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4Dipartimento di Fisica “E. R. Caianiello”, Università degli Studi di Salerno, I-84084 Fisciano, Salerno, Italy

(Received 4 December 2025; revised 31 March 2026; accepted 30 April 2026; published 9 June 2026)

Emergent collective excitations constitute a hallmark of interacting quantum many-body systems, yet in
solid-state platforms their study has been largely limited by the constraints of linear-response probes and by
finite momentum resolution. We propose to overcome these limitations by combining the spatial resolution
of ultracold atomic systems with the nonlinear probing capabilities of two-dimensional spectroscopy
(2DS). As a concrete illustration, we analyze momentum-resolved 2DS of the quantum sine-Gordon model
describing the low-energy dynamics of two weakly coupled one-dimensional Bose-Einstein condensates.
This approach reveals distinctive many-body signatures, most notably asymmetric cross-peaks reflecting
the interplay between isolated (B2 breather) and continuum (B1 pair) modes. The protocol further enables
direct characterization of anharmonicity and disorder, establishing momentum-resolved 2DS as both a
powerful diagnostic for quantum simulators and a versatile probe of correlated quantum matter.
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Introduction—Emergent collective excitations, whose
properties differ qualitatively from those of their micro-
scopic constituents, are ubiquitous in quantum many-body
systems. Prominent examples include fractional excitations
in quantum Hall and one-dimensional systems [1–5].
Quantum emulators based on ultracold atoms, superconduct-
ing qubits, and trapped ions enable controlled realizations of
paradigmatic models, offering a unique opportunity to revisit
long-standing questions in many-body physics with a new
degree of control [6–11]. At the same time, the tunability of
these platforms motivates the development of refined
spectroscopic protocols for accessing collective excitations
beyond the limits of standard solid-state approaches.
Traditionally, excitations have been probed using linear-

response methods such as x-ray scattering [12,13], optical
spectroscopy [14], and transport [15,16]. While invaluable,
these techniques are often limited by finite momentum
resolution. Recent advances in ultracold atomic platforms
have allowed some of these linear response methods to be

implemented even with momentum resolution [17–19],
effectively surpassing the limitations of conventional solid-
state experiments.
Recently, solid-state research has begun to incorporate

higher-order spectroscopic techniques [20–24] to a broad
array of systems. In particular, two-dimensional spectros-
copy (2DS) has been applied to superconductors [25–30],
correlated electron systems [31,32], ferroics [33–37], and
topological phases [38–44], where it enables identification
of interaction pathways [45–47], classification of bound
states [48–50], and separation of homogeneous from
inhomogeneous broadening [26,51–54]. Yet, the restricted
momentum resolution in traditional solid-state platforms
still limits the full power of these approaches. Here, we
propose to combine the high momentum resolution of
ultracold atoms with the nonlinear capabilities of 2DS,
thereby establishing a new paradigm for probing collective
excitations, see Fig. 1 for a schematic of the protocol.
A comprehensive discussion on the 2DS technique can be
found in Supplemental Material [55].
While our proposal is broadly applicable, we focus

here on the sine-Gordon (SG) model, with a twofold
motivation encompassing its rich theoretical structure
and its experimental relevance. On the theoretical side,
the SG model is an archetype of low-dimensional field
theory: it is integrable and hosts soliton collective modes
(kinks and breathers) in both its classical and quantum
forms [60,61]. It is also dual to the massive Thirring
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model [62], closely connected to Berezinskii-Kosterlitz-
Thouless physics [5,63], and serves as a universal low-energy
effective theory for a wide class of low-dimensional systems.
On the experimental side, the SG model is realizable in
ultracold atoms, where it captures the low-energy dynamics
of two weakly coupled one-dimensional Bose-Einstein con-
densates (BECs) [64–68]. Beyond coupled BECs, the SG
framework finds application in extended Josephson junctions
and high-temperature superconductors [69–71], spin systems,
charge-density waves, disordered systems [5,72–78], multi-
component quantum Hall systems [79], domain boundaries
in anisotropic magnetic systems [80], and state-of-the-art
quantum processors [81].
Our objective is to demonstrate that momentum-resolved

2DS provides a powerful probe for quantum simulators.
Using the SG model as a representative interacting system,
we theoretically implement nonlinear response spectros-
copy within a 2DS protocol. The resulting 2D maps reveal
characteristic many-body features, including asymmetric
cross-peak patterns arising from the coupling of isolated
and continuum modes. Additionally, these protocols enable
the characterization of interaction pathways, anharmonic-
ity, and shot-to-shot disorder, which are not accessible
within standard linear-response measurements.
Model and driving protocol—Wewrite, in dimensionless

units, the SG Hamiltonian as

H0 ¼
1

2

Z
dx

n
ð∂xφÞ2 þ Π2 − Δ0 cosðβφÞ

o
; ð1Þ

where the fields φ and Π, respectively, the condensates’
relative phase and density, satisfy bosonic commutation
relations ½φðxÞ;Πðx0Þ� ¼ iδðx − x0Þ, and β and Δ0 are free
parameters [82]. Equation (1) is among the most universal
nonlinear theories, and its exact diagonalization unveils a
rich spectrum of excitations depending on the value of β:
for 0 < β2 < 4π, both (anti)kinks and their bound states,
breathers, are found; for 4π < β2 < 8π, no breather can

form; finally, for β2 > 8π, the cosine term becomes
irrelevant in the renormalization group sense and the
Luttinger liquid model is recovered [83]. The parameter
β is connected to the Luttinger constant K by β2 ¼ 2π=K,
and Δ0 ∼ J is the bare coupling associated with the
tunneling strength J between the two condensates. Below,
we focus on the regime β2 < 4π [84] for two main reasons:
(i) it features the breather modes that we aim to probe to
showcase the capabilities of 2DS, and (ii) it corresponds to
the experimentally relevant regime for coupled conden-
sates. A further discussion of the experimental implemen-
tation using coupled condensates, along with an estimate of
the experimental parameters, is provided in the Appendix.
Our aim is to investigate the response of the SG system

to a spatially homogeneous modulation of the coupling Δ0

given by [85]

Hd ¼ −
1

2

Z
dxδΔ0ðtÞ cosðβφÞ; ð2Þ

which corresponds, within the coupled BECs realization,
to a time-dependent modulation of the tunneling strength
[see Fig. 2(a)]. Note that, since both H0 and Hd are even in
the field φ, only even-power correlators can acquire an
expectation value.
Henceforth, we assume a self-consistent Gaussian ansatz

[56], which captures effects beyond the harmonic approxi-
mation, to characterize the dynamics of the system. This
approach replaces the interacting cosine potential with an
effective quadratic term whose mass is dynamically

FIG. 2. (a) Pictorial representation of the external modulation of
the potential barrier, see Eq. (2), in the system of two coupled
condensates (in purple) in a double-well potential (gray-to-black
curves). (b) Sketch of the relevant excitations accessible via
tunneling modulation within our theory. (c) Imaginary part of the
linear response function at total momentum k ¼ 0. From left to
right we distinguish two types of excitations: a sharp resonance
corresponding to the B1 − B1 bound state, labeled as B2, and a
two-particle continuum composed of the ðk;−kÞB1 pairs.

FIG. 1. Schematics of a 2DS protocol. Two perturbations,
separated by a time delay t1 > 0, are applied to the system. At
a time t2 > 0 after the second perturbation, the momentum-
resolved response is measured. Fourier transforming with respect
to the delays t1 and t2 yields a 2D map, for each value of k, in the
frequency domain. The 2D map exhibits several peaks whose
positions may depend on k, reflecting the momenta of the
collective modes under consideration.
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determined in a self-consistent way. In the low-T, low-β
regime, the framework reliably tracks the lowest-lying SG
breather excitations [55], which usually dominate the
system’s response [82]. More precisely, we have access
to two distinct mode contributions, as schematically
depicted in Fig. 2(b). The first corresponds to pairs of B1

breathers with opposite momenta k and −k, which appear as
a continuum in the spectral function, − Imfχð1Þg, above the
two-particle excitation gap 2MB1

, see Fig. 2(c). The second
corresponds to the B2 breather at zero momentum, mani-
festing as an isolated peak in − Imfχð1Þg [see Fig. 2(c)],
and it constitutes the lowest energy excitation accessible
within our driving protocol [82].
Formally, our analysis focuses on the two-point corre-

lators, which we define in terms of the Fourier-transformed
fields φk and Πk:

Dφ
k ðtÞ ¼ hφ−kðtÞφkðtÞi;

DΠ
k ðtÞ ¼ hΠ−kðtÞΠkðtÞi;

DX
k ðtÞ ¼

hfΠ−kðtÞ;φkðtÞgi þ hfφ−kðtÞ;ΠkðtÞgi
2

: ð3Þ

Note that since the SG Hamiltonian is translationally
invariant, and the external drive is spatially homogeneous,
Eq. (3) covers the entire set of nonzero two-point corre-
lators. In the following, we analyze the second-order
response of the system to the external perturbation
described in Eq. (2), using a scheme similar to that of
Ref. [30]. Specifically, a perturbative expansion of
Dα

kðα ¼ φ;Π; XÞ in powers of δΔ0 is performed up to
second-order

Dα
kðtÞ ¼ Dα

k;0 þDα
k;1ðtÞ þDα

k;2ðtÞ þ…; ð4Þ

where the subindex i in Dα
k;i represents the order in δΔ0,

and i ¼ 0 corresponds to the equilibrium thermal fluctua-
tions. For completeness, a brief discussion of the system’s
linear response can be found in Ref. [55]. Before proceed-
ing, we note that the equilibrium fluctuations computed
within the Gaussian ansatz exhibit an ultraviolet diver-
gence. Physically, this signals that the low-energy con-
tinuum theory should not be extrapolated to arbitrarily short
distances, where a regularization is required. Since the
fundamental bosons of the SG theory correspond to B1

breathers [86], we implement this regularization by
expressing the theory in terms of the physical mass MB1

and drive δΔ, rather than the bare couplings Δ0 and δΔ0.
Further details, including the computation of Dα

k;0, are
provided in Ref. [55].
2D spectroscopy of fluctuation dynamics—In the 2DS

framework, two perturbations δΔA and δΔB separated by a
time delay t1 > 0 are applied onto the system, see Fig. 1. At
a time t2 > 0 after the second perturbation, the momentum-
resolved variance Dφ

k;AB is measured. A purely nonlinear

response Dφ
k;nl can be obtained by subtracting from Dφ

k;AB

the contributions arising from single perturbations, such that

Dφ
k;nlðt1;t2Þ¼Dφ

k;ABðt1;t2Þ−Dφ
k;Aðt1;t2Þ−Dφ

k;Bðt1;t2Þ; ð5Þ

whereDφ
k;A andDφ

k;B are the measured variances when only
perturbation δΔA and δΔB are present, respectively. Note
that, for this system and protocol, we are probing the

second-order response χð2Þk , and that the nonlinear signal is
directly proportional to δΔAδΔB. The nonlinear response,
Dφ

k;nlðt1; t2Þ, is subsequently Fourier-transformed with
respect to t1 and t2, under the constraint t1, t2 > 0. This
results in Dφ

k;nlðω1;ω2Þ, what we refer to as the 2D map,
which is directly related to χð2Þ via

Dφ
k;nlðt1; t2Þ ¼ 2

Z
dω1

2π

Z
dω2

2π
χð2Þk ðω1 þ ω2;ω1Þ

× e−iω1ðt1þt2Þe−iω2t2δΔAðω1ÞδΔBðω2Þ: ð6Þ

We provide details of the calculation of χð2Þ within our
Gaussian state ansatz, or by means of an equivalent
diagrammatic approach, in Ref. [55].
Our protocol deviates from more common 2D

approaches [26,30,54] in two main ways. First, the external
perturbation couples to operators with even powers of the
bosonic field, i.e., φ2n, rather than to φ. This change has an
important consequence: it produces a finite second-order
response in powers of δΔ, even when the system itself has
no intrinsic nonlinearities. Second, the perturbation does
not act on a single operator but instead couples to an infinite
series of operators ∝ cosðβφÞ, as shown in Eq. (2). This
richer structure generates distinctive β-dependent features
in the 2D map, which we illustrate in the following.
Before we proceed, it is helpful to note that, for small β,

the pump-probe sector (corresponding to ω1 ¼ 0) of the
resulting maps is featureless, i.e., it shows no peaks. We
have verified this by deriving the two-sided Feynman
diagram rules for our protocol with a single bosonic
excitation, see Supplemental Material [55]. Therefore,
the discussion of the 2D spectra will focus on the non-
rephasing and rephasing sectors, which correspond to the
ω1ω2 > 0 and ω1ω2 < 0 quadrants of the 2D maps,
respectively [87]. Note that theω1ω2 sign indicates whether
the two consecutive perturbations excite the system in
phase (nonrephasing) or out of phase (rephasing).
We begin by considering the signatures in the non-

rephasing sector of the 2D map (ω1ω2 > 0) as a function of
β. Figures 3(a) and 3(b) show the same nonlinear response
resolved by momentum, i.e., different fixed-k components
of the 2D spectrum, for β2 ¼ 2π. Panel (a) corresponds to
the k ¼ 0 component. At this momentum, our choice of β is
large enough for the B2 binding energy to be appreciable,
leading to two diagonal peaks: one at the 2B1 frequency
associated with a pair of B1 excitations, and one below the
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two-particle continuum corresponding to the B2 bound state.
Panel (b) shows the same response at finite k. As the probed
momentum increases, the characteristic peak spacings
broaden overall, and off-diagonal features become visible.
At first glance, our situation could seem analogous to the
study of coupled molecules, where the 2D map provides
information about their coupling strength, excitation path-
ways, and even Fermi resonances [87]. One could thus expect
the characteristic four peak structure of coupled modes to
manifest in our spectra.However, it isworth noting that theB1

pairs constitute a continuum while the B2 is a sharp, isolated
excitation. The presence of this continuum leads to the
suppression of one of the cross-peaks due to dephasing,
resulting in the qualitatively distinct signature shown in
Fig. 3(b), see Ref. [55] for more details and schematics.
We emphasize that this striking many-body feature, arising
from the interplay between an isolatedmode and a continuum
of excitations, is naturally revealed by the 2DS approach.
Similar peak patterns have recently been reported in the
context of magnetic systems [88].
We now turn to the rephasing sector (ω1ω2 < 0), whose

name reflects its connection to the spin-echo phenomenon
[89,90]. For β → 0, it is devoid of any signatures: a
distinctive feature of our protocol. Such behavior can
be intuitively understood by approximating the external
perturbation as cosðβφÞ ∼ φ2, and noting that no pathway
can lead to echo-type processes at order ðδΔÞ2, see
Supplemental Material for a detailed discussion [55].
This is, however, not the case for larger β, where the full
cosine potential has to be considered. As such, the presence
of the echo peak in the 2D spectra is a direct sign of a
nonharmonicity of the system; equivalently, an indicator of
the strength of interactions of the theory. We present the
evolution of the echo peak as a function of β in Figs. 3(c)
and 3(d), highlighting its progressive appearance as β
increases [91].

Moreover, the echo peak is renowned for its ability to
disentangle different sources of broadening. The paradig-
matic example is in isolated two-level systems, where the
echo peak can disentangle and quantify homogeneous and
inhomogeneous broadening [92], a feature that lies beyond
the reach of linear-response probes. Similar effects have been
observed in exciton systems [51–53] and, more recently, in
strongly correlated superconducting cuprates [26].
Of particular interest for the considered ultracold-atom

system is the boson density, which determines β and Δ (as
shown in the Appendix), thereby influencing the breather
masses and the peak positions in the 2D map. Since
observables in ultracold-atom experiments are typically
obtained by averaging multiple destructive measurements,
shot-to-shot fluctuations in the boson density, uncorrelated
between distinct realizations, are expected. These fluctua-
tions can affect the realization-averaged echo peak line-
widths, in analogy to isolated two-level systems [92]. We
investigate this aspect in Fig. 4, where we present the
nonrephasing and rephasing (echo) peaks assuming a
Gaussian distributed shot-to-shot density with mean
2M̄B1

and standard deviation σ=ð2M̄B1
Þ ¼ 0.1. The non-

rephasing peak, see Fig. 4(a), symmetrically broadens with
a shape indistinguishable from that of a damped mode. The
echo peak instead presents a peculiar almond shape, see
Fig. 4(b). Its extent along the −ω1 ¼ ω2 diagonal roughly
determines the shot-to-shot variance, while its broadening
along ω1 ¼ ω2 quantifies the intrinsic lifetime of the
excitation. The distinct profiles of the nonrephasing and
echo peaks motivate adopting NMR-inspired phenomeno-
logical fitting forms [92] to accurately determine damping
and disorder in the ultracold atomic setup. Finally, we
emphasize that performing such a disorder-versus-lifetime
disentangling via linear response is very difficult in
practice. This result clearly showcases the capabilities of
2DS over more traditional analysis methods.

(a) (b) (c) (d)

FIG. 3. (a), (b) The (normalized) k-resolved absolute value 2D map, jDφ
k;nlj. Taking β2 ¼ 2π, we explore the system’s nonrephasing

sector for zero k [panel (a)] and for k=ð2MB1
Þ ¼ 3 [panel (b)]. Panels (a) and (b) share the same logarithmic color scale. As k increases,

the interplay between the B1 continuum and the isolated B2 becomes apparent, leading to asymmetric cross-peaks. This asymmetry is a
hallmark of many-body dynamics absent in standard coupled-oscillator models. (c), (d) The (normalized) absolute value summed over k
2D map, jPk D

φ
k;nlj. We focus on the system’s rephasing sector for β2 ¼ 0.5π [panel (c)] and β2 ¼ π [panel (d)]. In both panels (c) and

(d), the intensity is normalized to the β2 ¼ π maximum (the color bar is shared). As β2 increases, the system progressively becomes more
interacting and the rephasing peak more prominent. In panels (a)–(d), frequencies are in units of the 2B1 mass, and a value η ¼ 0þ is
chosen for the damping parameter.
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Conclusions and outlook—We investigated the nonlinear
response of the SG model through a novel 2DS protocol.
Our approach can be used to access the momentum-
resolved nonlinear response functions, leveraging the
spatial resolution of present-day ultracold atom platforms.
The nonrephasing sector captures the interplay between
continuum and discrete excitations, yielding asymmetric
cross-peaks unique to the SG many-body dynamics. In
contrast, the rephasing (echo) sector serves as a sensitive
probe of interaction strength and of disorder, disentangling
damping from shot-to-shot fluctuations.
The signatures predicted here can be directly tested with

present atom-chip experiments on tunnel-coupled 1D Bose
gases. Barrier modulation provides the required drive,
while matter-wave interference gives access to momen-
tum-resolved phase correlations. Typical system sizes,
imaging resolution, and tunneling rates ensure that the
relevant timescales lie well within condensate coherence
times. Thus, the asymmetric cross-peaks and echolike
disorder diagnostics we identify are experimentally acces-
sible with current technology. Although a detailed imple-
mentation lies beyond the scope of this Letter, some
practical considerations are outlined in the Appendix.
We note that our nonlinear spectroscopic analysis, pre-

sented at zero temperature, can be seamlessly adapted to
incorporate finite-temperature effects by employing the self-
consistent mean-field approximation. Furthermore, owing
to the integrability of the SG model [82], our 2DS approach
can be extended to account for the full nonlinear effects of
the theory. To this end, the nonrephasing results from our
protocol strongly indicate its suitability for studying matrix
elements between breathers, building on the well-known
form factors of the integrable theory ∼hBnjeiβφj0i [82].

In this regard, we observe that the off-diagonal peak in
Fig. 3(b) is proportional to well-known form factors
and hB2ð0Þj cos βφjB1ðkÞB1ð−kÞi, while the diagonal
ones correspond to hB2ð0Þj cos βφjB2ð0Þi and
hB1ðkÞB1ð−kÞj cos βφjB1ðkÞB1ð−kÞi [93].
The combination of ultracold atomic systems and multi-

dimensional spectroscopy opens the door to envisioning
additional, more sophisticated protocols. For example,
a scheme where the perturbation couples linearly to the
field φ can go beyond the usual k ¼ 0 coupling found in
condensed matter platforms, enabling momentum-
dependent coupling and resolution, and granting full access
to the theory’s T matrix.
Beyond the SG model, the same framework can be

applied to other effective field theories realized in ultracold
atoms (Lieb-Liniger gases, spin chains) and to engineered
quantum devices (superconducting resonators, trapped
ions). By accessing nonlinear matrix elements and form
factors, momentum-resolved 2DS provides a route to
directly test integrability, explore thermalization, and char-
acterize exotic excitations in quantum simulators.
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in a double-well potential on an atom chip. The double-
well potential, engineered via rf magnetic fields, features
a barrier that can be tuned by adjusting such fields’
amplitude. In other words, the tunneling rate between
the condensates is a highly controllable quantity, a fact
which motivates our choice for the driving protocol
made in this work. Then, matter-wave interference grants
access to the spatially resolved phase difference between
the superfluids. This phase difference can be Fourier-
transformed into momentum space and averaged over
multiple experimental runs. The resulting data under a
single perturbation (or two consecutive time-delayed
perturbations) provide direct experimental counterparts to
the 1D spectra (or 2D maps) discussed in our work. See
below for further details.
In typical experimental setups [65,67], both wells are

confined tightly (weakly) in the radial (longitudinal)
direction, such that the system is effectively one dimen-
sional. In this regime, the radial dynamics is frozen, while
the double-well barrier still allows for tunneling between
the two condensates. After integrating out the radial
degrees of freedom, one obtains the following 1D effective
Hamiltonian:

H¼
X2
j¼1

Z
dx

�
ℏ2

2m
∂xψ

†
j∂xψ jþ

g1D
2

ψ†
jψ

†
jψ jψ j

þ½UðxÞ−μ�ψ†
jψ j

�
−ℏJ

Z
dx

h
ψ†
1ψ2þψ†

2ψ1

i
; ðA1Þ

where the field operators fulfill bosonic commutation
relations, ½ψ jðxÞ;ψ†

j0 ðx0Þ� ¼ δjj0 ; δðx − x0Þ, m is the atomic
mass, g1D the effective 1D interaction strength, UðxÞ the
longitudinal trapping potential (set to zero in the following
for simplicity), and J the tunneling rate.
The effective coupling g1D can be written in terms of the

s-wave scattering length as and the 1D density n1D as

g1D ¼ ℏω⊥as
2þ 3asn1D
1þ 2asn1D

: ðA2Þ

Working in the density-phase representation,

ψ jðxÞ ¼ eiθjðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n1D þ δnjðxÞ

q
; ðA3Þ

we introduce the relative degrees of freedom

φðxÞ¼θ1ðxÞ−θ2ðxÞ; ρðxÞ¼1

2
½δn1ðxÞ−δn2ðxÞ�; ðA4Þ

which satisfy canonical commutation relations. Expanding
the Hamiltonian to second order in ∂xφ and ρ, one finds

H ¼
Z

dx

�
ℏ2n1D
4m

ð∂xφÞ2 þ
ℏ2

4mn1D
ð∂xρÞ2

þ gρ2 − 2ℏJn1D cosφ

�
; ðA5Þ

with g ¼ g1D þ ℏJ=n1D. Since density fluctuations are
strongly suppressed in the low-energy regime of interest,
the density gradient term may be neglected, yielding the SG
Hamiltonian

H ¼
Z

dx
�
ℏ2n1D
4m

ð∂xφÞ2 þ gρ2 − 2ℏJn1D cosφ
�
: ðA6Þ

For J ¼ 0 this reduces to the Luttinger Hamiltonian.
Introducing the rescaled fields φ → φ=β and Π ¼ βρ, with
β2 ¼ 2π=K andK the Luttinger parameter, the Hamiltonian
becomes

H ¼ ℏcs
2

Z
dx

�
ð∂xφÞ2 þ Π2 −

4Jn1D
cs

cos ðβφÞ
�
; ðA7Þ

where cs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gn1D=m

p
is the sound velocity. Finally,

introducing a reference length scale x0, one can write

H ¼ ℏcs
2x0

Z
dx

h
ð∂xφÞ2 þ Π2 − Δ cos ðβφÞ

i
; ðA8Þ

with the dimensionless parameter Δ ¼ 8Jmx20=ðβ2ℏÞ.
Typical experimental parameters—In cold-atom

realizations with 87Rb [65,67], typical values are radial
trapping frequencies of order ω⊥=2π ∼ kHz and
longitudinal frequencies of order ωx=2π ∼ few Hz;
interaction energies μ=ℏ and thermal energies kBT=ℏ in
the few hundred Hz range, both below ω⊥, ensuring
effective one-dimensionality; s-wave scattering length
as ≈ 5 nm; mean 1D densities n1D ∼ 10–100 μm−1; and
tunneling rates J ranging from a few to a few tens of
Hz. Regarding the momentum range accessible within
the coupled-condensates realization, a reasonable upper
bound for k can be estimated from the spatial resolution
of the phase measurement, which is in turn limited by
the pixel size Δxpix, on the order of Δxpix ∼ 2 μm [67].
We therefore have kmax ∼ 2π=Δxpix ∼ 3 μm−1. The lower
bound for k is set by the length L of the cigar-shaped
atomic clouds illustrated in Fig. 2(a) of the Letter,
typically L∼50 μm. We thus estimate kmin ∼ 2π=L∼
0.1 μm−1. These values illustrate that the assumptions
made in the derivation of the effective SG description
are well justified in typical experiments.

Practical implementation and measurements—In
tunnel-coupled 1D Bose gases on atom chips (see
Refs. [65,67]), the modulation δΔðtÞ used in our theory
corresponds to a controlled change of the barrier height.
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In practice, this is achieved by tuning the amplitude of
the radio frequency or optical fields that generate the
double-well potential. Such modulations on millisecond
timescales are standard and have already been
demonstrated experimentally. Regarding the strength of
the perturbation, consisting of either a periodic or
impulsive modulation of the tunneling rate J between
the condensates, it must be kept weak enough for (i) our
perturbative treatment to remain valid, yet sufficiently
strong for (ii) the resulting nonlinearities to be
experimentally measurable. In practice, these two
conditions can be checked by (i) examining the scaling
of the nonlinear response with the perturbation strength
and (ii) ensuring that an appreciable signal remains after
subtraction (discussed in the main text) of the linear-
response signal.
The relevant observables are directly accessible: matter-

wave interference yields the spatially resolved relative
phase φðxÞ between the condensates. Fourier transforming
these phase profiles provides the momentum-resolved
correlators Dφ

k , which are averaged over multiple runs.
These measured quantities correspond one-to-one with the
theoretical spectra and 2D maps presented in the main text.
Experimentally, typical system sizes (about 100 microm-

eters) and imaging resolutions (a few micrometers) give
access to the required momentum range. The characteristic
timescales of the protocol, determined by the tunneling rate
J (a few Hz to tens of Hz), remain well within condensate
coherence times. Shot-to-shot fluctuations in atom number

translate into variations of Dφ
k , naturally reproducing the

type of inhomogeneous broadening discussed in Fig. 4 of
the main text. We estimate that a few hundred to a thousand
realizations are sufficient to reconstruct the 2D maps with
adequate signal-to-noise, in line with current practice in
phase-correlation measurements. The estimate for the
number of realizations is based on earlier experimental
studies of nonequilibrium dynamics performed on the
coupled-condensate platform [65,67], in which time-
resolved higher-order phase correlators were efficiently
sampled over 100–1000 independent experimental runs.
Finally, it may be worth commenting on the time-

consuming nature of the 2DS approach. We first note that
this can be mitigated by focusing on the most informative
sectors of the map, using simpler one-dimensional scans to
precharacterize the resonance frequencies. Furthermore, we
emphasize that this challenge is not specific to the cold-
atom implementation. In fact, it has also been recognized as
a key issue in 2DS in the optical, infrared, and, more
recently, terahertz regimes, and substantial efforts have
been devoted to accelerating the technique. A recent
example from the THz 2DS community can be found in
Wang et al. [95], where signal reconstruction via com-
pressive sensing is used to show that long experimental
acquisition times can be substantially reduced. We believe
that, as the field of nonlinear spectroscopy in cold atoms
matures, this and related works may pave the way for
similar acceleration strategies in cold-atom implementa-
tions of 2DS.
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