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Abstract

In this paper, the use of a novel passive control device defined as Tuned Liquid Column Damper

Inerter (TLCDI) is studied to control the seismic response of structural systems. The TLCDI,

recently introduced as an enhanced version of the conventional Tuned Liquid Column Damper,

may achieve improved seismic performances by exploiting the mass amplification effect of the

so-called inerter device. For this purpose, an optimization procedure for the design of the TLCDI

based on a statistical linearization technique and the minimization of the structural displacement

variance is proposed. Notably, by assuming a white noise base excitation and considering some

additional approximations, pertinent closed-form expressions for the optimal TLCDI parame-

ters are provided. The reliability of the proposed analytical solutions is proved by a comparison

with numerical results obtained by a more computationally demanding iterative optimization

technique on the original damped system. Finally, the efficiency of the control performance of

TLCDI-controlled structures is examined using real recorded seismic signals as external excita-

tion.

1. Introduction

In the field of passive vibration control devices, the use of mechanical dampers has nowadays become a common

strategy to mitigate vibrations of structures subjected to dynamic loads. In this context, Tuned Mass Dampers (TMDs)

[1, 2], Tuned Liquid Dampers (TLDs) [3–5] and Tuned Liquid Column Dampers (TLCDs) [6, 7] are among the most

widely used damping devices for reducing structural vibrations caused by wind or earthquakes. The basic idea behind

a conventional TMD is that a mass-spring-dashpot system, if properly tuned to the main frequency of the structure to

be controlled, may reduce the response amplitude. As far as TLD/TLCD are concerned, they are usually designed as

tanks that hold liquid inside. A TLD is generally a rectangular or cylinder-shaped device and its effectiveness relies

on the interaction force between liquid and side walls and wave breaking to absorb vibration energy. On the other

hand, a TLCD is usually designed as a U-shaped liquid tank that dissipates energy through a combined action that

involves liquid movement, the restoring force caused by the gravity, and the damping force attributed to the inherent

head loss characteristics [8]. TMDs, TLDs and TLCDs were already installed on the top of many tall buildings and

proved to be efficient in successfully protecting these structures from real dynamic excitation. However, these devices

may require large spaces and masses to be effective. In recent years, in an attempt to comply with these requirements,

innovative types of TMDs, such as pendulum TMDs (PPD), viscoelastic TMDs and "nontraditional" TMDs have

been proposed [9–12]. Furthermore, the idea to combine these dampers with mass amplifying mechanisms, such as

inerter-based devices, has gradually became the current favoured trend for structural vibration control. The inerter,

firstly introduced by M. Smith [13, 14], is a two terminal mechanical device capable to generate a resisting force

proportional to the accelerations of its extremities with a constant referred to as inertance, measured in mass units.

Technologically, inerter prototypes, with inertance values hundreds of times larger than the device physical mass,

have been experimentally tested considering mechanisms transforming the translational motion of the device ends

into rotational motion (i.e. rack and pinion, ball-screw and fluid inerters) [15–18]. Notably, the inclusion of the

inerter virtually increases the effect of the mass of the secondary system to which it is connected [19]. In this regard,

the inerter has been firstly integrated in the classical TMD to constitute a device known in literature as Tuned Mass
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Damper Inerter (TMDI) [20]. In this way, the inerter is able of generating a sort of mass amplification effect, making

the TMDI behaving like a TMD with a larger mass, to achieve enhanced performance compared to the classical TMD.

In [20] it has been demonstrated that the TMDI outperforms the TMD in controlling structural vibrations and

proposed analytical formulae of the optimal TMDI parameters to design the device. Many variants of inerter-based

configurations have been developed in recent years. The installation of the TMDI has been considered also for base

isolated structures with the aim of reducing the displacements of the base isolation system during severe earthquakes

[21, 22]. Moreover, a nontraditional version of the TMDI, referred to as New TMDI, obtained varying the damper

position, has been introduced in [23] as an alternative and more practical solution to reduce vibrations in base isolated

structures.

Clearly, following the trend related to the development of the TMDI, some liquid-based devices have been proposed

in combination with the inerter as promising passive control strategies [24–26]. Liquid-based dampers, such as the

TLDs [3] and TLCDs [6], are containers filled with liquid (usually water) rigidly fixed to the structure to be controlled

and their capacity to absorb and dissipate vibration energy depends essentially on the motion of the liquid inside.

Compared to the several types of TMDs, liquid-based dampers show some convenient characteristics such as low

cost, easy implementation, lack of required maintenance, the possibility to use the liquid for both water supply and

firefighting purposes. In this regards, by combining the advantage of TLD and the inerter, in [24] a novel device, the

Tuned Liquid Inerter System (TLIS) has been proposed. In this study, they derived a closed form solution of the TLIS

optimal parameters for an undamped single degree of freedom (SDOF) system. They concluded that the TLIs can

achieve the same or even higher mitigation effects with a smaller quantity of liquid mass compared to the classical

TLD.

Further, in [25] it has been showed that significant improvement, over the classical TLCD, can be achieved by

integrating an inerter in the TLCD itself. The TLCDI dissipates the structural vibrations by means of a combined

action which involves the vertical motion of the liquid inside a U-shape tank and the horizontal motion of the container.

Indeed, unlike the classical TLCD, the TLCDI is supposed to be able to translate through a sliding support and it is

connected to the structure by a linear spring and a damper and to the ground by an inerter. In [26], benefits due to

the installation of a TLCDI as link between high-rise adjacent buildings to control their seismic response have been

investigated.

Clearly, the optimal design of the TLCDI plays a key role to obtain the best mitigation effect of the structural

response. However, note that in all the previous studies, the optimal TLCDI parameters have been derived for TLCDI

controlled structures only by means of numerical procedures based on the minimization of different objective functions

(see [25] and references therein). Therefore, these procedures may be computationally demanding in a design phase

and may lead to parameters not easily applicable in real design processes [25].

On this basis, the present work focuses on providing analytical closed-form solutions for determining, in a straight-

forward way, the TLCDI optimal design parameters for a SDOF structure subjected to a base excitation. It is worth

stressing that previous studies on this topic simultaneously optimize many TLCDI parameters by means of numerical

algorithms which consider the peak displacement and absolute acceleration responses as objective functions [25, 26].

As a first novel contribution of this study, the proposed procedure, compared to the optimization technique developed

in [25, 26], directly leads to ready-to-use formula of the main parameters characterizing the TLCDI device without

resorting to unwieldy numerical algorithms. Moreover, while the study in [24] has been developed for the TLIS device,

in this case, since the governing equations of motion and the optimization procedure reffer to the TLCDI device, the

sought optimal parameters are different.

In this regard, the nonlinear equations of motion are established and TLCDI optimal parameters are evaluated by

taking into account a statistical linearization technique. Specifically, the proposed optimization procedure is based

on the minimization of the variance of the structural response, which is found in closed-form by assuming some

reasonable hypotheses. Notably, the obtained closed-form expression leads to very accurate results, without requiring

any computational effort as in the case of classical numerical procedures. In this manner, the effectiveness of the

optimized TLCDI on the seismic response of structures is investigated. In particular, the control performance of

TLCDI controlled structures is discussed for both white noise excitation, broad-band excitation, as well as considering

real earthquake records. Numerical analyses have confirmed the validity of the proposed optimization procedure, even

for real seismic records, indicating that coupling the inerter with a TLCD device significantly reduces the structural

responses of the uncontrolled structure compared to the traditional TLCD.
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2. Problem formulation

Consider the case of a SDOF system (main structure) equipped with a TLCDI device, as shown in Fig. 1, under a

base excitation. The TLCDI, as shown in Fig. 1 comprises a U-shape tank characterized by a cross sectional area A,

with dimensions Lv and Lh for the vertical and horizontal liquid length, respectively; thus, L = Lh + 2Lh is the total

length of the liquid inside the TLCDI. The mass of the container is Mc , while the liquid mass is ml = ⇢AL being ⇢

the density of the liquid. The TLCDI is connected to the main structure by a spring and a damper with stiffness and

damping coefficient k2 and c2, respectively, and to the ground by an inerter element with inertance b. The vertical

motion of the liquid in the U-shape tube is denoted as u(t), while the horizontal motion of the container relative to the

primary structure is y(t). As far as the SDOF structure is concerned, Ms indicates the mass, Ks and Cs are the stiffness

and damping parameters, respectively, and xs(t) is the displacement of the main system relative to the ground. The

response of this TLCDI-equipped SDOF structure subjected to a horizontal ground acceleration áxg(t), is governed by

the following equations [25]

Ms áxs(t) + Cs Üxs(t) +Ksxs(t) * c2 Üy(t) * k2y(t) = *Ms áxg(t)

�
⇢AL +Mc + b

�
áy(t) +

�
⇢AL +Mc + b

�
áxs(t) + ⇢ALh áu(t) + c2 Üy(t) + k2y(t) = *

�
⇢AL +Mc

�
áxg(t)

⇢ALh áxs(t) + ⇢ALh áy(t) + ⇢ALáu(t) +
⇢A

2
⇠ Üu(t) Üu(t) + 2⇢Agu(t) = *⇢ALh áxg(t)

(1)

where g is the gravity acceleration, a dot over a variable stands for derivation with respect to time t, and ⇠ is the so-

called head loss coefficient, introduced to represent the hydrodinamic head losses that arise during the motion of the

liquid inside the vessel [27–29]. Further, dividing Eq. 1 by Ms, and by ⇢AL the last two equations, yields

�
1 + �t + �

�
áxs(t) +

�
�t + �

�
áy(t) + ↵�l áu(t) + 2!s⇣s Üxs(t) + !s

2xs(t) = *
�
1 + �t

�
áxg(t)

�
�t + �

�
áxs(t) +

�
�t + �

�
áy(t) + ↵�l áu(t) + 2�t!2⇣2 Üy(t) + �t!2

2y(t) = *�t áxg(t)

↵ áxs(t) + ↵ áy(t) + áu(t) +
1

2L
⇠ Üu(t) Üu(t) + !l

2u(t) = *↵ áxg(t)

(2)

where !s =
˘
Ks_Ms and ⇣s = Cs_(2!sMs) are the natural frequency and damping ratio of the main SDOF structure,

while ↵ = Lh_L is the length ratio and � = b_Ms the inertance ratio. Further, �t = �l + � denotes the total mass ratio

where �l = ⇢AL_Ms and � = Mc_Ms, are the liquid and the container mass ratio, respectively.

In addition, !2 =
˘
k2_(�tMs) and ⇣2 = c2_

�
2!2�tMs

�
are the natural frequency and damping ratio of the liquid

container, and !l =
˘
2g_L is the natural frequency of oscillation of the liquid inside the TLCDI. Note that Eqs. 2

represent a set of three differential equations, with the second comprising a nonlinear term, generally used to model
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head losses caused by the presence of an orifice inside the TLCDI and viscous interaction between the liquid and rigid

container wall [30–32]. Note that, this parameter is herein considered constant as usual in a passive control framework

[33, 34], while a semi-active control strategy could also be implemented to adjust the head loss coefficient varying the

orifice opening inside the tank. Since the damping term in Eq. 2 is nonlinear, even assuming that the main structure

behaves linearly, the whole system experiences inherent nonlinear properties. Consequently, some issues may arise for

the optimal design of the damper device aiming at reaching the maximum reduction of the displacement demand of

the SDOF system. For this reason, an equivalent linearization procedure, which facilitates the optimal design process,

is considered here.

2.1. Statistical linearization technique
The nonlinear equations of motion Eqs. 2 can be linearized by adopting techniques such as the Statistical Lin-

earization Technique (SLT) [35–39]. In this regard, suppose that the main SDOF system equipped with a TLCDI is

driven by a random excitation modeled as a zero mean Gaussian white noise process. It follows that liquid and system

displacements and their derivatives are stochastic processes too (denoted by capital letters, as customary) [32]. Thus,

taking full advantage of the powerful tool of the SLT, the original nonlinear system Eqs. 2 can be replaced by a linear

equivalent one as

�
1 + �t + �

�
áXs(t) +

�
�t + �

�
áY (t) + ↵�l

áU (t) + 2!s⇣s
ÜXs(t) + !s

2Xs(t) = *
�
1 + �t

�
áXg(t)

�
�t + �

�
áXs(t) +

�
�t + �

�
áY (t) + ↵�l

áU (t) + 2�t!2⇣2
ÜY (t) + �t!2

2Y (t) = *�t
áXg(t)

↵ áXs(t) + ↵ áY (t) + áU (t) + 2!l⇣l
ÜU (t) + !l

2U (t) = *↵ áXg(t)

(3)

which is now simply a set of three linear differential equations. Specifically, the term
1

2L
⇠ ÜU (t) ÜU (t) has been replaced

by 2!l⇣l
ÜU (t) and the equivalent damping ratio ⇣l has been introduced. The error between the nonlinear TLCDI-SDOF

system and its equivalent linear is

✏ =
1

2L
⇠ ÜU (t) ÜU (t) * 2!l⇣l

ÜU (t) (4)

Therefore, the term ⇣l is obtained minimizing the mean square of the error with respect to ⇣l [40]. Specifically, fol-

lowing the analysis in [30, 37, 41], the expression for the equivalent damping ratio becomes

⇣l =
⇠

2L!l

t
2

⇡
� ÜU

(5)

where � ÜU is the standard deviation of the velocity of the liquid inside in the TLCDI. As shown in [30], the application

of Eq. 5 for design purposes is not straightforward since � ÜU is still unknown and implicitly depends on the equivalent

damping ratio ⇣l, as detailed in Appendix C. Therefore, generally an iterative procedure is necessary. Specifically,

firstly the standard deviation of the liquid column velocity � ÜU is evaluated by fixing an arbitrary value of ⇣l. Once

� ÜU is evaluated and substituted into Eq. 5, it yields a new value of ⇣l. This procedure is repeated iteratively until no

significant differences on ⇣l emerge in two consecutive iterations. Clearly, once convergence is reached, the complete

statistics of the response processes can be computed. It is worth stressing that, in this manner, the evaluation of the

optimal parameters would involve a rather cumbersome numerical optimization procedure. Therefore, if a simple

analytical expression of the optimal design parameters is sought, some reasonable assumptions can be introduced as

outlined in the following.

3. Optimization procedure

Once the equations of motion are stated, the determination of the optimal TLCDI design parameters can be pursued.

As it can be seen in Eq. 3, in general there are seven main TLCDI parameters governing the response of the system,

that is: the inertance ratio �, the mass ratios �l and �, the natural frequency !2, the damping ratio ⇣2 of the container,

the natural frequency !l, the equivalent damping ratio ⇣l of the liquid and the length ratio ↵. Clearly, best control

performances can be obtained only appropriately chosing the aforementioned parameters. However, some of these

variables are often determined a priori due to structural constraints, such as �l, �, � and ↵.
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Therefore, only the design parameters ⇣2, ⇣l, !l and !2 (or equivalently the so-called frequency ratios ⌫l = !l_!s

and ⌫2 = !2_!s), are required to be appropriately chosen through an optimization procedure.

As usually done in the relevant literature for TLCDI-based control strategies, these parameters can be sought by

minimizing a specific quantity representative of the dynamic response of the structural system, such as the response

in terms of displacement or acceleration variance of the considered system. In this regard, the structural displacement

variance of the main SDOF structure is here employed as the objective of the optimization procedure. Specifically, the

response variance in terms of displacement can be expressed as

�2
Xs

=

ÿ

 
0

ÛÛÛHXs
(!)

ÛÛÛ
2
G0 d! (6)

in which G0 is the one-sided Power Spectral Density (PSD) of the white noise input and HXs
(!) is the displacement

transfer function of the main structure in the equivalent linear system described by Eqs. 3, defined as in Appendix A.

However, in this case, the mean-square responses need to be calculated numerically by means of algorithms which

might result cumbersome and time consuming in design phases [24–26]. Moreover, as far as the optimization of the

equivalent damping ratio ⇣l is concerned, as previously stated in Section 2.1, an iterative procedure has to be pursued

since � ÜU is unknown and implicitly depends on ⇣l, thus, the use of Eq. 5 for design purposes is not straightforward

[25, 30, 37, 42] (see Appendix C for details).

Therefore, in order to provide a tool to promptly compute the optimal TLCDI parameters, a direct analytical ap-

proach is proposed in the following section.

3.1. Approximate evaluation of the response variance
In order to determine the optimal design parameters of the TLCDI in a straightforward manner, a closed-form

solution in terms of steady state response statistics is proposed. In this regard, Eqs. 3 are recast in compact matrix

form as

ÉM áZ + ÉC ÜZ + ÉKZ = * ÉMÉr áxg (7)

where Z =
⌅
Xs (t) Y (t) U (t)

⇧T
is the vector collecting the displacement of the degrees of freedom, Ér =⌧

1
�

↵2�l*�*�t

�

↵2�l*�*�t

�T
is the location vector and the transpose operation is denoted with the apex T.

ÉM, ÉC, and ÉK are the mass matrix, the damping matrix and the stiffness matrix, respectively, particularized as

ÉM =

b
ffd

1 + �t + � �t + � ↵�l
�t + � �t + � ↵�l
↵ ↵ 1

c
gge

ÉC =

b
ffd

2⇣s!s 0 0

0 2⇣2!2�t 0

0 0 2⇣l!l

c
gge

ÉK =

b
ffd

!2
s

0 0

0 �t!
2
2

0

0 0 !2
l

c
gge

(8)

Since the input is modeled as a zero-mean stationary Gaussian white noise process, the corresponding Lyapunov

equation of the evolution of the covariance matrix [30] can be written as

Ü⌃Q (t) = DS⌃Q (t) +⌃Q (t)DT
s
+GSG

T
S
⇡G0 (9)
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where Q =
⌅
Z ÜZ

⇧T
is the vector of the state variables, ⌃Q (t) represents the covariance matrix given as

⌃Q =

b
ffffffffd

�2
Xs

�2
XsY

�2
XsU

�2
Xs

ÜXs

�2
Xs

ÜY
�2
Xs

ÜU

�2
Y

�2
Y U

�2
Y ÜXs

�2
Y ÜY

�2
Y ÜU

�2
U

�2
U ÜXs

�2
U ÜY

�2
U ÜU

�2
ÜXs

�2
ÜXs

ÜY
�2

ÜXs
ÜU

sym �2
ÜY 2

�2
ÜY ÜU

�2
ÜU

c
gggggggge

(10)

while DS and GS are given as [43]

DS =

4
0 I3

* ÉM*1 ÉK * ÉM*1 ÉC

5
, GS =

4
0

Ér

5
(11)

with I3 a 3 ù 3 identity matrix.

Solution of Eq. 9 gives the evolution of all the response statistics of the system in Eqs. 3. However, since only the

steady-state variance must be computed, Ü⌃Q (t) can be equated to zero.

Further, with the aim of directly determining the optimal parameters, the analytical form of the structural displace-

ment variance �2
Xs

is required and some additional approximations need to be introduced. Specifically, the approximate

behavior of an undamped SDOF structure can be assumed, as customary in many optimization procedures for passive

vibration control systems [20, 24]. Next, considering that the damping effect of the liquid is typically small [44], in

this phase the presence of the damping term is neglected [24]. Notably, in the following it will be shown how ⇣l can

be estimated as a function of the optimal design parameters obtained hereinafter.

Overall, on this base, only the design parameters ⇣2, ⌫l and ⌫2 are required and introducing the aforementioned

assumptions into Eq. 9, after some algebra, the system displacement variance is derived in an analytical form as

�2
Xs

=
⇡G0

4zXs
!3
s

(12)

in which zXs
=

NZ

DZ

with

NZ = ⇣2�t⌫2⌫l
2
⌅
↵2�l + (� + �t)

�
*1 + ⌫l

2
�⇧2

(13)

DZ =⌫l
2
⌅
↵2�l + �(*1 + ⌫l

2) + �t(*1 + ⌫l
2)
⇧2

+ ⌫2
2�t⌫l

2
⌅
*3↵4�l

2 + ↵4�l
2�t

2 + 4↵4⇣2
2�l

2�t(3 * � + �t)+

* 2↵2�l
�
*1 * 2�2⇣2

2�t + �(*2 + 4⇣2
2�t + �t

2) + �t(*3 + �t
2 + 2⇣2

2(3 + 2�t(3 + �t)))
�
+ 2↵2�l (*1+

+�(*2 + �t
2) + �t(*3 + �t

2 + 4⇣2
2(1 + �t)(2 + �t))

�
⌫l

2 + (1 + �t)(�
2(*1 + �t) + �t(1 + �t)(*2 + �t+

+4⇣2
2(1 + �t)) + 2�

�
*1 + �t(*1 + �t + 2⇣2

2(1 + �t)))
�
(*1 + ⌫l

2)2
⇧
+ ⌫2

4
⌅
↵6�l

3�t
2 * 2↵4�l

2�t
2(� + �t)+

+ ↵2�l�t
2(� + �t)

2 * 2↵2�l�t
2(1 + �t)

�
2 + �(3 + �t) + �t(4 + �t)

�
⌫l

2 + ↵4�l
2�t

2
�
6 + �t(6 + �t)

�
⌫l

2+

+↵2�l�t
2(1 + �t)

�
5 + 7�t + 2�t

2 + 2�(2 + �t)
�
⌫l

4 + (1 + � + �t)
2(�t + �t

2)2⌫l
2(*1 + ⌫l

2)2
⇧

(14)

Taking into account Eq. 12, one may directly look for the minimum of the smooth function

�
�
⇣2, ⌫l, ⌫2

�
=

1

zXs

(15)

which is independent of G0 and of the natural frequency of the main system !s. In this regard, a sample of the function

zXs

�
⇣2, ⌫l, ⌫2

�
is shown in Fig. 2 for ⌫l = 0.4.
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zXs

�
⇣2, ⌫l, ⌫2

�
↵ � = 0.01 � = 0.3 ⌫l = 0.4 �l = 0.04

In general, an analytical expression for the minimum of �
�
⇣2, ⌫l, ⌫2

�
could be obtained, solving the nonlinear

system of algebraic equations

)�
�
⇣2, ⌫l, ⌫2

�
)⇣2

= 0 (16a)

)�
�
⇣2, ⌫l, ⌫2

�
)⌫2

= 0 (16b)

)�
�
⇣2, ⌫l, ⌫2

�
)⌫l

= 0 (16c)

However, this procedure is often unfeasible, thus the minimum of �
�
⇣2, ⌫l, ⌫2

�
in Eq. 15 can be more easily found

through numerical minimization procedure, such as those already implemented in many software packages (see for

instance FindMinimum in Mathematica or fminsearch in MATLAB environment). In this way, Eq. 15 provides the

optimal design parameter values ⇣2, ⌫l and ⌫2.

3.2. Analytical expression of the optimal design parameters
Aiming at further reducing the computational complexity in a design phase of the TLCDI, an analytical expression

of the optimal design parameters can be achieved considering some additional assumptions. As it can be seen in

Eqs. 13- 14, the function �2
Xs

in Eq. 12 depends on the mass ratios �l and �t. Since generally �l < 5% and �t < 1%,

solutions of Eq. 16 can be approximated by assuming that the third and higher powers of �l, �t and their products can

be neglected [3, 45]. In particular, under these assumptions, Eqs. 16a- 16b can be directly solved, and the expressions

of É⌫2,opt(⌫l) and É⇣2,opt(⌫l) can be expressed as functions of ⌫l as

É⌫2,opt(⌫l) =
˘
A_B (17)

É⇣2,opt(⌫l) =
˘
C_D (18)

with

A =⌫l
2
⌅
*(�2(*1 + �t

2)(*1 + ⌫l
2)2) + 2�(*1 + ⌫l

2)(2↵2�l + (1 + 2�t)(*1 + ⌫l
2)) + (↵2�l + �t(*1+

+⌫l
2))(3↵2�l + (2 + 3�t)(*1 + ⌫l

2))
⇧ (19)
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B = * 2�t

⌧
(1 + �)(1 + � + 2(2 + �)�t)⌫l

2
�
*1 + ⌫l

2
�2

+ ↵2�l
�
�2 * 2(2 + 3�)⌫l

2 + (5 + 4�)⌫l
4
��

(20)

C = *
⌅
�2(4 + 3�) + �(8 + �(21 + 8�))�t + (4 + 3�(11 + 2�(6 + �)))�t

2
⇧
⌫l

2
�
*1 + ⌫l

2
�3

+

+ ↵4�2
l

⌅
*12�2 + (4 + �)(1 + 8�)⌫l

2 * (8 + 25�)⌫l
4
⇧
* ↵2�l

�
*1 + ⌫l

2
� ⌅

4�2(� + 3�t)+

*(8�t + �(8 + 66�t + �(21 + 40�t)))⌫l
2 + (12�t + �(12 + 58�t + �(13 + 32�t)))⌫l

4
⇧

(21)

D = * 8�t⌫l
2
�
*1 + ⌫l

2
� ⌧

↵2�3�l + �2(1 + 2�t)
�
*1 + ⌫l

2
�2

+ (2 + 9�t)
�
*1 + ⌫l

2
�2

+

+↵2�l
�
*9 + 11⌫l

2
�
+ �

⇠
(3 + 10�t)

�
*1 + ⌫l

2
�2

+ ↵2�l
�
*10 + 7⌫l

2
�⇡� (22)

In Figs. 3a- 3b the approximated solutions of the optimal parameters É⌫2,opt(⌫l) and É⇣2,opt(⌫l) in Eqs. 17- 18, are

compared with those obtained numerically solving Eqs. 16a- 16b, respectively for several values of �l. As it emerges

from Fig. 3, it can be argued that the approximated solutions of the optimal parameters É⌫2,opt(⌫l) and É⇣2,opt(⌫l) in

Eqs. 17- 18 closely agree with the numerical solution of Eqs. 16.

(a) (b)

�l ↵ � = 0.01

� = 0.3 É⌫2,opt(⌫l)
É⇣2,opt(⌫l)

Moreover, Fig. 3 shows that the optimal parameters É⌫2,opt(⌫l) and É⇣2,opt(⌫l) decrease for increasing values of �l with

an almost steady trend for 0.2 < ⌫l < 0.8, suggesting that É⌫2,opt(⌫l) and É⇣2,opt(⌫l) are almost independent of values of

⌫l in the range of practical interest.

Finally, optimal values of ⌫l,opt which minimize the smoth function �
�
⇣2, ⌫l, ⌫2

�
can be found by solving Eq. 16c.

In this regard, in Fig. 4, the trend of )�
�
⇣2, ⌫l, ⌫2

�
_)⌫l is depicted. As it can be seen, this derivative is zero for the

optimal value of ⌫l,opt = 0.4331. Nonetheless, since a wide range of values of ⌫l (0.2<⌫l<0.6) lead to values of

)�
�
⇣2, ⌫l, ⌫2

�
_)⌫l close to zero, it can be concluded that small variations of ⌫l in this range may just slightly affect the

achievement of the minimum.

Clearly, the expressions of É⌫2,opt(⌫l) and É⇣2,opt(⌫l) in Eqs. 17- 18 can be substituted in Eq. 16c to obtain a closed

form solution of ⌫l,opt. Since this approach leads to a rather unwieldy expression of ⌫l,opt, this formula is not reported

here for the sake of brevity.

However, in order to provide optimal values of ⌫l,opt, which can be directly used in a design phase, this procedure

can be also used to create immediately useful design charts for several values of �l, � ↵, and �. Specifically, the charts

depicted in Fig. 14 show optimal values in terms of ⌫l,opt for different values of � and �l. For instance, suppose that a
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)�
�
⇣2, ⌫l, ⌫2

�
_)⌫l ↵ = 0.9 �l = 0.04 � = 0.3 ⇣s = 0.01

(a) (b)

⌫l,opt �l � = 0.2 ↵ = 0.8 � = 0.3 ↵ = 0.8

length ratio ↵ = 0.8 is chosen, the inertance ratio � is equal to 0.3, the mass ratios given by structural constraints are

�l= 3% and � = 1%, thus identifying the point A in Fig. 5b. This design chart directly provides the optimal parameters

⌫l,opt= 0.4345. Additional design charts are provided in Appendix B for other values of � and �.

Clearly, once the value of ⌫l,opt is determined, Eq. 17 and Eq. 18 can be used for a straightforward determination of

the optimal TLCDI design parameters É⌫2,opt(⌫l) and É⇣2,opt(⌫l). Finally, as far as the determination of the optimal head

loss coefficient is concerned, an estimate of É⇠opt can be found as described in Appendix C and in [31].

An overview of the methodology proposed in this study for the estimation of the optimal TLCDI paramters and

structural response statistics is illustrated in the flow chart in Fig. 6.

4. Investigation on the optimal design parameters

The main advantage of the proposed approach lies in the straightforward evaluation of the optimal design para-

menters. In order to show the accuracy of this proposed simplified approach, a comparison with the optimal values

obtained through a numerical iterative procedure is here performed. To this aim, a reference set of system parameters

has been selected, and in turn each one has been varied in a wide range of values. Specifically, the reference set of

parameters used is: !s = 4⇡_3, ↵ = 0.9, �l = 0.04, � = 0.01, � = 0.3, ⇣s = 0.01 and G0 = 0.002 [21, 22]. In this

respect, a genetic algorithm (GA procedure) [46] has been used to find those values of ⌫l,opt, ⌫2,opt, ⇣2,opt and ⇠opt that

minimize the displacement variance of the complete nonlinear system in Eq. 2 adopting the SLT. In order to implement

this numerical minimization algorithm, some constraints for the sought TLCDI tuning variables have been applied in

terms of lower bound and upper bound vectors, LB = [⌫2,min; ⇣2,min; ⌫l,min; ⇠min] and UB= [⌫2,max; ⇣2,max; ⌫l,max; ⇠max].
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Specifically, LB = [0.01;0.01;0.1495;1] and UB = [3;1;0.4728;300] have been imposed, respectively, where ⌫l,min
and ⌫l,max have been set by assuming reasonable values of the total liquid length L (a range between Lmin=5m and

Lmax=50m). Boundary values of the head loss coefficient have been set on the basis of the prediction formula ex-

perimetally constructed by [28] to design conventional TLCDs with different area ratios of orifices and considering an

upper limit of ⇣l=1 [31].

Note that, in this way, for each iteration of the GA optimization algorithm, an optimum value of ⇠opt is found and

the iterative SLT must be applied to evaluate the equivalent linear damping ratio ⇣l. Therefore, in this case, a rather

elaborate numerical procedure must be implemented.

The optimal design parameters É⌫l,opt, É⌫2,opt,
É⇣2,opt and É⇠opt determined through the proposed direct approach have

been used to compute the displacement variance �2
Xs

of the system as in Eq. 6. With reference to the previously defined

structural system, the optimal parameters obtained by the proposed approach are listed in Table 1. Results have then

been compared with the values obtained by the aforementioned complete numerical GA procedure.

Fig. 7 shows the results in terms of the normalized displacement variance of the SDOF-TLCDI equipped structure

"Xs
= �2

Xs
_�2

X0
, where �2

X0
is the displacement variance of the system without TLCDI. Note that this parameter

may represent also a performance control index for the SDOF-TLCDI controlled structure, since lower values of "Xs

indicate higher control efficacy of the TLCDI.

Specifically, in Fig. 7 the effects of the variation of the structural damping ratio ⇣s, the input intensity G0, the length

ratio ↵, the inertance ratio � and the mass ratios �l and � on the proposed formulation are shown. In Fig. 7c results

obtained by varying the length ratio ↵ are reported. As it can be observed, the differences between the normalized

variance obtained through the approximate formulation and by means of the numerical GA procedure are very low for

↵ <0.6 and become larger for greater values. However, even for a high value of ↵ the error is always below 0.5%. From

Fig. 7e a similar trend can be observed for the effects of the variation of the mass ratio �l on the proposed formulation.

As it can be seen, for higher values of �l, the accuracy achieved by applying the proposed analytical solutions decreases.

However, it is worth noting that in the range of practical relevance, i.e. 1%<�l<5%, the maximum deviations are lower

than 1%. Compared to Fig. 7c and Fig. 7e, Fig. 7d shows a reverse effect on the normalized displacement variance "Xs
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↵ = 0.9

�l = 0.04 � = 0.3 � = 0.01 G0 = 0.002

É⌫l,opt É⌫2,opt
É⇣2,opt

É⇠opt

↵

�l

�

�

for variations of the value of the inertance ratio �. For values of � less than 0.2 significant deviation can be observed,

however, again, the maximum percentage errors are lower than 2%. In conclusion, the performed parametric analyses

show that the response variances computed by the proposed approximated formulation clearly follow those obtained

through the GA procedure, with differences lower than 10 % in the range of practical interest of the parameters, thus

assessing the validity of the proposed direct approach.

Clearly, the above described procedure has been derived considering a white noise base excitation. Therefore,

further analysis are performed to show the reliability of the proposed approach in case of more generic broad-band

earthquake excitation. To this aim, the widely used Clough-Penzien power spectrum can be adopted as a more realistic

model of earthquake ground accelerations. This process is characterized by the following one-sided PSD [47, 48]

G áXg
(!) = G0

!g
4 + 4⇣g

2!g
2!2

(!g
2 * !2)2 + 4⇣g

2!g
2!2

!4

(!f
2 * !2)2 + 4⇣f

2!f
2!2

(23)

where G0 is the constant white noise PSD, whose value is related to the bedrock peak ground acceleration, while

(!g , ⇣g ,!f , ⇣f ) are filter parameters whose values depend on the different soil conditions [49]. Next, taking into

account Eq. 6, the corresponding displacement variance �2
Xs

can be given as

�2
Xs

=

ÿ

 
0

ÛÛÛHXs
(!)

ÛÛÛ
2
G áXg

(!) d! (24)

where HXs
(!) is given in Eq. A.2 in Appendix A.

In this manner, again a numerical optimization employing the GA procedure on Eq. 24 can be used to find the

optimal values of the design parameters (⌫2,opt, ⇣2,opt) also for this model. Once these optimized parameters are found,

the corresponding performance control index "Xs
can be evaluated.

In this regard, values of "Xs
computed via the numerical-based procedure vis-à-vis pertinent values obtained using

optimal parameters provided by the proposed analytical approach are shown in Fig. 8 for a wide range of the structural

damping ratios ⇣s.

As it can be seen in this figure, even assuming a non-white earthquake excitation the performance control index

"Xs
obtained using the optimal values found by following the proposed approach (black dots) closely agrees with the

one obtained with the numerical solution (red dashed-dot line), also for different soil conditions (firm and soft soil).
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(a) (b)

(c) (d)

(e) (f)

Therefore, since so small discrepancies are obtained between the two procedures in terms of control performance

parameter "Xs
, and considering the significant reduction in computational effort achieved, the proposed direct approach

can effectively be regarded as a powerful and reliable tool to be employed for the evaluation of the optimal design

parameters.
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"Xs

⇣s

5. Analysis of the control performance

The above proposed optimization procedure has been derived considering a white noise base excitation, thus lead-

ing to the simplified analytical expressions in Eqs. 17- 18 for the TLCDI optimal parameters. To show the reliability

of the proposed approach considering also the non-stationary nature of real earthquake ground motions, in this section

the control performance of the SDOF system equipped with a TLCDI device is examined. In this regard, note that

the proposed procedure, summarized in Fig. 6, has been adopted to determine the optimal TLCDI parameters. Fur-

ther, time-history analyses have been carried out using selected real earthquake records, and the effectiveness of the

procedure has been assessed for different types of structures.

Specifically, the Imperial Valley (USA, 09/15/1979) (Fig. 9a) and Kobe (Japan, 17/01/1995) (Fig. 9b) recorded

earthquakes, taken among the 44 recorded ground motions of the FEMAP695 far-field (FEMAP695) set [50], have been

used as base accelerations. Note that these earthquakes records present quite different characteristics. Specifically, the

latter has high impulsive content in the first instants of motion, which is known to be detrimental for the efficiency of

the control system.

(a) (b)

To properly account for the nonlinear features of the system with TLCDI device, direct numerical solution of the

pertinent equation of motions of the complete systems (Eqs. 1) has been performed using a 4th order Runge-Kutta

algorithm. The seismic response of the uncontrolled system has been compared with the same systems equipped with

the proposed TLCDI and traditional TLCD.
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The liquid inside the TLCDI and TLCD container is assumed to be water (⇢ = 997kg_m3), assuming a value of the

mass ratio �l of 4% for both devices and the length ratio ↵ is set to 0.9 [25]. The TLCDI inertance ratio � is assumed

to be equal to 0.3 and the value of the mass ratio of the water tank � is fixed to 1% [25].

Two benchmark structures, denoted as "Structure 1" and "Structure 2", have been considered for the numerical

analyses. Structure 1 is characterized by a natural frequency !s1
= 4⇡_3 and damping ratio ⇣s = 0.01, while Structure

2 by a frequency !s2
= 2!s1

and the same damping ratio. The TLCDI optimal parameters have been obtained by the

proposed simplified approach, while the TLCD optimal parameters by applying the optimization procedure discussed

in [30]. The optimal parameters obtained by means of the the proposed procedure are: É⌫l,opt = 0.4331, É⌫2,opt = 2.0101,
É⇣2,opt = 0.6533 and É⇠opt = 196.57 for Structure 1, and É⌫l,opt = 0.2364, É⌫2,opt = 1.9964, É⇣2,opt = 0.6902 and É⇠opt =

266.768 for Structure 2, respectively.

(a) (b)

(a) (b)

Figs. 10a- 10b show the displacement responses of both structures, with the proposed TLCDI, the traditional TLCD

and without any devices, and subjected to the Imperial Valley earthquake record. As it can be seen, the TLCDI device

is particularly effective in reducing the displacement, with a clear reduction of the peak displacement. Moreover, as

it can be seen, the difference in frequency between the two structures does not affect the control performance. The

time histories of the absolute acceleration responses of the two structural typologies are also presented in Figs. 11a-

11b, respectively. Once again, the best mitigation effect is achieved by the system controlled with the TLCDI. Similar
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results can be observed for the Kobe earthquake (Fig. 12- 13). Note that, also for this particular case of impulsive

ground motion, the use of the TLCDI improves appreciably the performance control of the system.

The peak responses based on the time histories of the responses of the structures shown in Figs. 10- 13, are listed

in Table 2 for the Structure 1 and in Table 3 for the Structure 2. As it can be read from Table 3, the best performance

of the TLCDI-controlled systems is observed for Structure 2 subjected to the Imperial Valley record, with a reduction

of 64% for the structural displacement response and 69% on the peak acceleration. Furthermore, in the worst-case

scenario, the peak of displacement of Structure 2 (i.e. 0.1183 m) for the Kobe earthquake can be reduced of 52% when

the TLCDI is applied against the reduction of 13% when the TLCD is used. Based on the overall consideration of these

results, TLCDI is more effective in reducing the peak responses than the TLCD.

On this base, it can be argued that, although being developed assuming a white noise base excitation, the pro-

posed analytical solution yields optimal design parameters that lead to satisfactory control performances also for real

earthquake records.

(a) (b)

(a) (b)
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maxxs(t) maxa(t)[m_s2]

maxxs(t) maxa(t)[m_s2]
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6. Concluding remarks

In this paper, the optimization and pertinent control performances of the TLCDI passive control device, recently

introduced in the literature, have been investigated for reducing the structural response of a SDOF structure under

seismic base excitations. The additional inerter mechanism in the TLCDI greatly enhances the efficiency of the classical

TLCD, making the TLCDI an appealing lightweight control device with outperforming control performances compared

to conventional TLCDs.

An optimal design of the TLCDI through closed form solutions and useful design charts has been proposed by

considering a Gaussian white noise model of the base excitation and minimizing the structural displacement variance

of the system, resorting to the tool of the Statistical Linearization Technique.

In order to prove the reliability of the proposed approach, comparison with a rather elaborate numerical optimiza-

tion procedure has been performed for both white noise and broad-band earthquake excitation to take into account

additional features of the seismic excitation.

Results show a satisfactory agreement in terms of control performances between the proposed analytical approach

and the numerical one. Note that the use of analytical expressions and ready-to-use design charts provided by the

proposed straightforward procedure leads to a significant reduction in computational effort.

Moreover, to show the influence of the non-stationary nature of real earthquakes, the seismic response of two

types of SDOF systems, characterized by different frequencies and equipped with a TLCDI device, has been examined

under different recorded ground motion accelerations. Comparisons with the uncontrolled systems and the systems

equipped with the classical TLCD have been carried out. Both TLCD and TLCDI device can efficiently control the

earthquake-induced displacement and absolute acceleration responses of the primary SDOF structure. However, results

indicate that the TLCDI presents significantly enhanced control performances with respect to the TLCD in all the cases.

Specifically, time history analyses show that the TLCDI device, designed by employing the proposed approach, can

lead to a 64% reduction on the peak displacement and 69% on the peak acceleration, with respect to the case of the

structure without TLCDI.

Overall, results of the performed analyses have clearly assessed the reliability of the proposed optimization proce-

dure even for non-stationary broad-band base excitations, proving that the TLCDI can be regarded as a lightweight-

based control means to achieve an improved control performance.
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Appendix A

In this appendix the displacement transfer functions of the equivalent linear system in Eq. 3 are presented. In this

respect, making the Fourier transform of Eq. 3, yields

Xs(!)
⌅
*(1 + �t + �)!2 + 2i!!s⇣s + !s

2
⇧
* (�t + �)!2Y (!) * ↵�lU (!) =

= *(1 + �t)
áXg(!)

Y (!)
⌅
*(�t + �)!2 + 2i!!2⇣2�t + �t!2

2
⇧
* !2

�
�t + �

�
Xs(!) * ↵�l!

2U (!) =

= *�t
áXg(!)

U (!)
⌅
*!2 + 2i!!l⇣l + !l

2
⇧
* !2↵Xs(!) * !2↵Y (!) = *↵ áXg(!)

(A.1)

Therefore, the main structure displacement transfer function (HXs
(!) =Xs (!) _

áXg (!)) can be written as

HXs
(!) =

b(!)c(!)(1+�t)+
⌅
b(!)↵2�l+c(!)�t(�t+�)

⇧
!2+↵2�l(*1+�t+�)!

4

*a(!)b(!)c(!)+
⌧
(a(!)+b(!))2↵2�l+c(!)(�t+�)

2
�
!4+2↵2�l(�t+�)!6

(A.2)

while the container displacement and liquid column transfer functions (HY (!) = Y (!) _ áXg (!) and HU (!) =

U (!) _ áXg (!)) respectively are

HY (!) = HXs
(!)

a(!)c(!)�t+
⌅
a(!)↵2�l+c(!)(1+�t)(�t+�)

⇧
!2+↵2�l(1+�t+�)!

4

b(!)c(!)(1+�t)+
⌧
b(!)↵2�l+c(!)�t(�t+�)

2
�
!2+2↵2�l(*1+�t+�)!4

HU (!) =
↵

c(!)

⌧
*1 + !2HXs

(!) + !2HY (!)

� (A.3)

with

a (!) = *(1 + �t + �)!2 + 2i!!s⇣s + !s
2 (A.4a)

b (!) = *(�t + �)!2 + 2i!!2⇣2�t + �t!2
2 (A.4b)

c (!) = *!2 + 2i! ⇣l!l + !l
2 (A.4c)

These parameters can be directly used to evaluate the statistics of the equivalent linear system in Eq. 3, necessary

for the iterative SLT. It is worth noting that once the closed-form expression for these transfer functions have been

computed, the response statistics in terms of container displacement and liquid displacement can be immediately

determined numerically solving the following equations:

�2
Y
=

ÿ

 
0

ÛÛHY (!)ÛÛ2G0 d!, (A.5a)

�2
U
=

ÿ

 
0

ÛÛHU (!)ÛÛ2G0 d! (A.5b)
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Appendix B

In order to propose an effective and direct tool for pre-designing TLCDI devices, additional charts are provided

in this Appendix. In paricular, some design charts, reporting optimal values directly in terms of É⌫l,opt, are depicted in

Fig. 14, based on Eq. 17 and Eq. 18. The design charts, have been evaluated for ↵=0.6 and ↵=0.9 for different values

of mass ratio �l and inertance ratio �.

(a) (b)

(c) (d)

(e) (f)

⌫l,opt �l � = 0.3 ↵ = 0.6 � = 0.3 ↵ = 0.9

� = 0.2 ↵ = 0.6 � = 0.2 ↵ = 0.9 � = 0.1 ↵ = 0.6 � = 0.1 ↵ = 0.9
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Appendix C

As far as the estimation of the head loss coefficient is concerned, according to the anlysis developed in [31] for

TLCD-controlled SDOF structures, an indicative value can be obtained by firstly considering the main system dis-

placement and the fluid velocity variances of the SDOF structure with classical TLCD, which can be expressed as:

É�2
Xs

=
⇡G0

4 ÉzXs
!3
s

, (A.6a)

É�2ÜU
=

⇡G0

4 Éz ÜU!l

(A.6b)

where ÉzXs
and Éz ÜU depend on both ⌫l and ⇣l and have the following expressions

ÉzXs
=

NZXs

DZXs

, (A.7a)

Éz ÜU =
NZXs

DZ ÜU

(A.7b)

The numerator NZXs
and denominator DZXs

of ÉzXs
and DZ ÜU

of Éz ÜU are given by:
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2

�
4⇣2
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l
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(A.8)

By minimizing Eq. A.6a considering the input structural parameters and the optimal value ⌫l,opt obtained by means of

the proposed procedure, the optimal value of the equivalent damping ratio ⇣l can be obtained. Next, by setting this

value in Eq. A.6b, the fluid velocity variance can be computed so that the value of É⇠opt can be evaluated from Eq. 5 as

É⇠opt = 2L⇣l⌫l!s

t
⇡

2 É� ÜU
(A.9)

It is worth noting that, if a classical procedure is used to define the equivalent damping ratio ⇣l, a time-consuming

iterative scheme has to be set up. Conversely, following the herein proposed approach, the evaluation of the optimal

values can be obtained by means of a numerical minimization of a smooth function (Eq. A.6a), without any iteration,

thus resulting in a significant reduction in computational effort.
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