  

[kW] 

Drilling 0.0017 −0.0078 120 −427 

Drilling 0.0017 −0.0011 17.0 −322 

Casing 0.085 −0.64 0 −499 

Casing 0.085 −0.065 0 −325 

Trip-out −0.17 0.16 72.4 −329 

Trip-out −0.17 1.05 479 −465 

Trip-in 0.17 −0.92 −141 −446 

Trip-in 0.17 −0.16 −24.1 −329 

Hook + top drive up −0.68 0.503 172 −324 

Hook + top drive down 0.68 −0.503 −134 −324 
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design chart shown in Fig. 4.6 is realised by plotting the resulting characteristic functions 

within the 𝜏 range comprised from −0.68 to 0.68. The Y-axis, corresponding to the Willis 

ratio of the eligible PG, ranges from −2/3 to −1/3. Because of the coincidence of 𝜏#𝑜 with 

𝜏#𝑖𝑛, some curves appear overlapped. Since the output-split layout consists of a single PG, 

only one point should be selected from the design chart. Selecting a point of intersection 

between one characteristic curve and one of the 𝜏 at which the system operates (Table 4.3) 

implies that the PG works at its synchronism in a long-lasting operating point, avoiding any 

meshing power loss. Therefore, it is rather intuitive to select the intersection between the 

𝜙𝑜𝑢𝑡 𝑜⁄
𝑖  curve (coincident with 𝜙𝑜𝑢𝑡 𝑖𝑛⁄

𝑖 ) and 𝜏 = −0.17. This choice leads to the synthesis of 

a PG with a Willis ratio equal to −0.5, which is synchronous during the trip-out operations 

at 𝜏∗ = −0.17. The PG carrier is connected to MG1, the ring gear to the PSU output shaft, 

and the sun gear to MG2, whose rotational speed is proportional to the ICE speed. 

4.3.1.3 Selection of the corresponding speed ratios 

As shown in Eqs. (4.3)-(4.6), the MG1 speed and torque are ruled by the corresponding 

speed ratio 𝜏𝑖#𝑜, while 𝜏𝑜#𝑖 affects the MG2 speed and torque. 

The selection of 𝜏𝑜#𝑖 is performed by ensuring compliance with MG2 maximum speed 

and torque constraints for 𝜏 = 𝜏#𝑖 = 0.085, which is also the most demanding scenario 

(Table 4.4). Since, from Eq. (4.4), 𝜔𝑜 = 𝜏𝑜#𝑖 ∙ 𝜔𝑖𝑛 for 𝜏#𝑜 = ∞, 𝜏𝑜#𝑖 can be selected to let 

MG2 work at the speed resulting in its highest efficiency. Supposing that the best-efficiency 

operations of MG2 are realized at 3500 rpm, it is: 

𝜏𝑜#𝑖 =
𝜔𝑜𝑜𝑝𝑡

𝜔𝑖𝑛
=

3500

1400
= 2.5 

Fig. 4.6. PSU design chart for PG synthesis and selected layout with ICE working at 1400 rpm and 

2080 Nm. 
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The corresponding speed ratio 𝜏𝑖#𝑜 is ∞ by definition; however, by considering the limit 

for 𝜏#𝑜 → ∞ and 𝜏𝑖#𝑜 → ∞ of Eq. (4.5), the MG1 torque in an output-split configuration 

results in: 

𝑇𝑖 = −
𝜏#𝑜
𝜏𝑖#𝑜

𝑇𝑜𝑢𝑡 

where 𝜏#𝑜/𝜏𝑖#𝑜 is a finite ratio depending on the constructive parameters of the selected PG 

and the eventual OGs. This ratio is selected so as to comply with MG1 maximum torque for 

any value of 𝑇𝑜𝑢𝑡, which can be defined accordingly to Eq. (2.24) as: 

𝑇𝑜𝑢𝑡 = −
𝜂

𝜏
𝑇𝑖𝑛 

Thus, the constraint on MG1 maximum torque is ensured by imposing that MG1 reaches its 

maximum torque when the maximum output torque is required: 

𝜏#𝑜
𝜏𝑖#𝑜

= −
𝑇𝑀𝐺1𝑚𝑎𝑥

𝑇𝑜𝑢𝑡𝑚𝑎𝑥

= −
4775

15554
= −0.307 

At this point, the operations of the electric machines are defined for any operating point. 

Table 4.5 shows MG1 and MG2 speed and torque for the extreme values of 𝜂 for each drilling 

process phase. The constraints on the maximum speed and torque are always fulfilled. 

 

Table 4.5. MG1 and MG2 extreme operations for each drilling subphase with ICE working at 

1400 rpm and 2080 Nm. 

Drilling Subphase   𝜼 
𝝎  

[rpm] 

𝑻   

[Nm] 

𝝎  

[rpm] 

𝑻  

[Nm] 

Drilling 0.0017 −0.0078 380 3000 3500 −1170 

Drilling 0.0017 −0.0011 380 427 3500 −880 

Casing 0.085 −0.64 0 4775 3500 −1360 

Casing 0.085 −0.065 0 490 3500 −886 

Trip-out −0.17 0.16 1160 595 3500 −898 

Trip-out −0.17 1.05 1160 3930 3500 −1270 

Trip-in 0.17 −0.92 −387 3470 3500 −1210 

Trip-in 0.17 −0.16 −387 595 3500 −898 

Hook + top drive up −0.68 0.503 3490 472 3500 −884 

Hook + top drive down 0.68 −0.503 −2710 472 3500 −884 

4.3.1.4 Ordinary gearing synthesis 

The last design step involves the synthesis of the ordinary gear trains included in the PSU. 

At this point, the nodal and corresponding speed ratios are defined, as well as the PG 

synchronous ratio 𝜏∗. Thus, Eqs. (4.15) can be evaluated involving each TPM shaft at least 

once: 
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𝑘𝑜
𝑘𝑜𝑢𝑡

=
𝜔𝑜

𝜔𝑜𝑢𝑡
|
𝜏∗

=
𝜏𝑜#𝑖
𝜏∗

= −14.7 

𝑘𝑖
𝑘𝑜𝑢𝑡

=
𝜔𝑖

𝜔𝑜𝑢𝑡
|
𝜏∗

=

𝜏𝑖#𝑜
𝜏#𝑜

(𝜏∗ − 𝜏#𝑖)

𝜏∗
= −0.489 

𝑘𝑖𝑛
𝑘𝑜𝑢𝑡

=
𝜔𝑖𝑛

𝜔𝑜𝑢𝑡
|
𝜏∗

=
1

𝜏∗
= −5.89 

Where 𝜔𝑜 and 𝜔𝑖 speeds were those in Eqs. (4.11)-(4.12); 𝜏#𝑜/𝜏𝑖#𝑜 = −0.307 as defined in 

Section 4.3.1.3. 

Table 4.6 shows the possible OG combinations obtained by assuming that at least one OG 

has a fixed ratio equal to 1, thus, it can be omitted. The combination in the fourth row seems 

preferable because the fixed ratios are averagely more easily achievable by single-stage 

gearing. 

Table 4.6. Possible combinations for OGs with ICE working at 1400 rpm and 2080 Nm. 

𝒌 𝒏 𝒌 𝒖𝒕 𝒌  𝒌  

1 −0.170 2.50 0.830 

−5.88 1 −14.7 −4.89 

0.400 −0.0680 1 0.332 

1.20 −0.205 3.01 1 

Fig. 4.7 summarises the functional layout of the output-split transmission designed for 

the first analysed case, where one of the ICEs currently deployed on the drilling rig is kept 

working at 1400 rpm and 2080 Nm. 

4.3.2 Second solution with a new downsized ICE 

In the previous scenario, Fig. 4.5 shows that, in the majority of drilling rig operating 

points, the overall power ratio 𝜂 is far lower than one. This means that the ICE power almost 

Fig. 4.7. Functional layout of the output-split transmission designed for ICE working at 1400 rpm 

and 2080 Nm. 
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always significantly overcomes the output power demand for drill string motion. 

Consequently, the ICE surplus energy is transferred to the electric unit, and two electric 

machines with 500 kW of rated power each are required for this purpose. However, a more 

balanced solution can be found by downsizing the ICE size. For instance, a smaller ICE 

reaching its most efficient operations at 𝜔𝑖𝑛 = 1400 rpm, 𝑇𝑖𝑛 = 1045 Nm, and 𝑃𝑖𝑛 = 153 

kW would provide an intermediate power that equals the power required for raising the top 

drive and hook block, which is the most frequent drilling process subphase since it is 

performed during drilling, casing, and trip-in. In the following, the design process described 

in Section 4.1 and applied in Section 4.3.1 is carried out to design the power-split 

transmission considering the new downsized ICE. 

The overall speed and power ratios are assessed from Eqs. (2.4), (2.24), by considering 

the PSU output speed 𝜔𝑜𝑢𝑡 and output power 𝑃𝑜𝑢𝑡 reported in Fig. 4.2 and Fig. 4.4, 𝜔𝑖𝑛 =

1400 rpm, 𝑃𝑖𝑛 = 153 kW, and 𝑇𝑖𝑛 = 1045 Nm. The resulting 𝜏 and 𝜂 for the simulated 

drilling are shown in Fig. 4.8. 

4.3.2.1 Selection of the mechanical points and electric machines power size 

The same procedure proposed in Section 4.3.1.1 is carried out. In this case, the power-

split functional layout resulting in the lowest rated power for the electric MGs is an input-

split solution with 𝜏#𝑜 = 0 and 𝜏#𝑖 = −0.68. The power flowing through MG1 and MG2 

for the selected mechanical points is reported in Table 4.7. The power flowing through MG1 

Fig. 4.8. PSU overall speed and power ratios for the simulated drilling with ICE working at 1400 

rpm and 1045 Nm. 
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is null when the top drive and hook block alone are raised. Moreover, MG2 power is zero 

when the top drive and hook block is lowered or raised. Consequently, when the top drive 

and hook block is raised, the electric unit is not involved in the operations, since the ICE 

power equals the power needed for raising operations. Instead, when the block is lowered, 

the powertrain operates in a parallel hybrid mode to recover the braking energy through 

MG1. The maximum power demand for MG1 is 307 kW, while for MG2, it is 281 kW. Thus, 

we select two electric motors with 315 kW rated power, which is the nearest power size 

commonly available on the market. This value is significantly lower than the 500-kW rated 

power required in the first solution. The selected motor-generators have a base speed of 1000 

rpm, a maximum speed of 4000 rpm, and a maximum torque of 3008 Nm. 

Table 4.7. MGs extreme power for each drilling subphase for 𝜏#𝑜 = 0 and 𝜏#𝑖 = −0.68. MG1 

and MG2 maximum power are indicated in bold. 

Drilling Subphase   𝜼 
𝑷𝑴𝑮𝟏 

[kW] 

𝑷𝑴𝑮𝟐  

[kW] 

Drilling 0.0017 −0.0155 −154 −2.00 

Drilling 0.0017 −0.0022 −154 0.0357 

Casing 0.085 −1.27 −172 −175 

Casing 0.085 −0.130 −172 −0.700 

Trip-out −0.17 0.315 −115 9.93 

Trip-out −0.17 2.09 −115 281 

Trip-in 0.17 −1.84 −192 −243 

Trip-in 0.17 −0.315 −192 −9.93 

Hook + top drive up −0.68 1.00 0 0 

Hook + top drive down 0.68 −1.00 −307 0 

4.3.2.2 PSU design chart and planetary gearing synthesis 

The PSU design chart obtained from 𝜏#𝑜𝑢𝑡 = 0, 𝜏#𝑖𝑛 = ∞, 𝜏#𝑖 = −0.68, and 𝜏#𝑜 = 0 is 

shown in Fig. 4.9. Given the coincidence of 𝜏#𝑜 with 𝜏#𝑜𝑢𝑡, some curves appear overlapped. 

The selected PG has a Willis ratio equal to −1/3, and it is synchronous during the trip-out 

operations at 𝜏∗ = −0.17. Since the chosen layout belongs to the 𝜙𝑖 𝑜⁄
𝑖𝑛  curve (coincident with 

𝜙𝑖 𝑜𝑢𝑡⁄
𝑖𝑛 ), the PG carrier is connected to the ICE, the ring gear to MG1, and the sun gear to 

MG2, whose rotational speed is proportional to the PSU output speed. 

4.3.2.3 Selection of the corresponding speed ratios 

For the selected input-split layout, both 𝜏𝑖#𝑜 and 𝜏𝑜#𝑖 can be freely assigned. From Eqs. 

(4.4), (4.6), 𝜏𝑜#𝑖 rules the MG2 speed and torque; in particular, it is the ratio between 𝜔𝑜 and 

𝜔𝑖𝑛 when 𝜏 = 𝜏#𝑖, which is also the maximum speed ratio in absolute terms. Thus, 𝜏𝑜#𝑖 can 

be evaluated by the following expression to fulfill the MG2 maximum speed constraint: 
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𝜏𝑜#𝑖 =
𝜔𝑜𝑚𝑎𝑥

𝜔𝑖𝑛
=

4000

1400
= 2.86 

Similarly, 𝜏𝑖#𝑜 rules the MG1 speed and torque (Eqs. (4.3), (4.5)). However, the same 

approach is not suited for 𝜏𝑖#𝑜 selection, since 𝜏#𝑜 is not the extreme value of the operating 

𝜏 range. Nonetheless, Eq. (4.5) shows that 𝑇𝑖𝑛 = −𝜏𝑖#𝑜 ∙ 𝑇𝑖 for 𝜏#𝑜 = 0. As a result, 𝜏𝑖#𝑜 can 

be selected to let MG1 work at the torque resulting in its highest efficiency, namely, around 

the torque provided for the MG1 maximum speed: 

𝜏𝑖#𝑜 = −
𝑇𝑖𝑛

𝑇𝑖𝑚𝑎𝑥 𝑠𝑝𝑒𝑒𝑑

= −
1045

752
= −1.39 

The resulting MG1 and MG2 speed and torque are reported in Table 4.8. 

Table 4.8. MG1 and MG2 extreme operations for each drilling subphase with ICE working at 

1400 rpm and 1045 Nm. MG2 torque values exceeding the maximum torque of 3008 Nm are in 

bold. 

Drilling Subphase   𝜼 
𝝎  

[rpm] 

𝑻   

[Nm] 

𝝎  

[rpm] 

𝑻  

[Nm] 

Drilling 0.0017 −0.0155 −1951 752 −9.72 1962 

Drilling 0.0017 −0.0022 −1951 752 −9.72 −35.04 

Casing 0.085 −1.27 −2190 752 −500.0 3333 

Casing 0.085 −0.130 −2190 752 −500.0 13.31 

Trip-out −0.17 0.315 −1460 752 1000 94.81 

Trip-out −0.17 2.09 −1460 752 1000 2682 

Trip-in 0.17 −1.84 −2433 752 −1000 2321 

Trip-in 0.17 −0.315 −2433 752 −1000 94.81 

Hook + top drive up −0.68 1.00 0 752 4000 0 

Hook + top drive down 0.68 −1.00 −1951 752 −9.72 1962 

 

Fig. 4.9. PSU design chart for PG synthesis and selected layout with ICE working at 1400 rpm and 

1045 Nm. 
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These results show that the constraint on MG2 maximum torque does not allow the full 

braking energy recovery when the casing is performed at a higher depth (lower 𝜂). To 

overcome the problem, it is not advisable to deploy ordinary gearing outside the PSU to 

decrease the MG2 required torque because this would violate the constraint on MG2 

maximum speed. However, the constraint on the MG2 maximum torque can be overcome in 

several ways, for instance: by modifying ICE operations under critical casing conditions; 

introducing dissipative braking to lower 𝑃𝑜𝑢𝑡 and increase the PSU overall power ratio 𝜂; 

increasing the MG2 power size. 

4.3.2.4 Ordinary gearing synthesis 

Eqs. (4.15) for synthesising the ordinary gear trains in the adopted input-split layout result 

in: 

𝑘𝑜
𝑘𝑖𝑛

=
𝜔𝑜

𝜔𝑖𝑛
|
𝜏∗

=
𝜏𝑜#𝑖
𝜏#𝑖

𝜏∗ = 0.714 

𝑘𝑖
𝑘𝑖𝑛

=
𝜔𝑖

𝜔𝑖𝑛
|
𝜏∗

= −
𝜏𝑖#𝑜
𝜏#𝑖

(𝜏∗ − 𝜏#𝑖) = −1.04 

𝑘𝑜𝑢𝑡
𝑘𝑖𝑛

=
𝜔𝑜𝑢𝑡

𝜔𝑖𝑛
|
𝜏∗

= 𝜏∗ = −0.170 

Table 4.9 shows the possible OG combinations obtained by assuming that at least one OG 

has a fixed ratio equal to 1, thus, it can be omitted. The combination in the first row seems 

preferable. 

Table 4.9. Possible combinations for OGs with ICE working at 1400 rpm and 1045 Nm. 

𝒌 𝒏 𝒌 𝒖𝒕 𝒌  𝒌  

1 −0.170 −1.04 0.714 

−5.89 1 6.14 −4.20 

−0.959 0.163 1 −0.685 

1.40 −0.238 −1.46 1 

 

Fig. 4.10. Functional layout of the input-split transmission designed for ICE working at 1400 rpm 

and 1045 Nm. 
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Fig. 4.10 summarises the functional layout of the input-split transmission designed for 

the second analysed case where a downsized ICE working at 1400 rpm and 1045 Nm is 

deployed. 

The selected layout includes an ordinary gear train, 𝑘𝑖, with a constructive ratio very close 

to −1. The transmission constructive complexity may be reduced by imposing 𝑘𝑖 = 1, by 

slightly varying the numerical value of 𝜏𝑖#𝑜 and inverting its sign, by keeping unchanged the 

remaining functional parameters. Alternatively, 𝑘𝑖 = 1 may be realised by keeping 

unchanged all the functional parameters and inverting the sign of the fixed ratio of any other 

OG; this would imply also a different Willis ratio and a different synchronous ratio of the 

PG, according to the PSU design chart of Fig. 4.9. Consequently, the trip-out operations 

would be performed for an overall transmission ratio very close to the PG synchronism, still 

ensuring high PG efficiency (see Section 2.4). 

4.3.3 Solutions comparison and discussion 

This research aimed to apply the modular and parametric design procedure to propose a 

novel hybridisation of the oil drilling rig. Although a realistic but simplified working cycle 

is simulated for the drilling rig operations—for instance, any dynamic aspect is neglected, 

likewise any interaction between the drill string or the casing with the wellbore walls—the 

design procedure validity is not compromised. Indeed, it would be sufficient to retrieve data 

from a real similar drilling rig to identify the actual overall speed and power ratios on which 

the design process should be based. 

Two scenarios differing in engine power size are investigated to probe how the engine 

selection affects the electric machines power size. In the first one, only one of the two 

engines deployed in the original drilling rig plant is kept in the hybrid layout. We supposed 

that the engine always operates at its most efficient point, providing 305 kW. An output-split 

transmission results in the lowest electric machines power size, equal to 500 kW each. 

However, the power required in the transmission output for hoisting operations is widely 

lower than 305 kW for most drilling rig functioning. This implies that such a high engine 

power is almost always unnecessary and causes an oversizing of the electric unit, which has 

to store the energy recovered during the lowering phases and the ICE surplus power. 

Therefore, a second scenario with a downsized engine was considered. In this case, the 

ICE provides 153 kW, and two electric machines with 315 kW of rated power each are 

required. The transmission synthesis results in an input-split layout. The second scenario 

seems preferable given the smaller electric unit resulting in lower costs, proving that the 

initial ICE sizing is crucial to optimise the hybridised powertrain in both energetical and 
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cost-effective terms. Therefore, further research is needed to minimise the overall energy 

consumption as well as the thermal and electric unit power size by introducing proper engine 

control strategies. For instance, in both scenarios, the engine is kept on during regenerative 

braking, which would not be necessary to sustain only the drawworks operations. Including 

an on-off control strategy for the engine would further reduce the power unit size. 

Nonetheless, the proposed solutions enable significant fuel savings compared to the current 

non-hybrid plant, thanks to thermal unit downsizing and the possibility of exploiting the 

braking energy recovered and stored in the battery to supply other auxiliary loads of the 

drilling rig plant. 

To conclude, the proposed case study has revealed that integrating the design procedure 

with the development of an effective energy management strategy is essential to select the 

optimal power size of the ICE which, consequently, would lead to the synthesis of the 

optimal PS-CVT through the procedure described in this chapter. Hence, Chapter 5 and 

Chapter 6 deal with the integration of the parametric model within an EMS to assess the 

optimal operations of any power-split powertrain. 
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CHAPTER 5  

OPTIMAL OPERATING MAPS FOR POWER-SPLIT HEVS 

The analysis procedure presented in Chapter 3 enables a rapid assessment of any power-

split powertrain, being based on dimensionless independent and dependent variables 

expressed as speed, torque, and power ratios that result in utmost generality. Nonetheless, 

the determination of the actual operating point of the ICE and electric MGs for a given 

vehicle speed and demanded torque has not been considered. 

The knowledge of the functioning point of the actuators is essential for the assessment of 

the fuel consumption and the battery power, as well as the conversion power losses occurring 

in the ICE and electric unit. This information is crucial for the implementation of the energy 

management strategy, aimed at reducing fuel consumption and emissions by instantaneously 

splitting the demanded power between the engine and the battery so as to keep the ICE 

operating as efficiently as possible, minimise the powertrain power losses, and maintain the 

battery state of charge around a desired value (see Section 1.4). 

To move from the dimensionless approach of Chapter 3 to a dimensional approach that 

returns the operating points of the actuators, it is necessary to define the dimensionless 

independent variables of the mathematical treatment, i.e., the overall speed ratio, the overall 

torque ratio, and, thus, the overall power ratio. Hence, for a given vehicle speed and 

demanded torque, defining the ICE operation is necessary to determine the operating points 

of the electric MGs. The ICE speed and torque are instantaneously defined during the drive 

through an online EMS; for offline optimisations, the ICE operation can be explored by 

assuming an adequate value of speed and torque within the available working range. The 

conversion power losses in the engine and the fuel consumption are assessed according to 

the brake specific fuel consumption map; similarly, the efficiency maps of the electric 

machines are required to assess their power losses and the resulting battery power. 

 The integration of the internal model with an EMS based on the model predictive control, 

which is potentially capable of online implementation, is addressed in Chapter 6. Instead, 

the present chapter is focused on an offline optimisation aimed at the assessment of the 

powertrain best operations resulting in the maximisation of a global performance index. By 

considering different combinations of input and output speed and torque, the powertrain 

response has been explored in terms of the functioning point and power losses of the ICE 

and electric MGs, net battery power, and powertrain global efficiency. The results are 
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collected in some optimal operating maps collecting all data of interest, which can be used 

as look-up tables to reduce the computational effort during the implementation of an online 

EMS. Indeed, thanks to the generality of the parametric model, the proposed approach is the 

ideal basis for the development of new energy management strategies, as it applies to any 

hybrid electric powertrain without requiring an in-deep knowledge of the behaviour of each 

component of the powertrain; therefore, it offers a neutral environment for engineers with 

different expertise. 

The procedure to assess the optimal operating maps of any power-split HEV by using the 

unified parametric model is described in Section 5.1. Section 5.2 proposes an example of 

application on the Chevrolet Volt, equipped with a multi-mode PS-CVT, in steady-state 

power-split and full-electric drive. In Section 5.3, the same approach is adopted to propose 

a comparison between two performance indices to consider the different working principles 

of the thermal and electric units.

5.1 Offline assessment of the optimal operation 

This section describes the procedure adopted for the offline assessment of the optimal 

operation of any power-split hybrid electric powertrain for a given vehicle speed and 

demanded torque. It includes the following steps: 

1) identification of the functional parameters of the considered PSU; 

2) comprehensive dimensionless analysis of the PSU behaviour in terms of speed, 

torque, and power ratios, including the consideration of PSU meshing losses; 

3) identification of the range of interest of the overall transmission ratio 𝜏 and power 

ratio 𝜂; 

4) introduction of ICE and MGs efficiency maps and evaluation of the global response 

of the powertrain in terms of ICE operations and fuel power, MGs operations and 

battery power; 

5) definition and assessment of the performance index to optimise and extraction of the 

optimal operation complying with the constructive and instantaneous constraints. 

After carrying out the dimensionless analysis of the PSU based on the parametric model 

(steps 1 and 2) as described in the example of application in Section 3.2, the shift to 

dimensional variables is realised by introducing the characteristic curves of the power source 

attached to the port in and the load attached to the port out. In other words, for addressing 

the power-split drive, the independent variables 𝜏 and 𝜂 need to be defined, which implies 

that 𝜔𝑜𝑢𝑡, 𝜔𝑖𝑛, 𝑃𝑜𝑢𝑡, and 𝑃𝑖𝑛 need to be defined. Instead, for considering a full-electric drive, 

it is necessary to assume 𝑃𝑜𝑢𝑡 and the power of one electric machine, while the MGs speeds 
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are univocally defined for a given 𝜔𝑜𝑢𝑡. 

The output speed 𝜔𝑜𝑢𝑡 is directly related to the vehicle speed, while the output power 

delivered to the wheels depends on the vehicle speed (𝑉𝑣𝑒ℎ) and acceleration (𝑎𝑣𝑒ℎ), as 

follows: 

 𝑃𝑜𝑢𝑡(𝑉𝑣𝑒ℎ, 𝑎𝑣𝑒ℎ) = −(𝑚𝑔 sin 𝛾 + 𝑓𝑟𝑚𝑔 cos 𝛾 +
1

2
𝑐𝑑𝐴𝑓𝜌𝑎𝑉𝑣𝑒ℎ

2 +  𝛿𝑚𝑎𝑣𝑒ℎ)𝑉𝑣𝑒ℎ (5.1) 

𝑃𝑜𝑢𝑡 is negative because when delivered by the PSU (see Fig. 2.1). In Eq. (5.1), 𝑚 is the 

vehicle mass, 𝑔 = 9.81 m/s2 is the gravitational acceleration, 𝛾 is the road slope expressed 

in radians, 𝑓𝑟 is the rolling resistance coefficient, 𝑐𝑑 is the drag coefficient, 𝐴𝑓 is the vehicle 

frontal area, 𝜌𝑎 is the air density, and 𝛿 is a coefficient to consider the rotational inertia. 

For each feasible combination of 𝑉𝑣𝑒ℎ and 𝑎𝑣𝑒ℎ, the functioning point of the ICE has to 

be selected in terms of speed (𝜔𝑖𝑛) and torque (𝑇𝑖𝑛) to determine the overall speed and power 

ratios: 

 𝜏(𝑉𝑣𝑒ℎ, 𝜔𝑖𝑛) =
𝑉𝑣𝑒ℎ

𝑅𝑤 ∙ 𝜔𝑖𝑛
 (5.2) 

 𝜂(𝑉𝑣𝑒ℎ, 𝑇𝑜𝑢𝑡 , 𝜔𝑖𝑛, 𝑇𝑖𝑛) = −
𝑃𝑜𝑢𝑡
𝜔𝑖𝑛𝑇𝑖𝑛

 (5.3) 

where 𝑅𝑤 is the wheels radius. In the considered offline framework, the whole ICE working 

range must be explored to investigate all the possible powertrain functioning points for a 

given vehicle speed and acceleration. Thus, ICE operations can be freely selected from the 

ICE efficiency maps. 

Each engine operating point involves a certain engine efficiency. As a result, the power 

supplied by the fuel can be easily calculated as well: 

 𝑃𝑓𝑢𝑒𝑙(𝜔𝑖𝑛, 𝑇𝑖𝑛) =
𝜔𝑖𝑛𝑇𝑖𝑛
𝜂𝐼𝐶𝐸

 (5.4) 

Thus, once the vehicle speed and engine operating point are fixed, the overall speed and 

power ratios are univocally defined and are used to interpolate the speed and power ratios 

obtained from the dimensionless analysis. Then, these ratios can be multiplied by the 

corresponding 𝜔𝑖𝑛 and 𝑃𝑖𝑛 = 𝜔𝑖𝑛𝑇𝑖𝑛 to assess the rotational speed of the electric machines 

(𝜔𝑖, 𝜔𝑜) and their actual mechanical power (𝑃̅𝑖, 𝑃̅𝑜). In this way, the operating point of both 

electric machines is determined, leading to the assessment of their efficiency from their 

efficiency map. Lastly, the net electric power flowing to or from the battery is computed as: 

 𝑃𝑏𝑎𝑡𝑡(𝑉𝑣𝑒ℎ, 𝑃𝑜𝑢𝑡, 𝜔𝑖𝑛, 𝑇𝑖𝑛) = 𝑝̅𝑖𝑃𝑖𝑛𝜂𝑀𝐺1
−𝑠𝑖𝑔𝑛(𝑝̅𝑖) + 𝑝̅𝑜𝑃𝑖𝑛𝜂𝑀𝐺2

−𝑠𝑖𝑔𝑛(𝑝̅𝑜) (5.5) 

The described procedure outputs a set of matrices containing all the possible powertrain 

operations for each combination of vehicle speed and acceleration. 

In full-electric drive, for a given vehicle speed, the rotational speeds of the electric 
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machines are univocally determined by Eqs. (2.56). Therefore, after the assessment of 𝑃𝑜𝑢𝑡 

through Eq. (5.1), the torque of one electric machine has to be defined, which can range from 

its minimum to maximum value related to the MG rotational speed, according to the MG 

efficiency map. Thus, an array with different values of 𝑝′𝑖 = −(𝜔𝑖 ∙ 𝑇𝑖)/𝑃𝑜𝑢𝑡 or 𝑝′𝑜 =

−(𝜔𝑜 ∙ 𝑇𝑜)/𝑃𝑜𝑢𝑡 is used to interpolate the results of the dimensionless analysis. 

Then, the performance index to optimise is defined and assessed for any combination of 

𝑉𝑣𝑒ℎ, 𝑃𝑜𝑢𝑡, 𝜔𝑖𝑛, and 𝑇𝑖𝑛. The present research has been focused on the optimisation of the 

powertrain global efficiency, as it is addressed in Sections 5.2.3 and 5.3.2.  

At the end of the computational process, the resulting arrays contain all the data of the 

powertrain operations in terms of MGs speed and torque, battery power, and performance 

index for any combination of 𝑉𝑣𝑒ℎ, 𝑃𝑜𝑢𝑡, 𝜔𝑖𝑛, and 𝑇𝑖𝑛. Thus, the results are filtered by 

eliminating those operations that do not comply with the constructive constraints, such as 

ICE and MGs maximum and minimum speed and torque, and the boundary on the battery 

power depending on the battery state of charge. The constructive constraints of the actuators 

are defined as: 

 

𝜔𝐼𝐶𝐸,𝑚𝑖𝑛 ≤ 𝜔𝑖𝑛 ≤ 𝜔𝐼𝐶𝐸,𝑚𝑎𝑥 

𝑇𝐼𝐶𝐸,𝑚𝑖𝑛(𝜔𝑖𝑛) ≤ 𝑇𝑖𝑛(𝜔𝑖𝑛) ≤ 𝑇𝐼𝐶𝐸,𝑚𝑎𝑥(𝜔𝑖𝑛) 

𝜔𝑀𝐺1,𝑚𝑖𝑛 ≤ 𝜔𝑖 ≤ 𝜔𝑀𝐺1,𝑚𝑎𝑥 

𝑇𝑀𝐺1,𝑚𝑖𝑛(𝜔𝑖) ≤ 𝑇𝑖(𝜔𝑖) ≤ 𝑇𝑀𝐺1,𝑚𝑎𝑥(𝜔𝑖) 

𝜔𝑀𝐺2,𝑚𝑖𝑛 ≤ 𝜔𝑜 ≤ 𝜔𝑀𝐺2,𝑚𝑎𝑥 

𝑇𝑀𝐺2,𝑚𝑖𝑛(𝜔𝑜) ≤ 𝑇𝑜(𝜔𝑜) ≤ 𝑇𝑀𝐺2,𝑚𝑎𝑥(𝜔𝑖𝑛) 

(5.6) 

The boundary values of the battery power depend on the instantaneous SOC, but the 

proposed static analysis cannot include such considerations. Therefore, four different 

scenarios for the battery SOC are simulated. In the first one (SOC = FREE), the battery can 

always provide or gather any power comprised between the lower and the higher values: 

 𝑃𝑚𝑎𝑥,𝑐ℎ𝑎𝑟𝑔𝑒 ≤ 𝑃𝑏𝑎𝑡𝑡 ≤ 𝑃𝑚𝑎𝑥,𝑑𝑖𝑠𝑐ℎ𝑎𝑟𝑔𝑒 (5.7) 

The condition whereby the battery is completely charged and thus prevented from receiving 

further power is indicated as SOC = 1 and implies 𝑃𝑚𝑎𝑥,𝑐ℎ𝑎𝑟𝑔𝑒 = 0. On the contrary, if the 

battery is fully discharged (SOC = 0), it cannot supply power and hence 𝑃𝑚𝑎𝑥,𝑑𝑖𝑠𝑐ℎ𝑎𝑟𝑔𝑒 = 0. 

Lastly, the SOC can be maintained constant if 𝑃𝑏𝑎𝑡𝑡 = 0 (SOC = CONSTANT). 

5.2 Case study on the multi-mode Voltec II 

This section is adapted from [142], where the procedure described in Section 5.1 was 

applied to assess the optimal operation of the second generation of the Chevrolet Volt. The 
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steady-state drive in power-split and full-electric operation was considered. Section 5.2.1 

describes the multi-mode PS-CVT of the Chevrolet Volt; Section 5.2.2 shows the results 

derived from the dimensionless analysis in power-split and in full-electric operation; Section 

5.2.3 describes the procedure for assessing the operating maps and defines the optimisation 

problem; Section 5.2.4 presents the results of the offline optimisation in power-split and in 

full-electric drive. 

5.2.1 Chevrolet Volt: vehicle and transmission specifications 

The second generation of the Chevrolet Volt deploys a multi-mode PS-CVT referred to 

as Voltec II, whose constructive arrangement is outlined in Section 1.2.3. Fig. 5.1 shows the 

powertrain power-split layout derived from [35]. 

The power-split transmission system of the Chevrolet Volt includes two PGs and a final 

drive. The final drive consists of a third PG with stationary ring gear and a chain drive; thus, 

it can be modelled as a fixed-ratio OG. The Willis ratios of the two PGs are Ψ1 = −0.535 

and Ψ2 = −0.481, the fixed ratio of the final drive is k𝑓𝑑 = 0.379. 

The ring gear of PG1 is connected to the ICE, the sun gear to the electric machine MG1, 

and the carrier to the final drive, as the carrier of PG2. The sun gear of PG2 is connected to 

the electric machine MG2, while the ring gear can be connected to the PG1 sun gear and 

MG1 by the clutch C1 or braked to the frame by the brake C2. Thus, the state of C1 and C2 

determines which transmission mode is engaged, as indicated in Table 5.1. When only C2 is 

Fig. 5.1. Functional layout for Chevrolet Volt II power-split hybrid electric powertrain [35]. The 

arrows show the positive power flows. 
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engaged, PG2 realises a fixed speed ratio between the final drive and MG2, while only PG1 

has three branches with non-proportional speeds; therefore, the PSU operates in input-split 

mode. When only C1 is engaged, the MG1 torque is allocated on both PGs and a compound-

split mode is achieved. 

Simultaneously engaging C1 and C2 results in a fixed-ratio parallel mode with the shaft 

i stationary, whereby MG1 is turned off and only MG2 can operate for traction or 

regenerative braking. However, since operating in a fixed-ratio parallel hybrid mode means 

operating in correspondence with a mechanical point of a power-split mode, it does not need 

to be addressed separately. 

Moreover, by additionally engaging the one-way clutch C0, which locks to the frame of 

the ICE and the PG1 ring gear, two full-electric modes can be performed. However, as shown 

in Table 5.1, General Motors considers only the full-electric operation derived from the 

input-split arrangement. 

Table 5.1. Clutches operations for mode shifts. X indicates engaged clutches.  

Mode C0 C1 C2 

INPUT-SPLIT   X 

PARALLEL  X X 

COMPOUND-SPLIT  X  

EV X  X 

 

5.2.2 Dimensionless speeds, torques, and meshing power losses  

The functional parameters of the Voltec II in input-split and compound-split operations 

are assessed by the matrix approach presented in Section 3.1 and listed in Table 5.2. The 

obtained values agree with those considered in [83,96], where the dimensionless parametric 

analysis was applied to the Chevrolet Volt for the first time. 

Table 5.2. Functional parameters of Voltec II. 

Mode  #   #    #    #  

INPUT-SPLIT 0.247 0 2.00 -1.87 

COMPOUND-SPLIT 0.247 0.510 2.00 2.00 

 

Once the functional parameters are known, the dimensionless approach addressed in 

Chapter 2 is applied to analyse both the power-split and full-electric operation in terms of 

speed, torque, and power ratios, including the evaluation of the meshing power losses in the 

PSU. Since the procedure is analogous to the one described in Section 3.2, only the results 

are discussed here for brevity. 
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The dimensionless results obtained for the power-split operation are shown in Fig. 5.2. 

Starting from the functional parameters of Table 5.2, the speed ratio 𝜏𝑖 = 𝜔𝑖/𝜔𝑖𝑛 between 

MG1 and the ICE was computed as a function of the overall speed ratio 𝜏, as well as the 

speed ratio 𝜏𝑜 = 𝜔𝑜/𝜔𝑖𝑛 between MG2 and the ICE. These are shown in Fig. 5.2(a) for both 

input- and compound-split modes. The shift between one mode to the other occurs at the 

mechanical point 𝜏 =  𝜏#𝑖 = 0.247. For 𝜏 =  𝜏∗ = 0.379 both electric machines rotate at the 

same speed, therefore both PGs work at their synchronous condition. At the PGs 

synchronism, the PSU meshing losses (Fig. 5.2(b)) show a minimum, because the absence 

of relative motion between the PGs branches prevents any friction meshing loss. The 

meshing losses of Fig. 5.2(b) were calculated as a fraction of the input power as a function 

of the overall speed ratio 𝜏 and the opposite of the overall power ratio 𝜂 = −𝑃𝑜𝑢𝑡/𝑃𝑖𝑛 by 

adding the meshing losses in the final drive and in the PGs: 

 𝑝̅𝐿 = 𝑝̅𝐿|𝑃𝐺1 + 𝑝̅𝐿|𝑃𝐺2 + 𝑝̅𝐿|𝑓𝑑 (5.8) 

where: 

 𝑝̅𝐿|𝑓𝑑 = −|(1 − 𝜂𝑓𝑑)𝑝𝑜𝑢𝑡| (5.9) 

with 𝜂𝑓𝑑 = 0.953 and 𝑝𝑜𝑢𝑡 = −𝜂. The notation of Table 5.3 was considered to assess the 

meshing losses in the PGs. 

Table 5.3. Reference notation of the TPMs shafts for the calculation of meshing losses in power-

split modes. 

 x X y Y z Z 

PG1 in ring i sun out carrier 

PG2 out carrier i ring o sun 

 

Therefore: 

 𝑝̅𝐿|𝑃𝐺1 = − |(1 − 𝜂𝐶) (
𝜙𝑖𝑛 𝑖⁄

𝑜𝑢𝑡 − 𝜓𝑅 𝑆⁄
𝐶

1 − 𝜓𝑅 𝑆⁄
𝐶 )𝑝𝑖𝑛| (5.10) 

 𝑝̅𝐿|𝑃𝐺2 = − |(1 − 𝜂𝑆) (
𝜙𝑜𝑢𝑡 𝑖⁄

𝑜 − 𝜓𝑅 𝐶⁄
𝑆

1 − 𝜓𝑅 𝐶⁄
𝑆 )𝑝𝑜𝑢𝑡| (5.11) 

where 𝑝𝑖𝑛 = 1 by definition. On the other hand, the power transmitted by the PG2 carrier 

can be calculated only in ideal conditions, by the principle of power conservation in the 

neutral node out and Eq. (2.34): 

 𝑝𝑜𝑢𝑡|𝑃𝐺2 = 𝑝𝑜𝑢𝑡 − 𝑝𝑜𝑢𝑡|𝑃𝐺1 = 𝑝𝑜𝑢𝑡 + 𝑝𝑖𝑛 ∙ 𝜙𝑖𝑛 𝑜𝑢𝑡⁄
𝑖  (5.12) 

Table 5.4 summarises the fixed-Z apparent efficiencies 𝜂𝑍 and the fixed-Z speed ratios 𝜓𝑋 𝑌⁄
𝑍  

for each PG, based on the functional and constructive layout of the transmission. 
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Table 5.4. Fixed-Z apparent efficiencies and fixed-Z speed ratios as functions of the basic efficiency 

𝜂0 and the Willis ratio Ψ. 

 Ψ 𝜼𝟎 𝝍𝑿 𝒀⁄
𝒁  𝜼𝒁 = 𝝍𝑿 𝒀⁄

𝒁 /𝝍̅𝑿 𝒀⁄
𝒁  

PG1 Ψ1 = −0.535 𝜂01 = 0.96 𝜓1 = Ψ1 = −0.535 𝜂1 = 𝜂01 = 0.96 

PG2 Ψ2 = −0.481 𝜂02 = 0.96 𝜓2 =
1

1 − Ψ2
= 0.675 𝜂2 =

1 − Ψ2

1 − Ψ2/𝜂02
= 0.987 

 

The PSU meshing losses enabled the calculation of the real power that the electric 

machines should provide to or collect from the PSU as a fraction of the input power (Fig. 

5.22(c) and Fig. 5.2(d)). 

 

Fig. 5.2. Dimensionless results of Voltec analysis in power-split operation. (a) MGs speed ratios; (b) 

PSU meshing losses as a fraction of the input power; (c) MG1 real power as a fraction of the input 

power; (d) MG2 real power as a fraction of the input power. 
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The full-electric operations are assessed according to Section 2.5. As the engine is 

inactive in the full-electric drive (clutch C0 is engaged), speeds and power can be more 

conveniently normalised to the output ones. Since the shaft in is motionless, the speed ratio 

between the electric MGs and the shaft out is univocally defined as: 

 

𝜔𝑖

𝜔𝑜𝑢𝑡
|
𝜔𝑖𝑛=0

=
𝜏𝑖#𝑜

𝜏#𝑜 − 𝜏#𝑖
= 7.58 

𝜔𝑜

𝜔𝑜𝑢𝑡
|
𝜔𝑖𝑛=0

=
𝜏𝑜#𝑖

𝜏#𝑖 − 𝜏#𝑜
= 8.12 

(5.13) 

The functional parameters used in Eq. (5.13) are those related to the input-split mode since 

it is the only mode exploited by General Motors to perform the EV operation. The global 

PSU meshing losses normalised to the opposite of the output power are the sum of the losses 

in the final drive, calculated as: 

 𝑝̅′𝐿|𝑂𝐺 = −
𝑃̅𝐿𝑜𝑠𝑠|𝑂𝐺
𝑃𝑜𝑢𝑡

≈ −|(1 − 𝜂𝑓𝑑) 𝑝
′
𝑜𝑢𝑡

| (5.14) 

and those occurring in the PGs: 

 𝑝̅′𝐿|𝑃𝐺1 = −
𝑃̅𝐿𝑜𝑠𝑠|𝑃𝐺1
𝑃𝑜𝑢𝑡

≈ − |(1 − 𝜂𝑅) (
𝜙𝑜𝑢𝑡 𝑖⁄

𝑖𝑛 − 𝜓𝐶 𝑆⁄
𝑅

1 − 𝜓𝐶 𝑆⁄
𝑅 )𝑝′𝑜𝑢𝑡| (5.15) 

 𝑝̅′𝐿|𝑃𝐺2 = −
𝑃̅𝐿𝑜𝑠𝑠|𝑃𝐺2
𝑃𝑜𝑢𝑡

≈ − |(1 − 𝜂𝐶) (
𝜙𝑜 𝑖⁄

𝑜𝑢𝑡 − 𝜓𝑆 𝑅⁄
𝐶

1 − 𝜓𝑆 𝑅⁄
𝐶 )𝑝′𝑜| (5.16) 

The parameters used in Eqs. (5.15)-(5.16) are indicated in Table 5.5, while in Eq. (5.15) 

𝑝′𝑜𝑢𝑡|𝑃𝐺1 is the portion of 𝑝′𝑜𝑢𝑡 flowing in PG1, which can be computed as the difference 

between the power flowing into the final drive and its portion flowing in PG2 as follows: 

 𝑝′𝑜𝑢𝑡|𝑃𝐺1 = 𝑝′𝑜𝑢𝑡 − 𝑝′𝑜𝑢𝑡|𝑃𝐺2 = 𝑝′𝑜𝑢𝑡 + 𝑝′𝑜𝜙𝑜 𝑜𝑢𝑡⁄
𝑖  (5.17) 

Table 5.5. PGs reference notation, fixed-Z speed ratios, and fixed-Z efficiency. 

 x - X y - Y z - Z 𝝍𝑿 𝒀⁄
𝒁  𝜼𝒁 

PG1 out – Carrier i – Sun in – Ring 𝜓𝐶 𝑆⁄
𝑅 =

Ψ1

Ψ1 − 1
 𝜂𝑅 =

1 − Ψ1

𝜂0 −Ψ1
 

PG2 o – Sun i – Ring out – Carrier 𝜓𝑆 𝑅⁄
𝐶 =

1

Ψ2
 𝜂𝐶 = 𝜂0 

 

Considering 𝑝̅′𝑜 = 𝑝′𝑜 = −𝑃𝑜/𝑃𝑜𝑢𝑡 as the independent variable, the dimensionless power 

flowing in the other electric machine can be calculated from the PSU real power balance of 

Eq. (2.61). The results of the dimensionless analysis of full-electric operation are shown in 

Fig. 5.3. 
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5.2.3 Identification of the optimal operating maps 

To assess the optimal operating maps according to Section 5.1, the dimensionless results 

of Section 5.2.2 can be interpolated for the values of interest of 𝜏 and 𝜂 in power-split 

operations and 𝑝′𝑜 in full-electric drive. 

The demanded power is assessed according to Eq. (5.1) considering the vehicle 

parameters of Table 5.6. The steady-state drive was considered. 

Table 5.6. Chevrolet Volt parameters. 

Unladen mass 

𝒎𝟎 [kg] 

Rolling resistance 

𝒇𝒓 [-] 

Drag coefficient 

𝑪𝒅 [-] 

Frontal area 

𝑨𝒇 [m2] 

Wheel radius 

𝑹𝒘 [m] 

1607 0.011 0.28 2.20 0.32 

 

When the power-split operation is analysed, the possible values of 𝜏 and 𝜂 are obtained 

by dividing each 𝜔𝑜𝑢𝑡 and 𝑃𝑜𝑢𝑡 for all the available 𝜔𝑖𝑛 and 𝑃𝑖𝑛 (Eqs. (5.2)-(5.3)) according 

to the ICE operating map shown in Fig. 5.4. The power supplied by the fuel is assessed on 

the basis of the ICE efficiency in the considered operating point, according to Eq. (5.4). 

Then, the results of Fig. 5.2 are interpolated for any combination of 𝜏 and 𝜂 to assess the 

MGs speed and power necessary to obtain the resulting battery power, according to Eq. (5.5) 

and the MGs efficiency dependant on their operating point (Fig. 5.5). 

Fig. 5.3. Dimensionless results of Voltec analysis in full-electric operation. (a) Mechanical power 

losses in the PSU as a fraction of −𝑃𝑜𝑢𝑡; (b) MG1 real power as a fraction of −𝑃𝑜𝑢𝑡. 
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By the procedure addressed herein, a set of matrices containing data describing all the 

possible powertrain power-split operations in the steady-state drive are obtained. A cost 

function to minimise or an objective function to maximise can be associated with each 

powertrain operation to select the best functioning points of the actuators for a given vehicle 

speed. In the proposed example, the maximum global efficiency is pursued. According to 

the direction of the battery power, 𝑃𝑏𝑎𝑡𝑡 can be an output or input power in the powertrain 

(see Fig. 5.1). Therefore, if 𝑃𝑏𝑎𝑡𝑡 > 0 the battery supports the ICE in the vehicle propulsion, 

and the global efficiency 𝜀 is: 

Fig. 5.4. Efficiency map of the Chevrolet Volt ICE derived from [35]. 

Fig. 5.5. Efficiency maps of Chevrolet Volt electric machines derived from [162] exploited for 

motoring and generating operation. 
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 𝜀(𝑉𝑣𝑒ℎ , 𝜔𝑖𝑛, 𝑇𝑖𝑛) = −
𝑃𝑜𝑢𝑡

𝑃𝑓𝑢𝑒𝑙 + 𝑃𝑏𝑎𝑡𝑡
 (5.18) 

If 𝑃𝑏𝑎𝑡𝑡 < 0 the ICE delivers power in surplus which can be used to recharge the battery, and 

the global efficiency is: 

 𝜀(𝑉𝑣𝑒ℎ, 𝜔𝑖𝑛, 𝑇𝑖𝑛) = −
𝑃𝑜𝑢𝑡 + 𝑃𝑏𝑎𝑡𝑡

𝑃𝑓𝑢𝑒𝑙
 (5.19) 

Eventually, it is possible to extract the maximum value from the matrix 𝜀 for a given 

vehicle speed and find the related ICE and electric machines operation resulting in the most 

efficient driving. 

Nevertheless, the working points that violate a constructive constraint of actuators (Eqs. 

(5.6)) or batteries (Eq. (5.7)) should not be included among the potential optimal ones. 

Therefore, the final operating maps do not include the functioning points whereby the ICE 

or electric machines operation is not included within the maps of Fig. 5.4 and Fig. 5.5, or the 

battery power overcomes the maximum limit according to the considered SOC condition, as 

indicated in Table 5.7. 

Table 5.7. Constraints on battery power according to the SOC condition. 

SOC 𝑷𝒎𝒂𝒙,𝒄𝒉𝒂𝒓𝒈𝒆 [kW] 𝑷𝒎𝒂𝒙,𝒅 𝒔𝒄𝒉𝒂𝒓𝒈𝒆 [kW] 

FREE −120 120 

0 −120 0 

1 0 120 

CONSTANT 0 0 

 

In full-electric drive, the ICE is off and the MGs speed is univocally defined by Eqs. 

(5.13) for a given vehicle speed. Therefore, the only degree of freedom is the torque of one 

electric machine. The independent variable is 𝑝𝑜
′ , obtained by dividing the 𝑃𝑜 available for 

any 𝜔𝑜 (from Fig. 5.5(b)) established for the considered vehicle speed. The results of Fig. 

5.3 are interpolated for any 𝑝𝑜
′  to assess the operation of MG1 and compute the resulting 

battery power, according to Eq. (5.5). After excluding the results that violate the MGs 

constraints (Eqs. (5.6)), the global efficiency to maximise in full-electric operations is 

evaluated as: 

 𝜀(𝑉𝑣𝑒ℎ, 𝑇𝑜) = −
𝑃𝑜𝑢𝑡
𝑃𝑏𝑎𝑡𝑡

 (5.20) 

In full-electric operation, the battery SOC is supposed to be always sufficient to provide the 

demanded power. 
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5.2.4 Resulting optimal operating maps  

The procedure described in Section 5.2.3 for calculating the optimal operating maps was 

implemented in MATLAB on the basis of the dimensionless results of Section 5.2.2. The 

results reported in this section were computed by considering a total vehicle mass equal to 

𝑚 = 1750 kg in plain (𝛾 = 0°). The analysed vehicle speed ranges from 5 to 200 km/h. 

  For analysing the power-split drive, the mesh grid used in input to the MATLAB script to 

explore the ICE operation was obtained by the arrays 𝜔𝑖𝑛 = 1000: 10: 6000 rpm and 𝑇𝑖𝑛 =

10: 1: 140 Nm. The results of Fig. 5.6, Fig. 5.7, Fig. 5.8, Fig. 5.9, Fig. 5.10, and Fig. 5.11 

show the optimal operating points resulting from the optimisation procedure aimed at 

maximising the global efficiency. 

 

Fig. 5.6. (a) Best global efficiency in power-split operation; (b) battery power in the optimal power-

split operating points. 

Fig. 5.7. ICE optimal power-split operation: (a) ICE functioning points; (b) ICE power. 
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Fig. 5.8. MG1 optimal functioning points in power-split operation. 

Fig. 5.9. MG2 optimal functioning points in power-split operation. 
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Fig. 5.6(a) shows that the best results are achieved for SOC = FREE since the availability of 

the battery both as a power source and power storage enables the most efficient power flows 

(Fig. 5.10). Nevertheless, the maximum global efficiency is lower than 0.33 up to 50 km/h, 

therefore it would be more advisable to turn off the engine and drive in full-electric 

operation. The only reason to let the ICE work at lower speeds is to recharge the battery if 

possible (SOC = FREE or SOC = 0). In this case, the ICE should operate in the maximum 

efficiency region, otherwise, it should be turned off also for higher speeds if the battery can 

supply power for propulsion (SOC = FREE or SOC = 1) (Fig. 5.7). In this way, the global 

efficiency is significantly enhanced (Fig. 5.6(a)), since the demanded output power would 

be provided by the electric unit (Fig. 5.6(b)), which is more efficient than the ICE. 

Nevertheless, a more robust control strategy should regulate the battery power according 

to the instantaneous SOC to ensure sufficient range. Indeed, for speeds higher than 100 km/h, 

the optimal powertrain operation would be achieved at the expense of the driving range. 

Therefore, over 100 km/h would be even more advisable to limit the power supplied by the 

battery and increase that provided by the ICE, even though this would reduce the global 

efficiency. 

On the other hand, if the battery is completely discharged (SOC = 0) or a sustaining-

charge driving is desired (SOC = CONSTANT), the demanded output power should be 

provided mainly by the engine (Fig. 5.7(b)). In this case, the battery charging is 

recommended between 50 and 145 km/h, while over 145 km/h keeping the SOC constant 

would result in greater efficiency. Nonetheless, since the ICE maximum power is 75 kW 

[35], the vehicle speed cannot exceed 190 km/h with SOC = 0 or SOC = CONSTANT. 

Fig. 5.8, Fig. 5.9, and Fig. 5.10 show the optimal utilisation of the electric machines in 

Fig. 5.10. Electric machines optimal power in power-split operation: (a) MG1 power; (b) MG2 power. 
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power-split operation. They suggest using both MG1 and MG2 as generators for battery 

recharging up to 50 km/h. It is the same from 50 to 130 km/h if SOC = 0, while MG1 should 

be used as a motor and MG2 as a generator if the battery can provide power (SOC = FREE 

or SOC = 1). In the latter case, the mechanical energy converted to electric energy by MG2 

is reconverted to the mechanical form by MG1. Over 155 km/h, both MG1 and MG2 should 

be used as motors for SOC = FREE or SOC = 1. 

The optimal mode selection can be obtained from the optimal overall transmission ratio 

of Fig. 5.11. Recalling that the input-split mode is engaged for 𝜏 < 𝜏#𝑖 and the compound-

split mode for 𝜏 > 𝜏#𝑖 (see Fig.5.2(a)), Fig. 5.11 shows that for lower speeds the input-split 

mode should be preferred, while the compound-split mode is advisable at higher speeds. 

Moreover, it is worth noting that for SOC = 0 and SOC = CONSTANT (i.e., if the battery 

cannot provide power for propulsion) the optimal overall speed ratio at medium-high speed 

is the one that realises the PGs synchronism, whereby the mechanical power losses are 

minimised (Fig. 5.2(b)). 

For analysing the full-electric drive, the array used in input to the MATLAB script was 

𝑇𝑜 = −280: 1: 280 Nm. The results of Fig. 5.12 and Fig. 5.13 are related to the best 

operating points of the electric MGs resulting in the highest global efficiency for each vehicle 

speed. 

Fig. 5.12(a) shows that the global efficiency in EV mode is averagely higher than the one 

achievable in power-split operation. However, the full-electric drive is suggested only for 

low–medium speed because exploiting the only battery power for propelling the vehicle in 

steady-state drive at higher speeds would imply a reduced range. Over 145 km/h, full-electric 

Fig. 5.11. Optimal overall transmission ratio and mode selection in power-split operation. 
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driving cannot be achieved because the required rotational speed of MG2 would overcome 

its maximum value. Fig. 5.13 shows that the optimal EV operation in steady-state drive 

involves the exploitation of MG1 except for two limited vehicle ranges from 5 to 15 km/h 

and from 50 to 60 km/h. From 135 to 145 it is advisable to operate with both electric 

machines acting as motors. 

5.3 Case study on the comparison between two performance indices 

Assuming as objective function the powertrain global efficiency as defined in Eqs. (5.18)-

(5.19) could lead to the underuse of the ICE and overuse of the battery power for vehicle 

traction, given the lower efficiency of the thermal unit in comparison with the efficiency of 

Fig. 5.12. (a) Best global efficiency in EV operation; (b) battery power in the optimal EV 

operating points. 

Fig. 5.13. Electric machines optimal EV operation: (a) MG1 functioning points; (b) MG2 

functioning points. 
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the electric equipment. The worse performance of the ICE is due to the fact that it converts 

low-quality energy of fossil fuel into mechanical energy; instead, the electric motors 

generate mechanical energy from high-quality electric energy, which, however, is usually 

obtained from the ICE operation, especially in FHEVs. To consider the profoundly different 

working principles and performance of ICE and electric MGs, a power-weighted efficiency 

approach was proposed in [67,69,160,161]. The underpinning idea is that the actual 

efficiency of each actuator should be normalised to its maximum efficiency to fairly compare 

the performance of ICE and electric unit. However, the approach proposed in this paper 

differs from the power-weighted efficiency approach of [67,69,160,161] mainly because of 

the inclusion of mechanical power losses evaluation, which are neglected in [67,69,160,161]. 

This section, adapted from [143], proposes a comparison between the real powertrain 

efficiency and an equivalent efficiency that includes the normalised efficiency of the 

actuators. A single-mode output-split transmission is considered as a case-study; it is 

described in Section 5.3.1, which also reports the results of the dimensionless analysis. 

Section 5.3.2 introduces the new performance index definition and calculation; Section 5.3.3 

reports and discusses the results of the comparison. 

The first performance index taken into account is the real global efficiency of the 

powertrain 𝜀, already described in Section 5.2.3 and indicated as the ratio between the output 

power delivered to the wheels (𝑃𝑜𝑢𝑡) and the input power provided by the fuel combustion 

(𝑃𝑓𝑢𝑒𝑙), corrected by the potential battery power flow (𝑃𝑏𝑎𝑡𝑡) according to its direction: 

 𝜀(𝑉𝑣𝑒ℎ, 𝑎𝑣𝑒ℎ , 𝜔𝑖𝑛, 𝑇𝑖𝑛) = −
𝑃𝑜𝑢𝑡 + (

1 − 𝛼
2

)𝑃𝑏𝑎𝑡𝑡

𝑃𝑓𝑢𝑒𝑙 + (
1 + 𝛼
2

)𝑃𝑏𝑎𝑡𝑡

 (5.21) 

where 𝛼 = 𝑠𝑖𝑔𝑛(𝑃𝑏𝑎𝑡𝑡). According to the conventional positive sign of power flows 𝛼 = 1 

for battery discharge (𝑃𝑏𝑎𝑡𝑡 > 0, in input to the powertrain), while 𝛼 = −1 for battery 

recharge (𝑃𝑏𝑎𝑡𝑡 < 0, in output). Thus, Eq. (5.21) is equivalent to Eqs. (5.18)-(5.19). 

The second performance index is defined as equivalent efficiency, which is formally 

defined as the powertrain global efficiency of Eq. (5.21), but includes fictitious fuel and 

battery power flows derived from the normalisation of the actuators efficiency to their 

maximum efficiency detected from their efficiency maps of Fig. 5.16. Thus, the fuel power 

of Eq. (5.4) and the battery power of Eq. (5.5) are rearranged as follows: 

 𝑃𝑓𝑢𝑒𝑙
𝑒𝑞 (𝜔𝑖𝑛, 𝑇𝑖𝑛) =

𝜔𝑖𝑛𝑇𝑖𝑛

(
𝜂𝐼𝐶𝐸

𝜂𝐼𝐶𝐸,𝑚𝑎𝑥
)
 

(5.22) 
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 𝑃𝑏𝑎𝑡𝑡
𝑒𝑞 (𝑉𝑣𝑒ℎ, 𝑎𝑣𝑒ℎ, 𝜔𝑖𝑛, 𝑇𝑖𝑛)

= 𝑝̅𝑖𝑃𝑖𝑛 (
𝜂𝑀𝐺1

𝜂𝑀𝐺1,𝑚𝑎𝑥
)

−𝑠𝑖𝑔𝑛(𝑝̅𝑖)

+ 𝑝̅𝑜𝑃𝑖𝑛 (
𝜂𝑀𝐺2

𝜂𝑀𝐺2,𝑚𝑎𝑥
)

−𝑠𝑖𝑔𝑛(𝑝̅𝑜)

 
(5.23) 

Thus, the equivalent efficiency 𝜀𝑒𝑞 is: 

 𝜀𝑒𝑞(𝑉𝑣𝑒ℎ , 𝑎𝑣𝑒ℎ , 𝜔𝑖𝑛, 𝑇𝑖𝑛) = −
𝑃𝑜𝑢𝑡 + (

1 − 𝛼𝑒𝑞

2 )𝑃𝑏𝑎𝑡𝑡
𝑒𝑞

𝑃𝑓𝑢𝑒𝑙
𝑒𝑞

+ (
1 + 𝛼𝑒𝑞

2 )𝑃𝑏𝑎𝑡𝑡
𝑒𝑞

 (5.24) 

where 𝛼𝑒𝑞 = 𝑠𝑖𝑔𝑛(𝑃𝑏𝑎𝑡𝑡
𝑒𝑞

). It should be noted that 𝜀𝑒𝑞 does not have any physical meaning, 

in contrast to 𝜀. 

5.3.1 Output-split transmission under analysis and dimensionless results 

The PS-CVT under analysis is an output-split transmission designed in [148] through the 

modular parametric procedure adopted in Chapter 3. The constructive layout of the 

transmission is shown in Fig. 5.14. The PG Willis ratio is Ψ = −0.4, while the OGs fixed 

ratios are 𝑘𝑖𝑛 = 𝜔𝑖𝑛 𝜔𝑅⁄ = 0.82 and 𝑘𝑜𝑢𝑡 = 𝜔𝑜𝑢𝑡 𝜔𝐶⁄ = 0.25. 

The PSU functional parameters are 𝜏#𝑜 = 0.218, 𝜏#𝑖 = 𝜏𝑜#𝑖 = −∞, and 𝜏𝑖#𝑜 = 1.22. The 

application of the analysis procedure of Chapter 2 leads to the calculation of the 

dimensionless results shown in Fig. 5.15, where the MGs speed ratios, the normalised PSU 

meshing losses, and the normalised real mechanical power required to/supplied by the 

electric MGs are reported. 

The meshing losses of Fig. 5.15(b) were calculated as a fraction of the input power as a 

function of the overall speed ratio 𝜏 and the opposite of the overall power ratio 𝜂 =

−𝑃𝑜𝑢𝑡/𝑃𝑖𝑛 by adding the meshing losses in the final drive and in the PGs: 

 𝑝̅𝐿 = 𝑝̅𝐿|𝑂𝐺𝑖𝑛
+ 𝑝̅𝐿|𝑂𝐺𝑜𝑢𝑡 + 𝑝̅𝐿|𝑃𝐺 (5.25) 

Fig. 5.14. Output-split transmission under analysis. The arrows show the positive power flows. 
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where: 

 

𝑝̅𝐿|𝑂𝐺𝑖𝑛
= −|(1 − 𝜂𝑂𝐺𝑖𝑛

) 𝑝𝑖𝑛| 

𝑝̅𝐿|𝑂𝐺𝑜𝑢𝑡 = −|(1 − 𝜂𝑂𝐺𝑜𝑢𝑡) 𝑝𝑜𝑢𝑡| 

𝑝̅𝐿|𝑃𝐺 = − |(1 − 𝜂𝑆) (
𝜙𝑜𝑢𝑡 𝑖⁄

𝑜 − 𝜓𝐶 𝑅⁄
𝑆

1 − 𝜓𝐶 𝑅⁄
𝑆 )𝑝𝑜𝑢𝑡| 

(5.26) 

with  𝑝𝑖𝑛 = 1 and  𝑝𝑜𝑢𝑡 = −𝜂. The OGs efficiency is 𝜂𝑂𝐺𝑖𝑛
= 𝜂𝑂𝐺𝑜𝑢𝑡 = 0.98. The notation 

of Table 5.8 was considered to assess the meshing losses in the PG. 

Table 5.8. PG reference notation, fixed-Z speed ratio, and fixed-Z efficiency. 

x - X y - Y z - Z 𝜼𝟎 𝝍𝑿 𝒀⁄
𝒁  𝜼𝒁 

out – Carrier i – Ring in – Sun 0.96 𝜓𝐶 𝑅⁄
𝑆 =

1

1 − Ψ
 

𝜂𝑆 =
1 −Ψ

1 −
Ψ
 𝜂0

 

Fig. 5.15 Results of the dimensionless analysis: (a) MGs speed ratios; (b) PSU meshing losses as a 

fraction of the input power; (c) MG1 real power as a fraction of the input power; (d) MG2 real power 

as a fraction of the input power. 
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5.3.2 Optimal indices assessment 

The values of interest of 𝜏 and 𝜂 necessary to interpolate the dimensionless results of Fig. 

5.15 are defined by establishing the desired range of vehicle speed to analyse and the 

resulting demanded power, computed through Eq. (5.1) considering the vehicle parameters 

of Table 5.9 and a coefficient of the rotational inertia 𝛿 = 1.10. In contrast to Section 5.2 

which focuses on the steady-state drive, vehicle acceleration is considered and simulated in 

a backward-facing approach to assess the optimal operating maps according to Section 5.1. 

Table 5.9. Vehicle parameters. 

Vehicle mass 

𝒎 [kg] 

Rolling resistance 

𝒇𝒓 [-] 

Drag coefficient 

𝑪𝒅 [-] 

Frontal area 

𝑨𝒇 [m2] 

Wheel radius 

𝑹𝒘 [m] 

2000 0.012 0.4 2.5 0.33 

 

For each feasible combination of 𝑉𝑣𝑒ℎ and 𝑎𝑣𝑒ℎ, the whole ICE working range must be 

explored to investigate all the possible powertrain functioning points. Thus, ICE operations 

can be freely selected from the ICE efficiency map of Fig. 5.16(a). Each engine operating 

point involves a certain engine efficiency. As a result, the power supplied by the fuel can be 

easily calculated through Eq. (5.4). 

The results of Fig. 5.15 are interpolated for any combination of 𝜏 and 𝜂 to assess the MGs 

speed and power necessary to obtain the resulting battery power, according to Eq. (5.5) and 

the MGs efficiency dependant on their operating point. In this powertrain, MG1 and MG2 

are identical [148] and the efficiency map of Fig. 5.16(b) is considered for both MGs in 

motoring and generating operations. 

The described procedure outputs a set of matrices containing all the possible powertrain 

Fig. 5.16. (a) ICE efficiency map; (b) electric MGs efficiency map. 
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operations for each combination of vehicle speed and acceleration. For any powertrain 

operation, the two performance indices 𝜀 and 𝜀𝑒𝑞 of Eqs. (5.21) and (5.24) are assessed. 

After the calculation of the performance indices, only the feasible powertrain operations 

are eligible to become the optimal ones that maximise 𝜀 or 𝜀𝑒𝑞. Hence, all the solutions 

violating the constraints on the actuators speed and torque (Eqs. (5.6)) or the battery power 

(Eq. (5.7)) are excluded according to the actuators working range of Fig. 5.16 and the SOC 

constraints of Table 5.10. 

Table 5.10. Constraints on battery power according to the SOC condition. 

SOC 𝑷𝒎𝒂𝒙,𝒄𝒉𝒂𝒓𝒈𝒆 [kW] 𝑷𝒎𝒂𝒙,𝒅 𝒔𝒄𝒉𝒂𝒓𝒈𝒆 [kW] 

FREE −70 70 

0 −70 0 

1 0 70 

CONSTANT 0 0 

5.3.3 Results and comparison 

The procedure described in Section 5.3.2 to assess the performance indices was 

implemented in MATLAB for a vehicle speed ranging from 0 to 200 km/h and a vehicle 

acceleration ranging from 0 to 2 m/s2. A null road slope was considered (𝛾 = 0). However, 

the calculation can be repeated for any desired road slope. The mesh grid used in input to 

the MATLAB script was derived by imposing 𝜔𝑖𝑛 = 800: 10: 5800 rpm and 𝑇𝑖𝑛 =

20: 1: 167 Nm. 

For each combination of vehicle speed and acceleration, this section provides the optimal 

powertrain operations that maximise the real global efficiency or equivalent efficiency in 

terms of battery power and ICE and MGs functioning points. 

Fig. 5.17. Real global efficiency resulting from 𝜀 optimisation (a) and 𝜀𝑒𝑞 optimisation (b). 
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Fig. 5.17 shows a comparison between the optimal real global efficiency 𝜀 obtained by 

maximising the real global efficiency itself (Fig. 5.17(a)) or the equivalent global efficiency 

𝜀𝑒𝑞 (Fig. 5.17(b)). The optimisation of the two performance indices leads to different results. 

In particular, when the battery can provide electric energy, namely, for SOC = FREE and 

SOC = 1, the optimisation of the equivalent efficiency significantly differs from the 

optimisation of the real global efficiency. This is due to the diverse utilisation of the engine 

(Fig. 5.18) and battery power (Fig. 5.19). The real powertrain global efficiency is optimised 

by minimising the ICE contribution to the propulsion  (Fig. 5.18(a)), or, in other words, by 

maximising the power supplied by the battery (Fig. 5.19(a)) when possible, because of the 

much lower efficiency of the engine in comparison to the efficiency of the electric MGs. The 

minimisation of the ICE operation results in higher real global efficiency (Fig. 5.17(a)). On 

the contrary, the equivalent efficiency is maximised when the engine operates within its most 

efficient region (Fig. 5.18(b)); thus, less battery power is required for the traction, but surplus 

engine power is used for battery recharging (Fig. 5.19(b)). However, the resulting real global 

efficiency is lower (Fig. 5.17(b)). 

These results suggest that the optimisation of the actual powertrain efficiency would lead 

to a long-term charge-depleting drive, while the maximisation of the equivalent efficiency 

would allow a charge-sustaining drive. Hence, the first approach would be more suitable for 

PHEVs, while the second for FHEVs that cannot be recharged from the grid. 

A deeper analysis of the results in Fig. 5.17, Fig. 5.18, and Fig. 5.19 suggests a correlation 

between the trend of the highest real global efficiency achievable in each optimisation 

scenario by varying the constraints on the battery SOC. Indeed, in general, the real global 

Fig. 5.18. ICE operation resulting from 𝜀 optimisation (a) and 𝜀𝑒𝑞 optimisation (b). 
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efficiency is higher if the battery SOC is unconstrained (SOC = FREE). If this result is 

obvious when the optimised index is the real global efficiency itself, it cannot be taken for 

granted when the equivalent efficiency is optimised, precisely because they are two different 

objective functions. Indeed, for a speed range of 30-75 km/h and low acceleration, the best 

global efficiency is achieved for SOC = 1 and not for SOC = FREE when the equivalent 

efficiency is optimized (Fig. 5.17(b)). Moreover, both strategies output similar results when 

the battery is completely discharged (SOC = 0) or a constant SOC is desired (SOC =

CONSTANT). In this case, lower speeds and accelerations can be reached because the battery 

cannot support the engine for traction. Also, the ICE power increases for both optimisation 

strategies for high vehicle speeds and accelerations because the battery power would not be 

sufficient to provide the demanded power alone. Moreover, the condition whereby the ICE 

is turned off was not simulated; thus, low vehicle speeds and accelerations appear unfeasible 

for SOC = 1 and SOC = CONSTANT because the battery cannot gather the engine surplus 

power. 

Fig. 5.20 and Fig. 5.21 show the optimal operations of MG1 and MG2, respectively. The 

functioning points of each MG are similar for SOC = 0 and SOC = CONSTANT for both 

optimisation strategies. Instead, they differ if SOC = FREE and SOC = 1, where both MG1 

and MG2 are more exploited as generators when the equivalent efficiency is maximised (Fig. 

5.20(b) and Fig. 5.21(b)). On the contrary, the optimisation of the real global efficiency 

requires more motoring operations (Fig. 5.20(a) and Fig. 5.21(a)), accordingly to the fact 

that more battery power is provided for vehicle propulsion. 

 

Fig. 5.19. Battery power ([kW]) resulting from 𝜀 optimisation (a) and 𝜀𝑒𝑞 optimisation (b). 
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Observing the ICE and MGs optimal speed, torque and power as functions of vehicle 

speed and acceleration (figures not reported here for brevity but deducible also from Fig. 

5.18, Fig. 5.20, and Fig. 5.21) turns out that only MG2 is widely used at its maximum 

performance. In contrast, the ICE is strongly underused for low vehicle speeds and 

accelerations if the real global efficiency is maximised. At the same time, MG1 is rather 

underexploited if the equivalent efficiency is maximised. Indeed, the design of the 

transmission under analysis carried out in [148] aimed to potentially provide the maximum 

power to the wheels for any driving condition, even at low speed when high power is not 

required. No ICE and MGs efficiency map was considered during the design stage, nor an 

optimisation of any efficiency was pursued. Thus, a more efficiency-oriented design 

procedure could have led to different sizes of the actuators and powertrain performance. 

To conclude the comparison, Fig. 5.22 shows the efficiency of ICE and MGs in each SOC 

scenario derived from the optimisation of the real global efficiency, while Fig. 5.23 shows 

their efficiency leading to the optimisation of the equivalent efficiency. These results indicate 

the main difference between the two performance indices. Fig. 5.23 shows that the 

optimisation of the equivalent efficiency leads to the maximisation of the efficiency of each 

power source, battery SOC notwithstanding. On the contrary, the optimisation of the real 

Fig. 5.20. MG1 operation resulting from 𝜀 optimisation (a) and 𝜀𝑒𝑞 optimisation (b). 
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global efficiency minimises the ICE power flows when the battery power is available, even 

though this implies a low-efficiency functioning point. Indeed, since the power flows 

provided by the engine and the battery are combined in a parallel way, the global efficiency 

is the average of the efficiencies of the electric and thermal paths, weighted on the basis of 

the power transmitted through each path. Therefore, reducing the power transmitted by the 

less efficient path, i.e., the ICE, improves the global efficiency. Nevertheless, for SOC = 0 

and SOC = CONSTANT, both approaches maximise the actuators efficiency. The zones 

where the MGs efficiency is zero in Fig. 5.22 and Fig. 5.23 are due to the fact that MG1 is 

running without providing any torque, while MG2 is stationary at its mechanical point. 

 

 

Fig. 5.21. MG2 operation resulting from 𝜀 optimisation (a) and 𝜀𝑒𝑞 optimisation (b). 
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Fig. 5.22. ICE, MG2, and MG1 efficiency resulting from 𝜀 optimisation. 

Fig. 5.23. ICE, MG2, and MG1 efficiency resulting from 𝜀𝑒𝑞 optimisation.  
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CHAPTER 6  

PARAMETRIC INTERNAL MODELS FOR MODEL 

PREDICTIVE CONTROL EMS 

Model predictive control is one of the most promising energy management strategies for 

hybrid electric vehicles. However, owing to constructive complexity, the multi-mode power-

split powertrain requires dedicated mathematical tools to model the mode switch and 

transmission power losses within the internal model of the controller. Thus, the transmission 

losses are usually neglected and the mode switch is optimised through preliminary offline 

simulations (see Section 1.4). 

The features of the parametric model described in Chapter 2 make it suitable to integrate 

the discrete problem of the mode switch within a continuous MPC formulation. Indeed, 

changing the constructive layout, e.g., after a mode shift in a multi-mode PS-CVT, does not 

result in different equations, as it is for the other PS-CVT models available in the literature, 

but only in different functional parameters. Therefore, it is possible to model several modes 

within the same controller by introducing continuous switch functions to consider the 

functional parameters variation. As a result, any preliminary offline optimisation is 

unnecessary for the mode shift strategy, which, instead, can be embedded within the receding 

horizon framework of a single control problem. 

Moreover, the same parametric model includes a fast approximated procedure to calculate 

the meshing losses in the PSU as a function of the PSU operating point, without requiring 

any case-specific formulation depending on the power flow direction (see Section 2.4). Thus, 

such a mathematical treatment is suitable for MPC implementation. For the first time in the 

field of MPC-based EMS for power-split HEVs, the influence of variable PSU power losses 

has been assessed by comparing internal models with different levels of complexity. The 

influence of actuators inertial load and MGs efficiency is also considered. The results of this 

comparison are useful to assess how neglecting some of these factors may affect the 

effectiveness of the EMS considered in the powertrain design phase when some parameters 

are to be defined yet. 

The content of this chapter has been developed during a research period abroad at the 

Centre of Automotive Engineering of the University of Surrey. The procedure and the results 

discussed in the following have been presented in [144]. The remainder of the chapter is 

organised as follows: Section 6.1 presents a universal formulation, based on the parametric 
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model of Chapter 2, to model any power-split HEV within an MPC internal model; Section 

6.2 provides an example of application to the multi-mode Voltec II, used as a case study; 

Section 6.3 describes the preliminary analysis that led to the definition of the internal models 

selected for the comparison; Section 6.4 defines the MPC problem formulation and presents 

a benchmarking control strategy; the results of the comparison of the MPCs embedding the 

different internal models and the benchmarking controller are presented and discussed in 

Section 6.5. 

6.1 Universal parametric model for power-split HEVs 

The implementation of the MPC framework requires to shift from the dimensionless 

mathematical treatment proposed in Chapter 2 to a dimensional model that outputs the 

operating point of each electric MG as a function of the vehicle speed, the driver’s demand, 

and ICE operations resulting from the EMS, in order to assess the instantaneous fuel 

consumption and battery SOC. Any component in the PSU is considered as a rigid body; the 

inertia of ICE and MGs is included, while the inertia of shafts and gears is neglected. Fig. 

6.1 shows a general representation of any power-split HEV. 

From Eqs. (2.12)-(2.13), the speed of the electric MGs is: 

 

𝜔𝑖 =
𝜏𝑖#𝑜

𝜏#𝑜 − 𝜏#𝑖
(𝜔𝑜𝑢𝑡 − 𝜏#𝑖𝜔𝑖𝑛)

𝜔𝑜 =
𝜏𝑜#𝑖

𝜏#𝑖 − 𝜏#𝑜
(𝜔𝑜𝑢𝑡 − 𝜏#𝑜𝜔𝑖𝑛)

 (6.1)   

𝜔𝑜𝑢𝑡 is directly proportional to the vehicle speed. Equivalently, accelerations are ruled by 

the same relations: 

Fig. 6.1. Universal schematisation for power-split powertrain. The arrows show the positive power 

flows. 
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𝜔̇𝑖 =

𝜏𝑖#𝑜
𝜏#𝑜 − 𝜏#𝑖

(𝜔̇𝑜𝑢𝑡 − 𝜏#𝑖𝜔̇𝑖𝑛)

𝜔̇𝑜 =
𝜏𝑜#𝑖

𝜏#𝑖 − 𝜏#𝑜
(𝜔̇𝑜𝑢𝑡 − 𝜏#𝑜𝜔̇𝑖𝑛)

 (6.2)   

The mechanical power on the shafts 𝑖 and 𝑜 can be assessed by adding to the power 

transmitted in ideal conditions a contribution to consider the friction power losses in the PSU 

meshing gears: 

 
𝑃̅𝑖 = 𝑃𝑖 + ∆𝑃𝑖,𝐿𝑂𝑆𝑆
𝑃̅𝑜 = 𝑃𝑜 + ∆𝑃𝑜,𝐿𝑂𝑆𝑆

 (6.3)   

where 𝑃𝑖 and 𝑃𝑜 are the ideal power flows, ruled only by the mechanical points according to 

Eqs. (2.22),(2.23), and (2.25): 

 
𝑃𝑖 =

1

𝜏#𝑖 − 𝜏#𝑜
(𝜔𝑜𝑢𝑡 − 𝜏#𝑖𝜔𝑖𝑛)(𝜏#𝑜𝑇𝑜𝑢𝑡 − 𝑇𝑖𝑛)

𝑃𝑜 =
1

𝜏#𝑜 − 𝜏#𝑖
(𝜔𝑜𝑢𝑡 − 𝜏#𝑜𝜔𝑖𝑛)(𝜏#𝑖𝑇𝑜𝑢𝑡 − 𝑇𝑖𝑛)

 (6.4)   

The contribution due to the meshing losses is: 

 
∆𝑃𝑖,𝐿𝑂𝑆𝑆 = −

𝜔𝑖𝑇𝑖𝑛
𝜏𝑖#𝑜

[𝑝̅𝐿 +
𝜕𝑝̅𝐿
𝜕𝜏

(𝜏#𝑜 − 𝜏)]

∆𝑃𝑜,𝐿𝑂𝑆𝑆 = −
𝜔𝑜𝑇𝑖𝑛
𝜏𝑜#𝑖

[𝑝̅𝐿 +
𝜕𝑝̅𝐿
𝜕𝜏

(𝜏#𝑖 − 𝜏)]

 (6.5)   

according to Eqs. (2.52)-(2.53), where the PSU meshing losses 𝑝̅𝐿 are evaluated as addressed 

in Section 2.4. If the PSU losses are neglected, ∆𝑃𝑖,𝐿𝑂𝑆𝑆 = ∆𝑃𝑜,𝐿𝑂𝑆𝑆 = 0. In Eqs. (6.4)-(6.5), 

𝑇𝑖𝑛 is the torque on the PSU input shaft, while 𝑇𝑜𝑢𝑡 is the torque on the PSU output shaft, 

depending on the demanded torque, 𝑇𝑑𝑒𝑚, consisting of the aerodynamic, rolling, grade and 

inertial resistances as follows: 

 𝑇𝑑𝑒𝑚 = −(
1

2
𝑐𝑑𝐴𝑓𝜌𝑎𝑉𝑣𝑒ℎ

2 + 𝑓𝑟𝑚𝑔 cos 𝛾 +𝑚𝑔 sin 𝛾 + 𝛿𝑚𝑎𝑣𝑒ℎ) 𝑅𝑤 (6.6)   

where 𝑐𝑑 is the drag coefficient, 𝐴𝑓 is the vehicle frontal area, 𝜌𝑎 is the air density, 𝑉𝑣𝑒ℎ is 

the vehicle speed, 𝑓𝑟 is the rolling friction coefficient, 𝑚 is the vehicle mass, 𝑔 is the 

gravitational acceleration, 𝛾 is the road gradient, 𝛿 is the coefficient that accounts for the 

rotational inertia, 𝑎𝑣𝑒ℎ is the vehicle acceleration, and 𝑅𝑤 is the wheel rolling radius. For the 

power sign convention indicated in Fig. 6.1, whereby the power is positive if entering the 

PSU, 𝑇𝑜𝑢𝑡 is negative during vehicle traction and positive during braking. To consider the 

operation of the friction brakes to avoid MGs saturation during regenerative braking, 𝑇𝑜𝑢𝑡 is 

considered as: 

 𝑇𝑜𝑢𝑡 = 𝑇𝑑𝑒𝑚 − 𝑇𝑏𝑟𝑎𝑘𝑒 (6.7)   

where 𝑇𝑏𝑟𝑎𝑘𝑒 > 0 is the friction brake torque. 
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The torque on the shafts 𝑖 and o of the PSU can be assessed by dividing Eqs. (6.3) by Eqs. 

(6.1), while the mechanical torque at the actuators level is affected by their moments of 

inertia, 𝐽𝐼𝐶𝐸, 𝐽𝑀𝐺1, and 𝐽𝑀𝐺2: 

 

𝑇𝐼𝐶𝐸 = 𝑇𝑖𝑛 + 𝐽𝐼𝐶𝐸𝜔̇𝑖𝑛

𝑇𝑀𝐺1 = 𝑇̅𝑖 + 𝐽𝑀𝐺1𝜔̇𝑖 

𝑇𝑀𝐺2 = 𝑇̅𝑜 + 𝐽𝑀𝐺2𝜔̇𝑜

 (6.8)   

Once the ICE operating point is known, the fuel rate can be assessed from the ICE 

efficiency map, as follows: 

 𝑚̇𝑓𝑢𝑒𝑙 =
𝜔𝑖𝑛𝑇𝐼𝐶𝐸

𝐻𝐿𝐻𝑉 ∙ 𝜂𝐼𝐶𝐸
 (6.9)   

where 𝐻𝐿𝐻𝑉 is the fuel lower heating value and 𝜂𝐼𝐶𝐸 is the engine efficiency, which is a 

function of the ICE speed and torque. 

The electric power of each MG depends on the mechanical power delivered or absorbed 

and on its efficiency 𝜂𝑀𝐺1 or 𝜂𝑀𝐺2: 

 
𝑃𝑀𝐺1,𝑒𝑙 = 𝜔𝑖𝑇𝑀𝐺1𝜂𝑀𝐺1

−𝑠𝑖𝑔𝑛(𝜔𝑖𝑇𝑀𝐺1) 

𝑃𝑀𝐺2,𝑒𝑙 = 𝜔𝑜𝑇𝑀𝐺2𝜂𝑀𝐺2
−𝑠𝑖𝑔𝑛(𝜔𝑜𝑇𝑀𝐺2) 

(6.10)   

For an ideal battery, the net power flow is: 

 𝑃𝑏𝑎𝑡𝑡,𝑖𝑑 = 𝑃𝑀𝐺1,𝑒𝑙 + 𝑃𝑀𝐺2,𝑒𝑙 (6.11)   

A simplified battery model widely adopted in the relevant literature considers an 

equivalent circuit with a voltage source in series with a resistor. The battery efficiency 𝜂𝑏𝑎𝑡𝑡 

can be assessed as: 

 
𝜂𝑏𝑎𝑡𝑡 =

𝑉𝑂𝐶 +√𝑉𝑂𝐶
2 − 4|𝑃𝑏𝑎𝑡𝑡,𝑖𝑑|𝑅𝑏𝑎𝑡𝑡

2𝑉𝑂𝐶
 

(6.12)   

where 𝑉𝑂𝐶 is the open-circuit voltage and 𝑅𝑏𝑎𝑡𝑡 is the battery internal resistance. Then, the 

actual battery power is: 

 𝑃𝑏𝑎𝑡𝑡 = 𝑃𝑏𝑎𝑡𝑡,𝑖𝑑𝜂𝑏𝑎𝑡𝑡
−𝑠𝑖𝑔𝑛(𝑃𝑏𝑎𝑡𝑡,𝑖𝑑) (6.13)   

The battery current can be expressed as the ratio between the battery power and the output 

voltage determined by Kirchhoff's voltage law. Then, the rate of the battery state of charge 

is the opposite of the ratio between the battery current and the battery capacity 𝑄𝑏𝑎𝑡𝑡: 

 𝑆𝑂𝐶̇ = −
𝑉𝑂𝐶 −√𝑉𝑂𝐶

2 − 4𝑃𝑏𝑎𝑡𝑡𝑅𝑏𝑎𝑡𝑡

2𝑅𝑏𝑎𝑡𝑡𝑄𝑏𝑎𝑡𝑡
 (6.14)   

6.2 Case study on the multi-mode Voltec II 

For any existing power-split HEV, the parametric model described in Section 2.1 can be 

used as the internal model for MPC formulation, after identifying the PSU functional 

parameters for each transmission mode through the procedure of Section 3.1, assessing the 
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power losses with the method of Section 2.4, and including the ICE and MGs efficiency 

maps. The resulting constrained nonlinear optimisation problem must involve continuously 

differentiable constraints and objective functions if gradient-based optimisation methods are 

used to search for the optimal solution. Thus, a continuous formulation is required for the 

functional parameters switching, the PSU meshing losses, and the actuators maps. 

This section shows an example of application to the multi-mode PS-CVT Voltec II, 

described in Section 1.2.3 and Section 5.2.1. The available functioning modes and the 

respective functional parameters are reported in Table 5.1 and Table 5.2. The second 

generation of the Chevrolet Volt is an extended-range hybrid electric vehicle equipped with 

a large battery pack to ensure a significant range in pure electric driving. However, when the 

battery SOC reaches the minimum value of 16%, a power-split hybrid charge-sustaining 

mode is activated, and the variation of the battery SOC is maintained within ±1% 

[35,162,163]. Only the charge-sustaining operation has been considered in this study. Fig. 

6.2 shows the powertrain power-split layout including the actuators inertia, and Table 6.1 

summarises the main vehicle parameters derived from [35,162,163]. 

Table 6.1. Chevrolet Volt II parameters derived from [35,162,163]. 

Component Symbol Parameter Value 

Vehicle 

𝑚0 Unladen vehicle mass 1,607 kg 

𝑐𝑑 Drag coefficient 0.28 

𝐴𝑓 Frontal area 2.20 m2 

𝑓𝑟 Rolling friction 0.011 

𝑅𝑤 Wheel radius 0.32 m 

 𝛿 Coefficient of rotational inertia 1.04 

ICE 

𝑃𝐼𝐶𝐸
𝑚𝑎𝑥 Maximum power  75 kW 

𝑇𝐼𝐶𝐸
𝑚𝑎𝑥 Maximum torque 140 Nm 

𝜔𝐼𝐶𝐸
𝑚𝑎𝑥 Maximum speed 6,000 rpm 

𝐽𝐼𝐶𝐸 Moment of inertia 0.04 kgm2 

MG1 / MG2 

𝑃𝑀𝐺1
𝑚𝑎𝑥 / 𝑃𝑀𝐺2

𝑚𝑎𝑥 Peak power 48 / 87 kW 

𝑇𝑀𝐺1
𝑚𝑎𝑥 / 𝑇𝑀𝐺2

𝑚𝑎𝑥 Peak torque 118 / 280 Nm 

𝜔𝑀𝐺1
𝑚𝑎𝑥 / 𝜔𝑀𝐺2

𝑚𝑎𝑥 Peak speed 10,000 / 10,000 rpm 

𝐽𝑀𝐺1 / 𝐽𝑀𝐺2 Moment of inertia 0.03 kgm2 / 0.05 kgm2 

Battery 

𝑄𝑏𝑎𝑡𝑡 Battery capacity 52 Ah 

𝑉𝑂𝐶 Open circuit voltage 355 V 

𝑅𝑏𝑎𝑡𝑡 Internal resistance 0.1 Ω 

𝑃𝑏𝑎𝑡𝑡
𝑚𝑎𝑥 Maximum battery power 120 kW 

PSU 

Ψ1 PG1 Willis ratio −0.535 

Ψ2 PG2 Willis ratio −0.481 

𝑘𝑓𝑑 Final drive ratio [-] 0.379 
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Simultaneously engaging C1 and C2 results in a fixed-ratio parallel mode with the shaft 

i stationary, whereby MG1 is turned off and only MG2 can operate for traction or 

regenerative braking. Moreover, the ICE speed 𝜔𝑖𝑛
𝐹𝑅 in parallel mode is proportional to the 

wheels speed by the inverse of the mechanical point 𝜏#𝑖, which is the overall transmission 

ratio when the shaft i is stationary by definition. Similarly, the corresponding speed ratio 

𝜏𝑜#𝑖 univocally defines the speed 𝜔𝑜
𝐹𝑅 of the shaft o. Thus, the speed relations of Eqs. (6.1) 

valid for power-split operations can be replaced by the following ones in the parallel fixed-

ratio mode: 

 

𝜔𝑖
𝐹𝑅 = 0 

𝜔𝑖𝑛
𝐹𝑅 =

𝜔𝑜𝑢𝑡

𝜏#𝑖
 

𝜔𝑜
𝐹𝑅 =

𝜏𝑜#𝑖
𝜏#𝑖

𝜔𝑜𝑢𝑡 

(6.15)   

6.2.1 Switch functions for multi-mode operations 

Although each power-split mode could be ideally selected for any overall transmission 

ratio 𝜏, multi-mode PS-CVTs are designed so as to drive in the input-split mode for lower 

ratios and in the compound-split mode for higher ratios. In this way, the power recirculation 

in the electric unit is limited and compliance with the speed, torque, and power constraints 

of the electric MGs is ensured even if the electric unit is downsized [34,164]. Moreover, 

switching between modes is performed when the shafts involved in clutches operation have 

zero relative speed (see also Section 3.2.3). In this way, the plates of clutches are prevented 

Fig. 6.2. Functional layout for Chevrolet Volt II in power-split operation. 
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from slipping and a smooth synchronous mode shift is realised. In the case of Voltec II, the 

relative speed between the PG2 ring gear and MG1 is zero at the mechanical point 𝜏#𝑖, when 

MG1 is stationary, similarly to the PG2 ring gear, which is either connected to MG1 by C1 

or braked to the frame by C2. Therefore, the mechanical point 𝜏#𝑖 is not only the overall 

speed ratio at which parallel operation can be performed, but also the ratio at which mode 

shift can occur, as shown in Fig. 6.3. Moreover, the functional parameters 𝜏#𝑖 and 𝜏𝑜#𝑖 

referred to the condition whereby the shaft i is stationary are the same in both input-split and 

compound-split mode. On the contrary, the values of 𝜏#𝑜 and 𝜏𝑖#𝑜 referred to the condition 

whereby the shaft o is stationary are different (Table 5.2 and Fig. 6.3), since these speed 

ratios are affected by the state of the clutches on the shaft i (see Fig. 6.2). 

The described mode shift strategy can be embedded in the parametric model for the 

power-split operation of Section 6.1, by introducing continuous switch functions to model 

the switching functional parameters 𝜏#𝑜 and 𝜏𝑖#𝑜. The continuous switch is obtained by the 

following functions of the overall speed ratio 𝜏: 

 
𝜏#𝑜 =

𝜏#𝑜
𝐶𝑆 + 𝜏#𝑜

𝐼𝑆

2
+
𝜏#𝑜
𝐶𝑆 − 𝜏#𝑜

𝐼𝑆

𝜋
atan(𝑁1(𝜏 − 𝜏#𝑖))    

𝜏𝑖#𝑜 =
𝜏𝑖#𝑜
𝐶𝑆 + 𝜏𝑖#𝑜

𝐼𝑆

2
+
𝜏𝑖#𝑜
𝐶𝑆 − 𝜏𝑖#𝑜

𝐼𝑆

𝜋
atan(𝑁2(𝜏 − 𝜏#𝑖))

 (6.16)   

where the apices 𝐼𝑆 and 𝐶𝑆 relate to the functional parameters of the input-split and 

compound-split mode, respectively. Moreover, to address also the fixed-ratio parallel mode 

within the same model, an additional set of switch functions is introduced: 

 
𝑓𝐹𝑅 =

1

2
+

2

𝜋2
atan(𝑁3(−(𝜏#𝑖 − ∆) + 𝜏)) ∙ atan(𝑁3((𝜏#𝑖 + ∆) − 𝜏)) 

𝑓𝑃𝑆 =
1

2
+

2

𝜋2
atan(𝑁3((𝜏#𝑖 − ∆) + 𝜏)) ∙ atan(𝑁3((𝜏#𝑖 + ∆) − 𝜏)) 

(6.17)   

𝑓𝐹𝑅 and 𝑓𝑃𝑆 are built so that the former is always zero except for a narrow neighbourhood of 

𝜏#𝑖 with a radius ∆, when parallel mode occurs; conversely, the latter is zero in the 

Fig. 6.3. Mode shift strategy in Voltec II based on the overall speed ratio 𝜏. 
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neighbourhood of 𝜏#𝑖 and 1 for any other 𝜏, where power-split operations are involved. The 

parameters ∆, 𝑁1, 𝑁2, and 𝑁3 must be selected to include 𝜏#𝑜 and 𝜏𝑖#𝑜 switch within the 

range 𝜏#𝑖 − ∆ ≤ 𝜏 ≤ 𝜏#𝑖 + ∆ to avoid numerical errors in the solution of the MPC problem. 

Fig. 6.4 shows the trend of the switch functions of Eqs. (6.16)-(6.17). 

The switch functions (6.17) replace the speed relations of Eqs. (6.1) with the following 

ones: 

 
𝜔𝑖 = 𝜔𝑖

𝐹𝑅 ∙ 𝑓𝐹𝑅 + 𝜔𝑖
𝑃𝑆 ∙ 𝑓𝑃𝑆

𝜔𝑜 = 𝜔𝑜
𝐹𝑅 ∙ 𝑓𝐹𝑅 + 𝜔𝑜

𝑃𝑆 ∙ 𝑓𝑃𝑆
 (6.18)   

where 𝜔𝑖
𝑃𝑆 and 𝜔𝑜

𝑃𝑆 are those of Eqs. (6.1). Similar relations rule the accelerations instead 

of Eqs. (6.2). 

6.2.2 Transmission meshing losses 

The normalised PSU meshing losses of Voltec II were assessed in 5.2.2. In Eq. (6.19), 

they are expressed as a continuous function of the overall speed ratio 𝜏 and overall torque 

ratio Θ = 𝑇𝑜𝑢𝑡/𝑇𝑖𝑛 to be included in Eqs. (6.5) for MPC formulation. 

 𝑝̅𝐿 = (1 − 𝜂1) |1 −
𝜏

𝜏#𝑖(1 − 𝜓1)
| −

1 − 𝜂2
1 − 𝜓2

|(Θ +
1

𝜏#𝑖
) [

𝜏#𝑜
𝜏#𝑜 − 𝜏#𝑖

(𝜏 − 𝜏#𝑖) − 𝜓2𝜏]| − (1 − 𝜂𝑓𝑑)|𝜏Θ| 

 

(6.19)   

The first two terms are PG1 and PG2 meshing losses, dependent on their constructive 

arrangement, Willis ratio, and ordinary efficiency, according to Table 5.4. The third term is 

the loss in the fixed-ratio final drive. 

6.2.3 ICE and MGs efficiency maps 

In contrast to the assessment procedure of the PSU meshing power losses, which is based 

on a physically consistent mathematical model that requires only the knowledge of the PSU 

constructive arrangement, the conversion power losses in the ICE and MGs are more often 

derived from experimental data. Thus, the efficiency of the actuators is available in the form 

Fig. 6.4. Switch functions for the functional parameters and for power-split and parallel operation. 
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of maps with scattered data that must be fitted to derive the continuous functions necessary 

for implementing gradient-based algorithms. Therefore, the ICE and MGs efficiency maps 

of the Chevrolet Volt available in [35,162] are approximated by fifth-order polynomial 

functions of their respective speed and torque: 

 𝜂
𝑘
(𝜔𝑘, 𝑇𝑘) = ∑ ∑ 𝑝

𝑚𝑛
𝜔𝑘

𝑚𝑇𝑘
𝑛

5−𝑚

𝑛=0

5

𝑚=0

 (6.20)   

where 𝑘 = 𝐼𝐶𝐸,𝑀𝐺1,𝑀𝐺2. Moreover, a similar fitting is required for the maximum torque 

of the ICE and MGs, as a function of their respective speed, by using a single-variable n-th 

order polynomial: 

 𝑇𝑘
𝑚𝑎𝑥(𝜔𝑘) = ∑ 𝑝𝑚𝜔𝑘

𝑛+1−𝑚

𝑛+1

𝑚=1

 (6.21)   

A fourth-order polynomial was used for the ICE maximum torque, while a seventh-order 

polynomial was necessary for the MG1 and MG2 maximum torque. The fitting for the 

efficiency maps and maximum torque was performed by the MATLAB Curve Fitting 

toolbox. Fig. 6.5 shows the results of the interpolation. 

 

Fig. 6.5. Fitting results for actuators efficiency maps and maximum torques, with their respective 

root mean square error (RMSE). 
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6.3 Internal models definition by preliminary open-loop comparison 

To reduce the length of the simulation campaign, a preliminary analysis in an open-loop 

simulation framework is carried out to define the internal models worthy of investigation in 

the MPC framework. The internal models considered in the preliminary analysis are derived 

from the baseline model of Section 6.1, including the PSU meshing losses of Eq. (6.19), the 

polynomial form for MGs efficiency, and the inertial load of the actuators according to Eqs. 

(6.8). Then, the complexity of the baseline model is reduced by modifying one of the three 

analysed factors at a time, according to Table 6.2. 

 

6.3.1 Open-loop simulation framework 

A preliminary comparison of the five internal models listed in Table 6.2 is carried out by 

implementing the open-loop simulation framework shown in Fig. 6.6. The seven driving 

cycles listed in Table 6.3 are used to simulate typical conditions in terms of vehicle speed 

and acceleration, as well as the resulting demanded torque [165]. A regenerative braking 

strategy is developed for the friction brakes, to prevent MGs saturation. During the 

deceleration phases, it assesses the resulting MGs torque values for the current demanded 

torque, considering the ICE idling operations. If the torque of one MG exceeds its maximum 

value for the current vehicle speed, this torque is saturated, and the resulting maximum 

torque 𝑇𝑜𝑢𝑡 recoverable on the out shaft is computed by inverting the torque equations that 

can be derived from the formulations in Section 6.1. Then, a simplified rule-based strategy 

is implemented to establish ICE operation. The core concept of the rule-based strategy, 

illustrated in Fig. 6.7, is to limit the battery involvement to simulate a realistic response of 

the Chevrolet Volt powertrain during the charge-sustaining operation. Thus, the ICE power 

is set equal to the output power during vehicle traction and the ICE operating points are kept 

as close as possible to the ICE optimal operating line (OOL) shown in Fig. 6.5. The 

acceleration of the engine is assessed by deriving the actual speed, which in a backward-

facing model is the desired speed. If the demanded power overcomes the maximum ICE 

power, the ICE works at the maximum power, and the difference must be compensated by 

Table 6.2. Internal models for open-loop preliminary analysis. 

Internal Model Inertial load MGs efficiency Meshing losses 

OL_Baseline Considered Polynomial Considered 

OL_IdealMGE Considered 𝜂𝑀𝐺1 = 𝜂𝑀𝐺2 = 1 Considered 

OL_ConstantMGE Considered 𝜂𝑀𝐺2 = 0.87; 𝜂𝑀𝐺2 = 0.9 Considered 

OL_NoPSULosses Considered Polynomial Neglected 

OL_NoInertia Neglected Polynomial Considered 
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the battery; during regenerative braking, the ICE is kept idling and the recoverable 

mechanical energy is stored in the battery. The resulting ICE torque, speed, and acceleration 

are provided as input of each internal model defined by the equations of Sections 6.2-6.3 

with the respective exceptions of Table 6.2. The internal model block simulates the PSU and 

electric unit operations and outputs the battery SOC, which is used as a benchmark index to 

compare the five internal models. 

 

 

Table 6.3. Characteristics of the simulated driving cycles from [165]. 

Driving cycle Type 
Distance 

[m] 

Duration 

[s] 

Average speed 

[km/h] 

Artemis Urban urban 4874 993 17.7 

Artemis Road mixed 17275 1082 57.5 

Artemis Motorway130 extra-urban 28737 1068 96.9 

NEDC mixed 11017 1180 33.6 

J10-15 urban 4165 660 22.7 

UDDS urban 11997 1369 31.6 

HWFET extra-urban 16503 765 77.7 

Fig. 6.6. Open-loop simulation framework for preliminary comparison. 

Fig. 6.7. Simplified rule-based strategy for ICE control in open-loop simulations. 
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6.3.2 Results of open-loop comparison and MPC internal models definition 

This preliminary comparison in open-loop aims to assess the impact of PSU power losses, 

MGs efficiency and actuators inertial load on the simulated powertrain response. Since the 

ICE operations derived from the rule-based strategy are the same for each internal model, 

only battery SOC is observed to quantify the deviation of each internal model from the 

baseline through the following percentage variation: 

 |∆𝑆𝑂𝐶|𝐵𝑎𝑠𝑒𝑙𝑖𝑛𝑒,𝐼𝑀𝑗
=

|𝑆𝑂𝐶𝐼𝑀𝑗
− 𝑆𝑂𝐶𝐵𝑎𝑠𝑒𝑙𝑖𝑛𝑒|

𝑆𝑂𝐶𝐵𝑎𝑠𝑒𝑙𝑖𝑛𝑒
∙ 100 (6.22)   

where 𝐼𝑀𝑗 indicates the jth internal model. The comparison results are in Fig. 6.8, while Fig. 

6.9 reports the trend of the battery SOC for each internal model in the Artemis driving cycles, 

by way of example. 

 

The results of Fig. 6.8 and Fig. 6.9 suggest that the highest deviation from the baseline 

model is achieved when a unitary efficiency is assumed for the MGs efficiency. Moreover, 

Fig. 6.8. SOC comparison resulting from the open-loop analysis in terms of variation from the 

Baseline SOC. 

Fig. 6.9. SOC battery trend for Artemis driving cycles: open-loop comparison between the internal 

models of Table 6.2. 
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neglecting PSU power losses implies a significant deviation as well, which is the largest in 

the high-speed driving cycles Artemis Motorway130 and HWFET. In both IdealMGE and 

NoPSULosses models, the final SOC is overestimated with respect to the baseline. On the 

contrary, omitting the actuators inertial load from the internal model does not result in 

significant SOC variation, especially in low-speed driving cycles. Similar considerations are 

valid for the internal model with a constant MGs efficiency in the place of polynomial maps. 

Therefore, the results of this preliminary comparison suggest that it is worth investigating 

the impact of the PSU meshing losses in the MPC framework, while it is reasonable to 

neglect the actuators inertia to avoid computational complexity. Although the open-loop 

analysis reveals that a constant value could replace a polynomial model for the MGs 

efficiency, the influence of these two different approaches is deemed worthy of further 

analysis because, if the same trend is confirmed in the MPC framework, the traditional 

approach used in the literature based on the polynomial or experimental maps could be 

simplified into a constant efficiency, reducing the internal model complexity and thus the 

running time of the EMS solver. Given these considerations, the four internal models listed 

in Table 6.4 are considered in the MPC framework to assess the impact of PSU power losses 

and MGs efficiency. 

 

6.4 MPC problem formulation 

MPC-based EMS allows solving multi-input multi-output nonlinear problems with 

equality and/or inequality constraints. The formulation of the MPC optimal control problem 

requires the following state-space representation of the controlled system, with state vector 

𝒙(𝑡), output vector 𝒚(𝑡), and control vector 𝒖(𝑡), for given external inputs 𝒘(𝑡): 

 {
𝒙̇(𝑡) = 𝑓(𝒙, 𝒖,𝒘)

𝒚(𝑡) = 𝑔(𝒙, 𝒖,𝒘)
 (6.23)   

When applied to power-split HEVs to solve the EMS problem, the formulation based on 

the powertrain model of Section 6.1 involves the following vectors if the inertial load of the 

actuators is neglected: 

Table 6.4. Internal models to compare in the MPC framework. 

Internal Model Inertial load MGs efficiency Meshing losses 

MPC_IM1 Neglected 𝜂𝑀𝐺1 = 0.87; 𝜂𝑀𝐺2 = 0.9 Neglected 

MPC_IM2 Neglected Polynomial Neglected 

MPC_IM3 Neglected 𝜂𝑀𝐺1 = 0.87; 𝜂𝑀𝐺2 = 0.9 Considered 

MPC_IM4 Neglected Polynomial Considered 
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{
 
 

 
 𝒙(𝑡) = {𝑆𝑂𝐶}

𝒖(𝑡) = {𝜔𝑖𝑛, 𝑇𝐼𝐶𝐸 , 𝑇𝑏𝑟𝑎𝑘𝑒}

𝒚(𝑡) = {𝑚̇𝑓𝑢𝑒𝑙 , 𝑆𝑂𝐶}

𝒘(𝑡) = {𝜔𝑜𝑢𝑡 , 𝑇𝑑𝑒𝑚}

 (6.24)   

Thus, the nonlinear state-space equation is Eq. (6.14). 

The goal of the MPC strategy is to establish the optimal control variables to minimise a 

cost function over a prediction horizon (PH). The cost function is defined as the sum of a 

first term penalising the ICE fuel rate, and a second term penalising the deviation of the 

battery SOC from a reference value: 

 𝐽(𝒙, 𝒖,𝒘, 𝑡) =  ∫ (𝑞1 ∙ |𝑚̇𝑓𝑢𝑒𝑙|
2
+ 𝑞2 ∙ |𝑆𝑂𝐶 − 𝑆𝑂𝐶𝑟𝑒𝑓|

2
) 𝑑𝑡

𝑡0+𝑃𝐻

𝑡𝑜

 (6.25)   

where 𝑞1 and 𝑞2 are the weights of the fuel rate and battery SOC deviation. The control 

variables optimisation must comply with the soft and hard constraints of the system, related 

to the battery SOC and power, and actuators speed and torque. Moreover, the mechanical 

braking torque, 𝑇𝑏𝑟𝑎𝑘𝑒, must be positive to meet the adopted sign convention: 

 

{
 
 

 
 
𝑆𝑂𝐶𝑚𝑖𝑛 ≤ 𝑆𝑂𝐶(𝑡) ≤ 𝑆𝑂𝐶𝑚𝑎𝑥   (𝑠𝑜𝑓𝑡)

𝑃𝑏𝑎𝑡𝑡
𝑚𝑖𝑛 ≤ 𝑃𝑏𝑎𝑡𝑡(𝑡) ≤ 𝑃𝑏𝑎𝑡𝑡

𝑚𝑎𝑥                          

𝜔𝑘
𝑚𝑖𝑛 ≤ 𝜔𝑘(𝑡) ≤ 𝜔𝑘

𝑚𝑎𝑥                            

𝑇𝑘
𝑚𝑖𝑛 ≤ 𝑇𝑘(𝑡) ≤ 𝑇𝑘

𝑚𝑎𝑥                              
𝑇𝑏𝑟𝑎𝑘𝑒 ≥ 0                                                   

 (6.26)   

with 𝑘 = 𝐼𝐶𝐸,𝑀𝐺1,𝑀𝐺2. A soft constraint is considered on the battery SOC to ensure a 

deviation of around ±1% from the 16% reference value. When the optimal sequence of 

control inputs over the prediction horizon is obtained, the control variables assessed for the 

first time step are applied to the plant; then, the prediction horizon is moved one step forward 

and the optimisation is repeated for the next time step. 

The MPC optimal control problem was set by implementing the equations of Sections 

6.1-6.2 that were modified according to Table 6.4 in the Automatic Control and Dynamic 

Optimization toolkit (ACADO). ACADO is an open-source framework to solve optimal 

control problems using a solver based on sequential quadratic programming, combining 

gradient-based algorithms and quadratic programming to iteratively solve the optimal 

control problem also in real time [166]. The multiple-shooting discretisation and the Gauss-

Newton Hessian approximation were set in the ACADO programming. Then, from the C++ 

code developed in the ACADO toolkit for MATLAB, an S-function is exported and 

embedded into the backward-facing Simulink framework in Fig. 6.10. 
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Embedding in the MPC internal model the universal formulation of Section 6.1 and the 

continuous switching formulation of Section 6.2.1 results in the following novelties: 1) a 

single controller is sufficient to deal with the EMS of any multi-mode power-spit powertrain, 

and 2) the possibility of performing a mode switch is integrated within the MPC framework, 

thus, there is no need of predefining the operating mode as input of the controller. The vehicle 

speed and demanded torque derived from the driving cycle are provided to the MPC block 

as external inputs to the controller. The MPC algorithm optimises the control variables, 

which include also the ICE speed, by initially supposing their first-attempt values and then 

changing them to pursue the minimisation of the cost function. For a given vehicle speed, 

the ICE speed affects the overall speed ratio, which determines the selected mode (Section 

6.2.1). Thus, a first-attempt mode is implicitly supposed in the optimisation through the first-

attempt ICE speed, but then the considered mode varies if a different engine speed is 

considered by the optimisation algorithm, thanks to the continuous switching formulation of 

Eqs. (6.16)-(6.17). Similarly, the optimal ICE speed returned by the MPC block determines 

the optimal transmission ratio and, thus, the selection of the optimal mode according to the 

strategy in Fig. 6.3. Therefore, the active mode is the result of the MPC optimisation. The 

optimal ICE operations, PSU mode, and eventual friction braking torque are used as input 

data to the plant. The resulting battery SOC is provided in feedback to the MPC. 

A benchmark MPC controller is introduced to test the performance of the novel internal 

model with integrated mode shift modelled by switch functions. The benchmarking MPC 

framework, shown in Fig. 6.11 and referred to as Triple-MPC, relies on the typical approach 

Fig. 6.10. Simulink backward-facing model for MPC EMS with integrated mode shift. 
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adopted in the literature based on multiple MPC controllers, one for each mode. Each 

controller is involved according to the current mode, which is selected on the basis of the 

demanded torque and vehicle speed by a mode selection map obtained from earlier offline 

analysis. In this case, the map provided by General Motors in [35] for the Chevrolet Volt 

operation is considered. Now the mode is a discrete external input to the MPC formulation, 

and not an optimised output. The internal model used for the IS and CS modes is formulated 

according to the same parametric approach of Section 6.1, by keeping constant values of the 

functional parameters in Table 5.2. The FR internal model is modified according to Eqs. 

(6.15); thus, the ICE speed is proportional to the vehicle speed instead of a control variable. 

A typical MPC internal model based on the Willis formula and PG free body diagram 

would not have allowed an integrated continuous formulation of the mode switch. On the 

contrary, the universal parametric model offers the opportunity to integrate the mode switch 

in the MPC optimal control problem or use a different optimisation strategy for mode 

selection. 

6.5 Results and discussion 

The MPC framework of Fig. 6.10 was implemented in Simulink to compare the 

performance of the four internal models with different complexity (Table 6.4) for the driving 

cycles of Table 6.3. A sampling time of 1 s and a prediction horizon of 10 s were used for 

the MPC controller. A brute-force optimisation was carried out to fit the cost function 

weights; the best performance was achieved when the minimisation of the fuel consumption 

Fig. 6.11. Simulink backward-facing model for MPC EMS with pre-defined map for mode shift. 
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was prioritised over the battery SOC variation through a weight one order of magnitude 

larger. A preview function was implemented to provide the MPC controller with future 

information on demanded torque and vehicle speed derived from the driving cycle. 

To consider the different battery SOC at the end of the driving cycle, a fuel compensation 

term, 𝑚𝑓𝑢𝑒𝑙
𝑐𝑜𝑚𝑝

, is added to the actual fuel consumption of the petrol engine, 𝑚𝑓𝑢𝑒𝑙 [167]. The 

total equivalent consumption 𝑚𝑓𝑢𝑒𝑙
𝑒𝑞

 expressed in grams is: 

 𝑚𝑓𝑢𝑒𝑙
𝑒𝑞

= 𝑚𝑓𝑢𝑒𝑙 +𝑚𝑓𝑢𝑒𝑙
𝑐𝑜𝑚𝑝

= 𝑚𝑓𝑢𝑒𝑙 −
(𝑆𝑂𝐶𝑒𝑛𝑑 − 𝑆𝑂𝐶𝑟𝑒𝑓)𝑄𝑏𝑎𝑡𝑡𝑉𝑂𝐶𝐵𝑆𝐹𝐶̅̅ ̅̅ ̅̅ ̅

1000
 (6.27)   

where 𝑚𝑓𝑢𝑒𝑙 is the fuel consumption of the internal combustion engine in grams, 𝑆𝑂𝐶𝑒𝑛𝑑 is 

the final battery SOC ranging from 0 to 1, 𝑆𝑂𝐶𝑟𝑒𝑓 is the reference SOC equal to 0.16, 𝐵𝑆𝐹𝐶̅̅ ̅̅ ̅̅ ̅ 

is the average brake specific fuel consumption of the engine expressed in g/kWh and equal 

to: 

 𝐵𝑆𝐹𝐶̅̅ ̅̅ ̅̅ ̅ =
1

𝜂̅𝐼𝐶𝐸𝐻𝐿𝐻𝑉
 (6.28)   

where 𝜂̅𝐼𝐶𝐸 is the engine average efficiency over the driving cycle and 𝐻𝐿𝐻𝑉 = 0.01193 

kWh/g is the petrol lower heating value. The fuel consumption can be expressed in litres per 

100 kilometres as follows: 

 𝐹𝐶 =
𝑚𝑓𝑢𝑒𝑙

𝑒𝑞

𝑑𝜌𝑓𝑢𝑒𝑙
∗ 100 (6.29)   

where 𝑑 is the total distance covered by the driving cycle in km (Table 6.3) and 𝜌𝑓𝑢𝑒𝑙 = 743 

g/l is the petrol density. 

The comparison between the four internal models of Table 6.4 is performed by 

considering the percentage variation from the most accurate internal models, i.e., IM4: 

 ∆𝐹𝐶𝐼𝑀4,𝐼𝑀𝑗
=

𝐹𝐶𝐼𝑀𝑗
− 𝐹𝐶𝐼𝑀4

𝐹𝐶𝐼𝑀4
∙ 100 (6.30)   

with 𝑗 = 1,2,3. 

Fig. 6.12. Total fuel consumption: comparison of the simpler internal models versus IM4. 
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The results in Fig. 6.12 prove that the most accurate internal model IM4 always 

overperforms the other ones, since the percentage variation of Eq. (6.30) is positive in all the 

simulated driving cycles. Similarly, the simplest internal model IM1, which neglects the PSU 

meshing losses and considers a constant value for the MGs efficiency, leads to the highest 

fuel consumption, up to 2% more than IM4 in the Artemis Motorway130 cycle. The Artemis 

Urban is an exception, since IM3 has the worst performance. 

The performance assessment of the internal models IM2 and IM3 is less intuitive. IM2 

results in the lowest variation from IM4 in the Artemis and HWFET cycles, while IM3 is the 

second-best internal model after IM4 in the NEDC, J10-15, and UDDS cycles. It should be 

noted that IM3 differ from IM4 for MGs efficiency, considered constant in IM3; on the other 

hand, IM2 differ from IM4 for PSU meshing losses, neglected in IM2. Therefore, the higher 

the difference between IM4 and IM3, the more the MGs efficiency affects the MPC 

performance; on the contrary, the higher the difference between IM4 and IM2, the more the 

PSU meshing losses affect the MPC performance. Hence, the EMS outcomes are more 

affected by the MGs efficiency in the Artemis and HWFET cycles, while the PSU meshing 

losses are more impactful in the NEDC, J10-15, and UDDS cycles. Nonetheless, the 

comparison of IM4 and IM2 indicates that the influence of the sole PSU meshing losses is 

less than 1%. This is due to the fact that the Voltec II is a well-designed PSU, because the 

PGs synchronism is included within their actual working range [96]. Thus, the meshing 

losses are low for most operating conditions. Nevertheless, these results suggest that 

neglecting the PSU power losses during the design process does not significantly affect the 

MPC-based EMS performance; hence, in the first instance, the meshing power losses can be 

neglected during the identification of the optimal functional parameters. As a result, any non-

existing transmission can be modelled by only functional parameters without the need to 

define the constructive layout first. Then, after selecting the optimal functional parameters, 

the arrangement of the PGs can be defined through the design chart, so that they operate 

synchronously within the desired range to pursue low meshing losses. However, including 

PSU meshing losses in the MPC internal model for the EMS implementation is advisable to 

enhance fuel saving. 

The above considerations might seem to contradict the results of the preliminary open-

loop comparison (Fig. 6.8), where the impact of the PSU meshing losses is significantly 

higher. Nonetheless, the consideration of the different principles underpinning the MPC 

strategy and the ICE rule-based strategy is essential for a fair comparison between the MPC 

and the open-loop framework. Indeed, although the rule-based strategy attempts to limit the 

SOC variation, no constraints are imposed on it, thus exceeding the desired ±1% range (Fig. 
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6.9). Moreover, the ICE operation is not affected by the internal model complexity in the 

open-loop framework. On the contrary, the MPC strategy instantaneously selects the best 

ICE operation to meet the constraint on the battery SOC, resulting into a total equivalent 

consumption affected by both fuel consumption and final SOC (Eq. (6.27)). 

The actual ICE fuel consumption and final battery SOC are analysed to evaluate the 

impact of MGs efficiency and PSU meshing losses on the total equivalent consumption. The 

only Artemis Road results are reported in Fig. 6.13 for brevity. The graph shows that the 

engine fuel consumption is lower for IM4 and IM2, i.e., the internal models which include 

the polynomial MGs efficiency; on the contrary, the final battery SOC is higher if the PSU 

meshing losses are included in the IMs, i.e., in IM4 and IM3. The same trends for the ICE 

fuel consumption are detected for all the driving cycles except for Artemis Urban, where 

IM2 results in the lowest consumption, followed by IM4, IM1 and IM3. Regarding the 

battery SOC, the highest final value is always reached for IM4 or IM3, while IM2 and IM1 

perform worse, according to the prediction of the open-loop analysis, whereby the PSU 

losses affect the battery SOC more than the MGs efficiency. Even a small difference in 

battery SOC affects the fuel compensation term in Eq. (6.27) because of the high energy 

storable in the battery and the low ICE efficiency. These results reveal the synergetic effect 

of including both polynomial MGs efficiency and PSU meshing losses in the MPC internal 

model, which leads to the IM4 best performance in terms of both fuel consumption reduction 

and final battery SOC increase. 

Fig. 6.13. ICE fuel consumption and battery SOC trends for each internal model in the Artemis Road 

cycle. 
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Lastly, the Triple-MPC framework of Fig. 6.11 was implemented to compare the 

performance of the integrated mode switch against the mode selection strategy based on 

offline optimisation. Fig. 6.14 shows the difference in fuel consumption per 100 km of the 

internal model IM4 and the Triple-MPC framework. The integrated mode switch of IM4 

fails to achieve the best powertrain operations in two driving cycles, i.e., the Artemis Urban 

and Road. Instead, it performs slightly better than the offline mode optimisation in the 

remaining five cycles. Therefore, the performance of the two controllers is comparable. On 

the one hand, this implies that adopting the novel formulation for online EMS of power-split 

HEVs may be worthy only if the switch functions of Eqs. (6.16)-(6.17) do not excessively 

increase the computational effort. Thus, further investigation of real-time capability is 

necessary, but it goes beyond the scope of this work. On the other hand, the lack of the need 

for offline optimisation would significantly reduce the computational time necessary to 

compare several viable solutions, making the integrated mode switch strongly preferable in 

the design stage. 

 

To complete the comparison between IM4 and the Triple-MPC, the speed profile, the 

selected mode, and the battery SOC in the Artemis Motorway130 are shown in Fig. 6.15. 

IM4 and Triple-MPC differ in selecting the fixed-ratio mode for low-medium speed at the 

beginning and end of the driving cycle, resulting in slightly different usage of the battery 

power. Minor differences have been detected also in the operating points of the ICE and 

MGs, as shown in Fig. 6.16. In particular, the more frequent selection of the input-split mode 

performed by the controller IM4 when the vehicle speed is steeply variable (see Fig. 6.15), 

results in a higher variation of the MG2 speed (see Fig. 6.16(b)), since it is kinematically 

coupled to the wheels in the input-split mode. 

 

 

 

 

Fig. 6.14. IM4 with integrated mode switch versus Triple-MPC with offline mode optimisation 

strategy: fuel consumption comparison. 
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Fig. 6.15. IM4 with integrated mode switch versus Triple-MPC with offline mode optimisation 

strategy in the Artemis Motorway130 cycle: speed profile, mode, and battery SOC. 
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Fig. 6.16. IM4 with integrated mode switch versus Triple-MPC with offline mode optimisation strategy 

in the Artemis Motorway130 cycle: (a) ICE operations; (b) MG2 operations; (c) MG1 operations. 
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CONCLUSIONS 

This research has expanded a unified parametric model for power-split continuously 

variable transmissions, which are the core unit of the most promising hybrid electric 

technology. 

The speed, torque, and power ratios between any two shafts in the power-split unit depend 

on how the branches of the planetary gear trains are connected, as well as on the PGs 

constructive ratio. Moreover, any ordinary gear train and the connections between the PSU 

internal shafts with the actuators and the wheels must also be considered to model the whole 

power-split driveline. The speed of PG branches is ruled by the Willis equation, while the 

torque ratios are assessed by the free body diagram of the ring gear, sun gear, carrier, and 

planet gears in most of the models for PS-CVTs available in the literature. Nonetheless, 

modelling any power-split powertrain with this approach requires equations suitable only to 

the analysed PS-CVT; whenever the PSU constructive arrangement changes, even just in 

terms of the connections between shafts, a different set of equations must be considered. 

The universal parametric model considered in this research has overcome the need for a 

case-specific formulation for PS-CVTs. Any PSU is modelled as a four-port device that some 

functional parameters can comprehensively characterise by ruling a set of universal 

equations for speed, torque and power ratios. Being speed ratios, these functional parameters 

are related to the Willis ratio of the PGs and the gear ratio of the OGs in the PSU. They are 

also affected by the state of any clutch included in a multi-mode PS-CVT arrangement. The 

strength of this parametric approach is the capability of modelling any PS-CVT relying on 

the same set of equations ruled by the functional parameters. The numerical values of the 

latter are the only difference among different PSUs, or between two modes of the same PSU. 

As a result, the wide variety of viable power-split transmissions can be addressed both in 

analysis and in the design phase through a unified mathematical treatment, which also 

includes a rapid assessment of the PSU meshing losses. 

The main advancements of the research have concerned: 1) the introduction of a novel 

matrix approach for the identification of the functional parameters from the constructive 

layout of a PSU with any number of PGs and operating modes; 2) the extension of the 

formulation to the full-electric operation; 3) a design case study for hybridising an oil drilling 

rig;  4) the integration of the model within the vehicle energy management strategy. 

In the analysis stage, the functional parameters can be identified from a constraint matrix 
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depending on the PSU constructive layout. Once the functional parameters are derived, the 

parametric model has enabled a rapid and comprehensive assessment of the PSU speed, 

torque and power ratios, including the consideration of the transmission meshing losses 

without any case-specific formulation. The model usability has been tested through an 

example of application on the multi-mode transmission of Cadillac CT6c, analysed in four 

power-split modes, three parallel modes, and four full-electric modes. The same analysis 

procedure relying on the same equations can be applied to any other PS-CVT. 

A comprehensive assessment of any PS-CVT behaviour is performed by requiring only 

the a priori knowledge of the functional parameters, which are univocally defined for an 

existing PSU. However, the same set of functional parameters can be achieved by several 

constructive arrangements. 

In the design stage, the functional parameters have to be defined yet. The parametric 

model enables a hierarchical and modular design procedure whereby each phase is 

decoupled from the others. Hence, once the ICE is selected, the designer can prioritise the 

sizing of the electric machines, the most expensive equipment, before defining the 

transmission constructive arrangement. In this respect, a strategy aimed at minimizing the 

motor-generators rated power is pursued. Then, the mechanical devices inside the PSU are 

synthesised, prioritising the selection of the PGs. The Willis ratio of the PGs, their 

synchronism, and connections can be selected by a design chart describing the power-split 

unit kinematics so as to avoid constructive complexity and improve mechanical efficiency. 

Lastly, the OGs necessary to meet the kinematics requirements are synthesised. Throughout 

the design procedure, the designer has complete control over the viable choices in each 

design stage, unlike in a computer-aided design process relying on automated algorithms 

based on topological models, such as the graph theory. 

The modular parametric design procedure has been applied to hybridise an oil drilling rig 

to recover energy braking during the gravity-driven lowering phases. Moreover, further 

energy saving is obtained from the thermal unit downsizing and the possibility for the engine 

to continuously work at its most efficient operation. Although an energy management 

strategy is essential to select the ICE power size properly, two scenarios differing in engine 

power size have been investigated to probe how the engine selection affects the power size 

of the electric machines. In the first one, only one of the two engines deployed in the original 

drilling rig plant was kept in the hybrid layout, without any downsizing. As a result, the 

power required in the transmission output for hoisting operations was widely lower than the 

ICE operating point for most drilling rig functioning. This implied that such a high engine 

power is almost always unnecessary and causes an oversizing of the electric unit. Therefore, 
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a second scenario with a downsized engine was considered, which seemed preferable given 

the smaller electric unit resulting in lower costs, proving that the initial ICE sizing is crucial 

to optimise the hybridised powertrain in both energetical and cost-effective terms. 

Therefore, significant efforts have been made to deploy the parametric model as a basis 

for the implementation of an energy management strategy. Firstly, the road load and the 

efficiency maps of ICE and electric MGs were introduced to shift from a dimensionless 

approach to a dimensional analysis of the powertrain response for a given vehicle speed and 

demanded torque. All the viable powertrain operating points are available as a set of 

operating maps containing the actuators functioning points, their efficiency, the meshing 

power losses in the transmission, the battery power, and the powertrain global efficiency. 

These data can be exploited for the development of the desired energy management strategy. 

By way of example, a procedure for selecting the optimal operating points maximising 

the Chevrolet Volt global efficiency in steady-state power-split and full-electric driving was 

proposed. Then, the same procedure was adopted to analyse the transient operation of an 

output-split powertrain; this case study was used to compare two performance indices, i.e., 

the real powertrain global efficiency and an equivalent efficiency where ICE and MGs 

efficiency was normalised to the respective maximum value. The results showed the 

importance of properly handling the battery SOC to ensure the possibility of exploiting the 

electric unit as an energy exchanger, as well as the benefit of PGs synchronism to reduce 

friction losses. Moreover, the results suggested that considering the actual ICE efficiency, 

which is considerably lower than the MGs efficiency, would strongly penalise ICE operation, 

thus favouring battery power utilisation. However, this would lead to a charge-depleting 

drive that can suit PHEVs, not FHEVs. On the contrary, optimising the equivalent efficiency 

corresponds to maximising both ICE and MGs efficiency, thus resulting in a more charge-

sustaining drive. Although these applications are far from an exhaustive control strategy, 

their outcome could be used as look-up tables to reduce the running time of an online EMS. 

Lastly, the integration of the parametric model within a model predictive control EMS 

has been addressed. Thanks to the universal formulation ruled by the functional parameters 

that assume different values according to the constructive arrangement, switch functions 

were introduced to propose a novel integration of the mode shift within the receding horizon 

framework. 

Moreover, the parametric model allowed the consideration of the transmission meshing 

losses in the MPC internal model, which are usually challenging to include because of the 

case-specific formulations required to assess losses in planetary gearing. Given the potential 

influence that the accuracy of the MPC internal model may have on the EMS performance, 
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a comparison of internal models with different complexity for power-split HEVs was 

proposed for the first time. The internal models to assess in the MPC framework were 

selected after a preliminary open-loop analysis. The simulations suggested that, besides the 

PSU meshing losses, the influence of electric machines efficiency was worthy of 

investigation, too, while the actuators inertial load is negligible. Thus, four internal models 

differing for null or variable PSU meshing losses and constant or polynomial-fitted MGs 

efficiency were compared for the charge-sustaining operation of the second generation of 

Chevrolet Volt. The results showed that the difference in fuel consumption between the 

simplest and the most complex internal model is 2% at most. In particular, considering or 

neglecting PSU meshing losses affects battery exploitation more than MGs efficiency, 

which, instead, has a higher impact on the engine operation. Furthermore, the novel MPC 

formulation with the integrated mode switch was compared with a benchmark EMS relying 

on a predetermined mode shift map, resulting in comparable performance. 

Given that the improvement in fuel saving is relatively minor for the increased complexity 

of internal models, further analysis on real-time performance would help to understand if the 

new MPC formulation with variable meshing losses, polynomial MGs efficiency maps and 

integrated mode switch is worthy of onboard implementation. Nonetheless, for the same 

reason, the obtained results suggest that using a simplified internal model with ideal PSU 

and constant MGs efficiency does not involve a significant error in the estimation of overall 

fuel consumption. This may be useful during the design stage when the ultimate PSU 

constructive arrangement and the electric machines have not been selected yet. 

The MPC formulation based on the parametric internal model presented in this research 

paves the path for the selection of the optimal functional parameters in the design stage. The 

strength of this approach is the possibility to simulate any existing and non-existing 

transmission, even multi-mode, by only varying the PSU main functional parameters and 

without requiring offline optimisation of the mode shift strategy. Thus, for a given vehicle, 

it is possible to simulate the MPC-based EMS by assuming upstream different values for the 

functional parameters, achieving a swift evaluation of how different functional parameters 

affect fuel consumption over a simulation of a typical driving scenario. As a result, the 

proposed MPC framework could be integrated with an optimisation algorithm for PSU 

functional parameters that can be selected according to the best vehicle performance and fuel 

saving. Then, the electric unit sizing and PSU synthesis could be performed according to the 

best functional parameters so as to pursue actuators downsizing and PGs synchronism. 

Lastly, the most complex internal model could be used to select the best powertrain 

arrangement among different viable solutions. Thanks to the utmost generality of the 
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described design approach, it can be adopted for any power-split powertrain, not only in the 

automotive field. Such an automated design approach would not be possible with a 

traditional PSU model relying on case-specific equations, because a variation of the internal 

model would be required for any change in the PSU. 

The deployment of the analysed MPC framework in the design stage is still under 

development and requires further research to optimise the search for the best functional 

parameters in single-mode and multi-mode operations. Furthermore, the modular design 

process adopted in this research befits any single-mode shunt or compound power-split 

transmission with up to two planetary gear sets. Hence, future developments include the 

extension of the modular design process to multi-mode transmissions with any number of 

PGs. The integration of an EMS within the design process appears unavoidable for the ICE 

and electric unit sizing. 

Other future developments will involve the introduction of the relationships between the 

PSU meshing losses and the inertial loads within a PSU direct dynamic model, and the 

investigation of how different objective functions affect the EMS and/or the sizing of the 

powertrain components. 
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