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Abstract

In Bagarello and Kuzel (Acta Appl Math 171:4, 2021) Parseval frames were used to
define bounded Hamiltonians, both in finite and in infinite dimesional Hilbert spaces.
Here we continue this analysis, with a particular focus on the discrete spectrum of
Hamiltonian operators constructed as a weighted infinite sum of rank one operators
defined by some Parseval frame living in an infinite dimensional Hilbert space. The
main difference with Bagarello and Kuzel (Acta Appl Math 171:4, 2021) is that,
here, the operators we consider are mostly unbounded. This is an useful upgrade with
respect to our previous results, since physically meaningful Hamiltonians are indeed
often unbounded. However, due to the fact that frames (in general) are not bases, the
definition of an Hamiltonian is not so easy, and part of our results goes in this direction.
Also, we analyze the eigenvalues of the Hamiltonians, and we discuss some physical
applications of our framework.

1 Introduction

In quantum mechanics a central object is the Hamiltonian H of the physical system
S one is interested in. H is, for closed and conservative systems, the energy of S.
Quite often, the first step to analyze S consists in finding the eigenvectors of H, e;:
Hej=Eje;,j=1,2,3,... If Hisself-adjoint, then each £; € R and eigenvectors
related to different eigenvalues are orthogonal: (e I3 ek) = 0,if E; # E}. Most of the
times F, = {e j} is an orthonormal basis (ONB) for H, the Hilbert space where S is
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defined, and the Hamiltonian is written
H=YEjlej.")ej=> E;Pj, (1.1)
J J

where we have introduced P; acting on a generic vector f of H as follows:
Pif = <ej, f) ej. Since P; = P; = sz, H can be seen as a weighted sum
of orthogonal projectors, with weights given by its eigenvalues E;. If is clear that
the domain of H, D(H), is not necessarily all of H. In fact we have D(H) =

feH: ¥, E12| (ej. )1 < oo], which is surely dense in (it contains the linear
span of the e;’s), but not necessarily coincident with .

In the past 30 years it has become clearer and clearer that the Hamiltonian of a
system does not really have to be self-adjoint [13]. Since this seminal paper, an always
increasing number of physicists and mathematicians started to consider this possibility,
where the reality of the eigenvalues of a manifestly non self-adjoint Hamiltonian H
is due to some physical symmetry rather than on the mathematical requirement that
H = H*

However, even if the eigenvalues of H are real, the eigenvectors, ¢; are no longer
mutually orthogonal, in general. Still, if the set F, = {cp j} is a basis for H, a second
(uniquely determined) basis of the Hilbert space also exists, Fy = {1}, such that
(@j. ¥) = 8.k, and H*yrx = Ey Y. In this case we can write H and H* as follows:

H = ZE Vi) e = ZE 0;. ZE 0. ) ¥ = ZE 0.

where Q; f = (xp i f > @j is a projection operator, but it is not orthogonal if ¢; # ¥ ;.
Operators of this kind have been studied in the past, mainly from a mathematical point
of view. We refer to [6] for some results, mainly for the case in which F, and Fy are
Riesz bases. Later, generalizations of this situation have been considered [5, 18, 19]. In
all these extensions, biorthogonality of the sets of vectors used to define some specific
Hamiltonian was required. In [9], this assumption was removed, in our knowledge,
for the first time: we used frames, and in particular Parseval frames (PF), rather than
bases. Hence the existence of a biorhogonal basis is not guaranteed. Our interest was
mainly mathematical, but was also based on a very simple physical remark: in the
analysis of a concrete physical situation it may happen that not all vectors of H are
relevant in the analysis of S. For instance, when the energy of S cannot really increase
too much, or when § is localized in a bounded region, or still when the value of the
momentum of S cannot be too large. In all these cases, but not only, it is reasonable to
consider a physical vector space, H p,, as the subset of the mathematical Hilbert space
‘H on which S is originally defined. H ,, can be constructed as the projection of H, via
some suitable orthogonal projector operator P i.e., H,;, = PH. The restriction of H
defined by (1.1) onto H ), gives rise to the new Hamiltonian Hp, = P H P (physical
part of H) acting in H

Hpnf =) Eilej. f) ;. (1.2)
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where, the set of vectors F, = { @j = Pe j} loses the property of being an ONB of
‘H pr and, instead, it turns out to be a Parseval frame of H ;.

In this paper we explore further this situation, extending what we have found in
[9] to unbounded operators, which are often more relevant in the analysis of concrete
physical systems [14, 22].

The paper is divided in two parts: in Sect.2 we describe our mathematical results,
while Sect. 3 contains some detailed examples. More in details, after some preliminar-
ies in Sect. 2.1, in Sect. 2.2 we introduce the Hamiltonian Hy g = >~ ;.5 Ej (¢, ) ¢;s
for a PF {go i }, and we study its domain, and we give conditions for H, g to be, or not,
bounded and self-adjoint. Its spectrum is then analyzed in Sect.2.3.

In Sect.3.1 we use a PF first introduced by Casazza and Christensen to define a
particular Hy g, and in particular to study its eigenvalues and eigenvectors. We also
show how to introduce two different sets of ladder operators, a, and V,,. In particular,
a, and its adjoint ¢ obey a truncated version of the canonical commutation relations
which was first used, in our knowledge, in [11], and later extended in [3]. These
truncated bosonic operators allow to interpolate between fermions and bosons, going
fromn = 2 ton — oco. We will also comment that the operators V,, may have an
interesting role in signal analysis.

Section 3.2 contains a first part, where we propose a particular method to construct
a PF out of an ONB, and then we apply this method to the Hamiltonian of a single
electron in a strong magnetic field. Its eigenstates produce the so-called Landau levels,
which have infinite degeneracy. This Hamiltonian is at the basis of the analysis of the
quantum Hall effect. In particular, we will show that our approach could be seen as
generating two different lattices somehow connected to these Landau levels.

2 Hamiltonians generated by Parseval frames
2.1 Parseval frames

Here all necessary facts about Parseval frames are presented in a form convenient for
our exposition. More details can be found in [17, 24].

Let K be a complex infinite-dimensional separable Hilbert space with scalar product
(-, -) linear in the second argument. Denote by J a generic countable index set such as
Z, N, N U {0}, etc.

A Parseval frame (PF for short) is a family of vectors F, = {go AR } in IC
which satisfies

Slles AP = 11112 fek. @1

jel

It follows from (2.1) that ||@;|| < 1 for j € J.
According to the Naimark dilation theorem, each PF in I can be extended to an
orthonormal basis of a wider subspace H.
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Theorem 1 ([23]) Let F, = {ng, jE€ J} be a PF in a Hilbert space K. Then there
exists a complementary Hilbert space M and a PF Fy = {1/fj, j€ J} in M such
that

Fo="{hj=9j@y;, jel} 2.2)

is an ONB for H = K & M.

It is also easy to prove, with a direct computation, that taken an ONB {e,, } of H, and
an orthogonal projector P, the set { Pe,} is a PFin H,;, = PH, as already claimed in
the Introduction.

The excess e[F,] of a PF of F, = {¢;, j € I} is the greatest integer n such that
n elements can be deleted from the frame F, and still leave a complete set, or oo if
there is no upper bound to the number of elements that can be removed. It follows
from [12, Lemma 4.1] and Theorem 1 that e[F,] coincides with dim M, where M
is the complementary Hilbert space in Theorem 1. The zero excess means that F, is
an ONB of K. The finite excess e[.F,] means that the index set J can be decomposed
J = Jo Uy in such a way that .7-'8 = {p;, j € Jo} is a Riesz basis in K and J; is a
finite set [15].

Each PF F,, determines an isometric operator 0, : K — £>(J):

Of ={lejs fNjeys  feK 2.3)

which is called an analysis operator associated with F,.
The adjoint operator 6, : £>(J) — K of 0, is called a synthesis operator and it
acts as follows

Op{ci} = cioj.  {cj} e ad. (2.4)

jel

Let 6, and 8y, be analysis operators associated with PF’s F, and Fy, from Theorem
1. Then

L0 =R (6,) ®R(6y) . (2.5)

where R (9¢) and R (91/,) are the image sets of the operators 6, and 6y, respectively.
By virtue of (2.4) and (2.5), for {c j} € £>(J), the following relation holds

ch-goj =0 = {Cj} ekerG;‘:Ez(J)eR(%) ='R(9¢). (2.6)
jel
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2.2 Operators H'(’o"é' and Hg‘;"

For a given PF F, = {goj, j € J} and a sequence of real quantities E = {Ej, j € JI},
one can introduce a linear operator

Hoe=Y Ejlp;.") o) @7
jel

in a Hilbert space K. If e[ F,] = 0 (i.e., F, is an ONB of ), the quantities E; in (2.7)
turns out to be eigenvalues of Hye. If F, is a PF (but not an ONB), this fact does not
hold in general (see Lemma 8 below).

The operator Hyg may be unbounded and its domain of definition should be
specified. There are two natural domains for Hy typically used in the literature:

Din =1 f €K Y E}|gj. f)] < oot

jel
Dmax =3 f €K ZEj <g0j, f) @; converges unconditionally in K¢ . (2.8)
jel
It follows from [24, Theorem 7.2 (b)] that

Dmin - ’Dmax‘ (2.9)

We observe that it may easily happen in (2.9) that D,,;,, is indeed a proper subspaces
of Dyax-

Example2 Set J = 7 \ {0} and consider the quantities E,, = n?, E_, =0 (n € N)
and an ONB {e,,},,cy of K. In view of [24, Example 8.35], the set of vectors F, =
{@j. j €I}, where

1

©On = ;el’la Q_pn=4/1~— —>¢€n

is a PF. In this case, the series

D Eiles flei =) len f) en

jel neN

converges unconditionally for all f € K. Hence, Dy, = K. On the other hand,
Dpin = {f ek: ZneN n? (e, f)l2 < oo} is a subset of K. Therefore, D,,in C
Dmax~

The specificity of frames gives rise to the following curious fact.
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Proposition 3 For arbitrary unbounded set of quantities E there are uncountably many
PF’s Fy, such that Dy,;y is trivial, i.e. Dy = {0}.

Proof Without loss of generality, one can assume that H = 22 (), where J is the count-
able set of indices. Let £ be an operator of multiplication by the set E = {E hJjeld }

in £2(J):
lest={Eie;}, p© =lej} e e i (B} e ). @10y

Since the set E is unbounded (i.e. sup;j {|E j |} = 00) the self-adjoint operator £ is

unbounded in EZ(J ) and, by the extended version [1, Theorem 3.19] of the Schmiid-
gen theorem [31, Theorem 5.1], there are uncountably many infinite-dimensional
subspaces /C of ¢2(J) such that

DE)NK = {0}. @2.11)

For given K satisfying (2.11) we denote by P the orthogonal projection operator
in £5(J) on K and consider the canonical ONB {ej, j € .,]I} of £2(J). Then F, =
{goj = Pej, j€ J]} is a PF in KC. The associated analysis operator 6, (see (2.3)) maps
K into ¢>(J) and

O f ={l0is N jes =lles Fja = lest =7 F=lei} ek

Therefore, R (9(/;) = K and, in view of (2.10), (2.11), {chj} ¢ ¢2(J) for non-zero
f= {cj} € K. This means that

S EH e £ =D E3|lej. AP =D ElejP =00, feK., f#0

jel jel jel
and D,,;, = {0}. O
Of course, the choice of PF’s F,, in Proposition 3 should be very specific. Consid-

ering special classes of E and F,, one can guarantee that Dy,;, coincides with D4
and is a dense set in KC. Few simple sufficient conditions are given below.

Proposition 4 The following assertions are true:

(i) Ifsup;cy{|Ej|} < oo, then Dyin = Dpax = K;

(ii) If the index set J of F, can be decomposed J] = Jo U Jy in such a way that
{(pj, j € Jo} is a Riesz basis in IKC and SUpje, {|Ej|} < 00, then Dy,;, coincides
with Dy and is a dense set in KC.

Proof (i) Denote a = Sup ey {|EJH Then

STE(ps AP <> s AP = RIFIR fek. 212

jel jel
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Therefore, D,i, = K. By virtue of (2.9), Dyin = Dpax = K.

(i) Similarly to (2.12), Y5, E2 {0y, f)]° < @ X ey, i £I° < 21712,
where o = SUp ey, {|E]|} and f € K. This means that the sets D,,;, and D,y
defined by (2.8) do not change if we consider the smaller set Jo = J \ J; instead of J.

Each Riesz basis {¢;, j € Jo} is norm-bounded below (i.e., inf j¢j llg;|| > 0). By
[24, Theorem 8.36] this means that D,,,;,, = Djax. Let {w i J € Jo} be the biorthogo-
nal Riesz basis for {g;, j € Jo}. By virtue of (2.8), ¥ € Dy forall j € Jo. Hence,
Dinin is a dense set in . O

In what follows we consider a slightly more general case assuming that D,,;,, is
dense in IC and Dyin € Dpax, so that Dy, is dense in K a fortiori.

Equipping (2.7) with domains D,,;,, and D,,,» we define the following operators
in KC:

H;’EianZjEJ Ej ((pj’ f) i f6D<H(ZEm) = Dmin.

max max (2'13)
HI f =Y e Eilojs f) @i f €D (HIE) = Dy,

The operator H (;’E " admits a simple interpretation with the use of Naimark dilation

theorem. Namely, in the Hilbert space H = K& .M, we consider the ONB {h i jed }
defined by (2.2) and define a self-adjoint Hamiltonian

2
Hye=Y Ej(hj.-)hj. DHw)={feH Y E;|h. f)]" <oo
jel jel
(2.14)
By the construction, the set of eigenvalues of Hyg coincides with E = {E;} and the

corresponding eigenfunctions are {/;}. Comparing (2.13) and (2.14) we arrive at the
conclusion that

H;}’E""f = PcHwef, feD (H;"g") =Dpin =D (Hpe) NK.  (2.15)

Therefore, the operator H, ”‘E’” may be interpreted as the restriction of the Hamiltonian
Hpg acting in H = K @ M to the physical space H,;, = K, see (1.2).
It follows from (2.9) that
HJE™ < HE™ (2.16)
The densely defined operator H, (;"E“x is symmetric in K since

2

(H;”EaXf,f>=ZEj ’(@j,f) , f€D<H£zEax)

jel

is real-valued. The same is true for H gg” since (2.16) holds.
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Corollary 5 IfH(:)"Ein is self-adjoint in IC, then H(:)"E“x is also self-adjoint and H(;”Ei" =
Hmax
E

Proof 1t follows immediately from the relation
e () < (me) =
O

Using Proposition 4, it is easy to derive sufficient conditions for self-adjointness of
min
Hye".

Corollary 6 The following assertions are true:

() Ifsupjcy {|E] |} < 00, then H(;"g" is a bounded self-adjoint operator in IC;
(i) If supjey {}E]|} = 00 and the index set J of F, can be decomposed J = Jo U Jy
in such a way that {¢;, j € Jo} is a Riesz basis in K and SUp ey, {|EJ|} < 00,

then H(ZE"” is an unbounded self-adjoint operator in .

Proof (i). By Proposition 4 and (2.13), the symmetric operator H (;”g " is defined on the
whole space KC. Hence, H (ZE” is a bounded self-adjoint operator.

(ii). By employing Proposition 4 once again, one gets that H (;”E”’ is adensely defined
operator in K. For f € D(Hyg) we decompose

Hoef = ) Ejles f)oi+ D Eilei f) o5, (2.17)

j€lo jeh

where F) = {g;, j € Jo} is a Riesz basis in K and sup .y, {|E;|} < oo.
Denote by So = Y5, (#)- -) ¢, the frame operator of the Riesz basis F. Then
[17, Theorem 6.1.1]

12 .
;= SO/ ej, Jj€lo,
where {e;, j € Jo} is an ONB of K. Therefore, the first operator in (2.17),
2
Ao=Y Ejlpj. ) e, DA =1{fek Y Eillg;. f)|" <oo
j€lo j€lo

can be rewritten as follows

Ao =Sy HeeyS)?.  Heey =Y Ejlej.)ej. Eo={Ej. jelo}. (218

j€lo
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By the construction, the operator H,g, with the domain

D(He) =1 f ek Y Efej. f)]* < oo
Jj€do

is self-adjoint in /C. In view of (2.18), D(H,g,) = S]/zD(A()) and

(Aof. ) = (Heen$5/° 1. 56%6).  f.8 € D(A0). (2.19)

Relation (2.19) means that Ay is self-adjoint. Moreover, as follows from the proof of
Proposition 4, D(Ag) = {f €K Y e E2|tws. )] < oo} = Dyuin = DHE").
On the other hand,

S Eles AP = X lles A <PIfIR Fek, a=sup{|Ej|}.

jel j€h jeh

This means (see, e.g., [24, Theorem 7.2]) that the second operator in (2.17)

A=Y Ejlpj.") o

jeh

is defined on KC and it is symmetric (since (A1 f, f) = Zj€J1 E; |((pj, f)|2 is real-
valued for f € K). Hence, A is a bounded self-adjoint operator in IC. This means that

the operator Hyg = Ag + A with the domain D(Ag) = D (H(/’)"Ei") is self-adjoint. O

Remark 7 Similar results (in the case where J, involves a Riesz basis) can be obtained
by the perturbation theory methods if the operator A is sufficiently small with respect
to the self-adjoint operator Ag (see, e.g., [29, X.2]).

2.3 Spectrum of Hy,e

In what follows, we suppose that H ;’g” is a self-adjoint operator in K. In this case, in
view of Corollary 5, Hyg := H (;?E"” =H (;’E“x is a self-adjoint operator.

We consider Hyg as a Hamiltonian generated by the pair (Fy, E)of a PF Fyand a
set of real numbers E. As was mentioned above, the Hamiltonian HE is the restriction
to the physical space /C of the Hamiltonian Hjg (see (2.14)) acting in the wider Hilbert
space H = K & M. By virtue of (2.14), the point spectrum of Hyg coincides with the
set E and Hueh, = E,h, (n € J). On the other hand:

Lemma 8 The following assertions are equivalent:

(i) The relation Hyep, = E,@, holds for some E,, € E;
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(ii) The vectors of the PF Fy in Theorem 1 satisfy the following conditions:

STER (v <00 Y Ej (Wi wn)e =0 (2.20)

jel jel

Proof (i) — (ii). If Hoepn = E,¢u, then ¢, € D(Hye) N D(Hye) (see (2.15)).
This means that the vector v, corresponding to ¢, in (2.2) also belongs to D(HjE).
Therefore, Zje,]] EJ2 |(1p‘,~, Wn)|2 = Zjej] Ej2 |<h, Wn>|2 < o0. Further, the relation
Hypehy, = Eyhy, means that P Hyeh, = Ej@,. Taking (2.2) and (2.14) into account,
one gets

0= PicHyehn — Hoeon = ) Ej(hj hn)oj =Y Ejlej.en)0j =D Ej(¥j. vm)e; (221)
jel jel jel

that establishes (2.20).
(ii) — (i). The first part in (2.20) and (2.14) mean that v, € D(Hue). Hence,
¢n = hy — ¥, belongs to D(Hye) N'D(Hye). Reasoning similarly to (2.21), we obtain

0= Z Ej (l//jv 1//n)§0j = PxcHpehn — Hpeon = En Pichn — Hyggn = Engn — Hygon
jel

that completes the proof. O

If lg, |l = 1, then ¥, = 0 and the conditions (2.20) are clearly satisfied. In such
case, E, turns out to be an eigenvalue of HyE.

Lemma 8 shows that the set E not always coincides with the point spectrum of Hye.
For this reason, we will say that E is a set of quasi-eigenvalues of H.

Since Hye is assumed to be self-adjoint, one may believe that Hye can also be
presented in a form similar to (2.14):

H¢E=ZE}<€;‘">63" D(Hgpe) =y f €K ) E}

jel jel

(o) <o

(2.22)

where F, = {e} ek, je J} is an ONB of K and ' = {E; j € J} is a set of
real numbers. The formula (2.22) is more convenient for spectral analysis because
it immediately gives the set E of eigenvalues of Hyg. This means, according what
proposed in [9] for bounded operators, that (F,, E) is E—connected to F,/. Indeed,
under the assumptions here, Hyg = Z/ej} E; ((pj, ~)g0j = Zje,]] E; <e;., ->e;..

We recall before formulating the next statement that the PF F, can be extended
to an ONB 7}, in H = K @ M by adding a complementary PF Fy, of M (as in
Theorem 1).
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Theorem 9 Let Hye be a Hamiltonian generated by the pair (F,, E), where E =

{Ej, j € I} is a strictly increasing sequence ... < E; < Ejy1... and let the
operator
B=Y Ejlp;.)¥; K> M (2.23)
jel

be bounded. Then Hyg has the form (2.22) and its discrete spectrum ogisc(Hyg)
coincides with E'.

Proof We can assume, without loss of generality, that ] = N. Since E = {E j.J € N}
is strictly increasing, there exists A = lim;_. E;. When X is less than infinity, E
is a bounded set, and the condition of boundedness of B in (2.23) is automatically
fulfilled. Moreover the self-adjoint operator

M — Hye = Z ()» — Ej) (/’lj, > h.,',
jeN

where Hj is defined by (2.14), is positive, bounded and compact! in 7. The same

properties hold true for the operator A/ — Hye = Pxc (M — Hpe) Pxc acting in KC.

Therefore, there exists an ONB {e;} . of I formed by eigenvectors e;:
JE

(A — HyE) ¢ =uje;, jeN, (2.24)

corresponding to the decreasing sequence of eigenvalues 1t ;. The set { W }j <y consti-
tutes the discrete spectrum of A/ — Hyg. It follows from (2.24) that H(pEe;. = (A—pu; )e} .

Therefore, the bounded operator Hyg can be defined by (2.22) with E; =A—pu;and
its discrete spectrum oyjsc(Hye) coincides with E' = {E; =A—nuj, jeN}.
Assume now that A = lim_, o, £; = 00. Then the operators Hyg and Hyg are both
semi-bounded from below, and they are interconnected through the relation (2.15).
The operator Hye has a compact resolvent (since its eigenvectors {h j} form an ONB

of 'H and the corresponding eigenvalues {E j} are an increasing sequence tending to
00). In this case, by means of [30, Theorem XIII.64], the set

Yorye ={f € D(Hpe) - 1 fIl = 1, I Hwe f1l < b},

is compact in H for every b > 0. Consider the similar set associated with Hyg

Yore = {f € D(Hge) - [ fIl < 1, |Hee f]| < b}.

1 compactness follows from [21, problem 132] since lim_ oo (A - Ej) =0.
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In view of (2.15) and (2.23), for all f € Ypp,;,

PrHief = Pa ) Ejlhj. f) hj =) Ejlej. f) v = Bf.

jeN jeN

where P is the orthogonal projection operator on M in H. Furthermore,

e 1> = | Pic Hae fIP + IPAHRE S I = I Hge f 17 + IBfI> < 6% + ¢ [ € Ypm,e,

(2.25)
where ¢ = SUP f Yy o IBf|l < |IB|| < oo. Therefore,
(4
YwaE C YWHhE' (2.26)

Consider a convergent sequence { f,, } in kC, where f, €Y}, Hye and denote f = lim f;,.
Obviously, f € K and || f|| < 1. Moreover, f € Y P Hye by virtue of (2.26) and
the compactness of YWHhE. This means that f € D(Hpg) NK = D(Hyg). Assume
that || Hye f|| > b,i.e.||Hge f1I> = b*+e (e > 0). By virtue of (2.25), || Bf||> < ¢? — ¢
that contradicts to the definition of c. Hence, || Hpe f|| < b and f € Ypp,.. We verify
that Yz o is a closed set in K. This fact, the compactness of Yy p,., and (2.26) mean
that Y), ¢ is a compact setin K for each b > 0. Applying again [30, Theorem XTI1.64]
we obtain that H,g has a compact resolvent in K. This means that formula (2.22) holds,
the spectrum of Hye is discrete? and it coincides with E'. O

Remark 10 The statement in Theorem 9 can be readily extended to cover the scenario
of an increasing sequence ... <E;<E; ; < ... provided that eigenvalues have finite
multiplicities.

Theorem 9 establishes a sufficient condition for the existence of the discrete spec-
trum of Hyg without the need for explicit construction. The Min-Max principle [32, p.
265] can be utilized to compute the eigenvalues. Additionally, an alternative method
is presented below, which is specifically tailored to the properties of operators Hye.

Proposition 11 Let Hyg be a Hamiltonian generated by the pair (Fy, E) and let R (Gw)

be the image set of the analysis operator 8, associated with F, (see (2.3)). Then
w € o, (Hye) if and only if there exists a sequence {cj} eR (9¢) such that

(- we)} € 6@ 0 R (3,) =R (3). )

The corresponding eigenvector of Hye coincides with f = je1Ci%j-

2 The spectrum of Hye is discrete and coincides with E’ for A = oo. However, for finite A, the spectrum of
HE includes both its discrete spectrum part E’ and the point of essential spectrum A.
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Proof Assume that Hye f = uf for some f € D(Hyg). Since Fy, is a PF, [ =
> jerl®)> f)@;j and the relation Hye f = ju f takes the form

SE; —w) e flei=) (Ej—n)cjoj =0, ¢;=(p. f). (228)

jel jel

In view of (2.3), 0, f = {cj }, i.e., the sequence {cj} belongs to R (9(/,). Moreover,
{chj} € £o(J) since f € D(Hye). Combining (2.6) with (2.28) we obtain (2.27).

Conversely, if (227) holds, then {(Ej—u)cj} € £J) and
Y jer(Ej —u)cjoj = 0, by virtue of (2.6). The sequence {c;} € R (6,)
determines a vector f = Y, jcjp; € K, where ¢; = (g, f). It follows
from (2.27) that {E;(¢;, f)} € ¢2(J). This means that f € D(Hye) and the
relation ) ;g (Ej —n)cjoj = > el (Ej —u)lej. f)o; = 0 is equivalent to
H(pEf —wnf=0. O

Typically, a PF F, = {(p i jed } comprises a Riesz basis component .7-'8 =
{@j.j €Jo} (o C I). This is especially true when F, has finite excess. In this case,
the Hamiltonian Hyg generated by the pair (F, E) can be decomposed:

Hpe=Ao+ A1, A=) Ejilpj. "), (2.29)
Jjedi
An additional analysis leads to the following:
Proposition 12 Assume that a PF F, = {(pj, j € J]} can be decomposed F, = }"8 U
]:(/1) in such a way thatfg = {goj, j € J]O} and}"(}) = {(pj, j € J]]} are, respectively, a
Riesz basis and a frame sequence in K. Denote by Sg the frame operator for .7-:2 and
suppose that sup ;. {|EJ|} < 00. Then, for all f € D(HyE),

2 2
Hyef = Sy Hory S/ > f + (I — So)"/* Hoe, (1 — So) /2 f (2.30)

where the self-adjoint operator H,g, is defined by (2.18), the set {e;, j € I1} is a PF
of the subspace K| = span .7-"(} =R — So), and Heg, = Y.
bounded self-adjoint operator in K.

jen Eilej. ) ejisa

Proof 1t follows from the proof of Corollary 6 that the operator Ag in (2.29) coincides

with S/ H,e, S,/*, where H,go is defined by (2.18).

The operator I — Sp is nonnegative in X since

(=S £ 1) =112 =D lei £)F =Y lles. )P 20, fek. @31

Jj€do jel

This means that the square root (I — So)'/? exists. Further, the relation (2.31) implies
that

ker(I — Sp) =Ko K;, K;=span ]-"(}).
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Hence, K1 coincides with R(I — Sp) and it is a reducing subspace for I — Sy. Denote
by (I — So)|x, the restriction of I — Sp onto K. The relation

(I—SO)f=Z<¢jvf)(Pj_ Z(‘ﬂjsf)‘/’j = Z(‘Pj:f)@j» fek

jel Jj€Jo J€h

implies that (I — Sp)|x, is a frame operator of the frame .7-'(; in the Hilbert space K.

Hence, the inverse operator ((I — SO)ICl)il : K1 — Ky isbounded and R(I — Sp) =
R — Sp).
It follows from [17, Theorem 6.1.1] that the elements ¢; € .7-'(2, have the form

pj=—S0)"%e;, jel,

where {e;, j € Ji} is a PF of ;. Moreover, repeating the proof of the relation
(2.18) for the case of operator A; acting in K we get A| = (I — So)'/?Heg, (I —
So)l/ 2, Here, the operator H,g, is bounded self-adjoint in K; due to the part (i) of
Corollary 6. O

Considering HyE as a perturbation of Ag by A1 and supposing that A1 is sufficiently
small with respect to Ag one can expect the coincidence of essential spectra of Hye
and Ay. For example, If F, has a finite excess, then I — Sy is a compact operator, and
therefore the second operator in (2.30) is also compact. In such a case, the classical
Weyl theorem [32, p. 182] implies that 055 (Hypg) = 0egs (Ao + A1) = o5 (Ap).

3 Examples

This section is devoted to a detailed analysis of two examples of our previous results,
with some preliminary applications to quantum mechanics.

3.1 Hamiltonians generated by the Casazza-Christensen frame

In general, a PF with infinite excess may not contain a Riesz basis as a subset. If a
subsequence of the frame elements is allowed to converge to 0 in norm, then it is
easy to construct a frame that does not contain a Riesz basis. However, answering
a similar question for frames that are norm-bounded below is much more compli-
cated. An example of such a PF that is norm-bounded below, but does not contain a
Schauder basis, was first constructed by Casazza and Christensen [15]. Our aim now
is to investigate Hamiltonians generated by that PF and discuss their possible physical
applications.
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Let IC;; (n € N) be a n-dimensional Hilbert space with ONB { (m eg'), ... e,g") }
Then the set ]—'(n) {(p;") je Jn} where J, = {1,2,...,n,n+ 1} and

n
m _ o1 () . m _ ()
o) =€’ = e 1=j=n. n+1—fZe SENER)

is a PF for /C,, [17, Lemma 7.5.1]. The operator

HyE, = Z E(n)( (n)’ ) m Z E(n)< (n)’ > (p;n)’ E, = {Ej»n),j c Jn}- (3.2)

/EJn

is a bounded self-adjoint operator in /C,.
For the PF F, ("), the complementary Hilbert space M,, can be chosen as C and the

complementary PF F; ) _ {w("), je Jn] in (2.2) has the form [25]:

n 1 . n
¢_§>:ﬁ, ji=l..n y =o (3.3)

Consider the direct sum K = (302, ©K,) ¢, - The Hilbert space K consists of

sequences f = (fi1, f2,...) for which? fn € K, and Zflil ||f"||12C,, < 00. The scalar
product in K is defined as follows

x
fg:Z f;‘lagn I fvge,C
n=1

Since K = (}_,2, &K, )e , the union of PF’s F, = ;2 ]—'(") is a PF for K [17,
Theorem 7.5.2]. The complementary Hilbert space M in Theorem 1 for the PF F,
can be chosen as the direct sum

M= (Z @Mn> = (Z @C) = L(N).
12 n=1 1%

n=1

The PF Fy, in M coincides with the union of PF’s: 7y, = (oo, f;j").
Denote

o
:UEnz{E;n),neN, 1§j§n+1}.

3 we identify elements of K, with their counterpart in K, i.e., we do not distinguish between f € K, and

the sequence in /C having f in the n-th entry and otherwise zero.
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For the PF F, and E we consider the operator H (;”Ei" : K — K defined by (2.13).

) oo n+l
=S EP o
n=1 j=1
oo n+l 5 5
p(Hgr) = jrex LI (E) ffor o) <o
n=1 j=1

Taking into account the decomposition K = (Zflozl @ICn) & and (3.2) one can
rewrite the last formulas as follows

oo o
HIE" =" @®H,,e,. D(Hé"n’éf,) = if ek Y IHy,e, fulk, < oo} :
n=1 n=1

The obtained formula means that H gg” is self-adjoint in K (since Hy,g, are bounded
self-adjoint operators in /C,, for all n € N). By Corollary 5, Hyg := H, (;"Ei” = H(/’)"E“x is
a Hamiltonian generated by the pair (F, E).

As the PF F,, does not contain a Riesz basis [15], Proposition 12 cannot be applied
for the investigation of Hy,g. Nonetheless, one can attempt to use Theorem 9 and
Proposition 11.

Assume that {E;")} is a strictly increasing sequence, i.e.

Eil) < Eél) < Eiz) < E§2) < Eéz)... < Ei") < Eé") < E,(,”) < E,(:_’:l <...,

where E% — oo, Taking (3.3) into account one gets that the operator B : L — ¢,(N)
defined by (2.23) has the form

o0
1 n
Bf ==Y E (")t . repmck (3.4)
j=1 n=1
If
[0
sup —F < o0,

neN, 1<j<n \/% J

then the right-hand side of (3.4) belongs to £, (N) for every f € K and the operator B
is bounded. In this case, applying Theorem 9 we arrive at the conclusion that Hyg has
a discrete spectrum. Explicit calculation of the discrete spectrum can be carried out

using Proposition 11. Building on the argumentation presented in [9], we conclude
o

that the discrete spectrum of Hyg consists of the original quantities* {Er(f:l } and
n=1

4 this fact immediately follows from Lemma 8 since 1//,5’21 =0, see (3.3).



Unbounded Hamiltonians generated by Parseval frames Page170f24 74

the union of the solutions u1, ... ®w,—1, n > 2, of the equations

1 1 1
o +—m tot——— =0 n=2
EV—pn Ey —p Ey’ —p

The corresponding eigenfunctions are

n
1
o = Ze(") (for the eigenvalues E,(szl) and fj=)_ Tef"),

1—1 i=1 =i =

for the eigenvalues uj, 1 < j <n—1@m > 2).

This example can be used to produce a natural settings in the realm of signal
analysis. For that, we need first to introduce some ladder operators. In particular, we
will now introduce the horizontal ladder operators a, and a;;, acting on K, and the
vertical ladder operators V,, and V,f, mapping K, 4 into KC,, and vice-versa.

First of all we define

a (ﬂ) O lf]zl
n€j JJ lej o if j=2,3,....n

whose adjoint is

o _ [ VTel =12
" 0, if j =n.

These operators, already introduced in [7] in connection with a biological system,
satisfy the following commutation rule:

[a,,, ]_I,C —nP(")

where P,S") f= <e§l”), f ) ("), forall f € K,, and where I, is the identity operator

on fC,.
The action of a,, on the vectors (pj(.") defined by (3.1) is as follows:

—é(”) if j=1
an(/’(n) VJ w(n) f <.0,(1n+)1 é(n), lfJ = 2, 37 ..., n
ﬁe(">, if j=n41,

where

1n—l
. = (n)
¢ = ;Z\/l_ei" .

i=1
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It is easy (but not so relevant) to deduce also the action of a;; on <p;.").
We can further introduce the operator V,, 1 : K1 — K, as follows:

n+1

1
Vn+lf: § (e;n-l- )’f>IC 1 (p;n)’ felcn+l-
n+

J=1

In particular, we see that V4 165."“) = ¢§"). The adjoint of V,,11 can be easily

deduced. It is an operator mapping /C,, into X1 as follows:

n+1

(n) (n+1)
Vn*+1g=Z<¢jn ’g>K:n ejn 5 gGICn
j=1
In this case, it is clear that V" 190;") #* e§"+1), in general. However, due to the fact
that {goﬁ")};’: is a PF in K, it is possible to check that V41V, | = Ik, while
Vi Vit # I,

As for the possible interpretation of this example, and the ladder-like operators a,,,
V41 and their adjoints, a natural look at this framework is in terms of signal analysis:
IC,, is the set of signals with n bits. If a signal f is f = e%"), this means that only the
first bitis “on”, in a signal of n bits. Analogously, if f = o egn) +ay e,(f’), then the first
and the last bits are “on”, with two weights «1 and «;,, with |o |2 + oy, |2 = 1. The
operators a, and a, switch on and off the various bits of a signal with n bits, while

.V,,H. and Vn*+1. add or remove bits from. the sigpal. Also, goipg from {e;e)} FO { (p;e)}
in this context is rather natural: a frame is what is often used in signal analysis to take
into account possible loss of information during the transmission of the signal. The
Hamiltonian can be seen as the energy of the signal, with various contributions arising

from different possible lengths of the signals.

3.2 Relations with regular pseudo-bosons

This section is focused on a class of examples of PFs connected to the so-called regular
pseudo-bosons [2, 4], which are suitable deformations of the bosonic ladder operators

1 d 1 d
c:%(x+ﬁ)andc*=7§(x—d7).
The starting point here is a bounded operator X with bounded inverse X ~! and an
ONB F, = {e, € K, n € J = NU {0}} of a Hilbert space K. Then we have

Proposition 13 If || X*X|| < 1, then the sets

-7:<p={<pn=X*en,neJ}, fgz:{@n:([—X*X)l/z

en, neJ]

are Riesz bases of IC, with dual bases

Fy = {w,, =X"e, n EJ}, Fj = {1/},, = (1 —x*X)""e, n e.,]I}.
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Moreover, the set Féy = FoUFgisaPFof K.
~ 1/2
If | X*X|| > 1then thesetf; = {I/fn = (I — (X*X)_l) ey, n € J} is a Riesz
basis with dual

—1/2

F=li=(1-0e07) Pane]

and the set .7-";& =Fy U ‘7-"17 is a PF of K.

Proof If | X*X|| < 1,then I —X*X is abounded positive operator on k, and there exist
a positive square root (I — X*X)l/2 and its inverse (I — X*X)fl/2 that are bounded
operators on K. Hence the Riesz basis nature of the pairs F,, Fy and }"(;, ]—'& is clear.

To prove that F? isaPFE letus put U = X*X, which is bounded with bounded inverse
and self adjoint, and let us write a generic f € Kas f =Uf + (I — U) f. We have

UF, f) = (XX =) UXfoed? =) 1f o).

nejJ nejl

Moreover, since I — U is a positive operator,

I=U)f = =) (1 =0)2F) = =)' Y en (1 =)' e,

nej

=Y (Gn: f) Gn,

neJ

sothat (I —U)f, f)=_,c5 {&n, f)lz. Hence

LA = (UL £+ (T = ) =Y Ko+ D [n £

nej nejl

which implies our claim: F¢, is a PF.
The proof of the second part of the proposition is similar to this, and will not be
repeated.
O

Remark 1t is clear that if the sets Fs and F, j are well defined, then the other sets, .7-";;
and F=, are not. The point is that only one between I — U and I —U ! can be positive.
This does not exclude the possibility to extend the above construction to consider both

these possibilities. But we will not investigate further this point here.

3.2.1 An explicit construction

As itis discussed in [2, 4], in particular, pseudo-bosons can be seen as suitable defor-
mations of the ladder operators ¢ and ¢* we introduced before. It is well known that
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these operators can be used to diagonalize the Hamiltonian of a quantum harmonic
oscillator Hy = % (p2 + xz), where p and x are respectively the momentum and
the position operators (both self-adjoint). In fact, after some algebra we can write
Hy = c*c+ % I, and its eigenstates e, can be constructed by fixing first the vacuum
eo, i.e. a vector in K such that cep = 0, and then acting on it with powers of c¢*:
o

" V!
representation, where ¢ and ¢* are the differential operators already introduced, we

have K = £2(R) and

eo. Then, F, = {e,, n > 0} is an ONB of K. In particular, in the position

2
Hy(x)e 7,

1
e (x) = ———
" V2T
where H,(x) is the n-th Hermite polynomial.

Remark Despite the apparent simplicity of the system (the well known harmonic
oscillator), it is maybe useful to stress that this is not necessarily trivial. Indeed, we
could think of Hj as the single electron Hamiltonian of a two-dimensional gas of
electrons in a strong magnetic field, orthogonal to a fixed plane, when expressed in
suitable variables. This is the physical system which is behind the Landau levels, and
the fractional quantum Hall effect, see [16, 27] for instance, and has attracted a lot of
interest in the past years, [10, 20, 26, 28] among the others. In most of these papers,
the possibility of modifying a single wave function in the so-called lowest Landau
level (LLL) is used to construct the wave function for the gas of electrons, localized
at different lattice sites and minimizing the energy of the gas.

In what we will do now, we are inspired by the possibility of magnetically translating
a wave function of the LLL while staying in the same energetic level. However, rather
than using only translation operators, we will consider a combination of multiplication
and translation operators. More explicitly, let K and T be the operators defined as
follows:

Kf(x)=m@x) f(x), Tfx)=f(x—a), [feL*R).

Here « > 0, fixed, and m(x) is a complex-valued, smooth> function satisfying 0 <
m < |m(x)| < M < 1in R. These operators are bounded, with bounded inverse. In
particular, 7 is unitary:

1 _
K f) = R K*f() =m@) f(x), T*f)=T""f@) =f&x+a).
Now, if we put X* = T K, we get the following results:

X*f) =mx—a) f(x—a),  Xf(x)=m)f(x+a),

5 We could take, for instance, m(x) € C*.
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together with

1 1
X H* ) = ) fx+a), X 'fx)= f(x —a).

mx —a)
The operators X*X and X X* turn out to be both multiplication operators:
X*Xf@) = Imx =) f(),  XX*f(x) =m0 f(x).
Because of our assumption on m, we have |m(x — «)|> < M? < 1, and therefore

IX*X| < 1: we are in the first case of Proposition 13, so that the sets .7-"5 and .7-'7/
cannot be defined. Still we find

1
on(x) =mx —a)e,(x — o), Yn(x) = ——e,(x — @)
m o)

(x —

and

Gn(x) =V 1= |m(x —a) e, (x),  Yn(x) =

! en(x).
V1—=|mkx —a)?

Biorthonormality (in pairs) of these functions is manifest, while the fact that Foo=
F, U Fsis a PFis not as clear, but it is a consequence of Proposition 13.

Following [4] it is easy to find the ladder operators for J, and F, and for their
dual Riesz bases. We introduce the operators ay, by, ag and b(; as follows:

apf(x) = X*e(XH) 7 f(x),  byf(x) =X "X fx),

and

agf) = (I —x*x)"c(1-x ) 2 r o),
baf) = (I —X*X)"? e (1= x*x) 7" fx),

Vf(x) € S(R), the set of the C*°, fast decreasing, functions (the Schwartz space).
Simple computations allow us to deduce the following expressions:

_ L( m’(x—(x)) b — o L( m’(x—oe))
aw—c—ﬁ a+—m(x—a) . p=¢C V) a_m(x—a) ’

while

1 CI(X) o 1 q'(x)
b,~
Ban T A

a¢=c
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where g(x) = /1 — |m(x — a)|2. Incidentally we observe that we can rewrite Z/(;‘)) =
d(og(g(x))) )

X
Pseudo-bosonic operators are useful since they act as ladder operators on the
families of function deduced before. In particular, we have

AypPn(x) = \/Eﬁon—l(x)v bga‘/)n(x) =+/n+ lgy41(x),
and similarly

a(ﬁ@n(x) = \/’;@n—l (x), b(ﬁ‘z)n(x) =vn+ 1gy41(x),
with the understanding that ¢_;(x) = ¢_1(x) = 0. As a consequence, the various
@n (x) are eigenstates of Ny, = bya,, while each ¢, (x) is an eigenstate of N = bgag,
both with eigenvalue n. If we further compute the adjoints of these operators, then we

obtain ladder operators for the dual families, 7 and F, [2, 4].
Defining now the vectors ®,, as

_ on(x), n=0,1,2,3,...
Pnl) = {@—n—l(x), n=-—1,-2,-3,...

and the set Fp = {®,(x), n € Z} = F, U Fy, it is easy to check that, taken any
) € L2®),

D Du, ) Pu () =D A, LIon () + D (Gns f) Gux)
nez n=0 n=0

= X"Xf(x)+ 1= X"X) f(x) = f(x),

as it should (since F, U FzisaPFin K = L2 (R)). Now, given a set of (real) numbers
E,, n € Z, we can consider an operator

H =Y E,(®,, ) ®y(x) = H + Hy,

nez
where
o0 o0
Hi =Y Ey{@n. ) u(x),  Hy= Y E_ui1) (@n: ) Gn ().
n=0 n=0
If we now fix E,, = E_(,+1) = n, then
o o
Hi = n(gn. ) oa(x) =Ny > _ (@n. ) @u (),
n=0 n=0

while Hy = Zzio n <¢ny 2 @n(x) = N(ﬁ Z?,o:() <¢I’l7 2 @n(x).
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As for a possible interpretation of these two terms, we can go back to our previous
remark, and to the explicit expressions of the functions ¢, (x) and ¢, (x). In particular,
while these latter are proportional (via the weight function /1 — |m(x — «)|?) to the
en(x), the functions ¢, (x) are again proportional (but via the other weight function
m(x — «)) to the translated version of the e, (x). Then, while H, can be seen as
the single-electron deformed Hamiltonian for a particle in a sort of modified lowest
Landau level, H; can be seen as its shifted version (with a different weight function).
This can be interesting in connection with the crystals constructed out of the single
electron, asin [10, 20, 26, 28], since it could produce two different lattices, one shifted
with respect to the other. In condensed matter, lattices of this kind are useful, like the
so-called reciprocal lattices.

These examples do not cover all possible applications of the general strategy
proposed in this paper. More results, and more applications, are part of our future
plans.
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