REGULARITY AND DIRICHLET PROBLEM FOR DOUBLE PHASE
ENERGY FUNCTIONALS OF DIFFERENT POWER GROWTH

CALOGERO VETRO AND SHENGDA ZENG*

ABSTRACT. We work with a double phase energy functional exhibiting log L-perturbed
p&g-growth. We look for regularity properties of such functional in the setting of
Musielak-Orlicz-Sobolev space, by imposing suitable conditions on the data. We
further obtain the existence and uniqueness results for the solution of perturbed
Dirichlet double phase problems. We deal with both the cases of uncontrolled growth
and controlled growth.

1. INTRODUCTION

Let e be the Euler constant and Q ¢ RV (N > 2) be a bounded domain in which
its boundary 02 is Lipschitz. The primary objective of this paper is to discuss the
properties of the perturbed double phase differential operator

Hi (2, [Vul)

(1) u— Ay, u = div ( Vol

Vu) for all x € Q, all u € WL (Q),

where we consider the function
(2) Hi(z,t) = [t* + b(x)t?) log(e + t), for all x € Q, all t > 0,

with 1 < p < ¢ and the logarithmic term acts as perturbation. For r €]1,+o0o[ and
b(-) € L>(2)\ {0}, b(x) > 0 for a.a. x € 2, by A e denote the weighted r-Laplace
differential operator defined by

AP@y = div (b(z)|Vul""2Vu).

In the case b = 1, then we retrieve the classical r-Laplace differential operator
denoted by A,. Since the differential operator in (1) originates by the sum of two
such operators, then it is nonhomogeneous. The double phase differential operator

Apu+ Ag(m) corresponds to the following energy functional
"o /[|Vu|p—|—b(x)|Vu|q]dm.
Q

The integrand in this functional is the function
(3) H(xz,t) =t* + b(x)t? for all x € Q, all t > 0.
We do not impose that b(+) is bounded away from zero (that is, we do not assume that
essQinf b > 0). Therefore, H(z,-) has unbalanced growth, that is we have the following
inequality constraints
P < H(z,t) < cot? + 19 for a.a. z € Q, all t > 0, some ¢y > 0.
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Such energy functionals were first considered by Marcellini [16, 17] and Zhikov [26,
27, 28], in the context of problems of the calculus of variations and of nonlinear elasticity
theory. Since the integrand H(z, -) exhibits unbalanced growth, then the related problems
are well-posed in the functional framework given by the so-called Musielak-Orlicz-
Sobolev spaces (see Section 3), see Liu-Dai [15] for additional information. In the last
years, Mingione and co-workers revitalized the interest in such problems, by obtaining
significant interior regularity results of local minimizers for useful energy functionals.
We mention the paper of Baroni et al. [5] and references cited therein. We also recall the
paper of Ragusa & Tachikawa [22], where the local regularity theory of [5], was extended
to anisotropic double phase problems (that is, the authors study the case of variable
exponents p&q). We note that a global regularity theory (that is, regularity up to the
boundary of 2) of double phase problems is yet missing and hence the analysis of double
phase equations is more difficult. On the other hand, there is a recent literature focusing
on the existence and multiplicity of (weak) solutions to certain classes of nonlinear
elliptic equations driven by a double phase differential operator. We mention the papers
of Albalawi et al. [1] (Dirichlet problems), Papageorgiou et al. [20, 21] (Robin problems),
Gasinski & Winkert [12] and Vetro & Winkert [25] (elliptic problems with convection).
Finally, we recall that double phase problems arise in many physical applications, for
example we refer to the works of Bahrouni et al. [3, 4] (flow problems), Anthal et al.
[2] and Sun et al. [23] (Choquard type logistic problems). Further extensions to more
general nonlinear equations can be found in the work of Crespo-Blanco et al. [8], that is
the starting point of our study here. Differently from [8], we introduce and incorporate
in the operator the effects of logarithmic perturbation term, and to the best of our
knowledge, this is the first manuscript dealing with the double phase function in the
perturbed form (2) (that is, exhibiting the effects of both L”log L growth and weighted
b(-)L9log L growth). We underline that we are also able to prove the similar results
of [8], but under different data. Hence this article provides content that do properly
complement the above mentioned articles of related topic.

The manuscript is organized as follows. In Section 2, we introduce notation and collect
the relevant facts about weak ®-functions and N-functions. In Section 3, we discuss the
properties of the new double phase differential operator in the context of Musielak-Orlicz
spaces, focusing on the embeddings results. In Section 4, we establish the existence and
uniqueness of weak solutions to certain Dirichlet double phase problems with both
uncontrolled and controlled growth of the reaction term. The main features of these
problems are the presence of a logarithmic perturbation in the principal operator and
the reaction that may exhibit the effects of convection.

2. WEAK ®-FUNCTIONS AND N-FUNCTIONS

A key notion in introducing and developing the theory of Musielak-Orlicz spaces, is
the definition of weak ®-function, see also Harjulehto & Hésto [13] and Harjulehto et al.
[14] (here we follow the notation in [13, 14]). In the sequel, Bg(z) will denote the open
ball B(x, R) = {z € RN : |z — 2| < R} centered at z € RY with radius R > 0. However,
when there is not ambiguity in identifying the center of the ball, we will denote this
ball only by Bg. Moreover, we recall that u: R — R is an almost increasing function,
provided that we can find L > 1 satisfying u(s) < Lu(t) for all s < ¢. In a similar
fashion, we can give the notion of almost decreasing function.
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Definition 1. We say that ¢ : Q x [0, 400[— [0, +00] is a weak ®-function, denoted by
© € $,(Q), if it satisfies the following assumptions:
(p1) forallt > 0, x — @(z,t) is a measurable function, and for all z € Q, t — ¢(x,t)
is an increasing function;
(p2) (x,0) = limy o+ @(x,t) = 0 and lim;—, 1o ©(x,t) = +o00 for all x € Q;
(3) the function t — ¢t~ '¢(z,t) is almost increasing for ¢ > 0, some L > 1, all z € Q;
(p4) the function t — @(x,t) is left-continuous for all ¢ > 0, all = € Q.

By ¢ € ®.(€2), we mean a convex ®-function, which is a weak ®-function satisfying
the additional condition:

(p5) t— p(x,t) is a convex function for all x € Q.

We note that in [13] the authors removed assumption (¢4) from Definition 1, and
included it in the notion of convex ®-function. Moreover, they pointed out the key role
of (p3) in providing the space with an appropriate quasi-norm. Finally, a function ¢
satisfying only (¢1), (¢2) is known as ®-prefunction (see Definition 2.1.3 of [13]). Next
definition provides two properties that will be used in establishing certain embeddings
results in Section 3, namely (alnc) and (aDec); essentially they give us certain growth
features.

Definition 2. A weak ®-function ¢ € ®,,(Q2) is said to satisfy the property:

(alnc) if the function t — % is almost increasing for some p > 1, a.a. x € ;
(aDec) if the function t — % is almost decreasing for some 0 < g < 400, a.a. x € €.
Let =1 denote the left-continuous inverse of a weak ®-function ¢, then we have
o Nz, 7) =inf{t >0:p(zx,t) > 71}

Moreover, ¢ is said to be “doubling” if we can find a constant ¢, > 1 such that
o(x,2t) < cyop(x,t) for all x € Q, all t > 0. When ¢ is doubling, then we write

@ € Ay for short. In [13] (see Lemma 2.2.6, p. 22), the authors refer to (aDec) as a
“quantitative” version of the doubling property. If o € Ay, then we have the following

(4) oz, t+s) < cpp(x,t) + cpp(x, s) for all t,s > 0.

Another useful technical property is known as “Vs-condition”. Namely, ¢ € &,
satisfies this condition (¢ € Vj, for short) if we can find ¢® > 1 such that

o(x,cft) > 2¢fp(z,t) forall z € Q,t>0.
This property can be linked to (alnc), see Corollary 2.4.11 of [13].
Remark 1. Referring to (2), in this paper we consider the weak ®-function given by
(5) o(x,t) = Hp(z,t) = [tP + b(x)t!] log(e +t) forallz € Q, allt >0,
where b(x) > 0 for all z € Q, 1 < p < ¢. Then for all A > 1, we get
NHp(z,t) < Hp(z, At) = (AP + b(z)(At) log(e + M) < AT Hp(z,1),

which says that H; € Ay with constant ¢z, = ¢4, (¢) and that H; € Vy with constant
ctt = cMe(p). We remark that ¢y, , c™*t do not depend on b(-).

To simplify the notation, in the sequel we will use to denote by ¢ > 0 a constant whose
value may change from line to line, and any relevant dependencies will be underlined by
using round parentheses (as in the case of ¢*£ above, where we point out the dependence
by p). Moreover, some bound properties of the left-continuous inverse of a ®-function
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can be noted in relation to a positive constant bounded from 1, as given in the first two
items of the following definition. We recall that a classical problem of regularity theory
is in establishing the density of smooth functions into the involved functional space
(here, the Musielak-Orlicz spaces). Now, property (A0) below, is a crucial condition in
this direction.

Definition 3. A weak ®-function ¢ € ®,(€) is said to satisfy the property:

(A0) if we can find 0 < 8 < 1 such that 8 < ¢~ (z,1) < § for a.a. x € Q;

(A1) if we can find 0 < 8 < 1 such that B¢~ (z,t) < p (y,t) for all t € [1,1/|Bgl],
a.a. T,y € Bp N, all balls Bg with |Bg| < 1;

(A1") if we can find 0 < 8 < 1 satistying ¢(z, ft) < ¢(y,t) for all ¢(y,t) € [1,1/|Bg]],
a.a. x,y € BpNQ, all balls Bg with |Bg| < 1.

We refer again to [13] for more details, here we point out that (A1) is a local property
which plays a role in the comparison of values of ¢ ~!(-, ) at nearby points (i.e., points
inside a suitable ball Bg).

Remark 2. We note that (A0) gives us the existence of a constant § €]0, 1] satisfying
oz, ) <1< p(x,1/p) for a.a. x € Q.

The strong relation between the properties (A1) and (Al’) is established in [13], see
Corollary 4.1.6. For readers convenience, we recall this result as follows.

Corollary 1. If a weak ®-function ¢ € ®,,(2) satisfies (A0), then ¢ satisfies (Al) if
and only if it satisfies (Al’).

We will use Corollary 1 in the proof of next lemma. Indeed, we obtain the properties
(A0) and (A1) for H, defined by (5) (recall Remark 1) under some regularities as
follows.

Lemma 1. If ¢/p < 1+ a/N and b(-) € C**(Q0) is nonnegative with 0 < o < 1, then
M1, defined by (5) satisfies both (A0) and (Al).

Proof. We split the proof into two steps.

Step 1: Hp satisfies the property (A0). If we look at Remark 2, we can argue the
existence of some constant 0 < § < 1 such that Hy(x,8) < 1 < Hp(x,1/5) for a.a.
x € Q. Indeed, since 1 < p < ¢ (see (5)) we note that

He(z, ) = (B 4 b(x)B7) log(e + B)
< 267(1+ [|bl)-
Now, if we solve the inequality
267 (1 + [bc) < 1.

then we get the interval range

1 1/p
0<p< (—) .
A\ 2(1+ [[bllos)
So, if § falls within this interval, it follows that

1 <2(1+|blloc) < Hp(z,1/B) for a.a. xz € Q.

1/p
We conclude that the property (A0) holds for all g < (W) )
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Step 2: Hp satisfies the property (Al). We aim to obtain this result as a byproduct
of Corollary 1. Thus, we show that #,, satisfies property (Al’). From Definition 2, we
recall that Hy, is said to satisfy the property (A1l’) if we can find 0 < 8 < 1 satisfying

(6) Hi(z, pt) < Hp(y,t) forall Hp(y,t) € [1,1/|Bgl], a.a. z,y € BR N,
and every ball Bg with |Bg| < 1. From the definition of H, here, we obtain that

—— > Hr(y,t) = (" + b(y)t?) log(e +t) > tPlog(e + t) > ¥,

1 1/p
t< | —=— .
(1501

Since we have to establish (6) in the case |Br| = w(N)RY <1 (recall that w(N) > 1
is the Lebesgue measure of the ball B;(0)), then we deduce that R < 1 and we also
have

and hence we get

(7) t <w(N)~VeR=NP,
Letting ¢, the Holder constant of b(+), then for all z,y € Bg, we obtain that
(8) b(z) < b(y) + |[b(x) — b(y)| < b(y) + 2% R (recall R < 1).

Noting that 8 < 1 in (6), we get the following calculations

Hi(z, pt) < BP(tP + b(x)t?) log(e +t) (as log(e + pt) < log(e + t))
< BP(H7 + 2% R17) log(e + £) + b(y)t? log(e + 1) (by (8))
= BPtP(1 + 2%, R*t7"P) log(e + t) + b(y)t? log(e + t)

Nq

< PP (1 4 2%w(N)' 7 RN Y log(e + 1) + b(y)t? log(e + 1) (by (7))
< HL(yv t),

Nq

whenever 87(1 + 2°c,w(N)'"%) < 1, recall that R*™™ ™% < 1 since in the statement
of our lemma we assume the restriction ¢/p < 1+ a/N. We conclude that (A1’) holds
true, and hence we can apply Corollary 1 to obtain (Al). O

A special class of functions very useful in studying boundary value problems is the
class of so-called N-functions and their generalized versions. We recall this concept in
the following definition.

Definition 4. Let ¢ : [0, +00[— [0, +00[. We say that
e  is an N-function, if it is a continuous and convex function satisfying the

following assumptions:

. —1 - : -1 _
12%75 ©(t)=0 and tLleroot @(t) = +oo.
e ¢ is a generalized N-function, denoted by ¢ € N(), if it satisfies the following
assumptions:
(i) ¢(-,t) is measurable for all ¢ > 0;
(ii) @(z,-) is an N-function for all z € .

Remark 3. Let Hp be given by (5) with b(-) measurable, then H; € N().



6 C. VETRO AND S. ZENG

We collect here some miscellaneous properties of generalized N-functions as follows.
Given ¢, 9 € N(), we say that ¢ is weaker than 1, denoted by ¢ < 1, if there exist
two positive constants ¢, ¢, and a nonnegative function h € L*(2) such that

oz, t) < crp(x,cot) + h(x) forall z € Q, all t > 0.

Additionally, a function ¢ € N() is locally integrable if (-, t) € L*(Q) for all ¢ > 0.
Moreover, a function ¢ € N(£2) admits right-derivative ¢'(z, -) such that

t
o(x,t) = / ¢'(z,8)ds for all z € Q, all t > 0.
0

Also, ¢'(z, -) is a non-decreasing and right-continuous function. Starting from the notion
of complementary of a ®-function ¢ € ®,, defined as

9) ©*(z,t) = sup(st — p(x,s)) forall z € Q,
s>0

we note that in the case ¢ € N(Q) the following hold: ¢* € N(Q) and (¢*)'(z,t) =
(") Nz, t), where (¢')7!(z,t) = sup{s € [0, +o0[: ¢'(z,s) < t}. Then we get

t
o (z,t) = / (@) Hx,s)ds forallz € Q,t >0,
0

see Theorem 2.6.8 of [9]. Also, we have ¢ € V, if and only if ¢* € Ay with 2¢¥ = c,-.
Referring to (9), we obtain the Young inequality

(10) ts < p(x,t) + ¢*(x, ).

Some other estimates can be considered, assuming additional regularity on the function
© € (). Precisely, in the case that ¢ is doubling and convex, then for each ¢ €0, 1],
we can find a positive constant c(e) depending only on ¢, ¢¥ and € such that for s,z > 0
and x € €} we have

ts < ep(x,t) + c(e)p*(x, s).

On the other hand, in the case that ¢ is doubling and convex with derivative ¢’, then
forall £ > 0 and = € ), we get

(11) cp(r,t) < @z, )t < cpla,t) and " (2, ¢ (2,1)) < Cp(a,t)

for some ¢, ¢ > 1 depending only on c,, ¢*. We refer the reader to [9] (see Lemma 2.6.6
and Lemma 2.6.11) for more details.

3. THE FUNCTION H; IN MUSIELAK-ORLICZ SPACES

As we already noted in the Introduction, the right framework to deal with double
phase equations is provided by the well-known Musielak-Orlicz-Sobolev spaces. For a
comprehensive presentation of these spaces, we refer to the books of Diening et al. [9]
and Harjulehto & Hésto [13] as well as the papers of Colasuonno & Squassina [7], Fan
[10] and Liu & Dai [15].

We impose the following hypotheses on the weight b(-) and the exponents p, ¢:

(12) 0<b(-)e L), 1<p<N, p<gq.

Remark 4. The assumption b(-) € L'(Q) ensures that H; defined by (5) is locally
integrable for all ¢ > 0.
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If M denotes the space of all measurable functions u : 2 — R, we identify two such
functions differing only on a Lebesgue null subset of {2. Then the Musielak-Orlicz space
LH2(Q) is given as

LM(Q) = {u € M(Q) : py, (u) < +o0},

where
P, (u) = /Q”HL(Q:,M)d:C.
We endow L*L(Q) with the Luxemburg norm |ul|3;, defined by
lull, = inf {A>0: 0, (5) <1}

We note that L*2(Q) is complete with respect to this norm, that is, (L*2(Q), || - ||lz,)
is a Banach space (see Theorem 7.7 of [19]). From (10) we get the following Holder
inequality

/ ullvldz < 2||ully, |[v]ly:  for all w € LHr (), all v € LH2(9Q).
0

Let C§°(Q2) = {u € C*(Q) : supp u is compact in Q}. From Theorem 3.7.15 of [13],
we get that C5°(2) is dense in L*2(Q) (recall that H, satisfies both of (A0) and (aDec)).
Let Vu denote the weak gradient of u, then we can define the Musielak-Orlicz-Sobolev
spaces WHHE(Q) and Wy ™" (Q) as follow:

WHE(Q) = {u € L™ (Q) : |[Vu| € L (Q)}.
We equip this space with the norm

[l = llulla, + [1Vulla,,

where ||Vu||y, = |||Vul||3,. Hence, we can also consider the space
WOI,HL(Q) — OgO(Q)H”LHL7

namely W, (Q) is the completion of C°(Q) in Wh*2(Q). By Remark 4 we know
that H, € N(Q) is locally integrable if (12) holds. Additionally, inf,cq Hp(z,1) > 1,
and hence we deduce that W%z (Q) and W, ™ (Q) are separable Banach spaces (see
Proposition 1.7 of [11]), when endowed with the norm ||u||; 3, (see also Theorem 10.2
of [19]). On the other hand, the separability of the spaces is a consequence of the fact
that #; satisfies the property (aDec). Since Hj satisfies also the property (alnc) we
deduce that WML (Q) and W, "*(Q) are uniformly convex and reflexive. For more
details see Theorem 6.1.4 of [13] (and related comments on p. 124 about the use of Ay-
and Vs-conditions instead of properties (aDec) and (alnc)).

From now on, the notation X < Y means that the space X is continuously embedded
into the space Y, while X << Y means that X is compactly embedded into Y.

In our proofs, we will involve the notion of modular convergence, and hence we recall
the following useful facts. For ¢ € ®,(2) and u,,u € L?(2), we say that the sequence
{ty, }nen is modular convergent to w if p,(A(u, —u)) — 0 as n — +oo for some A > 0.

By [13, Lemma 3.3.3|, we get the following result.

Lemma 2. The modular convergence and the norm convergence are equivant each other,
in LMt (Q) and in L™ (Q).

Moreover, we note a close relation between the modular function py;, (+) and its norm
|| - |3, as given in the following result.
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Proposition 1. If (5) and (12) hold, then we have the following:
(i) if uw € L7 (Q) \ {0}, then ||ullz, = X if and only if py, (%) =1;

(ii) |lu|lp, <1 (resp. > 1, =1) if and only if py, (u) <1 (resp. > 1, =1);
(ii) If llulls, <1, then |[ullyy, < pu, (u) < lully, ;
. it

(iv) If lullag, > 1, then |lullf,, < pa, (u) < [lullf)’;

(V) |lulla, — 0 if and only if py, (u) — 0;

(vi) |lu|lg, — +oo if and only if py, (u) — 4o00;

(vii) ||lullx, — 1 if and only if py, (u) — 1;
(viii) if u, — u in L*2(Q), then py, (un) — pu, ().

Proof. Letting u € L™(Q), then R 3 X — py, (Au) is a continuous, convex and even
function. Moreover, this function is strictly increasing provided that A > 0. Referring
to the above mentioned definitions, we deduce that

u
lulbe, =2 = pu (5) =1

= (i) holds true,
= (ii) holds true too.

To establish (iii), we observe that
gppHL (u) < PHL (gu) < £q+1pHL (u) 1f£ > 1,
£ oy, (u) < pay, (Eu) < EPpyyy () PO <E <1

Now, if |[ull%, = X with 0 < XA < 1, then we also have py, (%) =1 (by (i)). Given
§ = 5 > 1, then the first inequality in (13) leads to

(13)

PHL (u) u PHL (U)

Yoo ”"‘L(X)Zlg Aatl
and hence (iii) is proved. In a similar fashion, one can establish (iv), involving this
time the second inequality in (13). Clearly (v) and (vi) can be obtained as byproduct
of (iii) and (iv), respectively. On the other hand, (iii) together with (iv) give us (vii).
To conclude the last one of items, we note that in the case that u, — u in L*Z() as
n — o0, then by applying (v) we get the implications:

lun —ully, =0 = py(u,—u) =0 = py(u, —u)—0
(recall that p,(u) = [, [ul? dz),

= u, — u a.e. in ) (by passing to a suitable subsequence if necessary).

Starting from
He(z, Jun]) < 277 [Hi(w, Jun — ul) + He(z, Ju])] - (by (4))

and since py, (u, —u) — 0 as n — 400 (recall (v)), then the sequence {H(x, |us|) }nen
is uniformly integrable. So, it furthermore converges a.e. to H(z,|u|) by the a.e.
convergence of {u,}nen to w. Running through this subsequence, an application of
Vitali’s Theorem gives us that py;, (u,) — py, (u) as n — +oo. It follows that every
subsequence {uy, }ren of {uy, fnen, admits a subsequence (denoted also by {uy, }xen, for
convenience) such that py, (un, ) = px, (u) as n — +oo. Hence, we can easily conclude
that (viii) is established. O
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Since the differential operator in (1) originates by the perturbed double phase function
(5) which can be seen as the sum of two competing contributions, thus we consider the
functions Hy, 1., He,r, Hers : 2 x [0, 4+00[—= [0, +00[ defined respectively by

Hpr(z,t) =tPlogle +t), Hop(z,t)=t'logle+1t), Hqrp(z,t)=>b(x)t?1log(e+ 1)

for all z € Q, all t > 0, where b(-) € L*(Q) is a given weight term.
Now, we observe that
Hpr(z,t) < Hp(z,t)
and if b(-) € L>(Q),
Hp(z,1) < (14 [[blloc) Hor + 2 x0(z)
for all z € €2, all ¢ > 0. Moreover, the inequality
Horo(x,t) < Hp(z,t)
holds for all z € , all ¢t > 0. Therefore, we deduce that
/Hp’L =< HL, Hq,L,b < H; and, if b() € LOO(Q), H < 'Hq’L.
On this basis, we first consider the space
L (Q) = {ue M(Q): py,, (u) < +oo},
equipped with the norm

. u
ull,.. = inf {A >0:pi,, <X) < 1} ,
then we introduce the space
LHorb(Q) = {u € M(Q) : py,,,(u) < +oo}

equipped with the semi-norm

. u
ullg.r.s = inf {A >0 pu, s, <X) < 1} .
In the above notation, we use the modular functions py, , (u) = [, Hp (2, |u]) dz and
Py 10 (1) fQ Horp(@, |ul) d.
Theorem 8.5 of [19] says that given ¢, 9 € N(2) locally integrable with ¢ < 1, then

L¥(Q) < L#(Q). Consequently, by the definitions and properties of H, and H,, 1, (recall
Hp o < Hy) we deduce the embedding

LHE(Q) — LMr(Q).
Next, we can deduce the following finer embeddings (see Proposition 2.15 of [7] for the

case of generalized N-function H given by (3)), where the critical Sobolev exponents

for p are defined by
Proposition 2. If (5) and (12) hold, then we have the following:
(i) L7 (Q) — LH”’L(Q) — L"(Q) for all 1 <r < p;

)

) ) — WO PEQ) — Wol’r(Q) foralll <r <p;
(iv) WLHL(Q) e L7(Q), Wy MH(Q) = L7(Q) for all 1 < r < p*;

) ) e L7(0Q), Wy (Q) s L7(9Q) for all 1 < 7 < p,;
(vi) LHL(Q) LMoo (Q), and if b(-) € L>®(Q) then L1 (Q) — L7 (Q);
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(vil) LH2(Q) — LH*(Q), WhHL(Q) — WIH(Q), Wy (Q) — Wy (Q).

On the space W, ’HL(Q), the Poincaré inequality holds, that is, we can find ¢ > 0
satisfying
(14) [ullz, <Cl[Vulls, for all u € Wy (Q).

We note that (14) holds true by Theorem 6.2.8 of [13], as H satisfies both the
properties (A0) and (A1l). For readers’ convenience we get this classical inequality as a

part of the following proposition, where different from Theorems 6.2.8 and 6.3.7 of [13]
we do not impose property (A1) but only require that b(-) € L>(Q).

Proposition 3. If (5) and (12) hold with ¢ < p* and b(-) € L>®(Q2), then we have the
following:

(i) WHHe(Q) e L72(Q);

(ii) the Poincaré inequality (14) is true.

Proof. First we obtain the embedding result (i) as a byproduct of Proposition 2. Precisely,
since ¢ < p* we can find a > 0 and tg > 0 such that ¢ + a < p* and

Hor(z,t) <t 4+ tdlog(e + to)xa(z) forall z € Q, all t > 0.
This permits to apply Proposition 2(iv), which says that
WEHL(Q) ey LIT¥(Q) e LHaL(Q).
Consequently, by Proposition 2(vi) we deduce that (i) holds.

To prove the Poincaré inequality (14) we argue by contradiction, and suppose that
we can find a sequence {uy, }nen € Wy (Q) satisfying the inequality

[tnllae, > 1l V|2,
L, then we deduce that

Setting v, = Tl
n|lHyg

1
1> —>||Voulln, and ||v,]|lz, =1 foralln eN,
n
hence {v,, }nen is a bounded sequence in W, (). Passing to a subsequence if necessary,
we can find v € Wy (Q) such that
v, S v in Wy Q).

Since w — ||Vw||y, is weakly lower semicontinuous on Wy () (recall that it is convex
and continuous), then we obtain that

1
|V, <liminf [|[Vu,|y, < lim — =0,
n—-+oo n—4+oo N

= v =c € R is a constant function,
(15) = v =0 (as v € Wy ”(Q) by Proposition 2(iii)).
On the other hand, (i) implies that v, — v in L*£(Q), and hence
[Vl = Hm floalls, =1,
= v#0,
a contradiction to (15). We conclude that (14) holds true. O
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Since (14) gives us an equivalence condition of norms, then we can endow Wy " (€)

with the norm

(16) ul| = |Vull, for all u e Wy (Q).

4. DIRICHLET H;-LAPLACIAN PROBLEMS

In this section, we discuss the existence of weak solutions to certain Dirichlet double
phase problems related to the perturbed differential operator given by (1). The monotonicity
property of suitable operators is a cornerstore to build a comprehensive framework
for the characterization of Euler energy functionals associated to nonlinear differential
problems. Among the generalized versions of monotonicity, we will consider that of
pseudomonotonicity. On the other hand, pseudomonotonicity is closely related to the
so-called (S, )-property. We recall that these notions play a crucial role in applying
variational techniques to energy functionals. In particular, we will benefit from the last
one in the proof of compactness of functionals. Additionally, we will use pseudomonotonicity
in producing solutions of nonlinear operator equations according to the approaches
developed by Minty (in Hilbert spaces) and Browder (reflexive Banach spaces). Finally,
we mention coercivity as an useful tool of critical point theory. Here, the general
framework to introduce these concepts is that of Banach spaces. Thus, we collect
these properties in the following definition, where we involve the duality pairing (-, -)
of Banach spaces.

Definition 5. Let X be a reflexive Banach space with dual space denoted by X*. Then
the operator V: X — X* satisfies:
(i) (Si)-property if u, — w in X and limsup, . (V(u,), u, — u) < 0 imply
U, — uin X;
(ii) pseudomonotonicity property if u, — u in X and limsup,,_, , .o (V (un), up —u) <
0 imply
lm inf(V (u,,), u, —v) > (V(u),u —v) forall v e X;

n—-+00
(iii) coercivity property if

(V(u), u)

= +00.
lullx —+00 ||| x

Remark 5. If V : X — X* is a bounded operator, then Definition 5(ii) (that is, the
pseudomonotonicity property) is equivalent to the following property:

U, — uin X and limsup,,_,, . (V(u,),u, —u) <0
imply V(u,) = V(u) and (V (un), un) — (V(u),u) as n — +oo.

We know that the pseudomonotonicity property of operators leads to remarkable
surjectivity properties. This is the case of the following theorem, see, for example, Carl
et al. [6] (Theorem 2.99, p. 40).

Theorem 1. If X is a real reflexive Banach space, and we consider a pseudomonotone,
bounded, and coercive operator V: X — X*, then the equation V(u) = f with f € X*
admits a solution.
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In this section we first study the existence of weak solutions to Dirichlet problem of
the form

17 Ay u=finQ, ‘ _0,
o wu=fing o

where f € L™ (Q). This equation is governed by the following perturbed double phase
differential operator (recall (2) and (5)):

/
Ay, u=div (%LTUDVU) for all z € Q, all u € WHHL(Q).
We impose the following hypotheses on the weight b(-) and the exponents p, ¢:
(18) 0<b(-)e L)\ {0}, 1<p< N, p<qg<p

This set of assumptions ensures that #H, defined by (5) satisfies (alnc) with respect
to p and the almost increasing constant L = 1. Moreover, H satisfies (aDec) with
respect to ¢ + 1 and the almost decreasing constant L = 1. Consequently, we note that
Wy (Q) is a separable, uniformly convex and reflexive Banach space. By Proposition
3(ii), the Poincaré inequality (14) holds for H considered herein. Now, we point out
the precise definition of weak solution to problem (17), on the space W, He (Q) equipped
with the norm || - || (recall (16)).

Definition 6. For a weak solution to problem (17), we mean a function u € Wy ()
satisfying the equality

(19) /H IVL\VU| Vu-vvde/fvdw for all v € Wy™*(Q).
Q

Next, we consider the energy functional for problem (17), namely J : W, (Q) — R
defined by

J(u) = F(u) — / fudz  for all u € Wy (Q),

where F : W, (Q) — R is given by F(u = [, Hi(x,|Vu|)de and is the integral
functional related to the principal operator AH .- The study of differentiability properties
of functionals on Banach spaces has continued on and off for over fifty years both in
analysis and in geometry. Here we show that F(-) has some regularities in the sense of
Wy (Q) and Wy ™" (€Q)*, as established in the following lemma.

Lemma 3. If (5) and (18) hold, then F(-) is a C*-functional and its Gateauz derivative
F Wyt (Q) — Wol’HL(Q)* is given by
/
/ Hi(z [Vul) ——=——Vu-Vuvdx.
[V
Proof. It is immediate that for u,v € VVO1 Ho (Q) and ¢ € R, we have the following

F(u+tv) — Hi(z, |Vu+tVo|) — Hp(x, ]Vu\)
t t

|Vu+th|
/ / (x,s)dsdx.

On the other hand, from |Vu + tVv| — |Vu| in L*2(Q) as t — 0, and hence in L*(Q),
it follows that one can assume the convergence |Vu + tVu| — |Vu| a.e. in . From
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the monotonicity (increasing) of H}, it follows that for ¢ small enough we obtain the

inequality
1 |Vu+tVo)
— / H' (x,5)ds
|

! < M) (2, |Vl + |Vo]) Ve,
Vul

In our case (because of doubling and convex functions satisfy (11)), we note that
H, (z, |[Vw|) € L*2(Q)  for all w € W, 2(Q).

By Holder inequality, we deduce that H) (z, |Vu| + |Vo|)|Vv| € L'(Q). Therefore, by
the theorem concerning dominated convergence, it follows that F’(-) may be seen acting

from W, ™ (Q) into W, ™ (Q)* by
t —
(F (), v) =lim Flu+ v) F(u)

t—0

d /
= Flut )], /H =V Gy v de

Now, we give the proof that F'(-) is continuous. Let {u, }nen C Wy ™" (Q) be a sequence
such that u, — u in Wy ""*(Q) as n — +o0. For every v € W, (Q) with |jv]| < 1, we
can apply the Holder inequality to obtain the following estimate

(F () — F'(u),v)| = /Q (MVun _ Mw) Vudz

|Vy,| |Vl
coffile T, _ Hils W,
V| Vul "

Finally, we involve the modular sz(~) and derive the following modular convergence
Hi (2, [Vun|) Hy (@, [Vul)

T [V [Vl
which equivalently (see Lemma 2) leads to the norm convergence

Hi(z, [Vu,|) H (x| Vul)
(V| |Vul

Vu, — Vu>—>0 as n — +o0,

Vu,, — Vu — 0.

HE

Therefore, we deduce that

sup (F' (up) — F'(u),v)| — 0,

veW, "L (Q), vl|<1

and so we conclude that F'(+) is continuous. O

On this basis, we define the operator V : Wy (Q) — Wy ™2 (Q)* by

H) (z,|Vul)
20 ——————*Vu-Vud
(20) o = [ BT o,
for all u,v € VVO1 ’HL(Q), where (-, -) denotes the duality pairing between W, ’HL(Q) and
its dual space W™ (Q)*. Now, we discuss some properties of V(-).

Theorem 2. If (5) and (18) hold, then V : Wy (Q) — Wy ™ (Q)* defined by (20) is
continuous, bounded, strictly monotone (hence, mazrimal monotone) and coercive.
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Proof. By the formula (20), V(-) = F'(-) being F a C'-functional (recall Lemma 3), is
continuous. Let us now prove that V(-) is bounded. Consider a bounded subset B of
the Musielak-Orlicz-Sobolev space VVO1 ’HL(Q), that is, we assume that the following is
the case

|ul| < M for all u € B, some M > 0.

Then, we have the computation

< > / H) (x |Vu| —dw
i [Vl Ol

< [ Mot 1w
* / ]Vv]
< | Hi(x,H}(z,|Vu|))de+ | Hp |z, dx
Q Q v

< c/ Hi(z,|Vul))dz+1 (by (11) and Proposition 1)
Q

<cM"+1 forallueB,

where r =1if M <1lorr=gq+1if M >1 (see (13)). Therefore, it is immediate that
V(-) is bounded.
To establish the monotonicity of V(-), we observe the following

H, (x,|Vu H (x, |Vv
(%vu — %W)) - (Vu — Vo) dz

> / (., (. [Vul) — Mo (2, Vo) - (V] — [ Vo)) da
Q

>0  (by monotonicity (strictly increasing) of H/ ).

(V(w) = V(v),u — o) = /

Q

In order to obtain that V(-) is coercive, we assume that ||u|| > 1 (without loss of
generality). From this constraining assumption, we get

/ H) (z |Vu| u
HUH |Vl H |

/”L VD |||

>C/7’[L |Vu|)” ||

> [ Julrr (Y9 dr oy (3)
/ ( Tll

> cfjul|P™t — +oo as |Jul] = +oo,

dxr for some ¢ > 0 (see (11))

hence Definition 5(iii) is fulfilled. O

The next result establishes that our operator V(-) satisfies the (S, )-property (see
Definition 5(i)).

Theorem 3. If (5) and (18) hold, then V : Wy (Q) — W, ™ (Q)* defined by (20)
satisfies the (S4)-property.
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Proof. Let {ty, bnen € Wy (Q) be a sequence such that
(21) U, 2w in Wy (Q) and limsup(V (uy,), u, — u) < 0.

n—-+00
By the weak convergence of {u, }nen to u in Wy (Q), it follows that

lim (V(u),u, —u) = 0.

n—-+0o
This non-positivity condition along with (21) implies the following condition for the
limit superior

lim sup(V (u,,) — V(u), u,, — u) < 0.

n—-+00
In our case, V/(+) is strictly monotone and hence we have
0 < liminf(V(u,) — V(u), uy, —u) < limsup(V (u,) — V(u), u,, — u) <O0.
n—+00 n—r+o00

To satisfy this chain of inequalities, we conclude that

(22) lir+noo<V(un) —V(u),u, —u) =0.

n—

Since H; defined by (5), along with its first and second derivatives, satisfies the
constraining assumptions:

(23) p(p — DHp(x,t) < 2H] (x,t) < qlg + 1) Hi(z,1)
and
(24) (0 — 1M, (r,1) < (HY (1) < 24, (1,1,

then according to (24), we apply Lemma 2.3 of [24] and deduce that
[V, = Vul*H (z, [Vug| + |Vul)

(25) <c (WV% - WVu) - (Vu, — Vu).

By (23) and (25), it follows that

itjz(I»"_/unD ;{IL(%““D
— < _ 7 _—
Hi(z, |Vu, — Vu|) c( V] Vu,, Yl

Integrating both sides of this inequality over 2 we get

Vu) (Vi — Vu).

/ Hi(z,|Vu, — Vu|)dz
Q

312(56,|Cun|) 3[2($,|Cu|)
< -_— - 7 . J—
C/Q( Vo Vu, Vol Vu | - (Vu, — Vu) dx

=c(V(up) — V(u),u, — uy,

and hence passing to the limit as n — 400 we conclude by (22) that

n—-+o0o

lim [ Hp(z,|Vu, — Vul)dx = 0.
Q

By Lemma 2 or Proposition 1 the sequence {Vu,, }nen converges to Vu in L7E(€2). This
implies that the sequence {u, },en converges to u in VVO1 He(Q). O
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We recall that one of the relevant (maximal) regularity properties of a nonlinear
differential operator is that the involved operator is a homeomorphism. Such result is
useful to establish existence and uniqueness of solution to problem (17). Here, we show
that V(-) is a homeomorphism of Wy (Q) to Wy (Q)*.

Theorem 4. If (5) and (18) hold, then the operator V : Wy (Q) — Wy (Q)*
defined by (20) is a homeomorphism.

Proof. Consider a sequence {wy ynen € Wy (Q)* such that w, — w in Wy ™ (2)* and
denote u,, ;= V" (w,) and u := V" (w) (as the strict monotonicity of V(- ) guarantees
that V'(-) is injective). By the strong convergence of {w,}neny and the boundedness
of V=1(.), it follows that {u, }nen is bounded in W, **(Q). Therefore, we can find a
subsequence {uy, }ren of {un }nen satisfying the condltlon

Un, ~> ug i Wy (Q),
where ug € VV1 AL (Q) is the weak limit. Letting k — 400, we infer that
- kEI—Poo<wnk — W, Uy, — U0> + kEI—i-noo<w - V(U0)7 Up,, — U0> = 0.

By Theorem 3 the (S, )-property of V(-) is established, and hence we deduce the strong
convergence u,, — g in the solution space W, He (©). By Theorem 2 we know that
V(+) is also a continuous operator. It follows that

V(ug) = kETooV(un’“) = kl—l>rfoo Wy, =w = V(u).

Additionally, V'(+) is injective, and hence we get that u = ug. Thus, we can conclude
that all subsequences of type {u,, }ren which are weakly convergent have the same limit,
and hence we can refer to the standard subsequence principle to obtain the convergence
of the principal sequence {uy, }nen. Il

As mentioned at the beginning of this section, an ingredient for the proof of our result
is the following Minty-Browder theorem, which is linked to surjectivity property of the
involved operator.

Theorem 5. Assume that V : X — X* is a bounded, continuous, coercive and
monotone operator, where X 1is a real, reflexive Banach space. Then for each data
f € X* there is an element u € X satisfying V(u) = f, that is, V(X) = X*.

The previous results provide us with the tools to establish the existence and uniqueness
of solution to problem (17).

Theorem 6. If f € L":(Q2), (5) and (18) hold, then problem (17) has a unique weak
solution u € Wy (Q).

Proof. 1t is an easy consequence of Theorem 2. Indeed, by Theorem 2, we have the
appropriate setting for considering V() defined by (20) in the sense of Theorem 5.
Since f € LM (Q) — W™ (Q)*, then we can find a unique u € Wy (Q) such that

/ Hi(z, [Vu]) Vu.Vvdx:/fde for all v € W, (9),
|Vu| Q

that is, (19) holds and so u € W% (Q) is a unique weak solution to problem (17). O
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Remark 6. Theorem 6 remains true if we assume that f € W, (Q)* instead of f €
LML (Q).

Finally, we explicitly consider the case where the right hand side of the equation
(17) exhibits the effects of gradient dependency (convection). Now, the dependence on
the gradient of f (see equation (26) below), implies that one can not solve directly the
Dirichlet problem by using variational techniques. So, our approach here is topological
based on Theorem 1. Namely, we consider the following problem:

(26) —Ay,u= f(z,u,Vu) in Q, u‘m =0,

and we give sufficient regularity and growth conditions on the data f ensuring the
existence of some u € W, (Q) such that the equality

(27) /H © [Vul) Vu~Vvdx:/f(x,u,Vu)vdx
[Vl Q

holds for all v € W, (Q). Such u € Wy (Q) is known as weak solution to problem
(17) (similarly to Definition 6). First of all, suitable conditions on f will give the
well-posedness of the Nemytskii map corresponding to f, that is,

(28) (Nju)(z) = f(z,u(z), Vu(z)) for all z € Q,

then technical conditions must be formulated to control the growth of the energy
functional associated to the Dirichlet problem. As usual in this sense, we assume that f
is of Carathéodory, which ensures that Nyu : Q — R is measurable for all u € W, (Q).
The precise hypotheses on f are as follows:

H(f) Let f: Q2 xR x RY — R be a Carathéodory function such that f(-,0,0) # 0,
and the following hold:

(i) there exist ag € L*(Q), B € [1,p*[, v € [0, eyl ((p7)"is the conjugate exponent
to p* given by ;z% + ﬁ = 1), and by, by > 0 such that
1f(2,y, 2)] < ao(x) + byly|’ ™ + bylz|” for aa.z € Q, ally € R, all z € RY,

where « € [1, p*[ with conjugate o' given by é + é =1;
(ii) there exist a; € L'(Q) and ¢y, ¢y > 0 such that

f(x,y,2)y < ai(z) + car|ylP + ol 2P for a.a.z € Q, ally € R, all z € RY.
Further, the nonnegative coefficients c;, co have to satisfy the inequality

(29) 01)\1741, +e<p
where A\, is the first eigenvalue of the Dirichlet eigenvalue problem for the

p-Laplacian, that is,

VaulP d
(30) 0<\,=  inf JolVul? dx
uEWOI’p(Q),uyéO fQ ’ulp dz

(iii) there exist ay € L'(Q) and 0 < s < p such that
flx,y,2)y < ag(x) + sH(x,|z|) foraa.xzeQ alyecR, alzeRY.
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Remark 7. We note that H(f)(i) together with the embeddings results in Proposition 2
ensure that (27) (that is, the definition of weak solution to (26)) is well-posed. Indeed,
p* > max{« £} (by H(f)(i)), and we have the following estimate

g/]aoHde—i-bl/\u]ﬁ1\v]d:v+62/\VuW lv| dz
Q Q 0

-1
< llaollarl[olla + brllallp 0]l +ba| Vulpllol] 2

p*—pB+1

_p
> p*—B+17

/ f(z,u, Vu)v dz
Q

(by Holder inequality)
< c(llaollar + brllully=" + bal|Vul ) Vo,
(by Sobolev embeddings in Proposition 2)

for all u,v € Wy (Q) (see Proposition 2). We also refer to Motreanu et al. [18] for
additional information on the exponents in hypothesis H(f)(i) and the ones involved
in other existing growth conditions. Finally, we underline that hypothesis H(f)(iii) is
alternative to H(f)(ii) in establishing the existence result.

A simplest way to satisfy H(f) occurs when we can find functions a,@ € L% (Q2), with

a € [1,p*| such that
0 < a(x) < f(z,y,2) <al)
for a.a. z € Q, all y € R, all z € RV,

Working with the Nemytskii operator originated by the Carathéodory function f in
hypotheses H(f), we establish the existence of weak solutions to (26) as follows. Here,
by 7: L"(Q) — Wy ™ (Q)* we mean the adjoint operator to i : Wy ™" (Q) — L"(Q), for
some 7 € [1,p*[.

Theorem 7. If (5), (18) and H(f)(i),(ii) hold, then problem (26) has a nontrivial weak
solution u € Wy (Q).

Proof. Let Nj: Wy " (Q) — L™ (€) be the Nemytskii operator defined by

Ny(u) = f(z,u, Vu) for all u € Wy ™ (Q) (see also (28)),
and recall that by Remark 7 (that is, combining H(f)(i) and Proposition 2) we know
that f(z,u, Vu) € L (Q) for all u € W, (Q) for some r € [1,p*[. It follows that this

operator is well-defined, bounded and continuous.
Also, we introduce the operator G : Wy ™ (Q) — W, % (Q)* given as

(31) G(u) = V(u) = Ny(u),

where Ny = 7o N; and V(-) is defined by (20). So, G is a continuous and bounded
operator by Theorem 2. Next step is to show that we can apply the surjectivity result
in Theorem 1. Thus, we start verifying that our operator G(-) is pseudomonotone (we
refer to Remark 5). Consider a sequence {u, }nen € Wyt () satisfying (21) with G in
place of V', hence Proposition 2 (i.e., compact embedding result) gives us

(32) up = u in L'(Q) since p* > r and recall p* > max{a, Lz, 2 1}).

We can use the Holder inequality, together with the weak convergence of {u,, }nen in
Wy (Q) (i.e., the boundedness in norm) to conclude the convergence

(33)

/ £ (@0, V) (1, — ) die| < 2N (o) ol = walls =0 s m = +oo,
Q
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since {||N f(tn)|s }nen is bounded (recall that Ny is bounded, see again the estimate in
Remark 7) and u,, — u in L"(§2) (see (32)). By (31) and (33), we deduce easily that

(34) 0 > limsup(G(u), u, — u) = limsup(V (uy,), u,, — u).

n—+0o00 n—+o0o

By Theorem 3, we know that V(-) defined by (20) possesses the (S, )-property. So,
(34) implies the strong convergence of {u,}nen to u in Wy (Q). We invoke the
continuity of G(+) to derive that G(-) is a pseudomonotone operator.

It remains to verify the coercivity of G(-). Referring to (30), we know that

(35) /Q |ulP dx < )‘1,110/9 |VulP dz for all u € Wy (Q).

Since u € W, ?(Q) (by u € Wy (Q)) and
tH (z,t) > pHr(z,t) forall x € Q, all t >0,

we can now use Proposition 1 to deduce the following estimate

(u,u) /H 2, [Vu) Vu'Vudx—/f(a:,u,Vu)udx
|Vl Q

> / Ho(, [Vul) do — flarll — / P dz — ¢y / VuPde (by H(f)(i))
Q Q Q

Zp/HL(:E,]Vu])d:U— lla1 |1 —cl)\izlj/ |Vu|pd:v—02/ |VulPdx  (by (35))
Q Q Q

> (p— et — ) / Ho(e, |Vul) dz — s
Q
> (p— A — e)llull? — Jaall i Jul) > 1.

The coefficient “p — 1Ay, — ¢o” is positive by H(f)(ii), then we derive the coercivity of
G(-). We are in p031t10n to apply the surjectivity result (Theorem 1) to G to conclude
that the following equation

G(u) =0
admits a solution u € W, HL(Q) This solution is a weak solution to problem (26),
because of (31); further it is nontrivial as f(-,0,0) # 0 by hypothesis. O

Example 1. Consider the function defined by

Fla,y.2) = (& T !y\p‘z) y

for a.a.z € Q, all y € R and all z € RY, with a € L>(Q) \ {0}.
It is left to the reader to easily verify that f fulfils hypotheses H(f)(i),(ii) (recall that
p—1= p < o7 ),, and set, for the sake of simplicity, « = f =p and y=p—1).

We can establish the similar conclusion to Theorem 7, changing hypothesis H(f)(ii)
by hypothesis H(f)(iii) as follows.

Theorem 8. If (5), (18) and H(f)(i),(iii) hold, then problem (26) has a nontrivial
weak solution u € W, (Q).
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Proof. 1t is clear that repeating the same arguments as in the proof of Theorem 7, we
get that G : W™ (Q) — W, (Q)* defined by (31) is a continuous, bounded and
pseudomonotone operator (by H(f)(i)). We also recall that

tH (z,t) > pHp(z,t) forallz € Q, all t >0,

and note that W’ HL(Q) C Wy™(Q). Let us now prove that G(-) is coercive. This time,
by hypothesis H(f)(iii) along with Proposition 1 one has the estimate

(u,u) /H v [Vu)) Vu~Vudx—/f(x,u,Vu)udm
[Vl Q

> p/ Hi(x, |Vul|) dx — ||as||; — s/ H(z, |Vul) dx
0 Q

> (p—s) / Hy(r, [Vul) do — flasll (since py(V) < pre, (Va))
Q
> (p— s)ull” — llaslly if > 1.

This is sufficient to conclude that G(-) is a coercive operator, because of s < p. The
rest of the proof remains the same proof as Theorem 7. Namely, from Theorem 1 we
can find a function u € Wy (Q) such that G(u) = 0. This solution is a weak solution
to problem (26), by (31); again it is nontrivial as f(-,0,0) # 0. O

Example 2. Consider the function defined by

flay2) = 750+ b)lel)

for a.a.x € Qall y € R and all z € RY, with v € [O,ﬁ[,
L>(2)\ {0}, b(z) > 0 for a.a. x € Q, according to (3) and (18).
Note that

l<p<qg<p,be

1 7y < 1 v

hence f satisfies H(f)(i) with ap = 1/2, by = 0 and by = ||b||/2. Further, f satisfies
hypothesis H(f)(iii) with s = 1 and ay(z) = b(z) + 1 for all z € Q. On the other hand,
f fails to satisty H(f)(ii) if ||b]|cc > p (recall that co < p in H(f)(ii)).

ACKNOWLEDGEMENTS

The first author is supported by the research fund of University of Palermo: "FFR
2023 Calogero Vetro”. The second author is supported by the Natural Science Foundation
of Guangxi Grant Nos. 2022AC21071 and 2021GXNSFFA196004, NNSF of China Grant
No. 12001478, and the China Postdoctoral Science Foundation funded project No.
2022M1721560.

STATEMENTS & DECLARATIONS

Funding. The authors declare that no funds, grants, or other support were received
during the preparation of this manuscript.

Competing interests. The authors read and approved the final manuscript. The
authors have no relevant financial or non-financial interests to disclose.

Availability of data and material. This paper has no associated data and material.



1]

DOUBLE PHASE ENERGY FUNCTIONALS 21

REFERENCES

K.S. Albalawi, N.H. Alharthi, F. Vetro, Gradient and parameter dependent Dirichlet (p(x), q(x))-
Laplace type problem, Mathematics, 10 2022; no. 8, 1336, https://doi.org/10.3390 /math10081336
G.C. Anthal, J. Giacomoni, K. Sreenadh, Some ezistence and uniqueness results for logistic
Choquard equations, Rend. Circ. Mat. Palermo, II. Ser., 71 (2022), 997-1034.

A Bahrouni, V.D. Radulescu, D.D. Repovs, A weighted anisotropic variant of the Caffarelli-Kohn-
Nirenberg inequality and applications, Nonlinearity, 31 (2018), 1516-1534.

A Bahrouni, V.D. Radulescu, D.D. Repovs, Double phase transonic flow problems with variable
growth: nonlinear patterns and stationary waves, Nonlinearity, 32 (2019), 2481-2495.

P. Baroni, M. Colombo, G. Mingione, Regularity for general functionals with double phase, Calc.
Var., 57:62 (2018).

S. Carl, V.K. Le, D. Motreanu, Nonsmooth Variational Problems and Their Inequalities:
Comparison Principles and Applications. Springer, New York, 2007.

F. Colasuonno, M. Squassina, Figenvalues for double phase variational integrals, Ann. Mat. Pura
Appl., 195 (2016), 1917-1959.

A. Crespo-Blanco, L. Gasiniski, P. Harjulehto, P. Winkert, A new class of double phase variable
exponent problems: Existence and uniqueness, J. Differential Equations, 323 (2022), 182-228.

L. Diening, P. Harjulehto, P. Hastd, M. Riizicka, Lebesgue and Sobolev Spaces with Variable
Exponents, Lecture Notes in Math., vol. 2017. Heidelberg: Springer-Verlag; 2011.

X. Fan, An imbedding theorem for Musielak-Sobolev spaces, Nonlinear Anal., 75 (2012), 1959-1971.
X. Fan, Differential equations of divergence form in Musielak-Sobolev spaces and a sub-
supersolution method, J. Math. Anal. Appl., 386 (2012), 593-604.

L. Gasinski, P. Winkert, FEuxistence and uniqueness results for double phase problems with
convection term, J. Differential Equations, 268 (2020), 4183-4193

P. Harjulehto, P. Hasto, Orlicz Spaces and Generalized Orlicz Spaces, Springer, Cham, 2019.

P. Harjulehto, P. Hasto, A. Karppinen, Local higher integrability of the gradient of a quasiminimizer
under generalized Orlicz growth conditions, Nonlinear Anal., 177 (2018), 543-552.

W. Liu, G. Dai, Ezistence and multiplicity results for double phase problem J. Differential
Equations, 265 (2018), 4311-4334.

P. Marcellini, Regularity of minimizers of integrals of the calculus of variations with non-standard
growth conditions, Arch. Ration. Mech. Anal., 105 (1989) 267-284.

P. Marcellini, Reqularity and existence of solutions of elliptic equations with p, q-growth conditions,
J. Differential Equations, 90 (1991), 1-30.

D. Motreanu, C. Vetro, F. Vetro, Systems of quasilinear elliptic equations with dependence on
the gradient via subsolution-supersolution method, Discrete Contin. Dyn. Syst. Ser. S, 11 (2018),
309-321.

J. Musielak, Orlicz Spaces and Modular Spaces, Springer-Verlag, Berlin, 1983.

N.S. Papageorgiou, V.D. Radulescu, D.D. Repovs, FExistence and multiplicity of solutions for
double phase Robin problems, Bull. London Math. Soc., 52 (2020), 546-560.

N.S. Papageorgiou, C. Vetro, F. Vetro, Solutions for parametric double phase Robin problems,
Asymptot. Anal., 121 (2021), 159-170.

M.A. Ragusa, A. Tachikawa, Regularity for minimizers for functionals of double phase with variable
exponents, Adv. Nonlinear Anal., 9 (2020), 710-728.

X. Sun, B. Yang, Y. Song, Multiplicity of solutions for the moncooperative Choquard-Kirchhoff
system involving Hardy-Littlewood-Sobolev critical exponent on the Heisenberg group. Rend. Circ.
Mat. Palermo, II. Ser (2022), https://doi.org/10.1007/s12215-022-00833-9

A. Verde, Calderén-Zygmund estimates for systems of @-growth. J. Convex Anal., 18 (2011),
67-84.

F. Vetro, P. Winkert, Existence, uniqueness and asymptotic behavior of parametric anisotropic
(p, q)-equations with convection, Appl. Math. Opt., 86:18 (2022).

V.V. Zhikov, Averaging of functionals of the calculus of variations and elasticity theory, Math.
USSR Izv., 29 (1987), 33—-66.

V.V. Zhikov, On some variational problems, Russ. J. Math. Phys., 5 (1997), 105-116.

V.V. Zhikov, On wvariational problems and nonlinear elliptic equations with nonstandard growth
conditions, J. Math. Sci. (N.Y.), 173 (2011), 463-570.



22 C. VETRO AND S. ZENG

(C. Vetro) DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, UNIVERSITY OF PALERMO,
ViA ARCHIRAFI 34, 90123, PALERMO, ITALY
Email address: calogero.vetro@Qunipa.it

(S. Zeng) GUANGX1 COLLEGES AND UNIVERSITIES KEY LABORATORY OF COMPLEX SYSTEM
OPTIMIZATION AND B1G DATA PROCESSING, YULIN NORMAL UNIVERSITY, YULIN 537000, GUANGXI,
P.R. CHINA, AND JAGIELLONIAN UNIVERSITY IN KRAKOW, FACULTY OF MATHEMATICS AND COMPUTER
SCIENCE, UL. LOJASIEWICZA 6, 30348 KRAKOW, POLAND.

Email address: shengdazeng@gmail.com, zengshengda@163.com



