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Abstract. Detecting and measuring repetitiveness of strings is a prob-
lem that has been extensively studied in data compression and text in-
dexing. When the data are structured in a non-linear way, as in two-
dimensional strings, inherent redundancy offers a rich source for com-
pression, yet systematic studies on repetitiveness measures are still lack-
ing. In this paper, we extend to two dimensions the measures § and -,
defined in terms of the submatrices of the input, as well as the measures
g, gr1, and b, which are based on copy-paste mechanisms. We study their
properties and mutual relationships, and we show that the two classes
of measures become incomparable when two-dimensional inputs are con-
sidered. We also compare our measures with the 2D Block Tree data
structure [Brisaboa et al., Computer J., 2024], and provide some insights
for the design of effective 2D compressors.

Keywords: Two—dimensional strings - Repetitiveness measures - Text
compression

1 Introduction

In the latest decades, the amount of data generated in the world has become
massive but it has been observed that, in many fields, most of this data is
highly repetitive. For the study of highly repetitive one-dimensional data, an
important role is played by the notions of substring complexity, string attractor,
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bidirectional macro scheme, and grammar compression, which lead to the defini-
tion of the repetitiveness measures 9, v, b, g, and g,; (see [18] for the definitions
and their remarkable properties). Such measures provide the theoretical basis
for the design and analysis of data compressors and compressed indexing data
structures for highly repetitive data [17].

Two-dimensional data, ranging from images to matrices, often contains in-
herent redundancy, wherein identical or similar substructures recur throughout
the dataset. This great source of redundancy can be exploited for compression.
Very recently, Brisaboa et al. introduced the 2D Block Trees to compress im-
ages, graphs, and maps [3]. On the theoretical side in [4], the authors propose
two generalizations of the measures § and v for square 2D input strings. Such
generalized measures are based on properties of the square submatrices of the
input string. The choice of considering only square submatrices was dictated by
purely practical considerations: 2D submatrices can be efficiently handled using
the 2D Suffix Tree data structure [12], and the 2D Block Tree is based on re-
peated occurrences of square submatrices in the input string. Indeed, [4] provides
the first theoretical analysis of the space usage of the 2D Block Tree and shows
that the generalized § measure can be computed in linear time. More recently,
in [5] the same authors have introduced a 2D generalization of the measure b
considering the parsing of an input square matrix into (possibly overlapping)
square phrases.

In this paper, we set aside any consideration about algorithmic efficiency
and we generalize the 1D measures mentioned above (d, v, b, g and g,;) to 2D
strings, considering submatrices of any rectangular shape and not only square
submatrices as in [4J5]. Our main results can be summarized as follows:

— we show that using rectangular submatrices the above 1D measures can be
naturally generalized to 2D strings, and we compare their properties with
those of the square-based 2D measures introduced in [4l5];

— we establish some relationships between the new 2D measures and we prove
that some properties which are valid in 1D are no longer valid in 2D; other
properties are still valid but the gap between some measures can be asymp-
totically much larger than in 1D;

— we show that the measures § and -y, which have a simple definition in terms
of the submatrices of the input, are not as expressive as in 1D, while the mea-
sures g, g, and b appear to retain their role of capturing the repetitiveness
of the input even in 2D;

— we show that the 2D Block Tree data structure, being based on square sub-
matrices, fails to capture the regularities of some inputs which are instead
captured by the measures g, g,; and b;

— we use our generalized measures to analyze a frequently used heuristics for 2D
compression, namely linearization i.e. the transformation of the input matrix
into a 1D string which is then compressed. We measure the effectiveness of
this technique for the simple row-by-row linearization and the more complex
linearization based on the Peano-Hilbert space-filling curve.
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Overall our results shed some light on the difficulties of detecting and ex-
ploiting repetitiveness in the 2D setting, and show that some concepts/tools
introduced in 1D are less effective in 2D. Our results on the 2D Block Tree sug-
gest that it could be worthwhile to make this data structure more flexible by
possibly using also non-square submatrices and that 2D compression algorithms
based on grammar compression (approaching the measures g and g,;) and “copy
and paste” macro schemes (approaching the measure b) should be considered as
alternatives.

For space reasons, in this paper, we focus only on 2D strings. The repetitive-
ness measures defined and studied in this paper can be naturally extended to
d-dimensional strings with d > 2. In this context, all the results provided in the
paper are still valid. More extensive and detailed results on higher dimensional
strings are deferred to the full paper.

2 2D Strings and Measures § and ~

Let X = {aj,as,...,a,} be a finite ordered set of symbols, which we call an
alphabet. A 2D string M, x, is a (m x n)-matrix with m rows and n columns
such that each element M[i][j] belongs to X. The size of M,,x, is N = mn.
Note that a position in M,,x, consists of a pair (7,j), with 1 < ¢ < m and
1 < j < n. Throughout the paper, we assume that for each 2D string M,, «,, it
holds that m,n > 1. Note that traditional one-dimensional strings are a special
case of 2D strings with m = 1. We denote by X™*" the set of all matrices with
m rows and n columns over Y. A 2D string in X™*™ is called square if m = n.

The concatenation between two matrices is a partial operation that can be
performed horizontally (D) or vertically (&), with the constraint that the number
of rows or columns coincide respectively. Such operations have been described
in [11] where concepts and techniques of formal languages have been generalized
to two dimensions.

We denote by M, «n[#1 - - i2][f1 - - j2] the submatrix starting at position (iy, j1)
and ending at position (ig,j2). We say that a matrix F is a factor or sub-
string of My, if there exist two positions (i1, j1) and (ia,j2) such that F =
Msnlin--i2][j1 .- 2] Given a 2D string My, «yn, the 2D substring complexity
function Pps counts for each pair of positive integers (k1, k2) the number of dis-
tinct (k1 x ko)-factors in M, «,. The following definition extends the notion of
0 measure [7] to 2D strings.

Definition 1. Let M,,«, be a 2D string and Py; be the 2D substring complexity
of Myysn. Then, §(Mpxn) = max{Pus(k1,ka)/k1k2,1 < k1 <m,1 < ke <n}.

Note that for 1D strings (i.e. m = 1) the above definition coincides with the
one used in the literature [I4/18]. Recently, in [4] Carfagna and Manzini intro-
duced an alternative extension of §, here denoted by 4y, limited to square 2D
input strings and using only square factors for computing the substring com-
plexity. Below we report the definition of such a measure, applied to a generic
two-dimensional string.
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Definition 2. Let M,,«, be a 2D string and Py; be the 2D substring complexity
of Mypscn. Then, 6o(Myyxn) = max{ Py (k,k)/k*,1 < k < min{m,n}}.

From the definitions of d, and ¢, the following lemma easily follows.
Lemma 1. For every 2D string M, «, it holds that §(Myxn) = 6o (Mmxn)-

Although the two measures § and J, may seem similar, considering square
factors instead of rectangular ones may result in very different values. Example
shows how different the two measures can be when applied to one-dimensional
strings, while Example [2] shows that there exist families of square 2D strings for
which 0, = 0(9).

Ezample 1. Given a 1D string S € X7, let Miy,, € X'*" be the matrix such
that My, [1][1..n] = S[1..n]. Since the only squares that occur in My, are
the factors of size 1 x 1, it is 0o (Mixn) = Pa(1,1)/12 < |X|. On the other hand,
O0(Mixn) = 06(9).

Ezample 2. Let M, ,, be the square 2D string in [4, Lemma 4]. Assuming n is a
perfect square, the first row of M, is the string S = B1Bs.. B, s/ composed
by +/n/2 blocks, each one of size 2y/n, with B; = 1?°02v"~9)_ The remaining
rows of My, are all #”. In [4, Lemma 4] it is shown that d5(M,x,) = O(1). On
the other hand, notice that for ¢ € [2..4/n/2] and j € [0..+/n — 7], the strings
07170V~ are all different substrings of length 1/n of S. Since these substrings
are in total £2(n), it is 6(M,xn) = 2(3/n).

The following definition generalizes to 2D strings the notion of attractor [13].

Definition 3. An attractor for a 2D string My« is a set I’ S [1..m] x[1..n]
with the property that any substring M[i..j|[k..l] of Myxn has an occurrence
MTi" . g1k .. V'] such that I(x,y) € I" withi' <z < j and k' <y <. The size
of the smallest attractor for M, «n is denoted by v(Mpxn)-

When m = 1 the above definition coincides with the one for 1D strings, hence
the measure v inherits the properties for the one-dimensional case [I6/13]. In
particular: v is not monotone and computing v(M,, x,) is NP-hard. In addition,
the following property holds.

Proposition 1. For every 2D string M ,xn, it is 6(Mpxn) < Y(Mpmxn)-

Proof. Reasoning as in the 1D case, we get that for any 2D string M it is
PM(khkg) < klkg’}/(M) [}

The next proposition shows that in the 2D context, the gap between ¢ and
~ can be larger than the one-dimensional case, where it is logarithmic [14].

Proposition 2. For all m,n > 1 there exists a 2D string M, «, such that
0(Myxn) = O(1) and v(Mp,xn) = 2(min(m,n)).
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Proof. Let Iy be the k x k identity matrix. For all m,n > 1, let us consider the
2D string My, xn such that M, ,[1..min(m,n)][1..min(m,n)] = Lningmn),
and all the remaining symbols are 0’s. When either m = 1 or n = 1 the proof
is trivial from known results on 1D strings, so let us assume m,n > 2. Let
us further assume m < n, next we show that I' = {(2,2)..(m —1,m — 1)} u
{(1,m), (m, 1), (m,m+1)} is an attractor for M, . All the substrings of M., «n
that contain at least two occurrences of 1’s have an occurrence crossing the
position (i,1), for some 1 < i < m, while all the substrings that consist of only
0’s have an occurrence aligned with one of the 0’s at position (1,m), (m,1),
or (m,m + 1). The factors left contain only one occurrence of 1’s that do not
cross any position in I'. These factors of size k; x ko have to cross either the
1 in position (1, 1) or in position (m,m), and therefore it is either k; = 1 and
ko < m, or vice versa. Observe that all these factors have another occurrence
either starting in (2, 2) or ending in (m—1, m—1), and therefore I is an attractor
of M,,xn. Since M,,«, has m + 1 distinct columns the above attractor has
minimum size, i.e. Y(M,,xn) = m + 1. On the other hand, there exist at most
k1 + ko distinct substrings of size ki X ko in My, xn: k1 + k2 — 1 correspond
to substrings where the diagonal of M,,«, touches ones of the positions in the
left or upper borders of the factor; the last one is the string of only 0’s. Hence
0(Myxn) < 2. The case m > n is treated symmetrically by considering the
attractor I' = {(2,2)..(n — 1,n—1)} u {(1,n), (n,1), (n + 1,n)}. For the case
n = m it is M,,x», = I, and reasoning as above it is easy to see that I =
{(2,2)..(n—1,n—1)} U {(1,n),(n,1)} of size n is a minimal attractor for I,
and that §(I,,) < 2. o

In [4] the authors introduced an alternative definition of string attractors for
square 2D input strings in which they consider only square factors. We can define
such a measure, denoted by 75, also for generic 2D strings, by simply considering
only square substrings of M,,«, in Definition [3| From the definitions of v and
v, we immediately get the following relationship:

Lemma 2. For every 2D string M, x, it holds that v(My,xn) = Yo(Mmxn)-
The following example shows that v and 7, can be asymptotically different.

Ezample 3. Consider again the m x m identity matrix I,,. For each &k < m, a
k x k square factor of I, either consists of i) all 0’s, or ii) all 0’s except only one
diagonal composed by 1’s. Hence, all square factors of type i) have an occurrence
that includes position (m, 1) (i.e. the bottom left corner), while all those of type
ii) have an occurrence that includes the position (|m/2],|m/2]) (i.e. the 1 at the
center). It follows that v,(1,,) = 2 € O(1), while from the proof of Proposition
it can be deduced that v(I,,,) = ©(m).

The measures § and v inherit from the 1D case the property that ¢ is un-
reachable and ~ is unknown to be reachable [1g]. In the next sections, we show
how to generalize to the 2D case the measures g, g.;, and b which are reachable
both in 1D and 2D (details in the full paper).
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3 (Run-Length) Straight-Line Programs for 2D Strings

In this section we consider a generalization of SLPs for the two-dimensional space
introduced in [2] and use it to generalize the measures g and g,; to 2D strings.

Definition 4. Let M,,xn be a 2D string. A 2-dimensional straight-line program
(2D SLP) for M,,«n is a contezt-free grammar (V, X, R, S) that uniquely gen-
erates M, «yn and where the definition of the right-hand side of a variable can
have the form

A—a, A—>BQC, or A—> BoC(,

where a € X, B,C € V. We call these definitions terminal rules, horizontal rules,
and vertical rules, respectively. The expansion of a variable is defined as

exp(A) = a, exp(A) = exp(B) ®exp(C), or exp(A) = exp(B) © exp(C),

respectively. The size of a 2D-SLP is the sum of the sizes of all right-hand sides
of the rules of the grammar, where we assume the terminal rules have size 1, and
the horizontal and vertical rules have size 2. The measure g(M,xr) is defined
as the size of the smallest 2D SLP generating M, x .

It is easy to see that the above definition coincides with that of the measure
g for one-dimensional strings if only horizontal concatenations are considered.

Proposition 3. It always holds that g( M, xn) = 2(log(mn)).

Proof. From the starting variable S, each substitution step can double the size
of the current 2D string of variables. Hence, a 2D SLP of size g can produce
a 2D string of size at most 2l9/2], Therefore, a string of size N = mn needs a
grammar of size 2(log, N). O

Proposition 4. The problem of determining if there exists a 2D SLP of size at
most k generating a text M,,«, is NP-complete.

Proof. Clearly, the problem belongs to NP. Observe that the 1D version of the
problem, known to be NP-complete [6], reduces to the 2D version by considering
1D strings as matrices of size 1 x n. m]

Given any 2D SLP, we can support direct access to an arbitrary cell of the
input in O(h) time, where h is the height of the parse treeﬂ of the 2D SLP. Note
that the balancing procedure of Ganardi et al. [I0] can be easily adapted in the
2D setting, so h = O(log N), where N is the size of the 2D string.

As in the 1D case, we can extend 2D SLPs with run-length rules obtaining
more powerful grammars.

® Analogously to the 1D setting, the parse tree of 2D SLP is an ordered labeled tree
where S is the root, and the children of a variable A are the variables in its right-hand
side (possibly repeated).



Generalization of Repetitiveness Measures for Two-Dimensional Strings 7

Definition 5. A 2-dimensional run-length straight-line program (2D RLSLP)
is a 2D SLP that in addition allows special rules, which are assumed to be of
size 2, of the form

A— "B and A— "B

for k > 1, with their expansions defined as

exp(A) = exp(BOBOD---OB and exp(A) =exp(BOBO---OB

p( P p p%z—/
—_—

k times k times

respectively. The measure gri(Mpyxn) is defined as the size of the smallest 2D
RLSLP generating M, xn-

Proposition 5. For every 2D string M« it holds that g,.;(My,xn) < g(Mpxn)-
Moreover, there are infinite string families where g, = o(g).

Proof. The first claim is trivial by definition. The second claim is proven by
considering the family of 1 x n matrices M1y, = 1™ for which g = 2(logn) and
gri = O(].) O

4 Macro Schemes for 2D Strings

The notion of macro scheme and the corresponding measure b can be naturally
generalized to 2D strings with the following definition.

Definition 6. A 2D macro scheme for a string M,,x, is any factorization of
M xn into a set of disjoint phrases such that any phrase is either a square of
dimension 1 x 1 called an explicit symbol/phrase, or is a copied phrase with
source in My« starting at a different position. For a 2D macro scheme to
be valid or decodable, there must exist a function map : ([1..m] x [1..n]) U
{L} > ([1..m] x [1..n]) U {L} such that: i) map(L) = L, and if M[i][j] is an
explicit symbol, then map(i,j) = L; ii) for each copied phrase M[iy .. j1][i2 - . j2],
it must hold that map(iy + 1,42 +t2) = map(i1,i2) + (t1,t2) for (t1,t2) € [0.. 51 —
i1] x [0..72 — ia], where map(i1,iz) s the upper left corner of the source for
Mliy .. j1]lia - - jol; #4) for each (i,5) € [1..m] x [1..n] there exists k > 0 such
that map®(i,j) = L. We define b(M,,x,) as the size of the smallest valid 2D
macro scheme for M, «n-

Ezxample 4. Let I,, be the n x n identity matrix. A macro scheme for I,, consists
of the phrases {X1, Xo, X3, X4, X5, X} where: 1) X; = I,[1][1] is an explicit
symbol (the 1 in the top-left corner); ii) Xo = I,,[1][2] is an explicit symbol; X3 =
I,[2][1] is an explicit symbol; X4 = I,,[1][3..n] is a phrase with source (1,2);
X5 = I,[3..n][1] is a phrase with source (2,1); and X = I,[2..n][2..n] is a
phrase with source (1,1). The underlying function map is defined as map(1,1) =
map(1l,2) = map(2,1) = L, map(1,j) = (1,j — 1) for j € [377’]7 map(i, 1) =
(¢ —1,1) for i € [3..n], and map(i,j) = (i — 1,5 — 1) for 4,5 € [2..n] x [2..n].
One can see that map™(i,j) = L for each i and j. Hence, the macro scheme is
valid and b(I,,) < 6. Figure [1| shows this macro scheme for I.
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O ~|3 O

Fig.1. Macro scheme with 6 phrases for I7. The entries (1,1), (1,2), and (2,1) are
explicit symbols. The remaining phrases point to the source from where they are copied.

The following two propositions show that the computability properties of b
and its relationship with the measures g,; and g are preserved in the 2D context.

Proposition 6. The problem of determining if there exists a valid 2D macro
scheme of size at most k for a text M,,x, s NP-complete.

Proof. The 1D version of the problem, which is known to be NP-complete [9],
reduces to the 2D version of the problem in constant time. O

Proposition 7. For every 2D string M, x. it holds that b( M, %) < gri(Mpmxn)-
Moreover, there are string families where b = o(g,;).

Proof. We show how to construct a macro scheme from a 2D RLSLP, represent-
ing the same 2D string and having the same asymptotic size. Let G be a 2D
RLSLP generating M, «x, and consider its parse tree. The first occurrence of
each variable B that expands to a single symbol at position M[¢][5], becomes an
explicit phrase of the parsing at that position. For each occurrence of a variable
B that is not the first one in this tree, we create a phrase—exactly where this
occurrence of exp(B) should be in M—that maps to the expansion of the first
occurrence of B in M. For a rule A — @OFB, we construct at most two phrases:
one phrase for the leftmost B of @F B pointing to the first occurrence of B, or
if the expansion of this B is a single symbol (or no phrase if this B is the first
occurrence but its expansion is not a single symbol), and another phrase for
@F~! B pointing to the expansion of the occurrence of the B before in M. We do
analogously, for 2D vertical run-length rules. It is easy to see that this parsing
is decodable and that its size is bounded by the size g,; of the grammar. For a
family where b = o(g,), this holds for the 1D version [19]. =

In [5] the authors introduce a notion of 2D macro scheme for square strings
that differs from the one in Definition |§| in that 1) phrases must all be square
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and 2) phrases are allowed to overlap (see [0, Section 4] for details). Given a 2D
string M, in the following we call b,(M) the minimum number of phrases in a
macro scheme with square, possibly overlapping, phrases. We now show that the
use of square phrases can limit significantly the power of a macro scheme since
there are string families for which b = o(b;). This result will have important
consequences also for other measures.

For any k£ > 0, let Dy denote a binary de Bruijn sequence of length n =
2% + k — 1 containing all the possible binary substrings of length k exactly once.
We define the n x n matrix By, over the alphabet A = {0, 0),¢0,1),{1,0),{1,1)}
by the relationship

Bili][j] = {Dxli], Dk [j])-

Notice that each row and each column of By, is a de Bruijn sequence over a binary
alphabet which is a subset of A. For example, if Di[i] = 1, then row i of By is
a de Bruijn sequence over the alphabet {(1,0),(1,1)}. Similarly, if Dy[j] = 0,
then column j of By is a de Bruijn sequence over the alphabet {{0,0),{1,0)}.
Notice that By contains only two distinct rows/columns since rows/columns i
and j are different if and only if Dy[i] # Dx[j].

Lemma 3. For any k > 0 it is g(By) = O(nloglogn/logn).

Proof. In [§] the authors show that g(Dy) = O(nloglogn/logn), that is, there
exists a (one dimensional) SLP G of size O(nloglogn/logn) generating the
de Bruijn sequence Dj. If in G we replace the terminal symbols {0,1} with
{€0,0),¢0,1>} we obtain a SLP G that generates all rows ¢ in By, such that
Dg[i] = 0. Similarly, if in G we replace the terminals {0, 1} with {(1,0),{1, 1)}
we obtain a SLP G that generates all rows ¢ in By, such that Dy [i] = 1. Finally,
if in G we make all rules vertical and we replace the terminal 0 with the starting
symbol of Gy and the terminal 1 with the starting symbol of G, we obtain a
2D SLP G5 that combined with G and GG1 generates the matrix By. The thesis
follows since the size of G2 U G1 U Gy is O(nloglogn/logn). o

Lemma 4. Every square submatriz of size k or more appears in Bj at most
once.

Proof. It suffices to prove the result for the square submatrices of size k. As-
sume that the k x k submatrix with upper left corner in (7, ;) is identical to
the submatrix with upper left corner in (u,v). The crucial observation is that
By [i][j] = Bg[u][v] implies Dy[i] = Dy[u] and Dy[j] = Dg[v]. Considering also
the other entries, we get that if the two submatrices are equal then we must have
Dyli..i+k—1] = Dg[u..u+k—1] and Dg[j..j + k —1] = Dg[v..v + k —1]. Since
Dy is a de Bruijn sequence, this implies ¢ = v and j = v as claimed. O

Proposition 8. For the 2D string By, of size N =n x n, withn =2 + k — 1,
it is by, = £2(gv/N/(log N'loglog N)) = 2(bv/N/(log N loglog N)).

Proof. Since b < g, by Lemma [3|b = O(+v/N loglog N/log N). Lemma {4f implies
that there cannot be square phrases of size k x k or larger. Hence, the number
of phrases is at least n2/k2, so b, = £2(N/log? N) and the lemma follows. o
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5 On the Relative Power of 2D Measures

A remarkable property of the measures considered in this paper is that, for 1D
strings, they can be totally ordered in terms of their relative power at capturing
regularities in the input; indeed, for any 1D string S it is §(.5) < v(5) < b(S) <
9r1(S) < g(S) (see [I3I18]). In the previous sections, we have shown that when we
consider also 2D strings the relationships § < v and b < g,; < ¢ still hold. In this
section, however, we prove that the two classes of measures, i.e. § and « from one
side, based on the counting and distribution of distinct factors, and b, g,;, and
g from the other side, based on copy-paste mechanisms, become incomparable
when also 2D strings are considered. In particular g can be asymptotically smaller
than d:

Proposition 9. There ezists an infinite family of 2D strings of size N with
6 = (gN/log® N).

Proof. For k > 1, consider the 2D binary string E}, of size N = k x 2F such that,
for all 1 < i < 2F, the ith column of E}, is the binary representation of i — 1 in k
digits (with the top row containing the least significant bits). Since all columns
of B}, are distinct, Ej, contains 2* distinct factors of size k x 1 and therefore it
is §(Ey) = 2¥/k = kN /k®. We prove that g(Ex) = O(k) by exhibiting a 2D SLP
for ), of size O(k) and the result immediately follows because k < log N.
Consider the 2D SLP Gy, = (Vj, {0, 1}, R}, Si) having the following rules R}:

— Xo—0and X, > X;_ 10Xy foralll<h<k-—1;
- Yy—1and Y, > Y, 1QY, qforalll<h<k-—1;
—Cj > Xp_10QY,_q forall 2 < h <k

- 51 =X00Y and S, - R, ©Cp, for all 2 < h < k.

— Ry, > Sp_1OSp_q1 forall2<h <k

G has size O(k) and it is easy to see that exp(X),) = 02", exp(V}) = 12"
and therefore exp(Cj,) = 02" V1" In the following, we show by induction
on k that Gj is a 2D SLP for E}, that is exp(Sx) = Ek. For the base case
k=11t is exp(S;) = exp(Xo) ®exp(Yy) = 001 = E;. For the inductive
step we assume that exp(Sy) = Ej and we note that for & > 1 the bottom
row Ejq[k + 1][1..25%1] of Ej; is the string 021" = exp(Cr+1) and the
remaining rectangular submatrix Ey,1[1..k][1..281] is E, @ Ey.

By taking two expansion steps starting from Sky1, we obtain exp(Sk+1) =
(exp(Sk) @ exp(Sk)) © exp(Crs1) which by inductive hypotheses and the
definition of Cy; expands to (E, O Ey) © Exyi[k + 1][1..251] = By . =

From the above proposition, we get that the measure g (and therefore also
g1 and b) can be much smaller than both ¢ and ~. Intuitively, the reason is that
the matrix Ej is hard to compress by columns (they are all distinct) but easily
compressible by rows. The measure g is defined in terms of the best grammar
compressor, so it fully exploits row compressibility. In contrast, the measure ¢ is
based on occurrences of factors of any shape and is therefore “hindered” by the
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difficulty of compressing columns. For 1D strings it is always § < g, but in the
2D setting, because of the greater freedom in choosing the shape of the copied
patterns, the measures b, g,; and g become mutually incomparable with both ~
and J.

Given the above observation, it is worthwhile to compare g with the measures
6, and -, whose definitions are based on square factors. In some sense, using
square factors can be seen as a method to capture both horizontal and vertical
compressibility. Unfortunately, the following proposition shows that g can be
asymptotically smaller than 0, even for input square matrices. Note that the
same result also holds for ~,, é, and -, since §, < v, and §, < J < 7.

Proposition 10. There exists an infinite family of square 2D strings with 0, =
2(gv/'N/(log N loglog N)), where N is the size of the input string.

Proof. Consider the matrix By, defined in Section |4} By Lemma [3|it is g(By) =
O(nloglogn/logn) = O(v/Nloglog N/log N). By LemmaB;€ contains O(n?) =
O(N) distinct k x k factors, hence §, = 2(N/log® N) and the bound follows. o

Note that Propositions [8] [0] and [T0] show that in the 2D setting there can be
a significant gap between b, g.; and ¢ from one side, and by, g, Vo, 6, 7 from
the other. Furthermore, since the square matrix 0, x, consisting of only zeros
has constant measures by, ds, 7o but it is g(0n,xn) = 2(logn) (see Proposition
3), Propositions [§ and [10]imply that ¢ is also mutually incomparable with each
of the above square measures, even if we consider only square input matrices.

We now show that even the recently introduced 2D Block Tree data struc-
ture [3], which is also based on square factors, can fail to capture the regularity
of certain two-dimensional strings. The 2D Block Tree is a tree-like compressed
representation of a square matrix supporting random access to individual en-
tries in logarithmic time. Given an n x n input matrix M, an integer parameter
¢ > 1, and assuming that n is a power of ¢, the root of the 2D Block tree at
level ¢ = 0 represents the whole matrix M. To build the level ¢ > 1 of the tree
we recursively partition (some of) the submatrices represented at level £ — 1 into
¢? smaller non-overlapping submatrices of size n/c’ x n/c’ called blocks; for each
of these blocks, the tree stores a corresponding descending node at level ¢. The
2D Block Tree attempts to compress the input matrix by avoiding the storage
of redundant submatrices: if a block has a prior occurrence in row-major order
(RMO), its corresponding subtree is candidate to be pruned and replaced with
O(1) pointers to the nodes overlapping its first occurrence in RMO. The pruned
blocks are not partitioned into smaller matrices, and their corresponding nodes
are leaves in the 2D block tree. See [35] for details.

Unfortunately, the following example exhibits a family of 2D strings that are
significantly more compressible when represented as an SLP compared to their
2D Block Tree representation: for these matrices, the 2D Block Tree fails to
achieve a compression close to the measure g (and therefore to g,; and b).

Proposition 11. There exists a family of square 2D strings such that the num-
ber of nodes of the corresponding 2D Block Tree is £2(gv/N/(log N loglog N)),
where N is the size of the input string.
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Proof. Consider again the matrix By, defined in Section [} By Lemma [] until
we reach the tree level in which the blocks are smaller than k x k, all blocks are
first occurrences, and therefore the corresponding tree nodes cannot be pruned.
Hence, the 2D Block Tree nodes are 2(n?/k?) = 2(N/log® N). =

6 Effectiveness of Linearization Techniques

A classical heuristic for compressing 2D strings is to transform a matrix M, «p
into a 1D string .S and use a one-dimensional compressor on S. Having general-
ized 1D measures to 2D strings, it is natural to measure the effectiveness of lin-
earization techniques by comparing, for a given measure p, the values (M, %)
and p(S). Clearly, for each matrix, there exists a linearization that makes the
2D string highly compressible: we can visit in order from left to right and from
top to bottom all the occurrences of a; € X, followed by all the occurrences of
as € X, and so on, obtaining a string consisting in |X| equal-letter runs. How-
ever, this method requires an ad-hoc linearization for each matrix which may
require substantial additional information to retrieve the original input. It is
therefore customary in the literature to consider linearization techniques that
can be inverted efficiently in terms of both time and space.

The simplest linearization technique consists in mapping M., «x, to the string
rlin(Myxn) = OZF M[i][1..n] = M[1][1..n] --- M[m][1..n], obtained by con-
catenating its rows. The (lack of) effectiveness of this simple technique with
respect to grammar compression has been already shown in [2, Theorem 2| with
an example of a matrix T, of size (27! —1) x (2" +1)2" such that g(T},) = O(n),
while g(rlin(T;,)) = £2(2™). The following example shows a similar result for the
measure §.

Ezample 5. Let M, «, be obtained by appending to the identity matrix I,,_; a
row of 0’s at the bottom, and then a column of 1’s at the right. For each ki,
ko, Ppr(k1, ko) is at most 3(ky + k2). We can see this by considering three cases:
the submatrices that do not intersect the last row or column, the submatrices
intersecting the last row, and the submatrices intersecting the last column. In
each case, the distinct submatrices are associated to where the diagonal of 1’s
intersects a submatrix (if it does so). This can happen in at most ki + ko different
ways. As 3(k1+k2)/k1ks < 6, we obtain §(M,,x,) = O(1). On the other hand, for
each ke [0..n—2] and i € [0..n — k — 2], each factor 091010~ *~i=2 appears
in rlin(M, ). There are n — k — 1 of these factors for each k. Summing over
all k, we obtain Py(n)/n = (n—1)/2 = 2(n). Thus, §(rlin(M,xn)) = 2(n).

Somewhat surprisingly, in some settings, the linearized matrix has a smaller
measure. The following example shows a family of 2D strings FEj for which
~v(rlin(F%)) is asymptotically smaller than v(Ey).

Example 6. Consider the matrix Ej having size N = k x 2 of Proposition @
We note that the i-th row of Ej is the periodic string (0717
and therefore I'lin(Ek) = @2:’;(0(2171)1(2’l71))(2k71)_ We define the set A =
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UM —1)2% +1, (i = 1)2F + 1421 (i — 1)2% 4+ 27}, that is the set of positions
of rlin(F)) where respectively the first 0 and the first /last 1 of the leftmost oc-
currence of 02 )12 in row i are mapped during the linearization. We claim
that A is an attractor for r1in(Ey). If a substring S of rlin(E}) spans more than
one row of E}, it includes a 0 from the first column of EF, and therefore it crosses
a position of A. Otherwise S is a substring of the ith row and since the rows of
Ej, are periodic, the leftmost occurrence S’ of S starts inside the first group of
0@71@7) e, in Eg[i][1..27]. Suppose that S’ does not include any attractor
position. Then, S’ has to be shorter than the maximum distance between two
adjacent attractor positions in the same row i.e. it must be [ = |S'| < 271 — 1,
and therefore S’ = 01!~ or S’ = 10!~ for some 0 < a < [ because S’ cannot
overlap two distinct groups of 1’s or 0’s. If @ = 0 then S’ must include respec-
tively the first 1 or the first 0 in the run, otherwise it must include respectively
the first or the last 1, therefore we conclude that A is an attractor for rlin(Ey).

Since A has size 3k — 1, it is v(rlin(Fk)) = O(k), on the other hand since
each column of Ej, is a distinct non-overlapping k x 1 factor it is v(Ey) = 2.

Another well-known linearization technique is the use of a plane-filling curve,
such as the Peano-Hilbert curve. Lempel and Ziv [I5, Lemma 1] showed that this
technique, here denoted by phlin, is effective for compressing 2D strings using a
finite-state encoder. We show that this is not necessarily true for the measure b,
as shown in the following proposition. We postpone the formal definition of the
Peano-Hilbert linearization phlin to the full paper, as well as the proof the
following characterization of the string phlin(/y+) obtained by applying phlin
to the identity matrix Ix: it is phlin(Jy) = 1010, and, for k > 1,

phlin(lyes1) = phlin(lo)0* phlin(Tpr)0* .
Proposition 12. It is b(Iy) = O(1) and b(phlin(ly)) = £2(k).

Proof. We have already observed in Example ] that b(I,,) = O(1) for any n > 0.
To prove the second bound, for ¢ > 1 define ¢, = Zf;é 4%, We preliminary prove
by induction on k that: a) phlin(lyr) starts with 1, b) phlin(/yx) ends with
10%, ¢) phlin(Iyx) contains the substrings 10%1 for £ =1,.. k.

For k = 1 phlin(l2) = 1010 satisfies all conditions. For the inductive step
a) is trivial. Since phlin(/yr+1) ends with phlin(IQk)04k also b) is immediate.
To prove c¢) observe that since phlin(lyx+1) contains phlin(lox), by induction it
contains all substrings 10%1 for £ = 1, .., k. To prove that it also contains 10t++11
observe that by a) phlin(Iyx+1) starts with phlin(IQk)O4k 1 and by b) this string
ends with 10%0%"1 = 10*+11, and therefore is a substring of phlin(lok+1).

Having established that phlin(/yx) contains the distinct substrings 10%¢1 for
{=1,..,k, since a single string position can be contained in at most two such
substrings, we conclude that b(phlin(lor)) = v(phlin(lyr)) = 2(k). =
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7 Conclusions and Future Works

In this paper, we have proposed the first complete extension of repetitiveness
measures previously used in the 1D context to generic two-dimensional strings.
In particular, we have introduced extensions of the measures § and v to the two-
dimensional case based on distinct factors of arbitrary rectangular shape, as well
as the extensions of the measures g, g,;, and b, which are based on copy-paste
mechanisms.

We have studied the mutual relationships between these measures and we
have shown that § < v and b < g,y < g. We point out that, unlike in the 1D
context where § < v < b < g,y < g, the two classes of measures become incom-
parable when 2D strings are considered. Indeed, we have shown that, depending
on the 2D input, the measures g, g,;, and b can be asymptotically smaller than
0 and 7.

The results presented in the paper highlight that in the 2D case, the measures
0 and v (as well as their square-based versions introduced in [4J5]) are not satis-
factory for capturing the regularities of a generic two-dimensional string, which
are instead effectively detected by ¢, g, and b measures. More importantly,
the problem of finding a time-efficient 2D compression scheme approaching the
measures g, g, or b is still open. Indeed, in this paper we have proven that
the 2D-Block Tree data structure, introduced in [3] to compress square matrices
while supporting efficient random access to its elements, fails to achieve a com-
pression close to g (and g,; and b) for some 2D strings. At the same time, we
have shown that the use of linearization strategies as preprocessing to compress
two-dimensional input does not seem to be effective, even when considering ap-
proaches based on the Peano-Hilbert space-filling curve. For the above reasons,
we believe it would be worthwhile to explore possible approximation strategies
for b and g, as well as 2D versions of greedy grammar construction algorithms
like the ones described in [I19].
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