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Abstract. In a previous paper, we began our analysis on the role of non-self-adjoint Hamiltonians in connection with the
Heisenberg dynamics for quantum systems. Here, motivated by the growing interest on this topic and on some recent results
on dynamical systems, we continue this analysis focusing on what we believe is an unexplored (or, at least, not so explored!
aspect of Heisenberg dynamics, related to the need for using vectors which are brute-force normalized. Our main interest is
on conserved quantities and on conditions which guarantee that some observables of the system, or their mean values, do
not evolve in time.
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1. Introduction

The relevance of non-Hermitian1 Hamiltonians (or, more generally, non-Hermitian observables) in quan-
tum mechanics is nowadays out of discussion. Their role for some physical systems is essential, and the
mathematical consequences of their presence produce quite interesting and highly non-trivial results.
Some relevant monographs and edited books on several aspects of these observables are [1–6]

In this paper, we will focus on a very special aspect of non-Hermitian Hamiltonians: the Heisenberg
dynamics generated by some H �= H†, on the same lines as our original analysis, began in [7–9], where we
considered some aspects of this dynamics, showing in particular, [9], the kind of technical problems that
arise when H �= H†, since the time evolution of the product of two observables X and Y , (XY )(t), is in
general different from X(t)Y (t). In [9], we have also proposed a possible definition of what a symmetry
and an integral of motion should be for a system S driven by some H �= H†. This particular aspect is
rather important and was already considered by different authors, see [10–15] for instance, but in [9] we
proposed some systematic approach to the problem.

In a different context, that of dynamical systems and decision making, in an older paper, [16], in the
attempt to describe a one-directional dynamics, we have proposed some very simple dynamical systems
driven by non-Hermitian Hamiltonians where, in some unexpected way, conserved quantities are found.
These conserved quantities are the mean values of certain global number operators relevant for the analysis
of the system S computed not on the time-evoluted wave function Ψ(t) of S, but on its normalized
version, Ψ̂(t) = Ψ(t)

‖Ψ(t)‖ . The reason for this choice, [12,14,17], is that when H �= H†, the norm of the
wave function of S is not preserved in time, if we use Ψ(t) = e−iHtΨ(0), so that it can easily happen
that ‖Ψ(t)‖ explodes or goes to zero with t. In some situations, this is exactly what we expect, but in
other cases this is something we want to avoid. And a way to avoid this behavior is to replace Ψ(t) with
Ψ̂(t). This replacement changes quite a bit also the mathematics of the problem, and this is indeed what
we will discuss in this paper, both proposing some general results and describing a concrete example,
borrowed from [16].

1In this paper, we will use Hermitian and self-adjoint as sinonimous terms.
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The paper is organized as follows:
In the next section, we introduce the notation and list some preliminary results, most of them already

deduced in [9].
Then, in Sect. 3, we discuss what happens when Ψ(t) is replaced by Ψ̂(t), both at the level of

Schrödinger and of Heisenberg dynamics. In particular, we focus on the existence of conserved quan-
tities. We will see that several differences arise with respect to what happens when using Ψ(t). Hence,
normalization is not a trivial procedure for us.

In Sect. 4, we discuss an example coming from Decision Making, [16], and we show that what was
found in [16] fits well in the results of Sect. 3.

Section 5 contains our conclusions and plans for the future.

2. Preliminaries

In this section, we will introduce first the mathematical settings we work with along this paper, and then,
we will briefly resume some of our previous results in [9].

2.1. The mathematical settings

Let H be an Hilbert space, with dim(H) = N < ∞, with scalar product 〈·, ·〉 and associated norm ‖ · ‖,
where ‖f‖ =

√〈f, f〉, ∀f ∈ H. As usual we have 〈f, g〉 =
∑N

k=1 fk gk, f, g ∈ H. The scalar product is
also linked to the conjugation † defined as 〈X†f, g〉 = 〈f,Xg〉, ∀f, g ∈ H. Here X is an operator on H
which, in our particular case, is a square matrix of dimension N × N . More in general, also in view of
future extensions to infinite-dimensional Hilbert spaces, we could say that X ∈ B(H), the C∗-algebra of
all bounded operators on H, [18]. In doing this, the dimensionality of H could also be infinite.

The main ingredient of our analysis is an operator (i.e., a matrix) H, acting on H = C
N , with

H �= H†. We assume for simplicity (but this does not affect our conclusions) that H has exactly N
distinct eigenvalues En, n = 1, 2, . . . , N . Here, the adjoint H† of H is the usual one, i.e., the complex
conjugate of the transpose of the matrix H.

Other than being all different, we will also assume that En ∈ R, n = 1, 2, , . . . , N . This is more
important since, in this way, we can check that H and H† are isospectral and, as such, they admit an
intertwining operator X such that XH = H†X. This isospectrality is lost if even only one eigenvalue
of H is complex. This situation has been considered, for instance, in [7,8], to which we refer for more
details.

The N distinct real eigenvalues of H correspond to N distinct eigenvectors ϕk, k = 1, 2, . . . , N :

Hϕk = Ekϕk. (2.1)

The set Fϕ = {ϕk, k = 1, 2, . . . , N} is a basis for H, since the eigenvalues are all different. Then, an
unique biorthogonal basis of H, FΨ = {Ψk, k = 1, 2, . . . , N}, surely exists, [19,20]: 〈ϕk,Ψl〉 = δk,l, for all
k, l. Moreover, for all f ∈ H, we can write f =

∑N
k=1 〈ϕk, f〉 Ψk =

∑N
k=1 〈Ψk, f〉 ϕk. We know that the

vectors in FΨ are eigenstates of H† with eigenvalues Ek, see, e.g., [7]:

H†Ψk = EkΨk, (2.2)

k = 0, 1, 2, . . . , N .
Using the bra-ket notation, we can write

∑N
k=0 |ϕk 〉〈 Ψk| =

∑N
k=0 |Ψk 〉〈 ϕk| = 11, where, for all

f, g, h ∈ H, we define (|f 〉〈 g|)h := 〈g, h〉 f , and 11 is the identity operator on H. We introduce the
operators Sϕ =

∑N
k=0 |ϕk 〉〈 ϕk| and SΨ =

∑N
k=0 |Ψk 〉〈 Ψk|, as in [21]. These are bounded positive,

self-adjoint, invertible operators, one the inverse of the other: SΨ = S−1
ϕ . They are often called metric
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operators, since they can be used to define new scalar products in H. This aspect will not be discussed
here, since it is not relevant for us. We refer to [9] for some results in this direction. Moreover,

SϕΨn = ϕn, SΨϕn = Ψn, as well as SΨH = H†SΨ, SϕH† = HSϕ. (2.3)

Many other details are discussed in [6,7,9,21].

2.2. Some previous results

Here what is relevant for us is to introduce the Heisenberg-like dynamics we will consider next and discuss
its properties. To fix the ideas, we consider the Schrödinger equation iΨ̇(t) = HΨ(t) as the starting point
of our analysis. Hence, we introduce a map γt on B(H) as follows:

〈ϕ(t),Xψ(t)〉 = 〈ϕ0, γ
t(X)ψ0〉, (2.4)

where ϕ(t) and ψ(t) both obey the Schrödinger equation, with initial values ϕ(0) = ϕ0 and ψ(0) = ψ0.
Then, we have

γt(X) = eiH†tXe−iHt. (2.5)
This is what we have called γ-dynamics in [9]. It is clear that, ∀X ∈ B(H), γt(X) ∈ B(H) as well, ∀t ∈ R.
It is also clear that, if H = H†, then γt(X) = eiHtXe−iHt, which is exactly the standard Heisenberg
dynamics for a self-adjoint Hamiltonian.

For self-adjoint Hamiltonians, many results are well known. Indeed, let us consider an operator H0 =
H†

0 , independent on time and such that H0 ∈ B(H), and let us call

αt
0(X) = eiH0tXe−iH0t, (2.6)

X ∈ B(H). Then, we have:
1. αt

0(11) = 11, ∀t ∈ R, where 11 is the identity operator on H. Hence, αt
0 preserves the identity operator.

2. αt
0(XY ) = αt

0(X)αt
0(Y ), ∀X,Y ∈ B(H): αt

0 is an automorphism of B(H).
3. αt

0 preserves the adjoint: αt
0(X

†) = (αt
0(X))†, ∀X ∈ B(H).

4. αt
0 is norm continuous: if {Xn} converges in the norm of B(H) to X, ‖Xn − X‖ → 0 for n → ∞,

then ‖αt
0(Xn) − αt

0(X)‖ → 0 in the same limit.
5. if Z ∈ B(H) commutes with H0, [H0, Z] = 0, then αt

0(Z) = Z, ∀t ∈ R: all the operators commuting
with H0 are constant of motion.

6. if we introduce δ0(X) = limt,0
αt

0(X)−X
t , the limit to be understood in the norm of B(H), then δ0 is

a *-derivation: (i) δ0(X†) = (δ0(X))†, and (ii) δ0(XY ) = Xδ0(Y ) + δ0(X)Y , ∀X,Y ∈ B(H).
7. The series

∑∞
k=0

tkδk
0 (X)
k! is norm convergent to αt

0(X) for all X ∈ B(H). Here δk
0 (X) is defined

recursively as follows: δ0
0(X) = X, and δk

0 (X) = δ0(δk−1
0 (X)), k ≥ 1.

Some of these properties of αt
0 can be extended to γt, but some other cannot. The proofs and the details

of our claims below can be found in [9]. We start recalling that γt(XY ) = γt(X)γt(Y ), ∀X,Y ∈ B(H) if
and only if γt(11) = 11. Then, γt can be an automorphism only if the identity operator does not evolve in
time (with respect to γt). Moreover, γt(11) = 11 only if H = H†. Hence, γt is an automorphism of B(H)
only for self-adjoint H. There is no way out.

Next, the norm continuity of γt is a consequence of the fact that H ∈ B(H). Indeed in this case, since
‖H‖ < ∞, the series

∑∞
k=0

1
k! (iHt)k is norm convergent for all t ∈ R, and this allows us to conclude that

‖e±iHt‖ ≤ e|t|‖H‖, ‖e±iH†t‖ ≤ e|t|‖H‖,

∀t ∈ R. Hence, if ‖Xn − X‖ → 0 for n → ∞, it easily follows that ‖γt(Xn) − γt(X)‖ → 0, for n → ∞.
Pushing forward our parallel between αt

0 and γt, we now define a map δγ : B(H) → B(H) as follows:

δγ(X) = ‖.‖ − lim
t,0

γt(X) − X

t
= i

(
H†X − XH

)
, (2.7)
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X ∈ B(H), where the last result follows from the continuity of H, H†, and of their exponentials. Notice
that δγ(X) ∈ B(H). This is what we call γ-derivation, which is inner, [9]: it exists H ∈ B(H) which,
together with H†, represents δγ as a generalized commutator.

We know that δγ(X†) = (δγ(X))†, ∀X ∈ B(H), and δγ is norm-continuous, since ‖δγ(Xn)−δγ(X)‖ ≤
2‖H‖‖Xn − X‖ → 0, for any sequence {Xn} norm convergent to X. Also, putting δ0

γ(X) = X and

δk
γ(X) = δγ(δk−1

γ (X)), k ≥ 1, we know that the series
∑∞

k=0

tkδk
γ(X)

k! is norm convergent to γt(X), for all
X ∈ B(H). This, in particular, is the counterpart of the claim in 7 in the list above of the results for H0.
Another interesting result, which extends our previous claim, is the following:

Proposition 1. The following statements are equivalent: 1) δγ is a *-derivation; 2) δγ(11) = 0; 3) H = H†;
4) γt(11) = 11; 5) γt(XY ) = γt(X)γt(Y ), ∀X,Y ∈ B(H).

The main content of this proposition is that γt cannot be an automorphism of B(H) if any of the
above properties (and therefore all) is violated. Again, the fact that the identity operator is stable under
time evolution looks crucial. We refer to [9] for a very minimal and illustrative example of the kind of
problems which naturally arise when H �= H†: simple dynamical systems cannot be solved easily since
the time evolution of products of variables is not, in general, the product of the time evolution of the
same variables. This creates a lot of unpleasant consequences, when one tries to find a closed system of
differential equations to solve.

Within the contest considered here, in [9] we have also proved the following result, related to the
possibility of having conserved quantities:

Proposition 2. Let X ∈ B(H). The following statements are all equivalent: 1) H†X = XH; 2) δγ(X) = 0;
3) γt(X) = X. When X satisfies these conditions, X is called a γ-symmetry.

It is easy to construct, out of a γ-symmetry X, a set of other γ-symmetries: if X satisfies H†X = XH,
then the new operator XH := XH, which is different from H, in general, also satisfies an intertwining
relation of the same kind: H†XH = XHH. Indeed, we have

H†XH = H†XH = XHH = XHH,

so that δγ(XH) = 0 and γt(XH) = XH . Hence, XH is also an integral of motion. Of course, we can repeat
the procedure by defining next XH2 = XHH = XH2 and deduce that XH2 is also a γ-symmetry. And so
on. Not all these operators need to be different: for some k and l it might happen that XHk = XHl , even
if k �= l. Moreover, if dim(H) = N < ∞, as it is the case all throughout this paper, not all the XHk are
independent. This is because HN can be written as a linear combination of H0, H1, . . ., HN−1, because
of the Hamilton–Cayley theorem, [22].

In view of what we have seen here, and in particular the role of γt(11), it is interesting to investigate
a bit more the role of the time evolution of the identity operator when H �= H†. Let us put

I11(t) = ‖Ψ(t)‖2 = 〈Ψ(t), 11Ψ(t)〉 = 〈Ψ(0), γt(11)Ψ(0)〉, (2.8)

where we have used Ψ(t) = e−iHtΨ(0). It is easy to check that
d

dt
I11(t) = i〈Ψ(t), (H† − H)Ψ(t)〉. (2.9)

This implies that, if H = H†, then Ψ(t) is normalized in time, as expected: ‖Ψ(t)‖ = ‖Ψ(0)‖ = 1, if
Ψ(0) was chosen to be normalized. However, the opposite implication is false. We can only prove that, if
d
dtI11(t) = 0 for all vectors Ψ(t), then all the eigenvalues of H must be real. Indeed, let us suppose this is
not so, and that for some l we have Hϕl = Elϕl, with �(El) �= 0. Hence, if we take Ψ(0) = ϕl, we would
have

I11(t) = 〈e−iHtϕl, e
−iHtϕl〉 = ei(El−El)t‖ϕl‖2,

which is surely dependent on time because of our assumption on �(El), contrarily to what expected.
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Of course, this does not necessarily imply that H = H†. For instance, if H is similar to a self-adjoint
Hamiltonian H0, i.e., if it exists an invertible operator R, not unitary (to avoid trivial situations) such
that H = RH0R

−1, then simple computations show that, if [H0, R
†R] = 0, we still have

eiH†te−iHt = 11, ⇒ I11(t) = I11(0),

for any possible choice of Ψ(0).

Remark. It may be useful to remind that, in the presence of non-self-adjoint Hamiltonians, sometimes it
could be useful to change the scalar product and, consequently, the explicit form of the adjoint. In fact,
when doing this, it is possible in some specific cases to recover self-adjointness of the Hamiltonian (or of
other observables of the system). In other words, an operator, which is not self-adjoint with respect to
a scalar product in a Hilbert space, could be self-adjoint with respect to a different scalar product. This
situation is not particularly interesting for us here, since in this way we should go back to something
essentially equivalent to αt

0 above for which almost everything is known. Moreover, [13], it is known
that changing scalar product (even for finite-dimensional Hilbert spaces) is not always a good choice,
in particular when the Hamiltonian H has some complex eigenvalue. In this case, there exists no scalar
product which transforms H into a self-adjoint operator.

3. The nonlinear Hamiltonian

In this section, we focus on a slightly different situation, closer to what considered in [7,8,10,14] for
instance, in which that mean values which are interesting for us are not, as in Eq. (2.8), of the form
〈Ψ(t),XΨ(t)〉 but, rather, of the form 〈Ψ̂(t),XΨ̂(t)〉, where Ψ̂(t) is the normalized version of Ψ(t),
Ψ̂(t) = Ψ(t)

‖Ψ(t)‖ . As already mentioned in the Introduction, the reason for this interest is based not only
on what discussed in the cited papers, but also on our explicit results in [16]. We refer to Sect. 4 for
a full analysis of this particular case: we will see that the model proposed in [16] is indeed an explicit
non-trivial realization of what we will discuss in this section.

Remark. It is surely worth noticing that, in our case, Ψ(t) �= 0 for sure for all t, at least if Ψ(0) �= 0. And,
therefore, ‖Ψ(t)‖ > 0 for all t, so that Ψ̂(t) is well defined for all time. This is a consequence of the fact
that, in our framework, e−iHt is invertible (even if no longer unitary, since H �= H†) with bounded inverse
eiHt. Therefore, if we assume that Ψ(t0) = 0 for some t0, we should have 0 = eiHt0Ψ(t0) = Ψ(0) �= 0,
which is a contradiction.

Our first scope here is to find the differential equation for Ψ̂(t), assuming that Ψ(t) obeys the
Schrödinger equation iΨ̇(t) = HΨ(t), where H �= H†, in general, and it does not depend explicitly
on time. It is easy to deduce the following differential equation for Ψ̂(t):

i
d

dt
Ψ̂(t) = Hnl(t)Ψ̂(t), where Hnl(t) = H +

1
2
〈Ψ̂(t), (H† − H)Ψ̂(t)〉. (3.1)

Here “nl” in Hnl stands for nonlinear, for obvious reasons. We notice that the original Hamiltonian H
for Ψ(t) has to be replaced with another operator which is not only nonlinear, but it is also explicitly
time-dependent, in general. Of course, if H = H†, then Hnl(t) collapses into H. It is interesting (but
apparently not so useful) to observe that

Hnl(t) + H†
nl(t) = H + H†, (3.2)

which is self-adjoint and time-independent, independently of the details of the system, i.e., on the explicit
form of H and of the initial condition Ψ(0).
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Let us consider a certain observable X of the physical system S. For us, this is a self-adjoint bounded
operator on H, X = X† and X ∈ B(H). Notice that X = X† is more an emotional request than
something essential, considered the fact that we are not assuming this equality even for the Hamiltonian,
which is usually considered as the most important observable of S. Moreover, the fact that X ∈ B(H) is
automatic here, since dim(H) < ∞, which should be really required if dim(H) = ∞, situation which will
be considered in a future paper and which requires a very delicate mathematical approach.2 The main
object of the analysis in this and in the next section is the mean value of X on the state Ψ̂(t):

xΨ̂(t) = 〈Ψ̂(t),XΨ̂(t)〉. (3.3)

Using Eq. (3.1), we find that

dxΨ̂(t)
dt

= i〈Ψ̂(t),
(
H†

nl(t)X − XHnl(t)
)

Ψ̂(t)〉 = 〈Ψ̂(t), δΨ̂(X; t)Ψ̂(t)〉, (3.4)

where we have introduced, in analogy with δγ in Sect. 2.2,

δΨ̂(X; t) = i
(
H†

nl(t)X − XHnl(t)
)

= δγ(X) − iX〈Ψ̂(t), (H† − H)Ψ̂(t)〉. (3.5)

We observe that δΨ̂(X; t) depends, in general, explicitly on time, while δγ(X) does not. This is due, of
course, to the presence of Ψ̂(t) in the right-hand side of formula Eq. (3.5). This contribution disappears
if H = H†. In this case, we would get δΨ̂(X; t) = δγ(X), ∀t ∈ R, and δγ is a *-derivation: Proposition 1
applies.

When we compare what with have deduced here with the results in Sect. 2.2, we easily understand
that δΨ̂(.; t) is now the major object of our analysis. We start here by defining the following subsets of
B(H):

Cγ(H) = {A ∈ B(H) : δγ(X) = 0}, CΨ̂(H) = {A ∈ B(H) : δΨ̂(X; t) = 0}
and

Cw
Ψ̂

(H) = {A ∈ B(H) : 〈Ψ̂(t), δΨ̂(X; t)Ψ̂(t)〉 = 0},

where Ψ̂(t) is the same as above: Ψ̂(t) = Ψ(t)
‖Ψ(t)‖ , and Ψ(t) is a solution of iΨ̇(t) = HΨ(t). It is clear that

the set Cγ(H), which is the set of all the operators we have called γ-symmetries in Sect. 2.2, is not a
subset of neither CΨ̂(H) nor Cw

Ψ̂
(H), in general. In fact, let us fix an element X ∈ Cγ(H). Then, using

Eq. (3.5), δΨ̂(X; t) = −iX〈Ψ̂(t), (H† − H)Ψ̂(t)〉. Taking the mean value of this equality on Ψ̂(t), after
some manipulation, we deduce that

d

dt

(‖Ψ(t)‖2xΨ̂(t)
)

= 0, ⇒ xΨ̂(t) =
‖Ψ(0)‖2

‖Ψ(t)‖2
xΨ̂(0) =

xΨ̂(0)
‖Ψ(t)‖2

, (3.6)

if we assume that Ψ(t) is normalized at t = 0. It is clear then that, except for very particular situations,
‖Ψ(t)‖2 depends explicitly on time, and so does xΨ̂(t): xΨ̂(t) is not constant, in general! Hence, X /∈ Cw

Ψ̂
(H)

and, obviously, X /∈ CΨ̂(H) either.
On the other hand, it is easy to understand that CΨ̂(H) ⊂ Cw

Ψ̂
(H). Indeed, if X ∈ CΨ̂(H), then

δΨ̂(X; t) = 0. Therefore, its mean value on any vector, and in particular on Ψ̂(t), is zero. Hence X ∈
Cw
Ψ̂

(H). The fact that the inclusion is proper follows from noticing that 11 /∈ CΨ̂(H), but 11 ∈ Cw
Ψ̂

(H).
Indeed, we have

δΨ̂(11; t) = δγ(11) − i〈Ψ̂(t), (H† − H)Ψ̂(t)〉 = i(H† − H) − i〈Ψ̂(t), (H† − H)Ψ̂(t)〉,
which is clearly (in general) nonzero. However, when we compute its mean value on Ψ̂(t), we get
〈Ψ̂(t), δΨ̂(11; t)Ψ̂(t)〉 = 0. Hence, our claim follows.

2This extension is surely very interesting, but we have decided to postpone to a future paper since the situation is
already sufficiently complicated as it is, for dim(H) < ∞.
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This is in agreement with the fact that if we take X = 11 in Eq. (3.4), and we put IΨ̂(t) = 〈Ψ̂(t), 11Ψ̂(t)〉,
both sides of Eq. (3.4) are zero: the RHS since 〈Ψ̂(t), δΨ̂(11; t)Ψ̂(t)〉 = 0, and the LHS because

dIΨ̂(t)

dt =
d‖Ψ̂(t)‖2

dt = 0, since ‖Ψ̂(t)‖ = 1 for all t.
The interesting conclusion is that, while δγ does not annihilate the identity operator, even weakly,

δΨ̂(11; t) has always mean value zero on the vector Ψ̂(t) and therefore on its un-normalized version Ψ(t).
We introduce now the following definition, related in same natural way to the analogous definition for
γ-symmetries.

Definition 3. A ∈ B(H) is called a weak Ψ̂-integral of motion if A ∈ Cw
Ψ̂

(H). B ∈ B(H) is called a
Ψ̂-integral of motion if A ∈ CΨ̂(H).

From what we have seen before, the identity operator is not, in general, a Ψ̂-integral of motion, but it
is a weak Ψ̂-integral of motion. It is also clear that all the Ψ̂-integrals of motion are also weak Ψ̂-integrals
of motion. The main difference between these Ψ̂-integrals of motion (weak or not) and the γ-symmetries
is that these latter do not depend on the state of the system, while the Ψ̂-integrals of motion do.

It is possible to find a necessary condition which is satisfied by any X ∈ B(H), which is a weak Ψ̂-
integrals of motion, i.e., such that xΨ̂(t) = 〈Ψ̂(t),XΨ̂(t)〉 = xΨ̂(0), see Eq. (3.3). Indeed, using Eq. (3.4)
and multiplying the equation for ‖Ψ(t)‖2, we get that if dxΨ̂(t)

dt = 0, then

〈Ψ(t), δγ(X)Ψ(t)〉 = i xΨ̂(0)〈Ψ(t), (H† − H)Ψ(t)〉. (3.7)

Notice that the mean values in both sides are taken on the (un-normalized) vector Ψ(t) and that xΨ̂(0)
appears in the RHS since, by assumption, xΨ̂(t) is constant in time.

The map δΨ̂ shares with δγ the property of being stable under the adjoint map. More in detail, if
X ∈ CΨ̂(H), then X† ∈ CΨ̂(H), too. Indeed we can check that, for all A ∈ B(H),

δΨ̂(A; t)† = δΨ̂(A†; t), (3.8)

∀t ∈ R. Now, if X ∈ CΨ̂(H), then δΨ̂(X; t) = 0. But, using Eq. (3.8), we have δΨ̂(X†; t) = δΨ̂(X; t)† = 0.
Hence, X† ∈ CΨ̂(H) as well, as we had to check.

Of course, the same stability is also satisfied by Cw
Ψ̂

(H): if X ∈ Cw
Ψ̂

(H), then we also have X† ∈ Cw
Ψ̂

(H).
Another analogy between the sets Cγ(H) and CΨ̂(H) is the following: we have seen that if X ∈ B(H)

is a γ-symmetry, then XH = XH is a γ-symmetry as well. Stated differently: if X satisfies δγ(X) = 0,
then we find that δγ(XH) = 0. It is also possible to check, using the stability of δγ under the adjoint,
that δγ(X†

H) = δγ(H†X†) = 0.
Similar conclusions can be deduced for δΨ̂: first we observe that, for all A ∈ B(H), we have the

following identities:

δΨ̂(H†A) = H†δΨ̂(A), and δΨ̂(AH) = δΨ̂(A)H, (3.9)

which extend similar identities for δγ . Hence, the following result holds:

Lemma 4. If X ∈ CΨ̂(H) then we also have H†X,XH ∈ CΨ̂(H), together with X†, X†H and H†X†.

Remark. Except that in some special case, we prefer not to use here the terms symmetries or integrals
of motion since what we have seen before for the identity operator suggests that the elements of Cγ(H)
are not necessarily constants of motions, while some suitable mean value of them could turn out to be
time-independent.

Another useful property of δΨ̂ is its linearity: δΨ̂(αA + βB; t) = αδΨ̂(A; t) + βδΨ̂(B; t), ∀α, β ∈ C,
A,B ∈ B(H). Also, δΨ̂ is norm continuous. This is a consequence of the following inequality:

‖δΨ̂(A; t)‖ ≤ 4‖H‖‖A‖, (3.10)
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which follows from Eq. (3.5), from the Schwartz inequality, and from the fact that ‖δγ(A)‖ ≤ 2‖H‖‖A‖,
as we have seen in Sect. 2.2. Hence, as δγ , also δΨ̂ is norm-continuous, since ‖δΨ̂(Xn; t) − δΨ̂(X; t)‖ ≤
4‖H‖‖Xn − X‖ → 0, for any sequence {Xn} norm convergent to X. The same inequality in Eq. (3.10)

implies that the series
∑∞

k=0

tkδk
Ψ̂(X;t)

k! is norm convergent for all X ∈ B(H). The notation is essentially
the same as that in Sect. 2.2. However, with respect to what we have seen before for δγ , we observe two
major differences: δΨ̂ is, in general, time-dependent (while δγ is not!) and we are not saying here to which
operator the series converge. Of course, everything simplifies if H = H†, but it is much more complicated
in the situation which is more interesting for us, i.e., when H �= H†.

3.1. A special case

The fact that
∑∞

k=0

tkδk
Ψ̂(X;t)

k! converges, together with the results in Sect. 2.2, makes us confident that
this series might describe, in some way, the time evolution of X when smeared on a state Ψ̂(t). We discuss
here the simple situation in which Ψ̂(0) is an eigenstate of H. In other words, we assume that

Ψ̂(0) = ϕk0 , where Hϕk0 = Ek0ϕk0 . (3.11)

It is useful to stress that we are not assuming that Ek0 is real. Indeed, we write Ek0 = E
(r)
k0

+ iE
(i)
k0

.
Because of the nature of Ψ̂(t), which is normalized for all t ≥ 0, we need to assume here that ‖ϕk0‖ = 1.

Hence, Ψ̂(t) = e−iE
(r)
k0

tϕk0 , and we conclude that

〈Ψ̂(t), (H† − H)Ψ̂(t)〉 = −2iE
(i)
k0

,

which is independent of t. Hence Eq. (3.5) becomes much simpler:

δΨ̂(X; t) = δγ(X) − 2E
(i)
k0

X, (3.12)

which is independent of t, too. If we now introduce the following quantities:

Hk0 = H − Ek011; βt
Ψ̂

(X) :=
∞∑

k=0

tkδk
Ψ̂
(X; t)

k!
, γt

Ψ̂
(X) := eiH†

k0
tXe−iHk0 t, (3.13)

we can prove the following result, which allows us to answer, at least in this very special case, to our

previous question: what is the sum of
∑∞

k=0

tkδk
Ψ̂(X;t)

k! ? Indeed we have

Proposition 5. With the above definitions, we find that

βt
Ψ̂

(X) = γt
Ψ̂
(X), (3.14)

for all t ≥ 0 and for all X ∈ B(H).

Proof. We start noticing that both βt
Ψ̂

(X) and γt
Ψ̂
(X) are well defined. This is because the series for

βt
Ψ̂

(X) is norm converging, while γt
Ψ̂
(X) is simply the product of three bounded operators. Using the fact

that δk
Ψ̂
(X; t) does not depend explicitly on t, it is now possible to check that

d

dt

[
βt

Ψ̂
(X)

] d

dt

[ ∞∑

k=0

tkδk
Ψ̂
(X; t)

k!

]

= δΨ̂

[
βt

Ψ̂
(X)

]
.

It is also possible to deduce that
d

dt

[
γt
Ψ̂

(X)
]

= δΨ̂

[
γt
Ψ̂

(X)
]
.

Therefore, putting Γt
Ψ̂
(X) = βt

Ψ̂
(X) − γt

Ψ̂
(X), we deduce that Γ0

Ψ̂
(X) = X − X = 0 and that

d

dt

[
Γt

Ψ̂
(X)

]
= δΨ̂

[
Γt

Ψ̂
(X)

]
.
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Hence, Γt
Ψ̂
(X) ≡ 0 is a solution of this equation, with the correct initial condition. Moreover, see [23],

this is the only solution, as we had to prove. �

The fact that this is a particularly simple situation can also be seen just checking that, using Eq. (3.12),
X ∈ Cw

Ψ̂
(H): 〈Ψ(t), δΨ̂(X; t)Ψ(t)〉 = 〈Ψ̂(t), δΨ̂(X; t)Ψ̂(t)〉 = 0, which implies that dxΨ̂(t)

dt = 0. Stated
differently, assuming that Ψ(0) is an eigenstate of H, each X ∈ B(H) is a weak Ψ̂-integral of motion. Of
course, however, this does not imply necessarily that X does not evolve in time as operator.

Remarks. (1) It is now quite natural to call γt
Ψ̂
(X) the time evolution of X. But this makes sense in the

settings considered here. The possibility of extending this result to more general choices of Ψ̂(0) remains
open.

(2) The proof of Proposition 5 could be extended, we believe, to the more general case in which
δΨ̂(X; t) does not depend explicitly on t. This is work in progress.

Notice that γt
Ψ̂

11) satisfies the following equalities:

〈Ψ̂(0), γt
Ψ̂

(11)Ψ̂(0)〉 = 1, 〈Ψ̂(0), δΨ̂(11; t)Ψ̂(0)〉 = 0, (3.15)

even if γt
Ψ̂
(11) �= 11 and δΨ̂(11; t) �= 0: this Ψ̂-dynamics behave as expected on 11 only weakly, but not at

an operatorial level. This is in line with the role of the time evolution of the identity operator we have
considered in Sect. 2.2, see Proposition 1. However, it should also be emphasized that, given X,Y ∈ B(H),
in general we have

〈Ψ̂(0), γt
Ψ̂

(XY )Ψ̂(0)〉 �= 〈Ψ̂(0), γt
Ψ̂

(X)γt
Ψ̂

(Y )Ψ̂(0)〉,
which shows that γt

Ψ̂
is not automorphism, even when considered at a weakly level, and not even for this

simple situation. This no-go result opens the way to a very natural, and difficult, problem: even if we are

sure that
∑∞

k=0

tkδk
Ψ̂(X;t)

k! is norm convergent for all X ∈ B(H), and we know that, in some cases, this
series converge to the time evolution of X (for instance if H = H†, or when we work with Ψ(t) rather
than with Ψ̂(t)), are we sure that the series define the time evolution of X also in other situations? This
is, so far, an open (and, we believe, quite interesting) problem.

4. An example

In Sect. 3 we have considered conditions which ensure that, see Eq. (3.4), the mean value of some
observable X on the normalized solution of the Schrödinger equation is constant in time. In particular,
in Sect. 3.1 we have considered a very simple case, where Ψ̂(0) is an eigenstate of H. In this section we
want to describe an example, first considered in [16], in which a conserved quantity is found. We refer
to [16] for all the details on this model, and for the rationale to introduce it, and its role in Decision
Making. Here, after a very concise review of the results, we will only show that this conserved quantity
fits Definition 3.

The model we want to consider in this section is a 3 fermionic agents system S. This means that each
agent (i.e., each degree of freedom) has only two allowed levels and that they can go from one level to the
other by means of some operator bj and b†

j , j = 1, 2, 3, which satisfy the following CAR:

{bk, b†
j} = δk,j11, b2

j = 0, (4.1)

j, k = 1, 2, 3. Here 11 is the identity operator on the Hilbert space of the system, H = C
8. Next we

use these operators, and their adjoints, to construct an orthonormal (o.n.) basis for H. We start with
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ϕ000 = (1 0 0 0 0 0 0 0)T , (here T is the transpose of the vector). This vector is such that bjϕ000 = 0,
j = 1, 2, 3. Then, we introduce

ϕ100 = b†
1ϕ000, ϕ010 = b†

2ϕ000, ϕ001 = b†
3ϕ000, ϕ110 = b†

1b
†
2ϕ000,

ϕ101 = b†
1b

†
3ϕ000, ϕ011 = b†

2b
†
3ϕ000, ϕ111 = b†

1b
†
2b

†
3ϕ000,

The set Fϕ = {ϕijk, i, j, k = 0, 1} is an o.n. basis of H. We assume that the dynamics of the system S is
driven by the Hamiltonian,

H = b†
1(λb2 + μb3),

with λ and μ positive quantities, [16]. Because of the nature of the ladder operators bj and b†
j , the action

of H increases n1(t), while decreasing both n2(t) and n3(t), where Nj = b†
jbj and nj(t) is found as in

Eq. (3.3):
nj(t) = 〈Ψ̂(t), NjΨ̂(t)〉, (4.2)

j = 1, 2, 3. The computation of these mean values is easy, [16], mainly because the operator U(t) = e−iHt

can be rewritten as U(t) = 11 − iHt, due to the fact that H2 = 0, because of Eq. (4.1).
Let us now assume, to begin with, that Ψ̂(0) = ϕ011. This vector corresponds to n1(0) = 0 and

n2(0) = n3(0) = 1. If we now use formula Eq. (4.2) we find

n1(t) =
(μ2 + λ2)t2

1 + (μ2 + λ2)t2
, n2(t) =

1 + μ2t2

1 + (μ2 + λ2)t2
, n3(t) =

1 + λ2t2

1 + (μ2 + λ2)t2
,

which exhibit the expected behavior: n1(t) increases from 0 to 1, n2(t) decreases from 1 to μ2

μ2+λ2 and

n3(t) decreases from 1 to λ2

μ2+λ2 . What is particularly interesting for us, here, is that the sum of n1(t) +
n2(t) + n3(t) is always equal to 2:

n1(t) + n2(t) + n3(t) = 2 = n1(0) + n2(0) + n3(0). (4.3)

A similar result is deduced if we consider a different initial condition for S. In fact, if we take Ψ̂(0) = ϕ010,
repeating the same computations, we get

n1(t) =
λ2t2

1 + λ2t2
, n2(t) =

1
1 + λ2t2

, n3(t) = 0,

which are again in agreement with the fact that n1(0) = n3(0) = 0 and n2(0) = 1, and with the property
of H to destroy a state with n3(0) = 0, because of b3, to increase n1(t) and to decrease n2(t). In this
case, we find that

n1(t) + n2(t) + n3(t) = 1 = n1(0) + n2(0) + n3(0), (4.4)

showing that the mean value on Ψ̂(t) of the total number operator is again a constant of motion. We
stress that is both these cases Ψ̂(0) is not an eigenstate of H. Hence, what we are discussing here is
different from what we have seen in Sect. 3.1 and, we believe, quite interesting.

Similar considerations can be repeated with other choices of Ψ(0), of course.
We will now show that these two cases agree with what deduced before. In particular, we will show

that the total number operator of S is an element of Cw
Ψ̂

(H).
To do this, we first need to compute δγ(N), where N = N1 + N2 + N3. This is because δγ(N) is the

first contribution to δΨ̂(N ; t), see Eq. (3.5). Notice that this is a state-independent term. Using Eq. (4.1),
we deduce that

δγ(N) = iλ
(
b†
2b1 − b†

1b2

)
(11 + N3) + iμ

(
b†
3b1 − b†

1b3

)
(11 + N2) . (4.5)

Next we observe that, because of the already cited identity H2 = 0,

Ψ̂(t) =
(11 − iHt)Ψ(0)

‖ (11 − iHt)Ψ(0) ‖ =
ϕ011 − it(λϕ101 + μϕ110)

1 + t2(λ2 + μ2)
,



ZAMP New results for Heisenberg dynamics. . . Page 11 of 13   115 

if Ψ(0) = ϕ011. With this choice, the second term in Eq. (3.5) returns, using again Eq. (4.1),

〈Ψ̂(t), (H† − H)Ψ̂(t)〉 =
−2it(λ2 − μ2)
1 + t2(λ2 + μ2)

.

It is now clear that, see again Eq. (3.5),

δΨ̂(N ; t) = iλ
(
b†
2b1 − b†

1b2

)
(11 + N3) + iμ

(
b†
3b1 − b†

1b3

)
(11 + N2) − iN

−2it(λ2 − μ2)
1 + t2(λ2 + μ2)

,

which is different from zero, in general. However, if we compute its mean value on Ψ̂(t), we get

〈Ψ̂(t), δΨ̂(N ; t)Ψ̂(t)〉 = 0,

in agreement with the results in Sect. 3 and with what deduced above in Eq. (4.3)

If we consider another initial condition, and we start with Ψ̂(0) = ϕ010, then we deduce that

Ψ̂(t) =
ϕ010 − itλϕ100

1 + t2λ2
, 〈Ψ̂(t), (H† − H)Ψ̂(t)〉 =

−2itλ2

1 + t2λ2
,

and again 〈Ψ̂(t), δΨ̂(N ; t)Ψ̂(t)〉 = 0, in agreement with the identity in Eq. (4.4).
This example, originally considered in a completely different field of research, is really motivating for

us, since it suggests, in a very concrete situation, that the role of constant quantities in the presence of
non-Hermitian Hamiltonians is still to be fully understood, and not trivial at all.

5. Conclusions

In this paper, we have discussed the Heisenberg dynamics for a non-Hermitian Hamiltonian as deduced
using normalized wave functions obeying a nonlinear version of the Schrödinger equation. As often,
nonlinearities makes an already complicated situation even more complicated. But, exactly for this reason,
it also becomes quite interesting both for its mathematical aspects and because of its possible applications.
In this perspective, we have seen that it is easy, and unexpected, to find quantities which remain constant
during the time evolution of some system, even if when the system is driven by manifestly non-Hermitian
Hamiltonians. The possible relation of these constant quantities with symmetries of the system is still
to be understood. In fact, this paper opens the way to several questions that should be investigated, a
part the role (and a smart definition) of symmetries. In fact, we would like to understand if the sum of

the series
∑∞

k=0

tkδk
Ψ̂(X;t)

k! , which as we have seen being surely norm convergent, can be interpreted as the
time evolution of X, and which is the operatorial differential equation (which should replace or extend
the Heisenberg equation of motion) obeyed by this quantity. The sets CΨ̂(H) and Cw

Ψ̂
(H) also deserve a

deeper analysis, in view of their relations with δΨ̂.
Last but not least, extensions to infinite-dimensional Hilbert spaces are relevant, and absolutely non-

trivial, in view of the presence (in general) of unbounded operators with their related domain issues.
These are part of our future projects.
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