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Abstract

We prove that the integral operators associated with the layer heat potentials depend
smoothly upon a parametrization of the support of integration. The analysis is carried
out in the optimal Hoélder setting.
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1 Introduction

Potential theory is a powerful tool for analyzing boundary value problems for partial
differential equations, particularly in the case of elliptic and parabolic operators. Along
with existence, uniqueness, and regularity issues, potential-theoretic methods can be
used to study perturbation problems. For example, potential-theoretic techniques can
be employed to analyze how a solution depends on a deformation of the domain. To
apply this kind of approach, it is important to understand how layer potentials and other
potential-type integral operators depend on variations of the support of integration.

In the literature, most of the research in this direction focuses on the elliptic case.
We mention, for example, Coifman and Meyer’s results [7] and Wu's results [48] on the
analytic dependence of the Cauchy integral on a variable arc-length parametrized curve.
Moreover, Potthast’s work [40, 41, 42| and Potthast and Stratis’ results [43] establish a
Fréchet differentiability result for layer potentials associated with the Helmholtz operator
and apply these findings to some inverse problems in acoustic and electromagnetic scat-
tering. Lanza de Cristoforis and Preciso [28] showed that the Cauchy integral depends
analytically on a parametrization of the support. Later, Lanza de Cristoforis and Rossi
[29, 30] considered the case of layer potentials associated with the Laplace and Helmholtz
operators and proved real analyticity results which were used in 23, 24] to study domain
perturbation problems for the Laplace and Poisson equations. In |9], we have employed
similar techniques for a perturbed obstacle scattering problem. The case of layer poten-
tials associated with a general second-order elliptic operator with constant coefficients
has been analyzed in [8], while the periodic and quasi-periodic cases are considered in
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Lanza de Cristoforis and Musolino [27] and [3]. In a collaboration with Musolino and
Pukhtaievych we have exploited the results on the periodic potentials for a shape sensi-
tivity analysis of the longitudinal flow along a periodic array of cylinders and the effective
conductivity of periodic composites (see, e.g., [37, 36, 11]). More recently, Henriquez and
Schwab [19] proved that the Calderén projector of the Laplacian in R? is an holomorphic
function of the shape of the support, a result that has been extended to R™ in [10].

Moreover, several authors have explored elliptic domain perturbation problems using
approaches other than potential theory. Examples include Bucur and Buttazzo [4], Dan-
ers [13|, Delfour and Zolésio 15|, Henrot and Pierre [17], Novotny and Sokolowski [3§],
Pironneau [39], and Sokotowski and Zolésio [45].

So, we can conclude that the literature on shape stability and regularity is fairly
rich in the case of elliptic operators. The parabolic case, instead, seems to be far less
understood. Daners [12] studied the stability of solutions of parabolic problems upon
domain perturbation, while Chapko, Kress, and Yoon [5, 6] proved shape differentiability
results for the solutions of the Dirichlet and Neumann problems for the heat equation.
Then, they applied these results to some inverse problems in heat conduction. However,
to the best of our knowledge, higher regularity results are still unavailable. Moreover, an
analysis of the shape dependence of the integral operators arising in parabolic potential
theory is lacking in the literature. To fill this gap, this paper aims to develop a high
regularity theory by analyzing the dependence of layer heat potentials on variations in
the shape of the support of integration. To wit, we fix a regular open subset €2 of R",
which plays the role of a reference set, and we introduce a class of diffeomorphisms Agq
from 9 to R™ (see Definition 2.1 and Figure 1). Our main results prove that the maps
that take a function ¢ € Ayq to certain layer heat potentials supported on ¢(9Q) are of
class C*°.

We now describe these results with a few more details. Let S, : R™*"\ {0,0} — R
denote the usual fundamental solution of the heat operator, that is

1 e

Sp(t,x) == (47rt)%e # %f (t, ) €]0,+o0 x R,
0 if (t,2) € (J=00,0] x R")\ {(0,0)} .

Throughout the paper we find convenient to adopt the following notation: if D is a
subset of R", T € ]0, +oc[ and h is a map from D to R”, we denote by h” the map from
[0,T] x D to [0,T] x R™ defined by

hl(t,z) := (t,h(x))  Y(t,z) €[0,T] x D.

Let ¢ € Agq and let o be a continuous function from [0, 7] x 9Q to R. In order to work
with a space of densities that is not ¢-dependent, it makes sense to consider the single
layer potential with density p o (qﬁT)(*l):

vluo (") V(1 2)

t
:—/ / Sult =73 —y)po (¢7) (7, y) doydr
o Joon)
t
—/ / Sult = 7.2 — y)ulr, 6V () doydr  V(t, ) € 0,T] x R™.
o Joon)

Moreover, in the applications it is often convenient to consider the boundary integral
operator associated with the ¢-pullback of the single layer potential, that is

Volu] :==v[po (ng)(_l)] ogl on [0,7] x 09. (1)



We also consider the maps
Viel(t.):= [ t /¢ ooy PS80~ )0 (61 ) doyr @
Weslilta) = | t /¢ oo PS80 =) v (61 V) doyar, (3
Wolplt.) = — | t /(ﬁ oo DS 00) =) e (6N ) doydr, ()

for all (t,z) € [0,T] x 9Q and all [ € {1,...,n}. Here above, 0,,S, denotes the x;-
derivate of S,, and DS, is the gradient of S,, with respect to the spatial variables,
whereas v4 denotes the exterior unit normal field to ¢(9€2). The maps V; 4 and W, 4
are associated with the ¢-pullback of the x; and normal derivatives of the single layer
potential, respectively, and the map Wy, is associated with the ¢-pullback of the double
layer potential. The main result of this paper states that the maps from a certain subset
of Apq to suitable spaces of operators, which take ¢ to Vi, Vi 4, W, 4, and Wy, belong
to the class C* (see Theorem 5.4).

Our strategy to prove the result proceeds as follows. First, we characterize layer
potentials as solutions of a transmission problem on a ¢-dependent domain. We then
pullback this problem to a fixed domain and obtain a new abstract ¢-dependent problem
on a fixed set. Finally, we use the real analyticity of the inversion map to establish the
regularity upon shape perturbations. It’s worth noting that the non-homogeneous term
in the heat equation for the transmission problem includes a distributional term of the
form 0;f, as described in Theorem 3.1 and Lemma 4.2. Standard results in parabolic
theory do not cover this case, hence we relied on new results on the heat volume potential
that the second author developed for this purpose and presented in [35]. We acknowledge
that a direct change of variable, as described in Chapko, Kress and Yoon |5, 6], can avoid
the issue of 9, f in the equation. However, their approach requires the boundary to be C2,
and it does not work in the optimal Holder setting, i.e. with sets of class C®. In contrast,
our approach maintains sharp assumptions on the regularity of sets and perturbations.

The strategy we have just described stems from the approach proposed by Lanza de
Cristoforis and Rossi [29, 30| to analyze the shape dependence of layer potentials for the
Laplace and Helmoltz operators. The extension to the heat equation is, however, by no
means straightforward. On the contrary, we have to be very careful when dealing with
the space-time anisotropy and we have to identify a suitable functional setting with the
correct regularity for the space and the time components.

We also observe that, instead of the real and complex analyticity results that are
typical in the elliptic case (see, e.g., [8] and [10]) we have to content ourselves with a
smoothness result. This seems to be an unavoidable issue for the heat equation, and its
origin can be traced to the regularity of the fundamental solution S,,. Specifically, 5, is
real analytic in x for a fixed ¢ # 0, but only C* in ¢ for a fixed = # 0.

In some forthcoming papers, we plan to use the results presented here to study the
shape sensitivity of the solutions to linear and nonlinear boundary value problems for
the heat equation.

The paper is organized as follows. In Section 2 we introduce some notation and
present some known preliminary results: in Section 2.1 we fix some standard notation and
definitions, in Section 2.2 we introduce certain parabolic Shauder spaces, in Section 2.3
we define the class of diffeomorphisms Agq and present some related results, and, finally,
in Section 2.4 we recall the definition of layer heat potentials and their basic properties.
In Section 3 we prove the unique solvability of a certain auxiliary transmission problem.
This is the problem that later we use to characterize the layer potentials. Then, in Section
4, we ¢-pullback the problem to a fixed domain and we analyze the dependence of the



pulled-back problem upon the shape parameter ¢. Finally, Section 5 contains our main
results on the dependence of the layer potentials upon ¢. In Appendix A we collect some
technical results on composition and integral operators.

2 Preliminaries

2.1 Some standard notation

For standard definitions of calculus in normed spaces, and in particular for the definition
and properties of real analytic operators, we refer to Deimling [14]. The inverse of an
invertible function f is denoted by f(~1), while the reciprocal of a complex-valued function
g is denoted by g~!. If A is a matrix, then A" denotes the transpose matrix of A and
A;j denotes the (4,7)-entry of A. If A is invertible, A~! is the inverse of A and we set
AT = (AT,

The symbol N denotes the set of natural numbers including 0. Throughout the paper,

n € N\ {0,1}

denotes the dimension of the Euclidean ambient space R”. If D C R"™, then D denotes
the closure of D and dD denotes the boundary of D. If X is a normed space, then
B(D, X) and C°(D, X) denote the space of bounded and continuous functions from D to
X, respectively. As usual, we equip B(D, X') with the sup-norm and we set CP (D, X) :=
C'(D,X) N B(D,X). If Y is also a normed space, than £(X,)) denotes the space of
bounded linear operators from X to ) equipped with the usual operator norm.

Let © be an open subset of R”. Then Q= := R" \ Q denotes the exterior of Q. Let
m € N. The space of m-times continuously differentiable real-valued functions on €2 is
denoted by C™(Q). Let f € C™(Q2). Then Df denotes the Jacobian matrix of f. The
subspace of C™(2) of those functions f whose derivatives D"f of order || < m can

be extended with continuity to Q is denoted C™(f2). The subspace of C™(Q) whose
derivatives up to the m order are bounded is denoted C"(€2). As is well known, CJ*(Q)
equipped with the norm Hf||an(§) = Zlnlﬁm supg |D" f| is a Banach space. The symbol
vq denotes the outward unit normal field to OS2, where it exists.

Let m € N and o € |0,1[. For the definition of open subsets of R™ of class C™

and C™ and of the Schauder spaces C"*(2) and C"™*(92), we refer to Gilbarg and
Trudinger [16, pp. 52, 95].

2.2 Parabolic Schauder spaces

Let o, 3 €]0,1[, T € ]0, +oo[ and D C R™. Then C*#([0,T] x D) denotes the space of
bounded continuous functions u from [0,77] x D to R such that

|u(ty, #) — u(ts, 7]

|2l coss(jo,r1xpy = sup |u|+ sup sup
(0.T1>D) [0,T]xD t1,t2€[0,T] z€D |t1 — ta|®
t1#t2
t,x1) — ult,
+ sup sup [ult, 71) u(ﬁ:@)\ < 4o00.
te[0,T] x1,x2€D |1 — 22
T1F£T2

Let now 2 be an open subset of R”. Then CHTQ;HO‘([O,T] x Q) denotes the space of
bounded continuous functions u from [0, 7] x €2 to R which are continuously differentiable
with respect to the space variables and such that

n
U o _ = su u| + O, | (950 a
| “cl%vlm([o,T]xQ) [O,T]I>2§| | ;' witil o ((0.77x)



o0 /_\ d(09) E[¢]

Figure 1: The diffeomorphism ¢ and the ¢-dependent sets 1[¢], B[] and ¢p(09).

’u(tlvx) _ u(t2,$)|

+ sup sup e < +o00.
t1,t2€[0,T] 2€Q |t1 — ta] 2
t1#t2

If Q is of class C1%, we can use the local parametrization of 9 to define the space
C 1+Ta;lﬂ“([o, T] x 0R2) in the natural way. Similarly, we can define the spaces C™%(M)
and C'mTM;m‘LO‘([O, T|x M), m = 0,1 on a manifold M of class C"™“ imbedded in R™ (for
details, see Appendix A).

Finally, we use the subscript 0 to denote a subspace consisting of functions that are

zero at t = 0. For example,
CoP([0,T) x D) = {u € CUP(10,T] x D) : u(0,2) =0 Va e D} .

1+(x.1+a 14+« . ’nL;a;m+a

Then the spaces Cy 2~ ([0,7] x Q), C’OT’HQ([O, T] x 0R2), and C,,
are similarly defined.
For a comprehensive introduction to parabolic Schauder spaces we refer the reader to

classical monographs on the field, for example LadyZenskaja, Solonnikov and Ural’ceva
[21, Ch. 1] (see also [25, 26]).

([0, 7] x M)

2.3 The class of diffeomorphisms Ajq

We now introduce the class of diffeomorphisms that we use to model the domains’ shape.

Definition 2.1. Let Q be a bounded open connected subset of R™ of class C'. We
denote by Apq the set consisting of the functions of class C*(09, R") that are injective
and whose differential is injective at all points of J€) and, similarly, we denote by Ag the
set of functions of C'(£2,R™) that are injective and whose differential is injective at all
points of Q.

We can verify that Apn and Ag are open in C1(0Q,R"™) and C' (2, R™), respectively
(see, e.g., Lanza de Cristoforis and Rossi [30, Lem. 2.2, p. 197] and [29, Lem. 2.5, p. 143]).
If Q has connected exterior 7, then R™ \ 99 has two open connected components and
thus the Jordan-Leray separation theorem ensures that R™\ ¢(9€2) has exactly two open
connected components for all ¢ € Asq (see, e.g., Deimling [14, Thm 5.2, p.26]). One of
these open connected components is bounded, and we denote it by I[¢], the letter “I”
standing for “interior.” The other one is unbounded, and we denote it by E[¢], the letter
“E” standing for “exterior.” (See Figure 1.)

We need to recall two technical lemmas of Lanza de Cristoforis and Rossi [30, §2],
which show that a diffeomorphism on 0f) can be extended in a neighborhood of 92 by
means of a real analytic extension operator.

Lemma 2.2. Let a € ]0,1[. Let  be a bounded open connected subset of R™ of class
CH* such that Q= is connected. There exists w € CL(9, R™) such that |w| = 1 and
w-vg > 1/2 on 0. Moreover, the following statements hold.

at



(i) There exists 0q € |0, +00] such that the sets
D5 ={r +sw(x) : 2 € 09, s €]-6,4]},
de ={x+sw(z):z €I, se|-90[}
Q5= {2+ sw(x) 2z €0, sel0,d[}
are connected and of class C1®. They have boundaries
Qs ={r+sw(z):x €0, se{-06,0}},
8(2:;5 = {2+ sw(x): 2z € i, sec{-0,0}},
00, s ={z+sw(x) : x €09, s € {0,6}}.
and we have 2} s C Q and Q ; C Q™ for all § €]0,dq].
(ZZ) Let 6 € ]0,(59[ If o e Am, then ¢ := (I)‘@Q € Agq.
(111) If 6 €10, 0q[, then the set

A/Qw,é ={® € Aq ¢ (Qf 5) CI[®|o0]}

is open in -AT and ®(€; 5) € E[®)y0] for all ® € ’Aglws

(i) If § € 0,0q[ and ® € CH*(Q, 5, R") ﬂA’

open sets of class C%, and

, then both Q(QI,J) and (2 ;) are

Lemma 2.3. Let Q, w, 6q be as in Lemma 2.2. Let ¢ € CH%(0Q,R") N Apq. Then the
following statements hold.

(i) There ezists 0y € 0,0q[ and &y € CH(Qy, 5., R") N A/

such that ¢po = Pojaq-

(ii) Let oy, ®o be as in statement (i). Then there exist an open neighborhood Wo of ¢o in
CH2(0Q, R") N Asq, and a real analytic extension operator E from CH*(9Q, R™) to
CH(Qy .60, R™) which maps Wy to CH(Qy, 5., R™M)NAG - and such that E[¢g] = ®

w,00

and E[¢]jaq = ¢, for all € Wh.

Finally, we present in the following technical lemma two real analyticity results, one
for a map related to the change of variables in integrals, and one for the pullback of the
outer normal field. For a proof we refer to Lanza de Cristoforis and Rossi [29, p. 166]
and to Lanza de Cristoforis [24, Prop. 1|. Throughout the paper v, denotes the exterior
unit normal field to dl[¢p] = ¢(9N).

Lemma 2.4. Let Q be as in Lemma 2.2. Then the following statements hold.
(i) For each ¢ € CH*(0Q,R™) N Agq there exists a unique 5,[¢] € CH*(0Q) such that

/ fs)dos = [ Foo)imldly)do,  VF € LY (6(09)).
PG a0

Moreover, &,[¢] > 0 and the map that takes ¢ to &,[¢| is real analytic from
Cl’o‘(aQ,Rn) N Agq to Co’a(aQ).

(i) The map from CH(90Q,R™) N Agg to CO*(92,R™) that takes ¢ to vy o ¢ is real
analytic.



2.4 Layer heat potentials

In this section we collect some well-known facts on the layer heat potentials. For proofs
and detailed references we refer to LadyZzenskaja, Solonnikov and Ural'ceva [21] and
[26, 34]. In Theorem 2.5 we introduce the double layer potential and describe some of its
main properties.

Theorem 2.5. Let a € ]0,1[. Let T € ]0,+oco[. Let Q be a bounded open subset of R™ of

class CY*. The double layer potential with density p € Cg;a([O,T} x 0R) is the function
wlp] from [0, T] x R™ to R defined by

t a "
wlp(t, 7) .—/0 St = () doydr ¥(t,) € 0.T] xR

For the double layer potential the following statements hold.

(i) wlp] solves the heat equation in [0,T] x (R™\ 09).

(i) The restriction wlu]jo.r1xq has a unique extension to a continuous function w™ ]
from [0, T] x 2 to R and the restriction w(u]|orxo- has a unique extension to a
continuous function w= [u] from [0,T] x Q= to R.

(111) Unless p =0, wlu] is not continuous on the boundary [0,T] x I and we have the
Jump formula

1
wE[p] = Fout w(p] on [0,T] x O9.
In addition, for the normal derivative of wiu] we have
a L., 0

(iv) The map from C =N ’Ha([O,T] x 00) to C =N ’Ha([O,T] x Q) that takes p to w ]
18 lmear and continuous. If R > 0 s Such that Q C B,(0,R), then the map
from Cy M F([0,T] % 89) to G2 ([0, T] x (Bo(0,R) \ Q) that takes i to

w1 ]I[O 7] x(BLO.R)\Q) 8 linear cmd continuous.

In the following Theorem 2.6 we introduce the single layer potential.
Theorem 2.6. Let a € |0,1[. Let T € ]0,+o00|. Let Q be a bounded open subset of R™ of

class CH®. The single layer potential with density pu € CO%;Q([O,T] x 00) is the function
v[p] from [0,T] x R™ to R defined by

|(t,x) = / Sn(t — 1,2 —y)p(7,y) doydr V(t,z) €[0,T] x R™.
o

For the single layer potential the following statements hold.
(1) v[p] solves the heat equation in [0,T] x (R™\ 0R).
(i) v[p] is continuous in [0,T] x R™.

(i) Let vt [u] and v~ [u] denote the restriction of v[u] to [0,T] x Q and to [0,T] x Q.
Then the following jump relations hold

o . 1 ! o)
e [ul(t, @) = £5u(t,z) +/ o 81/9( )Sn(t — 7,z — y)u(T,y) doydr,
0 4 1
axrv (1] (t, ) = :tzu(t x)(vQ)r / - 0xr — 7,2 —y)(1,y) doydr,
for all (t,x) € [0,T] x OQ and all r € {1,...,n}.

7



() The map from CO “([0,T] x 99Q) to Co 1+a([07T] x Q) that takes p to vtp] is
linear and continuous. If R >0 and Q C B,(0, R), then the map from 005;“([0, T] x

< l4a _ .

o) to C =N (10,T] x (B,(0,R) \ Q)) that takes p to v MHO,T]x(W\Q) is

linear and continuous.

3 An auxiliary transmission problem

In the following Theorem 3.1 we introduce an auxiliary transmission problem and prove
the existence and uniqueness of its solution. We will use such problem to characterize
the layer heat potentials supported on ®(91).

To shorten our statements we find convenient to introduce the following notation:
If « €]0,1[, T € ]0,+00[, ©Q, w and dq are as in Lemma 2.2, 6 € ]0,0n[, and & €
Cl’a(m, R™) N A’Q — then Sg denotes the product space

Sp =y (10,71 x 2(27,)) x e (10,77 x 20 ) (5)
x O ([O,T] x @(Qjﬁ),R”) x O ([O,T] X @(Q;ﬁ),R”)

4oy, 35
< Co? "7 (10.7]x 0(09) x Oy ([0.7] x 2(00)
C’ Lo ’Ha([O,T] X DO 5\ ) x C’ e ,1+a([07T] X B9 5\ Q).
Moreover, we set

B[‘I’](U+av_) = (DU+)|[O,T]><¢'(BQ)V‘I>|BQ - (DU_)\[O,T]XQ(BQ)V%@Q,

. & 14a T ~T N L —
for all (v+,v-) € Cy 2 ([O,T] x @(935)) x C, > ([O,T] x @(QM)).

We are now ready to state Theorem 3.1.

Theorem 3.1. Let o € |0,1[, T € ]0,+o0[. Let Q, w, dq be as in Lemma 2.2. Let
§ €]0,60[ and ® € C1*(Qy 5, R") N AL = Then the transmission problem

vt — Avt =8 f +divf  in]0,T[x ®(QF ),
O™ —AvT =0 fy +divfy  in]0,T[x ®(2 4)

vt —vT =g on [0, T] x ®(99Q),
B[®](vT,v7)=q n [0, T] x ®(99), (©)
vt =ht on [0,T] x (9] 5\ 09),
T~ =h" n [0,T] x @09 5\ 09),
v(0,-) =0 in Q7 ),
v (0,) =0 in B, ).

has a unique solution (v, v~ )mC ilta ([0 T x () ))XC 2 ’Ha([U,T}xCI)(Q;’(S))
fOT each gen (f()+7f(;af1+’f1 7g7gl7h h ) € Sop.

We observe that the heat equations in (6) are to be understood in the weak sense of
distributions in every instance.

Proof. First we consider the existence of a solution of the transmission problem (6). Let

lia., _
(f fo iy fis9,01,hT,h™) € Sp. In particular fg: € Cy?’ ([O,T] X @(Slfﬁ)). By



[35, Thm 4.4] there exist functions P[0, f5] € C e ([0, T x @(Qjcs))fwhich are the

heat volume potentials with densities 0 f() —that solve the equations
_ + . +
&gu —Au = 8tf0 m ]O,T[ X @(Qw,é)

in the sense of distributions. Then, the proof of the existence of a solution of problem
(6) can be reduced to that of the existence of a solution for

(O — Avt = divft  in]0,T[ x @(Qia),
g™ —AvT =divfy  in]0,T[x ®(Q_ ),
vt —v =g on [0,T] x ®(99),
B[®](vT,v7) =q on [0,T] x (), )
vt =ht on [0,T] x ®(99 5\ 9Q)
T =h" on [0,T] x ©(99 5\ 09),
v¥(0,-) =0 in ®(Q7 ),
Lo (0,) =0 in B2, ),

with a possibly different array of data (ff,ff,g,gl,h‘*',h_). By known results in
parabolic theory (see Lunardi and Vespri [32, Thm. 4.3| and Lieberman [31, Thm. 6.48])

there exists a pair (07,07) € C Flta <[0,T] X @(Qjﬂ) C Filta ([O,T] X <I>(Q;6)>
such that

(0,0 — At =divfy  in]0,T[x D),

T =g on [0,7T] x ®(99),
ot =ht on [0, T] x ®(99Q] 5\ 99),
f}+(0a ) = in (I)(Q:’(S%
and
00~ — Ab- =divfy  in]0, T x (),
VT = on [0,7] x ®(09),
0 =h" on [0, T] x @9 5\ 99),
(07(0,-) =0 in ©(Q ;).
14+ -
Moreover, by Theorem 2.6, the pair of functions (u*,u™) € Cy 2 e ([O, T x @(Qj’(s)) X

1+
o, e ([O,T} X @(955)) defined by

uF =[] in [0,7] x (I)(Qfé)’

with
pi=—g1+ B[®](37,97) on [0,T] x ®(09Q),

is a solution of the transmission problem

(Out — Aut =0 in 10,7 x ®(2 ),
Ou~ —Au” =0 in 0, T[ x @(€ ),
ut —u" =0 on [0,7] x ®(0%2),
Blg](u®,u”) = —g1 + B[2](8",57)  on [0,T] x $(09),
ut(0,) =0 in ®(Q7F ),
u=(0,-)=0 in ®(Q7 ;)




Then, if the boundary value problem

ot — Avt =0 in]o,T[ x ®(QF ,),

o0~ — AV = in 0, T[x ®(€2 5),

0T =97 =0 on [0,7] x ®(99),

B[#](0T,57) =0 on [0,T] x ®(09), ®)
ot =utT on [0,T] x ®(99Q] 5\ 9),

0T =u” on [0,7] x @(90 5\ 09),

¥7(0,) = 0 in (2 5),

0, =0  in®(,),

—_— 1ta,
has a solution (61,97) € C Flta ([O,T] X Q(Qzﬁ)) x Cp 2 e <[O,T] X @(Q_ﬁ)), it
follows that the pair (v, v™) defined by

14+ +a _
belongs to Cy 2 e ([0 T] x @(S):Q) ><C it ([O,T] X (I)(Q;ﬁ)) and solves problem
(7). Thus, in order to show the existence of a solution of problem (6), it remains to show
the existence of a solution (6%,97) of problem (8). It is classical that there exists a

solution 0 € C e ([O, T] x @(Qw’5)> of the Dirichlet problem

Ot — Ab =0 in]0,T[x ®(Qs),
b=ut on [0,T] x @02 ;\ 69),
b=u on [0, 7] x &0, \ 09),
(0,-) = in B(C). |

A proof of this fact can be found for example in Baderko [1, Thm 5.1|, Lunardi and
Vespri [32, Thm. 4.3], and Lieberman [31, Thm. 6.48|. Then, if we set
,[):I: —

= e m—
[0, T1x@02 ;)

we have that the pair (67, 97) belongs to C’ Flta ([O,T] X (I)(Q:,a)) xC, 2a’Ha([O, T] %

o(Q 5)) and solves problem (8). Thus the existence of a solution of (6) is proved.

Now we turn to the proof of the uniqueness of the solution of (6). Since we are dealing
with a linear problem, it suffices to show that, whenever we take homogeneous data in the
right-hand sides, the only solution is (v, v™) = (0,0). Solet (f", fo', fi» f1 9,91, h T, h™) =
(0,0,0,0,0,0,0,0) and let

(o) e Gy (10T x @07) % 6 ([o,1) x w6 )

be a solution of problem (6). Let
et (t) := / (vi(t,y))2 dy  Vte|0,T].
o(Qt )

+

Since v™* are uniformly continuous in [0, 7] x @(Qfé), we can see that e* € C°([0,T]).

But the functions e* are actually more regular than that. Indeed, an argument based on
classical differentiation theorems for integrals depending on a parameter and on a specific

10



approximation of the support of integration (see Verchota [47, Thm. 1.12, p. 581]) shows
that e* € C'(]0,T[). A detailed proof of this fact can be found in [33, Lemma 5 and
Prop. 2|. Following the argument in the same reference we can prove that

d + / - 2 / - 9 +
—em(t) = -2 Do™(t,y)|"dy + 2 v (ty) v (t,y) doy, .
0 <I’(QI,5)| (t,y)| - (t,y) o ) (t,y) doy

Then we have

Loty =2 / Du (¢, ) dy + 2 / ot y) Ot (t,y) do,
dt o7 ,) (O \09) Wyt (v)

0
+2/ vt (t,y) =————vT (t,y) do
®(92) ( 8%(9;5)@) )4y

0
— 9 / Do (2, ) dy + 2 / o () s vt (2, y) doy,
(2 5) (0Q) 2N Y

for all t € ]0,T[. Indeed the boundary condition on @(BQ:, 5 \ 092) implies that

vt (t,y) =————vT(t,y)do, =0 vVt €10,T7.

[p(agj, \09) W ) (Y) Y

Similarly
d _ _ 9 _ 0 _
—e (t) =—2 [Dv™ (¢, y)|" dy + 2 v (ty) 5" (t,y) doy
dt (2 ,) 90(Q7 ;) W ) (Y)

0
_2/ |‘D/U_(t7y)|2dy+2/ /U_(t)y)—v_(t?y) dgy
(23 ,) DO ,\09) W= HY)
0
+2/ v (ty) /v (t,y) do
®(0Q) ( 8V<1>(Q;,5)(y) ) doy

0
:—2/ Dv (t,y 2dy—2/ v (t,y)=—v (t,y) doy,
o170 o 60—y () ey

for all ¢t € ]0,T[. Then, if we set e := et + ¢~ in [0,77], by the transmission conditions
we get

d _
oy =2 / Dot (2, )2 dy — 2 / Do (t,y)[2 dy
dt a2} ;) Q-

(92, 5)

0 0
+2/ vt (t,y) ———vt (¢, y) doy, — 2/ v (ty) —————v (t,y) do
<I>(8Q) ( y) ayq)‘aﬂ (y) ( y) Yy CI>(BQ) ( y) 8V¢'|3Q (y) ( y) Y

=— (/ |Dv+(t7y)|2dy+/ B Dv_(t,y)lzdy),
@(sz:ﬁ) (2, 4)

for all t € |0,T[. Hence %e < 01in ]0,7T]. Since e > 0 and e(0) = 0, it follows that
e(t) =0 for all t € [0,T]. Then v* =0 and v~ = 0. O

We can now characterize the layer potentials as specific solutions of the transmission
problem (6). Indeed, by the previous theorem and by Theorem 2.6, we can see that the
pair

+ —_
(U [/’L]HO’T]X@(QIﬁ)?U [M]HO,T]XCP(Q;’(S)) (9)

11



is the unique solution of problem (6) with data

(fo"s fo s 1 frs 9,01, R7)
=(0,0,0,0,0, , U+[M]|[0,T}xq>(am5\am,”_[M]\[O,T]anm;ﬁ\am)-

w,

Hence, problem (6) with such data uniquely identifies the pair (9). Similarly, the pair

(W

M]\[O,T]xé((zjﬁ)’w [M]\[O,T]xé(ﬁ;{;))

is the unique solution of problem (6) with data

(f(j—af(]_7f1—~_7f1_7.gagl7h+7h7)
=(0,0,0,0,—4,0. w+[”]|[O,T]><<I>(6Q+’5\6Q)7 w [M]|[0,T]x<1>(aQ;5\aQ))-

w,

However, to proceed with our analysis we need to characterize the the pulled-back pairs
(v*[p) o @7, 07 ] 0 @7)

and
(w*[p) o @7, w™[p] 0 @)

rather than (v*,v7) and (w™,w™). To do so, we will ®-pullback problem (6) and obtain
a new problem defined on the fixed domain (), 5. With the right set of data the new
problem will have the pulled-back pairs as unique solutions.

4 Pulling-back the problem

Now our aim is to pull-back problem (6) to have a problem on the fixed domain Q5. It
appears, however, that in this process we cannot keep the strong formulation of the heat
operator 0 — A that we have in the first and second equations of (6). This is because
the Laplace operator A is a second order operator and to pull-back it we should take
two derivatives of ®. We should then assume ® at least of class C?, but in our paper ®
is in C4*(Q,,.4,R™). Not even the weak formulation of the heat operator would suffice.
Indeed, that would yeald to pulled-back operator

dru — div ((ch)—l(Dq))—T(Du)T) D(|det D®|)(D®)~1(D®)~ T (Du)"

~ |det DO
(see Chapko, Kress and Yoon [5, Eq. (2.10), p. 858|) and for the term D(|det D®|) to
be a function we still need ® of class C2.

Then we need to adopt a different approach. In particular, we will place the problem
in a specific quotient space. This space is introduced in the following lemma, which can
be verified immediately.

Lemma 4.1. Let o € |0,1[ and T € ]0,4o00[. Let Q be a bounded open connected subset
of R™ of class C1®. Then the set

Yq = {w = (wo,wl) S Col%;a ([O,T] X ﬁ) X C%;a ([O,T] X Q,Rn)
T
: / / weOp + (Dp)wy dedt =0 Yo € D(]0,T[ x Q) }
0 Q

FEI _ a. _
is a closed linear subspace of Cy? ™ ([0,T] x @) x C2:* ([0, T] x Q,R™) and the quotient
space

1ta.
2 ¢

Xq— Co ([0,7] x Q) x C25* ([0,T] x Q,R“)/y97
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equipped with the quotient norm, is a Banach space. We denote by 11 the canonical
1+a. _ a. _
projection from C,? “ ([0,T) x ) x C2* ([0,T] x Q,R") to Xo.

In the following Lemma 4.2 we see how we can exploit the projection II to transform
a heat equation defined on a ®-dependent set [0, 7] x () into an equation on the fixed
set [0,77] x §2. To do so, we need some more notation. If £ is a bounded open connected
subset of R" of class C1% T € ]0, 4+oo[, and « € |0, 1], then

)+ (CM LR N Ag) x Co & ((0,7] x 0) 5 Gy 2 ([0, 7] x 00) x O ([0, T] x O, R?)
is the map that takes a pair (®,u) to
Ba[®, ] := (— \det D®|u, (D®) (D)~ T (Du) T |det Dc1>|)
and
Ag 1 (CM(Q,R™) N Ag) X 012”’”" (10,77 x Q) = Xq
is the map that takes a pair (®,u) to
Aq[®, u] :=TIBq[®, u] .

Lemma 4.2. Let o € |0,1] and T € |0,+00[. Let Q be a bounded open connected
-~ 1ta., — a. —

subset of R™ of class C1. Let (fo,fl) €Cy? " ([0,T] x Q) x Cz*([0,T] x Q,R") and

(@, u) € (CY*(Q,R") N Ag) x C Flta ([0,T] x Q). Then equality

Aq[®,u] =TI(fo, f1) (10)
holds true if and only if
) (u o (q>T)<—1>) ~A (u o (cpT)<—1>)
= a{foo (@) ’detD o~ 1>)]} +div {((D®)f1) o (7)Y detD(Q(_l))‘}
(11)
in the sense of distributions in |0, T[ x ®(€).

Proof. By the definition of Ag and Bg, equation (10) is equivalent to
I (~ ldet D®|u, (D)~} (D@) T (Du) " |det D) =11 (fo, 1),

which in turn we can rewrite as

T
/ / — |det D®| u dypo+ (D) (DP) Y (D®)~ T (Du) " |det DP| dadt
0 Q

T
=/0 /Qfoatgo—l-(Dgp)fl dzdt Yo € D(0,T[ x Q).

Then, by a change of variables in the integrals, we obtain

/ / (wo (@) D)ah(p o (@7)D) + (D o (7)) (D(uo (7)) dad

- / / (oo (87)(D)|det D(@D)|0y(p o (87)D)
(Q)

+ (D(p o (@)D (D) f1) 0 (7)) |det D(@Y)]| dadt
(12)
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for all ¢ € D(]0,T[ x Q). Now, if ¢ € D(]0,T[ x &(£2)) we take a sequence {p;}; in
D (]0,T[ x ) that converges to 1 o ®T in C' ([0, 7] x ) and we see that (12) implies
that

// (uo (@Y "N 4+ (DY) (D(uo (1) V)T dadt

_ / / (oo (87)(D)|det D(@V) |0
0 Jo)
+ (DY)((D2) f1) o (@7) Y |det D(@V)]| dadt .

Thus, equation (11) holds in the sense of distributions in ]0, T'[x®(£2).
We have shown that (10) implies (11). The proof that (11) implies (10) is similar: we
have to follow the above argument backward. O

So much for the pull-back of the heat equation on a set ®(2), we can now go
back to the transmission problem (6), which is defined on the ®-dependent pair of sets
(@(Qzﬁ),@(ﬂ;’é)), and transform it into a problem on (9375,9575). For the first two
equations we can use Lemma 4.2, so it remains to see what to do with the other four
equations. To shorten our notation, we set

Z::XQ+ X Xy— ><C Spila
w,8

([0, 7] x 99) x c%?“([o,T] x O0)
(10,77 x (003, \ 09)) x Gy ([0, 7] x (995, 09)

(cf. (4.1) for the definition of the quotient space Xq). Then we have the following.

—,1—&—04
x Cy?

Theorem 4.3. Let T € ]0,+oo[, a € ]0,1[. Let Q, w and dq be as in Lemma 2.2. Let
§ €10,6q[. For ® € C1*(Qy 5, R") N A’ , let Ry denote the map from

a1, N Lagia —
Co® " (10,7] x Q;a) x Co> M (10, 7] x 0,
to Z defined by
Re[UT, U] := (AQ:&[(I)?U |, Ag- [(D u-l, U\[o T x99 U|E)T]xaw (13)
+ + -
JolUT, U], U\[OT]x(dQ+5\dQ) |[O,T}><(8Qw’5\‘d§l)>’
where
Jo[UT,U™] := DUT(D®) 'n[®] — DU (D®) 'n[®] on [0,T] x 99,
and T
D -
n[o] = D@7 va@) g

(D& (x))~ Tra(z)]
Then the following statements hold.

(i) Let® € CM*(Qu 5, R™)NAG

. Let (FY,F~,G,G1,HY ,H™) € Z. Then (UT,U") €

C’OTQ’HQ <[O,T] X Qw’é) X C’l+a e ([

0,7] x Q 5) s a solution of the equation
R@[UJran] — (F+7F75G7G17H+7H7) (14)

if and only if the pair

(U% 0 (@")0,0- 0 (@7)) € o it (10.7) x (23 ) xC, Filte (10,77 % ®(2,))
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is a solution of problem (6) with data
fif = i o (7)Y |det D(Y)], (15)
i = (D) f) o (7)Y |des D(@Y)]
g:=Go ((I)T)(—l)’ g1:=C o (@T)(—U’ hE = HEo (q)T)(—l)’

- lta., — “. —
and with (foi,fli) € Gy’ ([O,T] X Qf(;) x Cz2¢ <[0,T] X Qié,R”) such that
H(ﬁ?vf?ﬁ = F*.

(i) Let ® € C*(Q, 5, R™) N Agm.

Then Rg is a linear homeomorphism from

14+« 14+«

Go (10,7 X 05 5) x Gy (10.7) % 95,)

onto Z.

1+a .

Proof. We first consider statement (i). Let (UT,U”) € COT’HQ <[O,T] X Q:yé> X

14+,
T,1+a

Cy ([0, T)x 5) satisfy equation (14). Lemmas 4.1 and 4.2 imply that there exist

U 1fa., — o — .
(g i) € €7 ™ (10,71 x Q5 ) x €5 ([0.7] x OF 5, R™) such that H(f§", ) = F*
and such that

(0 = D)W= o (@1)7D) = div { (D) i) o (@7) V] det D(@(V)] |
+0 {0 (@)D det D@} in ], 7] x B(03 ).
Clearly we have that
Ut o (@)D —U 0 (@)D =Go (@)D =g  on [0,T] x ®(09Q),
and
Ut o (@T)) = gE o (7)1 = p* on [0,7] x ®(9Q 5\ 09).
Since

(D®)~ Tvg

Vo 5 © R0 = (D%) = n|[P] on 0%

_TVQ|

(see, e.g., Lanza de Cristoforis and Rossi [30, Lem. 4.2, p. 207]), we have that

(DUF) 0 (7)Y V(D)L 0 & Dn[d] 0 oD
= (DUF) 0 (@") (D )y,
)

- (U£ o (@T)(=D) on [0, 7] x ®(59).
ayq’\aa

Accordingly, equality
DU (D®) 'n[®] — DU (D®) 'n[®] = Gy on [0,T] x 9%,

implies that

O (to@r)-1y- 2
8V|‘1>asz BVI‘I)an

(U o(®@T)) = Gro(@T)Y = ¢y on [0, T]x® ().

Thus, the pair (U o (@D U~ o (<I>T)(_1)) solves the transmission problem (6) with
data as in (15). The converse can be proved by reading backward the above argument.
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We now prove statement (ii). We can readily see that Rg is linear and continuous.
So, it suffices to show that Rg is bijective to deduce from the open mapping theorem
that it is a homeomorphism. We start by proving that it is injective. Let (UT,U™) €

C’ Filta ([O,T] X ﬁ) x Cy Filta ([O,T] X ﬁ) and suppose that
Re[UT, U] = (0,0,0,0,0,0).

By statement (i), the pair
(U o (@70, U7 0 (@7)V)

Theorem 3.1 implies that (U o (@YD U~ o (@T)(_l)) = (0,0) and accordingly we
have (UT,U~) = (0,0). Now it remains to show that Rg is surjective. Let

(Ft,F~,G,G,,H" H ) € Z.

It is easy to check that (f, fo', fis f1+9,91,h",h™) defined as in (15) belongs to Se
(cf. (5)). Accordingly, Theorem 3.1 implies that there exists a pair

(o) € Gt T (0.1) < 2(9 ) % G (10,7] < (0 )
that solves the corresponding problem (6). Then statement (i) implies that
U U7) = @ o870 0@y e G F T (10,T) x 0T, ) x 6 F 1 (j0,7) x 03,

is a solution of
R¢[U+,U_] = (F+,F_,G, Gl,H+,H_).

We are now ready to characterize the pairs
(Var [, Vi 1) 1= (w0 (@)D 0 07,07 [ (@7) D] 0 07)
and
(Wi I, Wa ) 1= (wt[wo (@) D] 0 07, w o (87) V] 0 o)

as solutions of ®-dependent equations defined on a fixed domain. This will be done in
the following Theorem 4.4. The proof is a straightforward consequence of Theorem 4.3,
of Theorems 2.5 and 2.6 on the properties of the layer heat potentials, and of Lemma 2.4
(i) on the change of variable in integrals over ®(02).

Theorem 4.4. Let T € ]0,+00[, a € ]0,1[. Let Q, w and dq be as in Lemma 2.2. Let
§ €]0,6q[. Let ® € CH*(Q, 5, R™") N A’ e Then the following statements hold.

(i) Let pe C2([0,T] x 39). Then
(Ve [l Vg [u]) = RS (0,0,0, 11, Vi1, Vi 1) (16)
with
Vipll(t,2) = / | Sult =7, 0(x) — B(y)) (T, y)5al® el (v) doydr
0 o

V(t,x) € [0,T] x (09 5\ 09) .
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S l+a

(ii) Let p e C N ([0,T] x 9092). Then

(Wl 11, W [1]) = Ry (0,0, =11, 0, Wy [1], Wy g 1) (17)

with

Walul =~ /O - DSt =7, @(x) = @(y))v@,0 (P ()T, )00 [Pjaa]) (y) doydr
V(t,x) € [0,T] x (9% 5\ 09) .

5 Dependence of the heat layer potentials upon
shape perturbations

In this section we prove our main result. That is, we prove that the maps Vi, V; 4, W, 4,
and Wy in (1)—(4) depend smoothly on the shape parameter ¢. To do so, we first use
equalities (16) and (17) to show that the maps ® + Vi and ® + W are of class C*.
So we have to understand the regularity of the terms appearing in these equations, and
we begin with the map that takes ® to REI,_l

Proposition 5.1. Let T' € |0, +oo[, « € |0,1[. Let Q, w cmd 69 be as in Lemma 2.2. Let
§ €10,6q[. The map that takes ® € CH*(Qy, 5, R™) N .A'

RGY eg(z G ((0,7) xQF ) x Gy e (1071 X@D

is real analytic.

Proof. By the definition of Rg in (13), to prove that the map that takes ® € C1(Q,, 5, R")N
A ~ to

1+(1 1+

Re el <c ([O,T] X ﬁ) x O E e ([O,T] X ﬁ) , z)

is real analytic it suffices to check that the maps that take ® to

Age o1 £ (5 (1

0,7) x 05 ;) | Xﬂf(s)

and to

14+ a1+a

J@EK(C 2 ([O,T]X@>><Cl+a1+a(

0,7)x 9z, ) 5™ ([0,7] x ag))

are real analytic. This follows from the real analyticity of the map that takes an invertible
matrix with Schauder entries to its inverse (cf., e.g., |29, Lemma 2.1], see also [22]) and
from the real analyticity of the map that takes ® to n[®] = Vo0 © Plon (cf. Lemma
2.4). Then, to complete the proof of the proposition it suffices to remember that the set
of invertible operators is open, the map that takes an invertible operator to its inverse
is real analytic, and the composition of real analytic maps is real analytic (see, e.g.,
Hille and Phillips |20, Theorems 4.3.2 and 4.3.4] and Prodi and Ambrosetti [44, Theorem
11.1)). O

We now turn to the maps ¢ — Vgtq, and ¢ — Wgtq, of Theorem 4.4.
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Proposition 5.2. Let T € |0, 400, a €]0,1[. Let Q, w and dq be as in Lemma 2.2. Let
§ €10,8q[. Then the maps that take ® € C1*(Q, 5, R") N A’

Vig el (Cog;“ (0,7] x 8Q) , C = 1+ ([O,T] x (992 5\ aa)))

and to

14+«

wme,c(cz’ (0.7 % 00) , €y = (0,7] x (89*5\89)))

are of class C*°.

Proof. We verify the statement for V;;I). The map from C1%(Q, 5, R™) N A’
Cl’a((aajﬁ \ 09) x 9Q,R™\ {0}) that takes ® to the map ¥ defined by

U(r,y) = B(z) ~ Bly)  Via,y) € (9 ;) 9Q) x 9,

is linear and continuous and therefore of class C'°°. Since the composition of two C'°>° maps
is of class C°°, Lemma A.3 of the Appendix on the regularlty of a superposition operator

implies that the map from C1(Q, s, R”)OA’ oC =N ’H—a([ T] x ((0Q+5\GQ) x 00N))
that takes ® to the function defined by

Sp(t,®(x) — P(y)) V(t,z,y) € [0,T] x ((89:,6 \ 09) x 00Q)

is of class C*°. Finally, Lemma 2.4 on the real analyticity of &,[-] and Lemma A.2 of the
Appendix on the linearity and continuity of a time dependent integral operator, imply
the validity of the statement for V(s o The proof of the statement for Vs.¢ and for Waq,
are very similar and therefore omitted. 0

We observe that, in the proof of Proposition 5.2, it is the regularity of the fundamental
solution S, to prevent ® — V5<1> and ® — W5<p from being real analytic. Indeed, for
¢ # 0 the function ¢t — S, (¢, §) belongs to COO( ) but is not real analytic.
We can now go back to the maps ¢ — V(I) and ¢ — W(;,t and prove that they are
smooth.

Theorem 5.3. Let T € ]0, 400, a € ]0,1[. Let Q, w and dq be as in Lemma 2.2. Let
§ €]0,6q[. Then the maps that take ® € CH*(Q, 5,R™) N A’

Viel <C§ “(0,7) x 99), CyF ,m(m x ﬂia))
and to
L oY L l+ta
V[/jE cr <C’ 2 ([0, 7] x 99Q), C’ 5 ([OvT] X Qia))
are of class C*°.

Proof. It follows from equalities (16) and (17), from Propositions 5.1 and 5.2, and because
the composition of a real analytic map with a C'* map is of class C*°. O

As a corollary of Theorem 5.3, we are now ready to prove our main result.
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Theorem 5.4. Let o € |0,1[, T € ]0,4o00[. Let Q be a bounded open subset of R™
of class O such that both Q0 and Q= are connected. Then the maps that take ¢ €
CH(0Q,R™) N Agq to

14+ .

weﬁ<q?wqﬂxam,q3Jﬂwaﬂxam),
Wﬁeﬁ(Q?%mJﬂme,Q?%mﬂﬂxmﬂ> with 1€ {1,....n},
W@¢65£(C?“YKLT]X89),Cfmqalﬂxéxn>,

1+D‘-1+a( St Y

Wy el <002’ 0,7] x 99), Cy2 " (0,T] x aQ))

are of class C*°.

Proof. It clearly suffices to show that the maps in the statement are of class C*° in a
neighborhood of a function ¢g € CH*(9Q,R") N Ayq. By the definitions (1)-(4), by
the jump relations of the layer potentials of Theorems 2.5 and 2.6, and by the extension
result of Lemma 2.3, there exists an open neighborhood Wy of ¢ in C1¥(9Q, R™) N Agq
such that

Volu) = v o (¢7) ] o ¢" = Vi (],

Viald = =228+ Lot (6 0 6

BB b (Vi) - (DELG)

Wl = i+ (Do (6) D] 0 6wy 0 6
1

= —5i+ (DVgyu)) - (DE[G]) ") - n[E[g]

for all ¢ € Wy and all € C’O%;a([O, T] x 99), and such that

1
W) = S+ Wy 1]

Hogiq

forall € Wy and all u € Cjy ? ([0, T])x0R). Thus, the statement follows by Theorem
5.3, by Lemma 2.3, and by standard calculus in Banach spaces. O

Appendix A

In this appendix we collect a few auxiliary and technical results on the regularity of certain
composition and nonlinear time-dependent integral operators. First of all, we introduce
some notation and some definitions. Let n,s € N\ {0}, o € ]0,1[, 1 < s < n. We set
By := {z € R® : |z| < 1}. We say that a subset M of R" is a differential manifold (or
simply a manifold) of dimension s and of class C**® imbedded in R™ if, for every P € M,
there exist a neighborhood W of P in R” and a parametrization v € C**(B,, R") such
that ¢ is a homeomorphism of By onto W N M, (0) = P, and D has rank s at all
points of B,. If we further assume that M is compact, then there exist Py,..., P, € M
and parametrizations {t; }i=1.., with ¢; € Ch*(B,, R™) such that Ui_, ¥i(Bs) = M.
Let M be a compact manifold of dimension s and of class C1® imbedded in R". We
can use the local parametrizations to define the Banach space C1%(M) (see, e.g., Lanza
de Cristoforis and Rossi |29, p. 142]). Similarly, we can define the parabolic counterpart
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of CL*(M). Let T €0, +o0o[. The space C’HTQ;HO‘([O, T| x M) is the space of functions
f from [0,7] x M to R such that

Foul e 01+ a((0, 1] xB,) Vi=1,...,r

where {9;}i=1,.. , is a parametrization of M. On C"z 5 i1+e ([0, T] x M) we define a norm
by setting

Vi = sup |fou]| Ve st T) x M).
1=1,...,r

1+a, R
Cc—z e o, T)x M) Cc—z (0, T)xBs)

We can verify that, with a different finite family of parametrizations of M, we obtain an
1+a. . 3

equivalent norm. Moreover, C'TLT’HO‘([O, T] x M) with the norm || - || 14a ., is

C™2 #T¥([0,T]xM)

a Banach space. Then

Co? M ([0,7) % M) = {fec™ 2 (0,T) x M) : f(0.2) =0 Vo e M},

is a Banach subspace of C 1JrTa?l"'o‘([O,T] x M). The regularity of maps with values in
C 1+TQ;H'O‘([O, T] x M) can be described using the local parametrization. More precisely,

we have the followmg lemma, which can be proved by exploiting the definition of norm

in the spaces o5t

Lemma A.1. Let X be a Banach space, and let O be an open subset of X. Let a € ]0,1].
Let T €]0,4+00[. Let M be a compact manifold of dimension 1 < s < n of class C1®

imbedded in R™. Let N be a map from O to CHTa;lJra([O,T] x M). Let {t;}i=1,.r be
a pammetm’zation of M. Forz' € {1,...,r}, let Cy, be the composition operator from

CHEHe([0,T] x M) to C251F9([0,T] x B,) defined by
Cplfli= foul  VfeC 2 ([0,T] x M).

Let h € NU {oo}. Then N is of class C" if and only if the operator Cy, o N is of class
Ch foralli=1,...,r

Next, we turn to a time dependent integral operator with kernel in a parabolic
Schauder space and summable density function.

Lemma A.2. Let ny,ng, 81,82 € N, 1 < 51 < np, 1 < s9 < ng, a € ]0,1[. Let
€ 10, +oo[. Let My, My be two compact manifolds of dimension si, 82 and of class

Cl ® imbedded in R™ , R™2, respectwely Then the bilinear map K from C il ([0, T) x
(Mi x My)) x LM[0,T] x Ms) to Cy® (10, T] x My) defined by

K[G, f](t, x) :=/0 /M Gt —71,2z,y)f(r,y)doydr V(t,x) € [0,T] x My,

for all (G, f) € C 3 ’H_a([O,T] x (My x My)) x L([0,T] x Ma) is continuous.

Proof. Let {¢i}i=1,. r and {1;};=1,. r, be local parametrizations of class Che for M,
and My, respectlvely We can suppose that ;L ¢i(Bs,/2) = My and 72, 9;(Bs,/2) =
M,. Let {0;};=1,. r, be apartition of unity subordinated to the parametrlzatlon {;}j=1,...
Let 71 and 7o be the canonical projections of R™ x R"2 onto R™ and R™2, respectively.
Clearly M; x M, is a compact manifold of dimension s; + s and of class C® imbedded
in R™ x R™2 and

{(¢i o1, b 0oma) izt my

7j=1,...,7r2
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is a local parametrization of maps in C'™® (IB%sl+82,R”1+”2) for My x Ms. It suffices to
show that there exists a constant ¢ > 0 such that
T
sup ||K|G, flo¢; || 14a.,., o
i=1,..m1 IKIG, flog: HC;T’H (0,7 xBs,)

<c sup ||Go(gjom,jom)l|| 1iia. _
i= 1, n | (91 w ) HCo 20’1+a([0,T]><BS1+32)

XZ / [ s DS - D

for all (G, f) € C =N ’Ha([O,T] X (My x My)) x L*([0,T] x My). The above inequality
follows by the equahty

K(G, f(t, #i(£))
= Z/ s — 7, 6:(€), ¥ (w)) £ (7,95 (w))8; (1 (w))| (D - Dipy)(w)[V/? dwdr
V(t,€) € [0,T] x B,

that holds for all (G, f) € Cy (10, 7] x (M x Ma)) x L'([0,T] x Mp), by classical
differentiation theorems for mtegrals depending on a paramenter, and by the continuity
of the linear map that takes a summable function to its integral. O

The last result of this appendix shows a regularity result for a time dependent super-
position operator.

Lemma A.3. Let nj,ng,s € N, 1 <s<mng,n; >1, «€]0,1]. Let T €)0,+oc|. Let M
be a compact manifold of dimension s and of class CY® imbedded in R"2. Let Q2 be an
open subset of R™. Let F be a C* function from |—oo, T] x Q to R such that F(t,x) =0
for all (t,x) € |—00,0] x 2. Then the set

O :={p e CH(M,R™) : (M) C Q}

< 1+a

is open in CL(M,R™) and the superposition operator Tr of O to CO ([0,T] x M)

defined by
Tr[p] :== F ol Yo e O

is of class C*°.
Proof. The set O is open in C¥(M,R™) because the C1®*norm is stronger than the

norm of the uniform convergence. Let {1;};=1,. , be a local parametrization of class
C1e for M. Lemma A.1 1mphes that, to prove the lemma, it suffices to show that the

operator Cy, o T from O to C .h ’1+a([0, T] x B,) given by

Cy; o Trlp] = Fo(poyp))’  VpeO

is of class O for all j = 1,...,7. The map from C1*(M,R™) to C1*(By,R™) that
takes ¢ to ¢ o; is linear and Contlnuous and then of class C*°. Accordingly, it suffices
to prove that the superposition operator from

O = {¢ € C"*(B,,R™) : ¢(B,) C Q}
< l4a

to C .h ([0, T) x By) that takes ¢ to F o@! is of class C*°. This fact is a consequence
of known results on composition operators (for instance, see Bohme and Tomi [2, p. 10],
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Henry [18, p. 29|, and Valent [46, Thm 4.4, p. 35]). Indeed, exploiting [46, Thm. 4.4, p.
35] we obtain that the superposition operator that takes ¢ to F o ¢T is of class C™ from

O = {¢p c CHB,,R™) : ¢(B,) C Q}

to
Cy™([0,T] x By) := {f € C*([0,T] x By) : f(0,2) =0 Va € M}.
Finally, to complete the proof we note that the embedding of Cé’a([O,T] x B,) into

H2lta =N s .
Cy ([0,T] x By) is linear and continuous. O

In our paper we will apply Lemma A.3 to the fundamental solution S, (t,x) of the
heat equation. We observe that S, (¢,z) is real analytic in x for each ¢ fixed, but it is
only C* with respect to the pair (¢, x) (the problem being for ¢ = 0). This fact prevents
us from proving a real analytic result for the layer potentials (for example, we can not
use Valent [46, Thm. 5.2]).

Acknowledgment

The authors are members of the ‘Gruppo Nazionale per I’Analisi Matematica, la Proba-
bilita e le loro Applicazioni’ (GNAMPA) of the ‘Istituto Nazionale di Alta Matematica’
(INdAM). P.L. acknowledges the support of the Project BIRD191739/19 ‘Sensitivity
analysis of partial differential equations in the mathematical theory of electromagnetism’
of the University of Padova.

References

[1] E. A. Baderko, Parabolic problems and boundary integral equations. Math. Methods
Appl. Sei. 20 (1997), no. 5, 449-459.

[2] R. Bohme, F. Tomi, Zur Struktur der Losungsmenge des Plateauproblems. Math Z.
133 (1973), 1-29.

[3] R. Bramati, M. Dalla Riva, P. Luzzini, and P. Musolino, The Functional Analytic
Approach for quasi-periodic boundary value problems for the Helmholtz equation,
submitted (2022).

[4] D. Bucur, G. Buttazzo, Variational methods in shape optimization problems.
Progress in Nonlinear Differential Equations and their Applications, 65. Birkhduser
Boston, Inc., Boston, MA, 2005. viii+216 pp.

[5] R. Chapko, R. Kress, and J. R. Yoon, On the numerical solution of an inverse
boundary value problem for the heat equation. Inverse Problems 14 (1998), no. 4,
853-867.

[6] R. Chapko, R. Kress, and J. R. Yoon, An inverse boundary value problem for the
heat equation: the Neumann condition. Inverse Problems 15 (1999), no. 4, 1033~
1046.

[7] R. R. Coifman and Y. Meyer, Lavrentiev’s curves and conformal mappings, Report
No. 5, Institut Mittag-Leffler, 1983.

[8] M. Dalla Riva and M. Lanza de Cristoforis, A perturbation result for the layer
potentials of general second order differential operators with constant coefficients.

J. Appl. Funct. Anal. 5 (2010), no. 1, 10-30.

[9] M. Dalla Riva, P. Luzzini, and P. Musolino, Multi-parameter analysis of the obstacle
scattering problem, Inverse Problems 38 (2022), no. 5, Paper No. 055004, 17 pp.

22



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

M. Dalla Riva, P.Luzzini, and P. Musolino, Shape analyticity and singular pertur-
bations for layer potential operators. ESAIM Math. Model. Numer. Anal. 56 (2022),
no. 6, 1889-1910.

M. Dalla Riva, P. Luzzini, P. Musolino, and R. Pukhtaievych, Dependence of effective
properties upon regular perturbations. In I. Andrianov, S. Gluzman, V. Mityushev,
Editors, Mechanics and Physics of Structured Media. pages 271-301, Elsevier, 2022.

D. Daners, Domain perturbation for linear and nonlinear parabolic equations. J.
Differential Equations 129 (1996), no. 2, 358-402.

D. Daners, Domain perturbation for linear and semi-linear boundary value problems,
Handbook of differential equations: stationary partial differential equations, Vol. VI,
1-81, Handb. Differ. Equ., Elsevier/North-Holland, Amsterdam, 2008.

K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, Berlin, 1985. xiv+450
Pp-

M. C. Delfour and J. P. Zolésio, Shapes and geometries. Metrics, analysis, differential
calculus, and optimization. Second edition. Advances in Design and Control, 22.
Society for Industrial and Applied Mathematics (STAM), Philadelphia, PA, 2011.

D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order.
Elliptic partial differential equations of second order. Reprint of the 1998 edition.
Classics in Mathematics. Springer-Verlag, Berlin, 2001. xiv+517 pp.

A. Henrot and M. Pierre, Variation et optimisation de formes, Vol. 48 of Mathé-
matiques & Applications (Berlin) [Mathematics & Applications|, Springer, Berlin,
2005. xii+334 pp.

D. Henry, Topics in nonlinear analysis, Universidade de Brasilia, Trabalho de Matem-
atica 192 (1982).

F. Henriquez and C. Schwab, Shape holomorphy of the Calderén projector for the
Laplacian in R?. Integral Equations Operator Theory 93 (2021), no. 4, Paper No.
43, 40 pp.

E. Hille and R.S. Phillips. Functional analysis and semi-groups. American Mathe-
matical Society Colloquium Publications, vol. 31. American Mathematical Society,
Providence, R.I., 1957. rev. ed.

O. A. LadyZenskaja, V. A. Solonnikov, and N. N. Ural’ceva, Linear and quasi-
linear equations of parabolic type. (Russian) Translated from the Russian by S.
Smith. Translations of Mathematical Monographs, 23 American Mathematical So-
ciety, Providence, R.I. 1968.

M. Lanza de Cristoforis, Properties and pathologies of the composition and inversion
operators in Schauder spaces, Accad. Naz. delle Sci. detta dei XL 15 (1991), 93-109.

M. Lanza de Cristoforis, A domain perturbation problem for the Poisson equation.
Complex Var. Theory Appl. 50 (2005), no. 7-11, 851-867.

M. Lanza de Cristoforis, Perturbation problems in potential theory, a functional
analytic approach, J. Appl. Funct. Anal. 2 (2007), no. 3, 197-222.

M. Lanza de Cristoforis and P. Luzzini, Time dependent boundary norms for kernels
and regularizing properties of the double layer heat potential. Furasian Math. J. 8
(2017), no. 1, 76-118.

M. Lanza de Cristoforis and P. Luzzini, Tangential derivatives and higher order
regularizing properties of the double layer heat potential, Analysis (Berlin) 8 (2019),
no. 4, 167-193.

23



[27]

[28]

[29]

[30]

[31]
[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]
[40]
[41]

[42]

[43]
[44]

[45]

M. Lanza de Cristoforis and P. Musolino, A perturbation result for periodic layer
potentials of general second order differential operators with constant coeflicients.
Far East J. Math. Sci. 52 (2011), no. 1, 75-120.

M. Lanza de Cristoforis and L. Preciso, On the analyticity of the Cauchy integral in
Schauder spaces, J. Integral Equations Appl. 11 (1999), no. 3, 363-391.

M. Lanza de Cristoforis and L. Rossi, Real analytic dependence of simple and double
layer potentials upon perturbation of the support and of the density, J. Integral
Equations Appl. 16 (2004), no. 2, 137-174.

M. Lanza de Cristoforis and L. Rossi, Real analytic dependence of simple and double
layer potentials for the Helmholtz equation upon perturbation of the support and
of the density, in: Analytic methods of analysis and differential equations: AMADE
2006, Camb. Sci. Publ., Cambridge, 2008, pp. 193-220.

G. M. Lieberman, Second order parabolic differential equations. World Scientific
Publishing Co., Inc., River Edge, NJ, 1996. xii+439 pp.

A. Lunardi and V. Vespri, Holder regularity in variational parabolic non-
homogeneous equations, J. Differential Equations 94 (1991) no. 1, 1-40.

P. Luzzini, Regularizing properties of space-periodic layer heat potentials and appli-
cations to boundary value problems in periodic domains. Math. Methods Appl. Sci.
43 (2020), no. 8, 5273-5294.

P. Luzzini, Regularizing properties of the double layer heat potential and shape
analysis of a periodic problem. Ph.D. Dissertation, Universita degli Studi di Padova
(2019).

P. Luzzini, A mapping property of the heat volume potential, submitted (2022).

P. Luzzini and P. Musolino, Perturbation analysis of the effective conductivity of a
periodic composite. Netw. Heterog. Media 15 (2020), no. 4, 581-603.

P. Luzzini, P. Musolino, and R. Pukhtaievych, Shape analysis of the longitudinal
flow along a periodic array of cylinders. J. Math. Anal. Appl. 477 (2019), no. 2,
1369-1395.

A.A. Novotny and J. Sokotowski, Topological derivatives in shape optimization,
Interaction of Mechanics and Mathematics, Springer, Heidelberg, 2013. xxii+412
pp.

O. Pironneau, Optimal shape design for elliptic systems. Springer Series in Compu-

tational Physics. Springer-Verlag, New York, 1984. xii-+168 pp.

R. Potthast, Domain derivatives in electromagnetic scattering, Math. Methods Appl.
Sci. 19 (1996), no. 15, 1157-1175.

R. Potthast, Fréchet differentiability of boundary integral operators in inverse acous-
tic scattering, Inverse Problems 10 (1994), no. 2, 431-447.

R. Potthast, Fréchet differentiability of the solution to the acoustic Neumann scat-
tering problem with respect to the domain, J. Inverse Ill-Posed Probl. 4 (1996), no.
1, 67-84.

R. Potthast and I. G. Stratis, On the domain derivative for scattering by impene-
trable obstacles in chiral media. IMA J. Appl. Math. 68 (2003), no. 6, 621-635.

G. Prodi and A. Ambrosetti. Analisi non lineare. I quaderno. Pisa: Scuola Normale
Superiore Pisa, Classe di Scienze, 1973.

J. Sokolowski and J.P. Zolésio, Shape sensitivity analysis. Springer Series in Com-
putational Mathematics, 16. Springer-Verlag, Berlin, 1992. ii+250 pp.

24



[46] T. Valent, Boundary value problems of finite elasticity. Local theorems on existence,
uniqueness, and analytic dependence on data. Springer Tracts in Natural Philosophy;,
31. Springer-Verlag, New York, 1988. xii+191 pp.

[47] G. Verchota, Layer potentials and regularity for the Dirichlet problem for Laplace’s
equation in Lipschitz domains. J. Funct. Anal. 59 (1984), no. 3, 572-611.

[48] S. Wu, Analytic dependence of Riemann mappings for bounded domains and mini-
mal surfaces, Comm. Pure Appl. Math. 46 (1993), no. 10, 1303-1326.



