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17 ARTICLE INFO Abstract
18 Keywords: In this paper, the use of a novel passive control device defined as Tuned Liquid Column Damper
19 Tuned Liquid Column Damper Inerter (TLCDI) is studied to control the seismic response of structural systems. The TLCDI,
20 Inerter recently introduced as an enhanced version of the conventional Tuned Liquid Column Damper,
21 Optimal design may achieve improved seismic performances by exploiting the mass amplification effect of the
29 Statistical Linearization Technique so-called inerter device. For this purpose, an optimization procedure for the design of the TLCDI
23 based on a statistical linearization technique and the minimization of the structural displacement

variance is proposed. Notably, by assuming a white noise base excitation and considering some
24 additional approximations, pertinent closed-form expressions for the optimal TLCDI parame-
25 ters are provided. The reliability of the proposed analytical solutions is proved by a comparison
26 with numerical results obtained by a more computationally demanding iterative optimization
27 technique on the original damped system. Finally, the efficiency of the control performance of
28 TLCDI-controlled structures is examined using real recorded seismic signals as external excita-
tion.

29
30
31
32 .
33 1. Introduction
34 In the field of passive vibration control devices, the use of mechanical dampers has nowadays become a common

35 strategy to mitigate vibrations of structures subjected to dynamic loads. In this context, Tuned Mass Dampers (TMDs)
36 [1, 2], Tuned Liquid Dampers (TLDs) [3—-5] and Tuned Liquid Column Dampers (TLCDs) [6, 7] are among the most

37 widely used damping devices for reducing structural vibrations caused by wind or earthquakes. The basic idea behind

gg a conventional TMD is that a mass-spring-dashpot system, if properly tuned to the main frequency of the structure to

20 be controlled, may reduce the response amplitude. As far as TLD/TLCD are concerned, they are usually designed as
tanks that hold liquid inside. A TLD is generally a rectangular or cylinder-shaped device and its effectiveness relies

41 . . . . . . .

4o ON the interaction force between liquid and side walls and wave breaking to absorb vibration energy. On the other

43 hand, a TLCD is usually designed as a U-shaped liquid tank that dissipates energy through a combined action that
44 1nvolves liquid movement, the restoring force caused by the gravity, and the damping force attributed to the inherent
45 head loss characteristics [8]. TMDs, TLDs and TLCDs were already installed on the top of many tall buildings and
4¢ proved to be efficient in successfully protecting these structures from real dynamic excitation. However, these devices
47 may require large spaces and masses to be effective. In recent years, in an attempt to comply with these requirements,
48 innovative types of TMDs, such as pendulum TMDs (PPD), viscoelastic TMDs and "nontraditional" TMDs have
49 been proposed [9-12]. Furthermore, the idea to combine these dampers with mass amplifying mechanisms, such as
50 inerter-based devices, has gradually became the current favoured trend for structural vibration control. The inerter,
51 firstly introduced by M. Smith [13, 14], is a two terminal mechanical device capable to generate a resisting force
52 proportional to the accelerations of its extremities with a constant referred to as inertance, measured in mass units.
53 Technologically, inerter prototypes, with inertance values hundreds of times larger than the device physical mass,
54 have been experimentally tested considering mechanisms transforming the translational motion of the device ends
55 jnto rotational motion (i.e. rack and pinion, ball-screw and fluid inerters) [15-18]. Notably, the inclusion of the

90 jnerter virtually increases the effect of the mass of the secondary system to which it is connected [19]. In this regard,
g; the inerter has been firstly integrated in the classical TMD to constitute a device known in literature as Tuned Mass
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Optimal Design of Tuned Liquid Column Damper Inerter for vibration control

Damper Inerter (TMDI) [20]. In this way, the inerter is able of generating a sort of mass amplification effect, making
the TMDI behaving like a TMD with a larger mass, to achieve enhanced performance compared to the classical TMD.

In [20] it has been demonstrated that the TMDI outperforms the TMD in controlling structural vibrations and
proposed analytical formulae of the optimal TMDI parameters to design the device. Many variants of inerter-based
configurations have been developed in recent years. The installation of the TMDI has been considered also for base
isolated structures with the aim of reducing the displacements of the base isolation system during severe earthquakes
[21, 22]. Moreover, a nontraditional version of the TMDI, referred to as New TMDI, obtained varying the damper
position, has been introduced in [23] as an alternative and more practical solution to reduce vibrations in base isolated
structures.

Clearly, following the trend related to the development of the TMDI, some liquid-based devices have been proposed
in combination with the inerter as promising passive control strategies [24—26]. Liquid-based dampers, such as the
TLDs [3] and TLCDs [6], are containers filled with liquid (usually water) rigidly fixed to the structure to be controlled
and their capacity to absorb and dissipate vibration energy depends essentially on the motion of the liquid inside.
Compared to the several types of TMDs, liquid-based dampers show some convenient characteristics such as low
cost, easy implementation, lack of required maintenance, the possibility to use the liquid for both water supply and
firefighting purposes. In this regards, by combining the advantage of TLD and the inerter, in [24] a novel device, the
Tuned Liquid Inerter System (TLIS) has been proposed. In this study, they derived a closed form solution of the TLIS
optimal parameters for an undamped single degree of freedom (SDOF) system. They concluded that the TLIs can
achieve the same or even higher mitigation effects with a smaller quantity of liquid mass compared to the classical
TLD.

Further, in [25] it has been showed that significant improvement, over the classical TLCD, can be achieved by
integrating an inerter in the TLCD itself. The TLCDI dissipates the structural vibrations by means of a combined
action which involves the vertical motion of the liquid inside a U-shape tank and the horizontal motion of the container.
Indeed, unlike the classical TLCD, the TLCDI is supposed to be able to translate through a sliding support and it is
connected to the structure by a linear spring and a damper and to the ground by an inerter. In [26], benefits due to
the installation of a TLCDI as link between high-rise adjacent buildings to control their seismic response have been
investigated.

Clearly, the optimal design of the TLCDI plays a key role to obtain the best mitigation effect of the structural
response. However, note that in all the previous studies, the optimal TLCDI parameters have been derived for TLCDI
controlled structures only by means of numerical procedures based on the minimization of different objective functions
(see [25] and references therein). Therefore, these procedures may be computationally demanding in a design phase
and may lead to parameters not easily applicable in real design processes [25].

On this basis, the present work focuses on providing analytical closed-form solutions for determining, in a straight-
forward way, the TLCDI optimal design parameters for a SDOF structure subjected to a base excitation. It is worth
stressing that previous studies on this topic simultaneously optimize many TLCDI parameters by means of numerical
algorithms which consider the peak displacement and absolute acceleration responses as objective functions [25, 26].
As a first novel contribution of this study, the proposed procedure, compared to the optimization technique developed
in [25, 26], directly leads to ready-to-use formula of the main parameters characterizing the TLCDI device without
resorting to unwieldy numerical algorithms. Moreover, while the study in [24] has been developed for the TLIS device,
in this case, since the governing equations of motion and the optimization procedure reffer to the TLCDI device, the
sought optimal parameters are different.

In this regard, the nonlinear equations of motion are established and TLCDI optimal parameters are evaluated by
taking into account a statistical linearization technique. Specifically, the proposed optimization procedure is based
on the minimization of the variance of the structural response, which is found in closed-form by assuming some
reasonable hypotheses. Notably, the obtained closed-form expression leads to very accurate results, without requiring
any computational effort as in the case of classical numerical procedures. In this manner, the effectiveness of the
optimized TLCDI on the seismic response of structures is investigated. In particular, the control performance of
TLCDI controlled structures is discussed for both white noise excitation, broad-band excitation, as well as considering
real earthquake records. Numerical analyses have confirmed the validity of the proposed optimization procedure, even
for real seismic records, indicating that coupling the inerter with a TLCD device significantly reduces the structural
responses of the uncontrolled structure compared to the traditional TLCD.
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Optimal Design of Tuned Liquid Column Damper Inerter for vibration control

2. Problem formulation

Consider the case of a SDOF system (main structure) equipped with a TLCDI device, as shown in Fig. 1, under a
base excitation. The TLCDI, as shown in Fig. 1 comprises a U-shape tank characterized by a cross sectional area A,

TLCDI

» X, (1)

Figure 1: SDOF structure equipped with a TLCDI.

with dimensions L, and L,, for the vertical and horizontal liquid length, respectively; thus, L = L, + 2L, is the total
length of the liquid inside the TLCDI. The mass of the container is M, while the liquid mass is m; = pAL being p
the density of the liquid. The TLCDI is connected to the main structure by a spring and a damper with stiffness and
damping coefficient k, and c,, respectively, and to the ground by an inerter element with inertance b. The vertical
motion of the liquid in the U-shape tube is denoted as u(¢), while the horizontal motion of the container relative to the
primary structure is y(¢). As far as the SDOF structure is concerned, M indicates the mass, K, and C, are the stiffness
and damping parameters, respectively, and x(¢) is the displacement of the main system relative to the ground. The
response of this TLCDI-equipped SDOF structure subjected to a horizontal ground acceleration X,(7), is governed by
the following equations [25]

Msjés(t) + Csxs(t) + sts(t) - CZJ’(’) - kZY(t) = _Msxg(t)
(PAL+ M, +b) 5(t) + (pPAL + M, + b) X(1) + pALii(t) + co3(1) + kyy(t) = — (pAL + M, ) %,(1) 1)

PAL,% (1) + pAL3(0) + pALii(t) + 22 Eli()|u(t) + 2p Agu(t) = —p AL %, (1)

where g is the gravity acceleration, a dot over a variable stands for derivation with respect to time ¢, and £ is the so-
called head loss coefficient, introduced to represent the hydrodinamic head losses that arise during the motion of the
liquid inside the vessel [27-29]. Further, dividing Eq. 1 by M, and by pAL the last two equations, yields

(1 + Ht + ﬂ) )'és(l) + (/4; + ﬂ) y(t) + aﬂ,ii(t) + Zwsé’sxs(t) + a)Ssz(t) - _ (1 + ,Ll,) )'ég(t)
(ke + B) %,0) + (g + B) 50) + @pyii(®) & 241,530 + g (1) = —pi Xy (1) ®
@k (1) + (1) + (1) + S E D) + 0 2u(t) = —a (1)

where w, = \/K;/M, and {; = C,/(2w,M,) are the natural frequency and damping ratio of the main SDOF structure,
while @ = L, /L is the length ratio and § = b/ M the inertance ratio. Further, y; = y; + 6 denotes the total mass ratio
where y; = pAL/M  and 6 = M./ M, are the liquid and the container mass ratio, respectively.

In addition, wy = \/ky /(M) and {, = ¢,/ (2(02 y,MS) are the natural frequency and damping ratio of the liquid

container, and w; = 1/2g/L is the natural frequency of oscillation of the liquid inside the TLCDI. Note that Egs. 2
represent a set of three differential equations, with the second comprising a nonlinear term, generally used to model
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Optimal Design of Tuned Liquid Column Damper Inerter for vibration control

head losses caused by the presence of an orifice inside the TLCDI and viscous interaction between the liquid and rigid
container wall [30-32]. Note that, this parameter is herein considered constant as usual in a passive control framework
[33, 34], while a semi-active control strategy could also be implemented to adjust the head loss coefficient varying the
orifice opening inside the tank. Since the damping term in Eq. 2 is nonlinear, even assuming that the main structure
behaves linearly, the whole system experiences inherent nonlinear properties. Consequently, some issues may arise for
the optimal design of the damper device aiming at reaching the maximum reduction of the displacement demand of
the SDOF system. For this reason, an equivalent linearization procedure, which facilitates the optimal design process,
is considered here.

2.1. Statistical linearization technique

The nonlinear equations of motion Egs. 2 can be linearized by adopting techniques such as the Statistical Lin-
earization Technique (SLT) [35-39]. In this regard, suppose that the main SDOF system equipped with a TLCDI is
driven by a random excitation modeled as a zero mean Gaussian white noise process. It follows that liquid and system
displacements and their derivatives are stochastic processes too (denoted by capital letters, as customary) [32]. Thus,
taking full advantage of the powerful tool of the SLT, the original nonlinear system Eqgs. 2 can be replaced by a linear
equivalent one as

(14 p+ B) X, + (4, + B) YO + amU0) + 20,8, X (1) + 0,2X (1) = — (1 4+ 1) X (1)
(1 + B) X0 + (1, + B) YO + am U () + 21,0,5Y (1) + p,0,>Y (1) = =, X (1) G
aX (0) + a¥ (1) + U@ + 20,GU (1) + 02U (1) = —aX (1)

which is now simply a set of three linear differential equations. Specifically, the term ﬁf |U(¢)|U (¢) has been replaced

by 2w,¢,U (t) and the equivalent damping ratio ¢, has been introduced. The error between the nonlinear TLCDI-SDOF
system and its equivalent linear is

e = s ElUMIUM - 20,60 (1) Y

Therefore, the term ¢ is obtained minimizing the mean square of the error with respect to {; [40]. Specifically, fol-
lowing the analysis in [30, 37, 41], the expression for the equivalent damping ratio becomes

&= %w,\/gan ®

where oy; is the standard deviation of the velocity of the liquid inside in the TLCDI. As shown in [30], the application
of Eq. 5 for design purposes is not straightforward since oy; is still unknown and implicitly depends on the equivalent
damping ratio {;, as detailed in Appendix C. Therefore, generally an iterative procedure is necessary. Specifically,
firstly the standard deviation of the liquid column velocity oy; is evaluated by fixing an arbitrary value of ;. Once
oy is evaluated and substituted into Eq. 5, it yields a new value of ¢;. This procedure is repeated iteratively until no
significant differences on ¢; emerge in two consecutive iterations. Clearly, once convergence is reached, the complete
statistics of the response processes can be computed. It is worth stressing that, in this manner, the evaluation of the
optimal parameters would involve a rather cumbersome numerical optimization procedure. Therefore, if a simple
analytical expression of the optimal design parameters is sought, some reasonable assumptions can be introduced as
outlined in the following.

3. Optimization procedure

Once the equations of motion are stated, the determination of the optimal TLCDI design parameters can be pursued.
As it can be seen in Eq. 3, in general there are seven main TLCDI parameters governing the response of the system,
that is: the inertance ratio f, the mass ratios y; and 6, the natural frequency w,, the damping ratio ¢, of the container,
the natural frequency w;, the equivalent damping ratio ¢; of the liquid and the length ratio @. Clearly, best control
performances can be obtained only appropriately chosing the aforementioned parameters. However, some of these
variables are often determined a priori due to structural constraints, such as y;, f, 6 and a.
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Optimal Design of Tuned Liquid Column Damper Inerter for vibration control

Therefore, only the design parameters ¢,, {;, @; and @, (or equivalently the so-called frequency ratios v, = w; /w;
and v, = w,/w,), are required to be appropriately chosen through an optimization procedure.

As usually done in the relevant literature for TLCDI-based control strategies, these parameters can be sought by
minimizing a specific quantity representative of the dynamic response of the structural system, such as the response
in terms of displacement or acceleration variance of the considered system. In this regard, the structural displacement
variance of the main SDOF structure is here employed as the objective of the optimization procedure. Specifically, the
response variance in terms of displacement can be expressed as

[Se]

2 2
0% =/|HXS (@) Gy do ©)
0

in which G, is the one-sided Power Spectral Density (PSD) of the white noise input and Hy (w) is the displacement
transfer function of the main structure in the equivalent linear system described by Egs. 3, defined as in Appendix A.

However, in this case, the mean-square responses need to be calculated numerically by means of algorithms which
might result cumbersome and time consuming in design phases [24-26]. Moreover, as far as the optimization of the
equivalent damping ratio {; is concerned, as previously stated in Section 2.1, an iterative procedure has to be pursued
since oy; is unknown and implicitly depends on ¢}, thus, the use of Eq. 5 for design purposes is not straightforward
[25, 30, 37, 42] (see Appendix C for details).

Therefore, in order to provide a tool to promptly compute the optimal TLCDI parameters, a direct analytical ap-
proach is proposed in the following section.

3.1. Approximate evaluation of the response variance

In order to determine the optimal design parameters of the TLCDI in a straightforward manner, a closed-form
solution in terms of steady state response statistics is proposed. In this regard, Eqs. 3 are recast in compact matrix
form as

MZ + CZ + KZ = -Mi%, 7

where Z = [ X, Y@® U® ]T is the vector collecting the displacement of the degrees of freedom, ¥ =
1 8 s

_ aiﬂ;—ﬁ—u,~ &2 p—p—py

M, C, and K are the mass matrix, the damping matrix and the stiffness matrix, respectively, particularized as

T
] is the location vector and the transpose operation is denoted with the apex T.

_ L+ u+B pw+pB any |
M= w+p w+p ap
a a 1
. 28,0, 0 0
C= 0 2C2602//l, 0 (8)
@ 0 0]
K=| 0 y,w% 0
0 0 o |

Since the input is modeled as a zero-mean stationary Gaussian white noise process, the corresponding Lyapunov
equation of the evolution of the covariance matrix [30] can be written as

2o () = DgZq () +Z¢ (1) D} +GsGg G,y ©)
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. T . . . .
where Q = [ 7 Z ] is the vector of the state variables, Z, (7) represents the covariance matrix given as

2 2 2 2 2 2
o o o 6% . ©6° . ©
X XY XU XX XY Xy Y
2 2 2 2 2’
o O (o o . (o3
Y Yu YX, YY YU
s 0-12/ ULZJX 6(215’ GiIU (10)
= s
© o o>, o
X, xy °xu
sym 62, o2
Y 2%
o
B v
while Dg and Gg are given as [43]
pg=| 2. B | g=|? (11)
-M~'K -M'C iy

with I3 a 3 x 3 identity matrix.

Solution of Eq. 9 gives the evolution of all the response statistics of the system in Egs. 3. However, since only the
steady-state variance must be computed, ZQ (#) can be equated to zero.

Further, with the aim of directly determining the optimal parameters, the analytical form of the structural displace-

ment variance Ug( is required and some additional approximations need to be introduced. Specifically, the approximate

behavior of an undamped SDOF structure can be assumed, as customary in many optimization procedures for passive
vibration control systems [20, 24]. Next, considering that the damping effect of the liquid is typically small [44], in
this phase the presence of the damping term is neglected [24]. Notably, in the following it will be shown how {; can
be estimated as a function of the optimal design parameters obtained hereinafter.

Overall, on this base, only the design parameters {,, v; and v, are required and introducing the aforementioned
assumptions into Eq. 9, after some algebra, the system displacement variance is derived in an analytical form as

2 zGy
oy = 12
Xs 4ZXSCO3 ( )
. . Ny .
in which zy = —£ with
S z
2
Ny = Guvpvi? [ + B+ u) (-1 4 v2)] (13)

Dy =v2 [y + B=1 + v + (=1 + VD) +v,2pv? [-3a* 12 + @ uu? + 4 6212 w3 =+ )+
=207y (=1 = 2787 1, + B(=2 + 487 1, + 1) + (=3 + 1 + 287G + 21,3 + 1)) + 207y (— 1+
A2+ 1)+ (=3 4 + AP0+ p)@ + D)) VP + (L )P+ ) + (L4 (=2 + pyt
O A+ ) + 26 (=14 i1+ 1+ 207 A+ ) L4V + v [ 1 = 2002 1 (B + i)+
+ @y B o+ 1) =207 P+ ) (24 BG + ) + G+ ) vid + @t (64 16+ 1) v+
@ (4 ) (54 Tp+ 207 + 202 + ) vi* + (4 B+ 1+ 1) (=1 + v

(14)

Taking into account Eq. 12, one may directly look for the minimum of the smooth function

b (Gaviv) = —— (15)

X

s

which is independent of Gy and of the natural frequency of the main system w,. In this regard, a sample of the function
Zx, (Cz, v v2) is shown in Fig. 2 for v, = 0.4.
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24

25
26 In general, an analytical expression for the minimum of ¢ (Cz, v, v2) could be obtained, solving the nonlinear

27 system of algebraic equations
28

29

30 0P (Cz, Vi, \/2)
31 06,

32 ¢ (&r, s v
33 M -0 (16b)
34 61/2

35 a¢ (é:z, Vl, V2)
36 v,

37

38 However, this procedure is often unfeasible, thus the minimum of ¢ (Cz, 178 v2) in Eq. 15 can be more easily found
39 through numerical minimization procedure, such as those already implemented in many software packages (see for
40 jnstance FindMinimum in Mathematica or fminsearch in MATLAB environment). In this way, Eq. 15 provides the

j; optimal design parameter values ¢,, v; and v,.

2131 3.2. Analytical expression of the optimal design parameters

45 Aiming at further reducing the computational complexity in a design phase of the TLCDI, an analytical expression
46 of the optimal design parameters can be achieved considering some additional assumptions. As it can be seen in

47 Egs. 13- 14, the function ag( in Eq. 12 depends on the mass ratios y; and p,. Since generally y; < 5% and y, < 1%,

48 solutions of Eq. 16 can be approximated by assuming that the third and higher powers of y;, u, and their products can
49 be neglected [3, 45]. In particular, under these assumptions, Egs. 16a- 16b can be directly solved, and the expressions
50 of ¥y 4, (v;) and fz’op,(v,) can be expressed as functions of v; as

0.1

0.09
0.08
0.07
0.06
0.05
0.04

0.03

=0 (16a)

=0 (16c)

51
52

53 V2.0p(V1) = VA/B a7
54

55

56 )

57 S op(v) =V C/D (18)
58

59 with

60

e A=v? (B =1+ u D1+ v +28(=1+ vy + (1 +2u) (=1 +v/2) + @y + p(— 1+ 19
62 +BaP i + 2 +3u) (-1 +v/D)]

63
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2
B=—2y, [(1 + A1+ B 422+ Pupvi® (-1 +v2) + a2 (2 =22+ 302 + 5 + 4ﬁ)v,4)] (20)

C=—[f@A+38)+ BB+ QL+ 8B)u, + (4+ 311+ 286 + p)u] vi> (-1 + v12)3 +
+atul [-1267 + @+ B+ 88, — B8+ 258, — aPuy (=1 +v/?) [487(B + 3u)+ 21
—(8u; + B8 + 664, + P21 +40u))v,> + (124, + B(12 + 584, + P(13 + 32u)v, "

D=-38uv?*(-1+v?) [a2ﬂ3,u, + A7 +2u) (-1 4+ \/12)2 +Q+9u) (-1 + v12)2 +
(22)
a2y (=94 11%2) + B (34 10u) (<1 +v2) + o (<104 7v2) )|

In Figs. 3a- 3b the approximated solutions of the optimal parameters v, ,,,(v;) and 52’01,,(\/,) in Egs. 17- 18, are
compared with those obtained numerically solving Eqs. 16a- 16b, respectively for several values of ;. As it emerges
from Fig. 3, it can be argued that the approximated solutions of the optimal parameters v, ,,.(v;) and 52,0111(‘/1) in
Egs. 17- 18 closely agree with the numerical solution of Egs. 16.

dr r 1.5 Y ’
+ Numerical solution (Eq.16) \ + Numerical solution (Eq.16)
3.5+ =001 Approximated solution (Eq.17) | Approximated solution (Eq.18)
4=0.01 « |.
o \\.
\ 1k | i s =001+
25t 0.03 \ \
S = S — | 5
e Q2 1y =00 b o
L [ Sy | =
1L5H ] A —
5 0.5+
1r/ i
0.5
L L L L L L 0 L 1 L 1 -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
1% 1]
(a) (b)

Figure 3: Approximated solutions versus numerical solutions of Eq. 16¢ for different values of y, {for «=0.9, 6 = 0.01,

$=03): (a) \72,opt(vl); {b) 52,01;1(‘/1)'

Moreover, Fig. 3 shows that the optimal parameters ¥, ,,,,,(v;) and 52,opt(vl) decrease for increasing values of y; with
an almost steady trend for 0.2 < v; < 0.8, suggesting that ¥, ,,,(v;) and fz’op,(v,) are almost independent of values of
v, in the range of practical interest.

Finally, optimal values of v; ,,, which minimize the smoth function ¢ (¢, 1, v) can be found by solving Eq. 16c.
In this regard, in Fig. 4, the trend of d¢ (CZ, vy, vz) /0v, is depicted. As it can be seen, this derivative is zero for the
optimal value of v; ,,, = 0.4331. Nonetheless, since a wide range of values of v; (0.2<v;<0.6) lead to values of
dp ({,’2, v, vz) /0v, close to zero, it can be concluded that small variations of v, in this range may just slightly affect the
achievement of the minimum.

Clearly, the expressions of ¥, ,,.(v;) and 52,01;1(‘/1) in Egs. 17- 18 can be substituted in Eq. 16c¢ to obtain a closed
form solution of v, ,,,. Since this approach leads to a rather unwieldy expression of v; , ., this formula is not reported
here for the sake of brevity.

However, in order to provide optimal values of v; ,,,, which can be directly used in a design phase, this procedure
can be also used to create immediately useful design charts for several values of y;, § @, and 6. Specifically, the charts
depicted in Fig. 14 show optimal values in terms of v; ,, for different values of § and ;. For instance, suppose that a
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Figure 4: 0¢ (Cz,v,,vz)/av, {for « = 0.9, y, =0.04, § =0.3, £, =0.01).
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Figure 5: Optimal design charts in terms of v, for several values of y;: (a) f=0.2and @ =0.8; (b) f=0.3 and a = 0.8.

length ratio @ = 0.8 is chosen, the inertance ratio § is equal to 0.3, the mass ratios given by structural constraints are
U;=3% and 6 = 1%, thus identifying the point A in Fig. 5b. This design chart directly provides the optimal parameters
Vi op= 0.4345. Additional design charts are provided in Appendix B for other values of § and 6.

Clearly, once the value of v; ,, is determined, Eq. 17 and Eq. 18 can be used for a straightforward determination of
the optimal TLCDI design parameters v, ,,,(v;) and fzyop,(v,). Finally, as far as the determination of the optimal head
loss coefficient is concerned, an estimate of éfop, can be found as described in Appendix C and in [31].

An overview of the methodology proposed in this study for the estimation of the optimal TLCDI paramters and
structural response statistics is illustrated in the flow chart in Fig. 6.

4. Investigation on the optimal design parameters

The main advantage of the proposed approach lies in the straightforward evaluation of the optimal design para-
menters. In order to show the accuracy of this proposed simplified approach, a comparison with the optimal values
obtained through a numerical iterative procedure is here performed. To this aim, a reference set of system parameters
has been selected, and in turn each one has been varied in a wide range of values. Specifically, the reference set of
parameters used is: w, = 47/3, a = 0.9, y; = 0.04, 6 = 0.01, § = 0.3, {, = 0.01 and G, = 0.002 [21, 22]. In this
respect, a genetic algorithm (GA procedure) [46] has been used to find those values of v; ., V5 o5 €3 5p and &, that
minimize the displacement variance of the complete nonlinear system in Eq. 2 adopting the SLT. In order to implement
this numerical minimization algorithm, some constraints for the sought TLCDI tuning variables have been applied in
terms of lower bound and upper bound vectors, LB = [V, 15 $o mins Vimins Emind a0d UB= [V 05 8o maxs Viomaxs Emax -
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Proposed Approach

Set parameters of main structure,
TLCDI and external excitation

.

Derive v;,,,, from design charts (Fig.5)
Find the value of {;
minimizing 6%, in Eq. A.6a
A
Calculate v, ., and 2 opt l
by means of the analytical solutions Compute 62 in Eq. A.6b
inEq. 17 and Eq. 18

!

Solve Eq. A.9 for the head loss
coefficient &,

!

Evaluate the response statistics
inEq. 6

Figure 6: Flow chart of the proposed approximate approach.

Specifically, LB = [0.01;0.01;0.1495;1] and UB = [3;1;0.4728;300] have been imposed, respectively, where Vi min
and v, ,,,, have been set by assuming reasonable values of the total liquid length L (a range between L,,;,=5m and
L,,..=50m). Boundary values of the head loss coefficient have been set on the basis of the prediction formula ex-
perimetally constructed by [28] to design conventional TLCDs with different area ratios of orifices and considering an
upper limit of ;=1 [31].

Note that, in this way, for each iteration of the GA optimization algorithm, an optimum value of £, is found and
the iterative SLT must be applied to evaluate the equivalent linear damping ratio ¢;. Therefore, in this case, a rather
elaborate numerical procedure must be implemented.

The optimal design parameters V; ., V3 ;. fz,ap, and fop, determined through the proposed direct approach have
been used to compute the displacement variance o-f( of the system as in Eq. 6. With reference to the previously defined

structural system, the optimal parameters obtained Sby the proposed approach are listed in Table 1. Results have then
been compared with the values obtained by the aforementioned complete numerical GA procedure.

Fig. 7 shows the results in terms of the normalized displacement variance of the SDOF-TLCDI equipped structure
£x, = ai / 0'3(0, where o-io is the displacement variance of the system without TLCDI. Note that this parameter
may repressent also a performance control index for the SDOF-TLCDI controlled structure, since lower values of £ x
indicate higher control efficacy of the TLCDI.

Specifically, in Fig. 7 the effects of the variation of the structural damping ratio {,, the input intensity G, the length
ratio a, the inertance ratio f and the mass ratios y; and 6 on the proposed formulation are shown. In Fig. 7c results
obtained by varying the length ratio @ are reported. As it can be observed, the differences between the normalized
variance obtained through the approximate formulation and by means of the numerical GA procedure are very low for
a <0.6 and become larger for greater values. However, even for a high value of a the error is always below 0.5%. From
Fig. 7e a similar trend can be observed for the effects of the variation of the mass ratio y; on the proposed formulation.
As it can be seen, for higher values of y;, the accuracy achieved by applying the proposed analytical solutions decreases.
However, it is worth noting that in the range of practical relevance, i.e. 1%<y;<5%, the maximum deviations are lower
than 1%. Compared to Fig. 7c and Fig. 7e, Fig. 7d shows a reverse effect on the normalized displacement variance & X,
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Table 1
Optimal TLCDI design parameters obtained by the proposed approach. Chosen reference set of parameters: a = 0.9,
u, =0.04, =03, § =0.01, G, = 0.002.

V[,opr V2,op1 é‘Z,npr éopt

0.6 0.4439 2.0416 0.6794 240.42
a 07 0.4408 2.032¢7 0.672 219.85
0.8 0.4372 2.0222 (0.6633 205.96
0.9 0.4331 2.0101 0.6533 196.57

0.02 04364 26086 0.8255 176.24
w, 003 04347 22532 0.7226 187.08
0.04 04331 20101 0.6533 196.57
0.05 0.4315 1.8302 0.6029 204.99

0.01 0.4331 20101 0.6533 196.57
6 002 04363 1.8432 (0.6137 192.43
0.03 04393 1.7134 (0.5842 188.59
0.04 0.4422 16086 0.5613 185.02

025 03997 1.8985 (0.558 245.93
p 030 04331 20101 0.6533 196.57
0.35 0.4642 21043 0.7463 160.19
0.40 0.4728 21849 (0.8398 151.44

for variations of the value of the inertance ratio f. For values of f less than 0.2 significant deviation can be observed,
however, again, the maximum percentage errors are lower than 2%. In conclusion, the performed parametric analyses
show that the response variances computed by the proposed approximated formulation clearly follow those obtained
through the GA procedure, with differences lower than 10 % in the range of practical interest of the parameters, thus
assessing the validity of the proposed direct approach.

Clearly, the above described procedure has been derived considering a white noise base excitation. Therefore,
further analysis are performed to show the reliability of the proposed approach in case of more generic broad-band
earthquake excitation. To this aim, the widely used Clough-Penzien power spectrum can be adopted as a more realistic
model of earthquake ground accelerations. This process is characterized by the following one-sided PSD [47, 48]

4 2.2 .2
o8 +4é’g W, ® w*

0
(a)g2 —w?)? + 4Cg2wg2w2 (a)f2 —w?)? + 4Cf2a)f2m2

Gy, (@) =G (23)

where G, is the constant white noise PSD, whose value is related to the bedrock peak ground acceleration, while

(cog,é’g,co s ¢ f) are filter parameters whose values depend on the different soil conditions [49]. Next, taking into

2

account Eq. 6, the corresponding displacement variance oy,

can be given as

2
oy =/|HXS @) Gy, (@) do 24)
0

where Hy (w) is given in Eq. A.2 in Appendix A.

In this manner, again a numerical optimization employing the GA procedure on Eq. 24 can be used to find the
optimal values of the design parameters (v, ., {5 o) also for this model. Once these optimized parameters are found,
the corresponding performance control index € y can be evaluated.

In this regard, values of € X, computed via the numerical-based procedure vis-a-vis pertinent values obtained using
optimal parameters provided by the proposed analytical approach are shown in Fig. 8 for a wide range of the structural
damping ratios .

As it can be seen in this figure, even assuming a non-white earthquake excitation the performance control index
Ex, obtained using the optimal values found by following the proposed approach (black dots) closely agrees with the
one obtained with the numerical solution (red dashed-dot line), also for different soil conditions (firm and soft soil).
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Figure 7: Main system normalized displacement variance: comparison between the numerical GA procedure (dot dashed
red line) and the proposed formulation (balck dots) for different parameters.

Therefore, since so small discrepancies are obtained between the two procedures in terms of control performance

parameter ¢ x , and considering the significant reduction in computational effort achieved, the proposed direct approach
can effectively be regarded as a powerful and reliable tool to be employed for the evaluation of the optimal design
parameters.
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Figure 8: Comparison of the performance control index ey in case of non-white excitation for different values of:the
structural damping ratios {,. Analytical based solution (black dots) vis-3-vis numerical complete solution (red dashed-dot
line).

5. Analysis of the control performance

The above proposed optimization procedure has been derived considering a white noise base excitation, thus lead-
ing to the simplified analytical expressions in Eqs. 17- 18 for the TLCDI optimal parameters. To show the reliability
of the proposed approach considering also the non-stationary nature of real earthquake ground motions, in this section
the control performance of the SDOF system equipped with a TLCDI device is examined. In this regard, note that
the proposed procedure, summarized in Fig. 6, has been adopted to determine the optimal TLCDI parameters. Fur-
ther, time-history analyses have been carried out using selected real earthquake records, and the effectiveness of the
procedure has been assessed for different types of structures.

Specifically, the Imperial Valley (USA, 09/15/1979) (Fig. 9a) and Kobe (Japan, 17/01/1995) (Fig. 9b) recorded
earthquakes, taken among the 44 recorded ground motions of the FEMAP695 far-field (FEMAP695) set [50], have been
used as base accelerations. Note that these earthquakes records present quite different characteristics. Specifically, the
latter has high impulsive content in the first instants of motion, which is known to be detrimental for the efficiency of
the control system.

1\\: ' h Y”‘ Ay
H

Ground acceleration [m/s”)
- = — [
———

e
1

8
-}
5.1

L L s L L L . L L | 2 . L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time [s] Time [s)

(@ (b)
Figure 9: Earthquake records: (a) Imperial Valley (USA, 09/15/1979); {b) Kobe (Japan, 17/01/1995).

To properly account for the nonlinear features of the system with TLCDI device, direct numerical solution of the
pertinent equation of motions of the complete systems (Eqgs. 1) has been performed using a 4th order Runge-Kutta
algorithm. The seismic response of the uncontrolled system has been compared with the same systems equipped with
the proposed TLCDI and traditional TLCD.
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The liquid inside the TLCDI and TLCD container is assumed to be water (p = 997kg/m>), assuming a value of the
mass ratio y; of 4% for both devices and the length ratio « is set to 0.9 [25]. The TLCDI inertance ratio f is assumed
to be equal to 0.3 and the value of the mass ratio of the water tank 6 is fixed to 1% [25].

Two benchmark structures, denoted as "Structure 1" and "Structure 2", have been considered for the numerical
analyses. Structure 1 is characterized by a natural frequency w, = 4x /3 and damping ratio {; = 0.01, while Structure
2 by a frequency w;, = 2w, and the same damping ratio. The TLCDI optimal parameters have been obtained by the
proposed simplified approach, while the TLCD optimal parameters by applying the optimization procedure discussed
in [30]. The optimal parameters obtained by means of the the proposed procedure are: v, ,,, = 0.4331, ¥, ,,, = 2.0101,
& om = 0.6533 and ,,, = 196.57 for Structure 1, and ¥, = 0.2364, ¥, ,,, = 1.9964, &, ,,, = 0.6902 and §,,, =
266.768 for Structure 2, respectively.

T T 2 T T T T T T T T T
SDOF SDOF

04 SDOF + TLCD 0.15 SDOF + TLCD
SDOF + TLCDI ) SDOF + TLCDI

’ 'Ir-‘ﬂ* ylam@lm : '\k g

Structural displacement [m]

L L L L L L L L . : : s L s L L s L |
] 10 20 30 40 S0 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time [s] Time [s]

() (b)

Figure 10: Response in terms of structural displacements to the Imperial Valley earthquake: {a) Structure 1; (b) Structure
2; SDOF system with TLCDI - red dashed line; SDOF system with TLCD - blue dot-dashed line; uncontrolled SDOF
system — black line.

T v T T T T T T T T Y
SDOF SDOF
8t SDOF + TLCD SDOF + TLCD
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Figure 11: Response in terms of absolute accelerations to the Imperial Valley earthquake: (a) Structure 1; (b) Structure 2;
SDOF system with TLCDI - red dashed line; SDOF system with TLCD - blue dot-dashed line; uncontrolled SDOF system
— black line.

Figs. 10a- 10b show the displacement responses of both structures, with the proposed TLCDI, the traditional TLCD
and without any devices, and subjected to the Imperial Valley earthquake record. As it can be seen, the TLCDI device
is particularly effective in reducing the displacement, with a clear reduction of the peak displacement. Moreover, as
it can be seen, the difference in frequency between the two structures does not affect the control performance. The
time histories of the absolute acceleration responses of the two structural typologies are also presented in Figs. 11a-
11b, respectively. Once again, the best mitigation effect is achieved by the system controlled with the TLCDI. Similar
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results can be observed for the Kobe earthquake (Fig. 12- 13). Note that, also for this particular case of impulsive
ground motion, the use of the TLCDI improves appreciably the performance control of the system.

The peak responses based on the time histories of the responses of the structures shown in Figs. 10- 13, are listed
in Table 2 for the Structure 1 and in Table 3 for the Structure 2. As it can be read from Table 3, the best performance
of the TLCDI-controlled systems is observed for Structure 2 subjected to the Imperial Valley record, with a reduction
of 64% for the structural displacement response and 69% on the peak acceleration. Furthermore, in the worst-case
scenario, the peak of displacement of Structure 2 (i.e. 0.1183 m) for the Kobe earthquake can be reduced of 52% when
the TLCDI is applied against the reduction of 13% when the TLCD is used. Based on the overall consideration of these
results, TLCDI is more effective in reducing the peak responses than the TLCD.

On this base, it can be argued that, although being developed assuming a white noise base excitation, the pro-
posed analytical solution yields optimal design parameters that lead to satisfactory control performances also for real
earthquake records.
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Figure 12: Response in terms of structural displacements to the Kobe earthquake: (a) Structure 1; (b) Structure 2; SDOF

system with TLCDI - red dashed line; SDOF system with TLCD - blue dot-dashed line; uncontrolled SDOF system — black
line.
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Figure 13: Response in terms of absolute accelerations to the Kobe earthquake: {a) Structure 1; {b) Structure 2; SDOF
system with TLCDI - red dashed line; SDOF system with TLCD - blue dot-dashed line; uncontrolled SDOF system — black
line.
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Table 2

Optimal Design of Tuned Liquid Column Damper Inerter for vibration control

Maximum values of the responses of the SDOF system {Structure 1) and of the SDOF system coupled with TLCDI.

Excitation: Imperial Valley record
Case Max structural displacement  Max structural acceleration
max|x(t)| [m] max|a(t)|[m/s%]
SDOF 0.4316 9.7643
SDOF+TLCD 0.3715 6.2035
SDOF+TLCDI 0.1622 2.9517
Excitation: Kobe record
SDOF 0.1986 4.5919
SDOF+TLCD 0.1613 2.7066
SDOF+TLCDI 0.0744 1.5197
Table 3
Maximum values of the responses of the SDOF system {Structure 2) and of the SDOF system coupled with TLCDI.
Excitation: Imperial Valley record
Case Max structural displacement  Max structural acceleration
max|x,(0)] [m] max|a(t)|(m/s]
SDOF 0.1820 14.7016
SDOF+TLCD 0.1103 7.5731
SDOF+TLCDI 0.0662 4.8814
Excitation: Kobe record
SDOF 0.1183 9.4129
SDOF+TLCD 0.1027 6.9973
SDOF+TLCDI 0.0562 4.3876
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6. Concluding remarks

In this paper, the optimization and pertinent control performances of the TLCDI passive control device, recently
introduced in the literature, have been investigated for reducing the structural response of a SDOF structure under
seismic base excitations. The additional inerter mechanism in the TLCDI greatly enhances the efficiency of the classical
TLCD, making the TLCDI an appealing lightweight control device with outperforming control performances compared
to conventional TLCDs.

An optimal design of the TLCDI through closed form solutions and useful design charts has been proposed by
considering a Gaussian white noise model of the base excitation and minimizing the structural displacement variance
of the system, resorting to the tool of the Statistical Linearization Technique.

In order to prove the reliability of the proposed approach, comparison with a rather elaborate numerical optimiza-
tion procedure has been performed for both white noise and broad-band earthquake excitation to take into account
additional features of the seismic excitation.

Results show a satisfactory agreement in terms of control performances between the proposed analytical approach
and the numerical one. Note that the use of analytical expressions and ready-to-use design charts provided by the
proposed straightforward procedure leads to a significant reduction in computational effort.

Moreover, to show the influence of the non-stationary nature of real earthquakes, the seismic response of two
types of SDOF systems, characterized by different frequencies and equipped with a TLCDI device, has been examined
under different recorded ground motion accelerations. Comparisons with the uncontrolled systems and the systems
equipped with the classical TLCD have been carried out. Both TLCD and TLCDI device can efficiently control the
earthquake-induced displacement and absolute acceleration responses of the primary SDOF structure. However, results
indicate that the TLCDI presents significantly enhanced control performances with respect to the TLCD in all the cases.
Specifically, time history analyses show that the TLCDI device, designed by employing the proposed approach, can
lead to a 64% reduction on the peak displacement and 69% on the peak acceleration, with respect to the case of the
structure without TLCDI.

Overall, results of the performed analyses have clearly assessed the reliability of the proposed optimization proce-
dure even for non-stationary broad-band base excitations, proving that the TLCDI can be regarded as a lightweight-
based control means to achieve an improved control performance.
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Appendix A

In this appendix the displacement transfer functions of the equivalent linear system in Eq. 3 are presented. In this

respect, making the Fourier transform of Eq. 3, yields

X () [—(1 + o+ S)w? + 2iww S, + a)sz] = (p; + 5w?Y (w) — auU(w) =
=—(1+ p)X, (o)

Y (w) [7(/4, + 8)w? + 2iwwyCop, + ,u,wzz] - w? (/4, + 5) X, (@) — ap0’U(w) =

U(w) [—a)2 + 2iww;§; + co,2] - cozaXS(a)) — o*aY (@) = —an(w)

(A1)

Therefore, the main structure displacement transfer function (H X, (@) =X, (w) /X ¢ (w)) can be written as

b(@)c(@)(1+u,)+[b(@)a® uy+c(@)p, (4 +8)| @ +a2 py (—1+p,+6)oo*

Hy (0) = 2.2 2| w202 6
—a(w)b(w)c(w)+ [(a((u)+b(cu)) a? py+c(w)(p+6) ]w +202 py (py+8)w

(A2)

while the container displacement and liquid column transfer functions (Hy (w) = Y (@) /X ¢ () and Hy () =

U (w) / X, (w)) respectively are

Hy (@) = Hy () a(a})c(w)y,+[a(w)a2;4,+c(a))(1+;4,)(;4,+¢2)]a)2+a2;4,(1+;4,+5)a)4
T b@)e(@) (14 )+ () wre@dp (u+6)° |2 +202 (1 +p+8)t
(A3)
Hy (@) = 2= [—1 + 0 Hy (o) +w?Hy (a))]
with

a(®) = —(1 + p, + 6)* + 2ivw{, + v, (A.4a)
b(®) = —(p, + )0 + 2iww, oy, + u,w5> (A.4b)
¢ (®) = —0° + 2iw {w; + o,? (A.4c)
These parameters can be directly used to evaluate the statistics of the equivalent linear system in Eq. 3, necessary

for the iterative SLT. It is worth noting that once the closed-form expression for these transfer functions have been
computed, the response statistics in terms of container displacement and liquid displacement can be immediately

determined numerically solving the following equations:

o0
a§=/|HY (@)|*Gy dw,
0

o0
a§,=/|HU (@)’ Gy dw
0

(A.52)

(A.5b)
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Appendix B

In order to propose an effective and direct tool for pre-designing TLCDI devices, additional charts are provided
in this Appendix. In paricular, some design charts, reporting optimal values directly in terms of v, ,,, are depicted in
Fig. 14, based on Eq. 17 and Eq. 18. The design charts, have been evaluated for a=0.6 and @=0.9 for different values
of mass ratio y; and inertance ratio f.
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Figure 14: Optimal design charts in terms of v, for several values of y;: {(a) f =03 and a = 0.6; (b) f =0.3 and a = 0.9;
{c) f=02and a=0.6; (d) p=02 and a =0.9;(¢) p=0.1 and « = 0.6; {f) #=0.1 and a =0.9.
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Appendix C

As far as the estimation of the head loss coefficient is concerned, according to the anlysis developed in [31] for
TLCD-controlled SDOF structures, an indicative value can be obtained by firstly considering the main system dis-
placement and the fluid velocity variances of the SDOF structure with classical TLCD, which can be expressed as:

2 = Gy (A.6a)
s 4zZy @l
2 H'GO
- = A.6b
O-U 4ZUG)[ ( )
where Zy and Z;; depend on both v; and ¢; and have the following expressions
Nz
Fy = —, (A.72)
s DZXS
Nz
By = — (A.7b)
Dy,

The numerator N, and denominator D, of Zy and D Zy of Z;; are given by:
s s s

Nz, =&+ G (462 + o) v+ 26,6 26 + oy + QG = DA+ pp]vi? + ¢ [0y + 467 (1+ )] v+
+4G(1+ /4/)2"14

Dz, =G(1+m =) + & [atud + 4 (1 )| v+ G (1L )[4 + 302, + (47 = 2) (1+ )] v+
+¢,(1 +ﬂ1)2 [@? +4C,2 (T+u)|vP+¢(1+ /41)4"14

DZU =a2 [gy+€l (1 +#/+4C82) V/ +4§3V12:|
(A8)

By minimizing Eq. A.6a considering the input structural parameters and the optimal value v; ,,, obtained by means of
the proposed procedure, the optimal value of the equivalent damping ratio ¢; can be obtained. Next, by setting this
value in Eq. A.6b, the fluid velocity variance can be computed so that the value of £,,, can be evaluated from Eq. 5 as

gopt = 2L§lvla)s\/ % (A.9)

It is worth noting that, if a classical procedure is used to define the equivalent damping ratio {;, a time-consuming
iterative scheme has to be set up. Conversely, following the herein proposed approach, the evaluation of the optimal
values can be obtained by means of a numerical minimization of a smooth function (Eq. A.6a), without any iteration,
thus resulting in a significant reduction in computational effort.
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