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Abstract

The present paper concerns a new formulation of the optimal design problem of I-shaped
multistep steel beam elements, based on the study of the plastic strain spread occurring
in the relevant elements, with the aim of determining the length involved by the plastic
deformation related to assigned load conditions and different constrained beam schemes.
Material behavior is assumed as elastic—perfectly plastic, and the hypothesis of plane
cross-sections is accepted. The functions defining the plastic strain spread are analytically
obtained in the framework of Euler-Bernoulli beam theory. The proposed optimal design
problem is a minimum volume one and the new constraint imposed on the length of the
plasticized portion ensures that the minimum volume beam element also represents a
maximum plastic dissipation one. Furthermore, the solution to the optimal design problem
guarantees that the obtained multistep beam element ensures protection against brittle
failure of the beam end sections, provides optimal cross-sections of the different portions
belonging to Class 1 and ensures a suitable minimum value of the elastic flexural stiffness to
respect the constraint on the deflection. Explicit reference is made to the so-called Reduced
Beam Section (RBS), which characterizes the described multistep beam elements. Actually,
the proposed formulation represents an innovative approach to obtaining an optimal
beam element that really satisfies all the resistance, stiffness and ductility behavioral
requirements. Some numerical applications conclude the paper, and their results are
confirmed by appropriate FEM analyses in ABAQUS environment.

Keywords: steel structures; plastic strains; I-shaped cross-sections; multistep beam elements

1. Introduction

As it is well known, the current trend in structural construction is to use both tradi-
tional and innovative technologies that are aimed at saving energy, comply with circular
economy concepts and are environmentally sustainable. Furthermore, concepts of durabil-
ity with reference to structure lifetime, ease of maintenance, protection against environmen-
tal degradation, safety with reference to the different conditions that the structure must
satisfy and the behavior that it must ensure under the different intensities and combinations
of actions to be withstood during its lifetime, increasingly recommend the use of steel
structures. In particular, in the field of civil and industrial engineering, the almost exclusive
reference is to three-dimensional steel frames, preferably made using beam elements with
standard cross-sections on sale.

There are many requirements that these structures must meet in order to ensure
an optimal behavior and they concern both kinematical and mechanical aspects; these

Sci 2026, 8, 15

https://doi.org/10.3390/sci8010015


https://crossmark.crossref.org/dialog?doi=10.3390/sci8010015&domain=pdf&date_stamp=2026-01-12
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/sci
https://www.mdpi.com
https://orcid.org/0000-0003-4278-0861
https://orcid.org/0000-0002-4735-9286
https://doi.org/10.3390/sci8010015

Sci 2026, 8, 15

20f27

requirements are prescribed by the international standards and are suggested in several
technical and scientific papers devoted to the solution to analysis for static and/or quasi-
static loads, see, e.g., [1-4], seismic load conditions problems, see, e.g., [5-8], design
problems, see, e.g., [9], considering both concrete structures, see, e.g., [10], steel structures,
see, e.g., [11-14], furtherly considering element slenderness, see, e.g., [15,16], and bracing
elements, see, e.g., [17]. They are fundamental constraints for any design problem that
may arise.

First of all, it is necessary to satisfy appropriate limit conditions on chosen measures of
the displacements and strains such as beam deflection and drifts in serviceability conditions.
To satisfy these conditions, a suitable minimum value of the bending stiffness of pillars and
beams must be ensured.

At the same time, it is necessary to satisfy appropriate safety conditions involving the
generalized stresses which the frame structure suffers in limit collapse conditions. To satisfy
these conditions a suitable cross-section geometry must be defined, ensuring sufficient
strength capacity.

Furthermore, it must be required that the ductility features of the material and, conse-
quently, of the frame structure are exploited as much as possible. To satisfy this requirement,
reference must be made to the beam cross-section resistance; indeed, it is necessary that the
beams must be designed as receivers of plastic strains, and so avoiding that the occurring
of plastic strains in the pillars can produce local and/or global kinematics.

Finally, taking into account that usually the connection between beams and pillars is
constituted by steel plates welded at the beam extremes and bolted to the pillars and that,
as known, the welded cross-sections can be subjected to brittle failure, see, e.g., [18-21], it
must be required that these cross-sections, usually subjected to the maximum values of the
generalized stresses, remain in the elastic regime. It is worth noting that respecting this
last condition leaves out the possibility of exploiting the ductility features of the structure,
producing, furthermore, a needless structural oversizing.

On the grounds of these remarks, it is clear that the use of beams with constant
standard cross-sections, I-shaped or box cross-sections, does not allow the meeting of all
the listed requirements in the best possible way.

In the recent past, many studies have been proposed to individuate suitable strategies
devoted to reach the better design of steel frame structures respecting the above-listed
behavioral requirements. The greater part of these studies concerns the suggestion of tech-
nological interventions on the beams of the frame structure with the substantial objective of
obtaining both protection of welded extreme cross-sections and exploitation of the ductility
features. The suggested technological interventions are suitably supported by numerical
and experimental tests. In particular, the principal object of these studies is devoted to the
analysis and design of moment resisting steel frames equipped with special devices aimed
at improving the frame behavior under static, cyclic and seismic actions. Special attention
is devoted to the so-called Reduced Beam Section (RBS) connections.

The first proposed RBS connection, specifically devoted to I-shaped cross-sections, is
the dogbone, see, e.g., [22-25], which was experimentally investigated, see, e.g., [26,27],
with main application in seismic conditions, see, e.g., [28-32], and in the field of the struc-
tural retrofitting, see, e.g., [33]. With the adoption of this technique a suitably chosen portion
of the beam is subjected to a geometry reduction consisting of a partial and symmetric cut
of the flanges producing the reduction in the strength of the involved beam portion. The
main objective of the application of the dogbone technique is to realize specific assigned
portions of the beam where the material ductility features can be exploited producing
plastic dissipation through the development of plastic hinges. It is worth noting that this
technique just partially satisfies the requirements previously listed; indeed, the dogbone
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technique does not derive from an optimization technique being applied to an initial design
which utilizes standard I-shaped cross-sections; furthermore, it does not ensure a complete
protection against the brittle failure of the welded end beam cross-section and, obviously,
also produces a reduction in the bending stiffness of the involved beam element.

Many other researchers proposed alternative techniques finalized to the same objective,
see, e.g., [34—40], investigating numerical, see, e.g., [41-44], and experimental response,
see, e.g., [45-47]. Also, the authors of this paper propose a new special device, called
Limit Resistance Plastic Device (LRPD), whose main novelty is related to the possibility
of ensuring the development of plastic hinges in assigned portions of the involved beams
without causing any reduction in the bending stiffness of the beam element, see, e.g., [48-50].
Further papers on LRPD are reported in the literature; they are related to their numerical
and experimental behavior, see, e.g., [51,52], as well as to the prevention of brittle failure,
see, e.g., [53], and of local buckling, see, e.g., [54], finally extending their application to a
plane steel frame, see, e.g., [55].

The most recent version of this device is represented by a short symmetric steel
element constituted by three subsequent I-shaped cross-section portions of different, suit-
ably designed geometries. The central portion is the weaker one and it is designed as
receiver of plastic strains, while the eternal ones ensure the prefixed bending stiffness of the
whole element.

The extension of the basic principle governing the application of the described device
to multistep beams, see, e.g., [56,57], is immediate; in other words, instead of operating on
an assigned beam and entrusting the device alone with the task of optimally satisfying all
the required behavioral requirements, an optimal multistep beam is designed to satisfy
all the prescribed requirements, with certain advantages in terms of costs and technology
of realization. In its most general form, the multistep beam consists of five subsequent
portions and is symmetrical with respect to its mid-span cross-section. The cross-sections of
the different portions will generally have different geometries depending on the behavioral
requirements, on the acting loads and on the constraint conditions.

Preliminary studies have already been proposed by the authors [58] related to a first
formulation of the optimal design of the multistep beams and to the behavioral comparison
between the use of RBS device (specifically dogbone) and multistep beam elements. In
particular, it is shown that the multistep beam besides possessing the virtuous feature
of inducing the occurrence of plastic deformation in prefixed beam portions such as the
dogbone, furthermore allows to optimize the beam stiffness independently of the cross-
section reduction and ensures the avoiding of the brittle failure in correspondence of the
welded cross-sections.

Nevertheless, it must be remarked that, even if the above-referenced preliminary
studies showed the full reliability of the multistep beam model, the formulation proposed
did not take into account the real plastic strain spread suffered by the sacrificed weak
portions of the beam element and, especially, the effective length involved by the plastic
strains. It is worth noting that these information results are of central interest for reaching
the goal of an optimal beam capable of fully exploiting the material ductility features and
avoiding useless wastefulness.

Therefore, this paper proposes an original analytical formulation providing the crucial
determination on how the plastic deformation spreads in a bending beam element made of
elastic—perfectly plastic material with an I-shaped section, starting from the fully plasticized
cross-section. Through this analysis, conducted referring to two different beam schemes
(simply supported beam and perfectly clamped beam) subjected to a uniformly distributed
load, the length affected by plastic deformation is determined. This length is an essential
piece of information for the subsequent design problem and allows also for a correct
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assessment of the extent of the curvature that develops and of the amount of plastic
dissipation that can be generated.

The obtained length and the function trend determined are then used in the formu-
lation of a new optimal design problem aimed at sizing a multistep beam that perfectly
complies with all the constraints describing the behavioral requirements mentioned above.
The applications are devoted to the case of a perfectly clamped beam subjected to a combi-
nation of two different load conditions (serviceability limit load and ultimate limit load) and
refer to different approaches as well as different types of cross-sections. The reliability of
the obtained results is finally verified by means of suitable 3D FEM elastic plastic analyses
performed in ABAQUS® environment. It is worth noting that these results immediately
suggest extending the analysis to plane or 3D frames; these applications, together with
suitable experimental tests, will be addressed in future studies, which will also explicitly
take into account aspects related to the seismic behavior of the structure.

2. Materials and Methods

In the present Section, two fundamental cases are described: the simply supported
beam and the perfectly clamped beam, both subjected to a uniformly distributed load. These
schemes substantially represent the two typical extreme conditions for beams pertaining to
steel frame structures.

2.1. Simply Supported Beam Subjected to a Uniformly Distributed Load

Let us consider a simply supported beam of length /, referred to axes x, y, z, where
x is the beam axis and y and z are the central axes of inertia of the relevant cross-section
(see Figure 1).

9- —t2 ——

Yz

(a) (b)

Figure 1. Simply supported beam: (a) Structural scheme; (b) Bending moment diagram.

Let us assume that the beam cross-section is a constant I-shaped one, symmetric with
respect to the y axis, constituted by steel with elastic—perfectly plastic behavior (¢ being the
yield stress and E Young’s modulus) and that it is subjected just to a uniformly distributed
load g (Figure 1a). The bending moment function shows a parabolic law along the beam
axis and reaches its maximum value at the beam midpoint (Figure 1b):

EZ
My,max = % (1)

Assuming the Bernoulli-Navier hypothesis and indicating with WE, the elastic resis-
tance modulus of the cross-section, when the maximum bending moment reaches its elastic
limit M Ey»

My,max = MEy = WEyU'O/ ()

both the extrados and intrados of the cross-section suffer the yield stress op.
When increasing the acting load, indicated with W), the plastic resistance modulus
of the cross-section, when the maximum bending moment reaches its yield value M,,,

My,max =M = Wpya()/ 3)

Py
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the whole cross-section suffers plastic deformations and a plastic hinge arises with the
bending curvature tending towards infinity.

We want to calculate the length of the portion where the plastic strains occur (suitable
neighborhood of the beam midpoint) when My, y0x = Mpy, together with the trend of the
plasticization profile in this range. Therefore, let us impose the following:

14 o2
My ax = My<2) =M, = ‘128;7 4)

where M
Qz,p = pr (G))
is the limit load value which causes the plasticization of the whole cross-section at the beam
midpoint.
The bending moment law in condition of impending whole plasticization of the
midpoint beam cross-section holds:

Gz pl Gz pX? X x2 X
My(x) = 22” x— Z; = 4Mpy — 4Myy 7 = My 7 ({ — x) (6)

Let xg < £/2 be the abscissa where the bending moment reaches its elastic limit value
MEy. It results as follows:

X
My(xg) = My = 4Mpy 5 (¢ = xp) @)

which can be written in two alternative ways as follows:

XE

WEyU’() = 4[/\/][,y(7’0‘€f2 (ﬁ - xE) (8a)
2
xE XE
from which it can be deduced that
WEy 02
2 y & _
xg — Ixp + W,y 4 0 )

and, consequently,

i N2 (EN*Wg, 0t We, ¢ Wy
= — —_ —_ —_ —_— = - —_ _—— = - _—— 1
TE Zi\/<2) <2> Wy Ziz ! Wpy 2 Eyt Wy (10

Obviously, xg must not be greater than g and, therefore, the solution reads

L WEy
xp=5(1—4/1— = (11)
The length of the beam portion where plastic strains arise is
4 We Wry — Wey
¢ —2<—x5)—£\/1— y—z\/ (12)
' 2 Wy Why

and it just depends on the beam cross-section geometry.
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The form of the plastic resistance modulus Wy, and that of the elastic resistance
modulus W, are reported in the following. In both cases the inner arc radius connect-
ing flanges with web is disregarded. Such a position is widely justified because in the
present study beams constituted by I-shaped cross-sections made in the factory are consid-
ered and because, from an engineering perspective, the influence of these connections is
usually negligible.

The plastic resistance modulus can be written in the following alternative forms:

L >2:bh2 (b_tw)(h—th)2

Wyy = btp(h—t7) + tw(z — 1 - : (13)

where the utilized symbols defining the cross-section geometry are reported in the following

Figure 2.
b
1t |
G
hl =y
H .,
[t |
f z

Figure 2. Geometrical characteristics of the I cross-section.

In order to define the form of the elastic resistance modulus, reference can be made to
the form of the limit elastic bending moment M,

B 200 (h tf 200 (h zth

where the first addendum is related to the contribution of the flanges (Fy) and the second
one to that of the web ( Fy) (see Figure 3). In particular, in the first addendum, d represents
the distance (measured along z) from the intrados (or extrados) of the barycenter of the
stress volume related to the flange; with reference to the symbols of Figure 3b, it results in

the following:
c(2by + by)
dg = 57— 15
7 30+ ) )
Therefore, utilizing appropriate symbols (Figure 2) gives
tr|F( 5 —tp)+1|  tp(3h—4t
Ll ] y(ew) N

3[3(5—t)+1]  e(n—ty)
Therefore, it is possible to derive

B ME]/ B 2/(h tf 2 zth
Wey = " = {b—o—h(Z—tf)b}Z(h—ZdG)-l—h(Z—tf) 7g(h—ztf) (17)
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h <5 ay
b Fy—>
te | I
) S S R
Y? Fy
(a) (b)

Figure 3. Determination of the elastic resistance modulus: (a) Reference stress diagram; (b) Geometri-
cal scheme for the determination of the barycenter of the stress volume related to the flange.

With simple mathematics, this provides

WEy—Tb<h—tf)(h 2dg) +4tw<% )

=#<h2 2tfh+%%)+4tw (%_tf>3 (18)

Alternatively, it is possible to determine W, by the moment of inertia I of the cross-section:

3
L bh3 (b—tw) (h—th> 9
Y712 12 (19)

from which the following form can be deduced:

Wgy == = — — (20)

which, with easy mathematics, provides the same form as in Equation (18).

. .. Wy —W,
In the beam portion between xg and %, ie., intherange 0 < ¢ < % WTyEy, the

bending moment parabolically increases from Mg, to My, and in this range the cross-
sections (except for the range extremes) are partially plasticized (see Figure 4).

T
MEy M

Py

. —

XE

— )2 —

Figure 4. Local reference system adopted in the first half portion of the beam affected by plastic
strains for the determination of function z,(¢).
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In the defined range the bending moment function can be written in the form

My(g):MEer(qz E—quxg)g gl MEy+q2P(7_xE)g_%

2
8M 4M,, &2
= Mg, + 4]{2W (% _ XE)Cf _ zpyg 1)
- MEy + 4MP [(E sz)(: 62}
= Mgy + szyé—w —2xg —¢]

from which the “elastic plastic resistance modulus function” can be deduced:

M, () AW,y

Wy(g) = o0 = WEy + Ez

Lg[0 - 2xp — ¢ (22)

First of all, we want to treat the case when just the flanges (although just partially)
suffer plastic strains, i.e., for % —tr<zp < %, zp being the minimum distance between the
plasticized fibers and the y barycentric axis (see Figure 5).

b

_______ , Gy

o —
G
h = }5
tw ZP
[t [
! Vz Gy

Figure 5. Typical stress distribution when the flanges are partially plasticized.
In this case the acting bending moment has the form
h h h
My (zp) = oob (% — 2, ) (4 +z,,) +bloo+ 2 (4 —t5)] (tr— b +20) (2 — ) o)
fw 2
+2(h—t) 43 (n-2t)

ith
" . (tr=t+2p) [2(5—tf) +1] ) (tr—h+2) (h =2ty +2) on
¢ 3[L(5—tr) +1] 34—ty +2)

from which it is possible to deduce

Wy (zp) :b(%_zp) (%+ZP) +b[1+i<%_tf>}(tf_%JFZP)(ZP_dE)
2 (h-1) 53 (r-2)

which, with simple mathematics, provides:

h 2 o\ 2ty (h 3

(25)

h? b
W,(zy) = b<4 —zf,) =
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Zp

the value { = (., which defines the position of the cross-section in which just
the whole flanges are plasticized, is determined, and, consequently, always utilizing
Equations (22) and (26), it is possible to obtain the trend of the function z,(&) in the
range 0 < ¢ < ¢,.

Now, we want to define the form of Wy (z,) when the web also (although just partially)
suffers plastic strains, i.e., for 0 <z, < g —tf (see Figure 6).

z Go
Figure 6. Typical stress distribution when the web is partially plasticized.
In this case the acting bending moment has the form

h h twzp 4
My (Zp) = O'Obtf (h — tf) + ootw (2 — tf — Zp> (2 — tf + Zp) + Uo%gzp (28)

from which it is possible to deduce

2

h 2,
(3-1) -+
Finally, the trend of the function z,(¢) can be deduced by identifying this last equation

with Equation (22) in the range ¢ < ¢ < &,/ V‘/n%;p;’vw

Wy (zp) = bt (= t5) +to

In Figure 7ab the function z,(&) has been reported in the domain (0, xg) for two
typical standard steel profiles on sale: HEA300 and IPE300.

0.14 014
0.12 0.12
0.70 0.70
0.08

0.08

NQ
0.06 0.06
0.04 0.04
0.02 0.02
0.00 0.00
00 01 02 03 04 05 06 07 0.0 0.2 0.4 0.6 0.8
¢ [m] $ [m]
(a) (b)

Figure 7. Evolution of z;, for simply supported beam: (a) Case of HEA 300 cross-section; (b) Case of
IPE 300 cross-section.

The ratio between ¢, and xg depends on the different cross-section geometry, while
the consistent length of the beam portion where the plastic strains occur depends on the
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moderate slope of the bending moment diagram. Furthermore, in Table 1, the obtained
results for both the studied profiles are synthesized.

Table 1. Results for the simply supported beam.

Description HEA 300 IPE 300
Length ¢ 50m 50m

Base b 300 mm 150 mm

Height h 290 mm 300 mm

Web thickness t;, 8.5 mm 7.1 mm

Flange thickness t¢ 14.0 mm 10.7 mm

Xe 1.764 m 1.655 m

lp 1472 m 1.691m

Ce 0.253 m 0.155m

Now, we want to determine the trend of the curvature function.
The limit elastic curvature kg, in correspondence to the cross-section of abscissa xg holds:

ME
key = E—Iyy (30)

Wy —W, . . .
In therange 0 < ¢ < % ”Wy'sy (starting from the cross-section of abscissa xr) the
total curvature,

is given as the sum of the elastic curvature kg, and of the plastic curvature k.
In the first portion of this range, i.e., for 0 < ¢ < ¢, the total curvature shows the
following form:

00
k = 32
with function z, () above determined by utilizing Equations (22) and (26):
Wy + 48[ — 2x — {] -
) . 2 2 ., 3
=bly _bzpdc_b(% _tf) + %(% _tf) dc+§t7p<% _tf>

. . . Wpy—W,
In the second portion of the above-defined range, i.e., for §, < ¢ < g, [ £ {/pr Y the

total curvature shows the following analogous form:

00

T Ez(9)

ky2(¢) (34)

but with the function z,(¢) above determined by utilizing Equations (22) and (29):

h z
(2-1) =

The relative rotation between the cross-section of abscissa xg and the midpoint beam

2
+ = thi (35)

AW
WEy+—”y§[£—2xE—§]:btf<h—tf)+tw :

/2

cross-section holds:

2 N
Ggaa= | kn@de [V k@) (36)

https://doi.org/10.3390/sci8010015


https://doi.org/10.3390/sci8010015

Sci 2026, 8, 15

11 of 27

The total dissipation,
Di2=Dg12+Dy12, (37)

sum of the elastic and the plastic one in the two subsequent portions of the range

0<¢< E,/Wpyipww,holds:
2 b it
Dy y=2 /O My (€) [y (2)]dE +2 /é W My (&) [kya(€))dE (38)

while the only plastic dissipation in the same range holds:

D _2/ My (&) [ky1 () — k d§+2/Vw%yEy — kg, ]dE (39
pl2 y(C Ey Ey

2.2. Perfectly Clamped Beam Subjected to a Uniformly Distributed Load

Let us consider yet the same beam of length ¢ as described above but perfectly clamped
at its extremes and yet subjected to a uniformly distributed load g, (Figure 8a).

qZ\ My,max
¢ DXz M
*Z My
(a) (b)

Figure 8. Perfectly clamped beam: (a) Structural scheme; (b) Bending moment diagram.

The bending moment function shows a parabolic law along the beam axis and reaches
its maximum value simultaneously at the clamped cross-sections (Figure 8b):

02
=1 (40)

My, max = |My(0)‘ = |My(£) 12

Assuming the same hypotheses as above and following the same approach, we want
to calculate the length of the portion where the plastic strains occur (starting from the
clamped cross-sections) when My, yax = Mpy, together with the trend of the plasticization
profile in this range.

Therefore, let us impose the following:

Yz, PEZ
My,max = |My(0)] = Mpy = =5 (41)
where
Tzp = —p2

is the limit load value which causes the plasticization of the whole cross-section at the
extremes of the beam (x =0 and x = /).

The bending moment law in condition of impending whole plasticization of the
relevant beam cross-sections holds:

2ol 2 p X2 6M 6Mpy x* 2
My (x) = =My + Hrx — B5= = — My, + 52 x — 4% = Mpy(ézx’ - & - 1)
({—x)
= Mpy [6x 7= 1}

(43)
Starting from the initial cross-section, let xg < % be the abscissa where the bending
moment reaches its elastic limit value — Mg, (Figure 9).
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Ey
p\
Figure 9. Portions of the beam affected by plastic strains.
The elastic limit bending moment value is given by
{—x
My (xg) = —Mg, = My, {6@(62’5) - 1] (44)
which can be written in the following alternative ways:
0 —
—Wey0) = Wy [6x5(£2xE) - 1] (45a)
%2
6Wpy 7 6Wpy 7 Ey Wpy —Wgy =0 (45b)
from which it can be deduced that
Wyy — W 2 Wyy — Wy [ £\?
2 _ oyt Py Eypp_ 2 ) py vt} —o 46
xg — xpl + 76Wpy 0° =xp —xpl+ 37Wpy (2> , (46)
ie.,
2 2
By ¢ O\ 2 W Wey _ ¢ 4t 2 Wpy—We
xE—zi\/(z) _(i) i Uil b RV Sl e T
r— (47)
Y 2 —WE
=32 (1 £y/1- 3Wwp,y>
Obviously, xg must not be greater than % and, therefore, the solution reads
2 Wy — W 14 Wy +2W,
xp= (1o 1o 2 ey Ly [ 2y (48)
2 3 Wy 2 3Wpy
and this value defines the length of the beam portion where plastic strains arise:
lp = x (49)

In the range between 0 and xg [O <¢< % (1 -4/ W) } , the bending moment

parabolically increases from —Mpy to —ME, and in this range the cross-sections (except for

the range extremes) are partially plasticized (Figure 10).
My,
M, M,/

R

Xg !

Figure 10. Local reference system adopted in the beam affected by plastic strains for the determination

of function z(¢).
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The bending moment function has the form
M, (&) = Mpy [6(; C 7 &) _ 1} (50)
from which the “elastic plastic resistance modulus function” can be deduced:
o) = MOl 1 =9)] -

First of all, we want to treat the case when 0 < z), < % —tf, with z,, always defining the
minimum distance between the plasticized fibers and the y barycentric axis (see previous
Figure 6). By utilizing Equations (29) and (51) and imposing

h

the value ¢ = ¢, where just the flanges are plasticized is found and, as a consequence, in
the range 0 < ¢ < ¢, the function z,(¢) is determined.
Referring now to the case when % —tf < zp < %, ie., in the range ¢, < ¢ <

Wy +2W, . . . . . g
% 1-— ‘W) (see previous Figure 5), the function z,(¢) is determined by utilizing

Equations (26) and (51).
In Figure 11a,b the function z, (&) has been reported in the domain (0, xg) for two
typical standard steel profiles on sale: HEA300 and IPE300.

HEA300 IPE300
0.14 0.14
0.12 0.12
0.10 0.10
L 0.08 < 0.08

N N
0.06 0.06
0.04 0.04
0.02 0.02
0.00 0.00
0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.00 0.02 0.04 0.06 0.08
¢ [m] §[m]
(a) (b)

Figure 11. Evolution of z, for perfectly clamped beam: (a) Case of HEA 300 cross-section; (b) Case of
IPE 300 cross-section.

As previously stated, the ratio between ¢, and xg depends on the different cross-
section geometry, while the very short length of the beam portion where the plastic strains
occur depends on the great slope of the bending moment diagram. In Table 2 the obtained
results for both the studied profiles are synthesized.

With the same procedure as before, in both the ranges where plastic strains occur the
total curvature can be determined as function of z,(¢).

The plastic dissipation in the entire beam holds:

¢ L1 e
Dp1 2= 2{/0 My (&) [ky,1(8) — kEy]d§+/§ " My (8) [ky2(8) - kEy}dC} (53)
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where k,1(¢) is the total curvature occurring in the range 0 < ¢ < &, and ky>(¢) is the

total curvature occurring in the range ¢, < ¢ < % (1 -4/ VW) , while the bending
moment function M, () is given by Equation (50).

Table 2. Results for the perfectly clamped beam.

Description HEA 300 IPE 300
Length ¢ 50m 50m

Base b 300 mm 150 mm

Height 1 290 mm 300 mm

Web thickness £, 8.5 mm 7.1 mm

Flange thickness f¢ 14.0 mm 10.7 mm

Xe 0.073 m 0.097 m

lp 0.073 m 0.097 m

Ce 0.031 m 0.064 m

3. Optimal Design of Multistep Beams

In steel frame structures, the beams are usually subjected to uniformly distributed
loads and constrained to the pillars by connections that can be modeled as simple hinges or
as moment resisting ones, showing a limit behavior as described about.

Actually, the model that better describes the real behavior is that of the perfectly
clamped beam; indeed, the connection realized is usually a moment-resisting one and the
maximum bending moments always occur at the beam extremes.

Referring to this last model, we want to examine the requisites which optimize the
behavior of the typical beam.

As known and previously described in the Introduction, both limit conditions on
displacements and strains in serviceability conditions and safety conditions expressed in
terms of generalized stresses in limit collapse conditions must be satisfied. Furthermore,
the material ductility features must be suitably exploited, appropriately designing the
beams as receivers of plastic strains. Finally, the possible brittle failure must be avoided in
all the portions which undergo welding processes.

In order to optimally reach all these goals, multistep I-shaped beam elements can be
usefully designed as described below.

For the sake of simplicity, let us consider the case of a perfectly clamped beam of
length /, subjected to a uniformly distributed load g..

With the aim of designing a beam which possesses all the above-mentioned features,
reference must be made to a multistep beam constituted by five subsequent portions, each
characterized by a constant I-shaped cross-section with suitable geometry (see Figure 12).

The beam is characterized by symmetry with respect to its midspan section. In
particular, the two more external portions of the multistep beam must ensure that the
elastic limit is not exceeded, avoiding any possible risk of brittle failure; the two subsequent
portions must ensure the maximum (optimum) exploitation of the ductility features of the
material and the central portion must ensure suitable bending stiffness of the whole beam
in order to respect the constraints on the displacements and/or strains.

Consequently, the two external portions will have a cross-section greater than the
two subsequent ones, while the central portion cross-section geometry will depend on the
geometry of the other described portions.
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Figure 12. Multistep beam geometry: (a) Lateral view; (b) Upper view; (c) Cross-section of the
external strong “M” portions; (d) Cross-section of the weak “m” portions; (e) Cross-section of the

"

central “c” portion.

To formulate the optimal design problem (minimum volume), considering that we
want to utilize I-shaped cross-sections, the measures of the rectangle (base b and height h)
realizing the contour of the greater cross-section are assigned as well as the thickness of the
web t,, assumed equal for all the portions. Furthermore, we assume that the flanges of all
the portions have a common medium plane, so as it is possible to define the measure h* as
the distance between the medium planes of the relevant flanges.

The data of the optimal design problem are b, h and t,,, while the design variables are
tems Erms tres by, be, Ly, referring to the symbols reported in Figure 12, assuming by; = b
and hp; = h.

Other relevant quantities, functions of the design variables, are

W= h—tey (54)

A = it g+ by (h* -~ tﬁ) (i = M,m,c) (55)
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* 3
_ trbi L4 |t
WEyi = g |:(h + tfl) — 2tf1 (h + i’f1> +3 f,:| 3 +tfi |: 2 tfl':| (56)

(i=M,m,c)
2 2
b; (l’l* + tfi) (b; — tw) (l’l* — tfi) ’
Wi = 1 — 4 (i=M,m,c) (57)
_ Y/ Wpy + ZWEy
Wy + 2WE
_ Py y _
le=14 73Wpy 20 pm (59)
2
2 b (h* tfz) .
Ile btf,—i—Zb tfl< ) (i=M,m,c) (60)

where A; (i = M, m,c) are the measures of the cross-section areas of the different beam
portions; Wg,; (i = M, m,c) and Wy; (i = M, m, c) are the elastic and plastic resistance
moduli of the cross-sections of the different beam portions; ¢, is the length of the portion
with lesser strength strictly sufficient to guarantee full plasticization of the cross-section
that suffers the greater generalized stress and to ensure the maximum possible plastic
dissipation; /. is the length of the central portion; and I; (i = M, m, ¢) are the area moments
of inertia of the cross-sections of the different beam portions. In the foregoing sentences
the subscript M refers to the external strong portions, the subscript m refers to the weak
portions and the subscript c refers to the central portion.

On the ground of the results obtained in the previous section and with reference to the
symbols reported in Figure 12, the minimum volume search problem can be formulated
as follows:

min V= min 2(0pmAM + b Am)+LcAc (61a)
(tﬂﬂztﬁnrtfc/bmzbméM) (tmltﬁnztfc/bnubCrKM)
subjected to

by — 3ty
- = <
18 235 = tpm

bm - 3tw 70
T8 Vs Stm St (619

NS

< (61b)

b. — 3ty h
e Tw <
18 V235 23 ffe<3 (61d)
Bt < by <b (61e)
by < b <b (61f)
bu<tu<y (61g)
Zsq. | 16 eM3(ec+z1zm+sz)+
384 E ™
16 s (£ (Le+ )+l (3 £C+4fm)zM+3(a+z )42 bar®) (61h)
L (034802 (L+Lag)+24 Lo (Lon+Cp0) 2 +16(Lm+001)°
( ( M) IC( M) ( ) < Foim
Weyt = Wi+ L 01— b3 Gh
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ra, [2 :
WEym < WEyc (61k)
Weye > TEL (0~ 26y 20,7 — oWy 1)

In the above-formulated problem, g is an appropriate load multiplier related to the
serviceability conditions, ¢ is an appropriate load multiplier related to limit collapse con-
ditions and 7 is a material safety factor suitably introduced. Equations (61b-g) represent
the constraints on the design variables. In particular, Equations (61b—d) are geometri-
cal and mechanical constraints; indeed, they impose that all the cross-sections belong to
Class 1 [59,60]. Further, Equation (61e) ensures the shear strength ability of the weaker
cross-section portions, Equation (61f) is a geometrical constraint ensuring that the cross-
section of the weaker portion is fully connected with the one of the central portion (so
guaranteeing that no undesired stress concentrations can occur) and Equation (61g) is a
geometrical constraint describing the assumed beam scheme.

Equation (61h) ensures that the maximum beam deflection is not greater than the
admissible assigned one f,;,,. The expression of the relevant deflection has been obtained
by solving the multistep continuum elastic analysis problem by means of a displacement
method in Mathematica® 14.3 environment.

Equation (61i) ensures that the clamped cross-section (where the maximum bending
moment acts) behaves elastically. This equation has been determined imposing that the
bending moment at the clamped cross-section is given by the plastic one Wyy,,0¢ acting in
the section connecting the external M and the weak m portions, plus the contribution of
the shear and that of the distributed loading in the M portion.

Equation (61j) represents the yield condition for the most stressed cross-section of
the weaker portion; indeed, it imposes that the plastic resistance modulus of the relevant
cross-section produces a limit bending moment equal to the suffered bending moment in
limit collapse conditions.

Equation (61k) imposes that the central portion cross-section possesses bending
strength not less than that of the weaker portions, so ensuring that no plastic strains
can occur in correspondence with the connection between m and ¢ portions.

Finally, Equation (611) ensures that the cross-section of the central ¢ portion behaves
elastically under the maximum bending moment acting at the mid-span section.

It is worth noting that problem (61) can be regarded as a multicriteria optimal design;
indeed, even if the objective function utilized is the minimum volume, the position (58)
utilized for the length of the weaker portion of the multistep beam actually represents
the optimal choice that ensures the occurrence of the maximum plastic dissipation. This
remark is particularly relevant since the real goal of the design is the full exploitation of
the structure capacity, always respecting the appropriate displacement and the strength
safety criteria.

4. Applications and Results

This section is devoted to the solution of the optimal design problem (61) applied to
the simple case of a perfectly clamped beam subjected to a uniformly distributed load. The
chosen application allows a clear interpretation of the results for an appropriate judgment
on the reliability of the approach, and it can be certainly regarded as representative of
a typical beam belonging to a frame. The relevant data are reported in the following
Figure 13.

As was stated in the previous section, the geometry of the rectangular cross-section
(base b and height /1) defining the contour of the stronger cross-section portion and the
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common web thickness of all the different cross-sections of the multistep beam must be
assigned as data of the optimal design problem. On the other hand, as it is well known, the
beams usually adopted in structural applications belong mainly to two different profiles
(the HE and the IPE ones) which show quite different behavior.

q- = 25 kN/m

Py ov vy v v Y
/B

22

A

f=5m

Figure 13. Perfectly clamped beam subjected to a uniformly distributed load.

Consequently, the first step has been the solution of a simple sub-optimal design in
order to identify the beams on sale, whose cross-section belongs to HE and IPE profiles,
satisfying the mechanical condition that the clamped section behaves elastically under the
bending moment related to the ultimate condition and the kinematical condition that the
beam deflection fulfills the standard requirement in serviceability conditions. The obtained
beams are an HEA200 and an IPE270, whose geometrical characteristics together with the
mechanical ones and the loading and kinematical conditions are reported in the following
Table 3. It is worth noting that the obtained steel profiles satisfy the imposed constraints,
but no plastic dissipation can be produced.

Table 3. Geometrical and mechanical characteristics of the beam to be optimally designed.

Description HEA200 Beam IPE270 Beam
Length ¢ 50m 50m
Base b 200 mm 135 mm
Height h 190 mm 270 mm
Web thickness t, 6.5 mm 6.6 mm
Flange thickness t¢ 10.0 mm 10.2 mm
Area A 53.83 cm? 45.95 cm?
E 210 GPa
0o 235 MPa
s 1.0
¢r 1.5
1o 1.1
gz 25 kN/m
Fadm £/300

For each selected profile, two different approaches have been adopted in performing
the optimal design of the multistep beam: in the first one, the length /) of the beam
portions close to the joint is regarded as free design variable, while in the second one
{pm = £y has been imposed. By adopting such approaches, the influence of the length £,
on the plastic dissipation will be evidenced. The optimal design problem has been solved in
Mathematica® 14.3 environment by the FindMinimum command which adopts the interior
point method to solve the optimization problem.

The results obtained by the solution of the optimal design problem (61), following the
described approaches, are reported in Table 4 and in Table 5, respectively, for )1 considered
as free design variable and for ¢5; = ¢, in the case of HEA200 beam. The last row of the
tables reports the amount of plastic dissipation calculated by means of Equation (53).
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Table 4. Results for the multistep beam (HEA200 profile, ¢ free design variable).

Description Value
Length 3, 463.984 mm
Base by 200 mm
Height hj, 190 mm
Web thickness t,,p 6.5 mm
Flange thickness f 14.378 mm
Length ¢, 125.745 mm
Base by, 66.508 mm
Height hy, 187.381 mm
Web thickness ty, 6.5 mm
Flange thickness ¢, 11.759 mm
Length ¢, 3820.542 mm
Base b, 108.658 mm
Height h, 183.906 mm
Web thickness . 6.5 mm
Flange thickness f ¢, 8.284 mm
4 0.0180 m3
Volume saving 33.12%
D, 22,452 Nmm
Table 5. Results for the multistep beam (HEA200 profile, £y = ¢yy,.
Description Value
Length £, 92.668 mm
Base by 200 mm
Height hy, 190 mm
Web thickness t,,p 6.5 mm
Flange thickness ¢ 11.635 mm
Length ¢, 92.668 mm
Base by, 135.215 mm
Height hy, 190 mm
Web thickness t;,;; 6.5 mm
Flange thickness t,, 11.635 mm
Length ¢, 4629.328 mm
Base b, 176.486 mm
Height &, 187.086 mm
Web thickness ¢ 6.5 mm
Flange thickness ¢ 8.721 mm
1% 0.0212 m?
Volume saving 21.23%
D, 35,192 Nmm

In Tables 6 and 7 the analogous results are reported, always obtained by the

two different approaches, for the case of IPE270 beam. The last row of the tables reports the

amount of plastic dissipation calculated by means of Equation (53).
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Table 6. Results for the multistep beam (IPE270 profile, ¢); free design variable).

Description Value
Length 3, 453.862 mm
Base by 135 mm
Height hj, 270 mm
Web thickness t,,p 6.6 mm
Flange thickness f 12.084 mm
Length ¢, 196.310 mm
Base by, 33.080 mm
Height hy, 267.640 mm
Web thickness ty, 6.6 mm
Flange thickness t Fm 9.724 mm
Length ¢, 3699.656 mm
Base b, 46.661 mm
Height h, 267.445 mm
Web thickness £, 6.6 mm
Flange thickness f ¢, 9.529 mm
14 0.0147 m3
Volume saving 36.02%
D, 27,451 Nmm
Table 7. Results for the multistep beam (IPE270 profile, £5; = ;.
Description Value
Length £, 131.966 mm
Base by 135 mm
Height hy, 270 mm
Web thickness t,,pm 6.6 mm
Flange thickness ¢ 16.832 mm
Length ¢, 131.966 mm
Base by, 67.846 mm
Height hy, 265.609 mm
Web thickness ty, 6.6 mm
Flange thickness t fm 12.441 mm
Length ¢, 4472.136 mm
Base b, 104.205 mm
Height &, 266.763 mm
Web thickness ¢ 6.6 mm
Flange thickness 13.595 mm
1% 0.0222 m3
Volume saving 3.37%
D, 31,850 Nmm

Furthermore, in Figure 14a,b and in Figure 14c¢,d the obtained optimal beams for the

case of HEA200 are sketched for ¢, free design variable and for £j; = ¢y,.
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Figure 14. Optimal beam for HEA200 profile: (a) {5 free design variable lateral view; (b) ) free
design variable particular of the perspective view; (c) £)1 = ¢y, lateral view; (d) 5y = ¢y, particular of
the perspective view.

Finally, in Figure 15a,b and in Figure 15c,d the obtained optimal beams for the case of
IPE270 are sketched for ¢y, free design variable and for £y = £,.
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Figure 15. Optimal beam for IPE240 profile: (a) {j; free design variable lateral view; (b) £ free

design variable particular of the perspective view; (c) {51 = ¢y, lateral view; (d) £; = £, particular of
the perspective view.

An examination of the obtained results allows us to state that all the obtained designs
are characterized by a significant volume saving and a considerable amount of plastic
dissipation produced. However, it is worth noting that the two different approaches show
different trends. Indeed, in the case in which ¢y, is a free design variable, the weaker
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portion tends to go away from the beam—column connection (i.e., /5 tends to increase) so
reducing its cross-section dimensions and increasing ¢, related to a portion of bending
moment distribution characterized by slight slope. These features implicate that the notable
volume saving is related to a modest plastic dissipation produced. On the other hand,
in the case in which ¢; = ¢, is imposed, the weaker portion rests close to the clamped
cross-section involving a portion of bending moment distribution characterized by high
slope. These features implicate that volume saving is not so great, but it is related to a
great plastic dissipation produced, and this result is essential for a real good behavior of
the designed beam. Since the main goal of the proposed approach is to determine a beam
able to perform as much plastic dissipation as possible, this last remark suggests that the
case in which ¢ = ¢;, is the most favorable one with the further suggestion to select ¢ as
short as possible depending on technological requirements. In other words, ¢); must be
short enough to ensure the desired great amount of plastic dissipation and long enough
to ensure that the stress distribution in correspondence of the end cross-sections remains
below the yield limit.

To verify the last remark, the mechanical behavior of optimal beams reported in
Tables 5 and 7 has been checked by suitable modeling in ABAQUS® 2017 environment. The
optimal beams have been meshed by adopting 3D C3D8R solid element type, assuming the
elastic—perfectly plastic behavior of steel 5235 as reported in Table 3. The obtained number
of elements is 184,434 (corresponding to 297,888 nodes) for the optimal beam in Table 5
and 206,182 (corresponding to 297,492 nodes) for the one in Table 7. The results, in terms of
Mises stress, corresponding to maximum allowable load, are reported in Figure 16.

S, Mises H v
(Avg 75%) S, Mises
2 (Avg: 75%) 2
235.00 x

: x

70 I 156567
Wy 137.08
T 117.50
5875 97.92
3917 7833
1953 / 5875
0.00 s

S, Mises S, Mises
(Avg: 75%) (Avg: 75%)
. 235.00
51542 21542
195.84 195.84
176.25 116.25
156.67 156.67
~ + 137.08
117.50 7.9
97.92 78.33
78.33 58.75
58.75 39.17
39.17 19.58
19.58 0.00
0.00
(c) (d)

Figure 16. Maps of Mises stress in the weak portion of the optimal beams: (a,b) Case of HEA
200 cross-section (Table 5); (¢,d) Case of IPE 240 cross-section (Table 7).
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An examination of these figures confirms the affordability of the proposed optimal
design, since—as it can be easily observed—the weak portion of the optimal beams can
be regarded as almost fully plasticized while the other portions still behave elastically
(IPE270) or show very small plasticized zones. The maximum deflection obtained by
the FEM models is equal to 14.63 mm for the beam in Table 5 and 9.668 mm for the
beam in Table 7, respectively. Both values are admissible since the standard limit is equal
to 16.67 mm.

Finally, it is worth noting that the reliability of the proposed formulation does not
depend on the load intensity variation and/or on the beam length; indeed, in the optimal
design problem (61) the design variables are continuous ones, so ensuring a real optimal
solution for any variation in the load intensity, while, in the case of the use of standard
profiles, the discrete variation in the size cannot ensure an optimum design; furthermore,
referring to the beam length, it can be stated that its increment produces an appropriate
increment of the plastic dissipation in the optimal multistep beam due to the relation
between the beam length and the weaker portion length, while, in any case, if the standard
profile sub optimal beam is designed no plastic dissipation can be produced.

5. Conclusions

The present paper is mainly devoted to proposing the formulation of a special new
version of the optimal minimum volume design of multistep steel beams able to maximize
the exploitation of the material ductility, also preventing the brittle failure in correspondence
of the welded connections. Clearly, the proposed optimal design will simultaneously fulfil
all the usual safety requirements required by the structural standards both in serviceability
condition and in ultimate limit load condition.

To guarantee the full exploitation of the beam ductility features, simultaneously
minimizing the overall structural volume, the design problem has been formulated as a
minimum volume one but imposing, by suitable constraints, that a selected portion of the
beam, of appropriate length, is devoted to the onset of plastic deformations in ultimate
state condition. This appropriate length has been rigorously defined by a prior study of the
function describing the plastic deformation spread (in particular, the plastic curvature) in a
bending steel beam.

The proposed formulation has been applied to the simple case of a perfectly clamped
beam; however, such a simple example has been considered fully acceptable in order to
prove the full reliability of the proposed approach and, furthermore, it can be regarded as
certainly adequate to represent the main behavioral features related to beams belonging to
steel frames.

The results obtained are extremely encouraging and have been confirmed by suitable
3D FEM analyses performed in ABAQUS® environment. They suggest clear information
on the most appropriate constraints to impose on the optimal design problem. Specifically,
it is clearly indicated that to guarantee the largest (optimal) plastic dissipation, the length of
the external portions of the beam must be as small as possible respecting the technological
requirements for welded sections. The proposed applications suggest this length to be equal
to that of the weaker portions devoted to the onset of plastic deformations. Furthermore,
the results obtained clearly suggest that for a better multistep beam design it is preferable
to refer to the HE profile type rather than to the IPE one.

The results obtained will be further developed in the next papers which will be
devoted to the extension of the proposed approach to plane steel frames as well as to
three-dimensional ones considering, as indicated in structural standards, also wider loading
combinations. Furthermore, experimental laboratory tests will also be carried out, devoted
firstly to checking the technological aspects related to the factory production of the multistep
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beams, and successively the real behavior of frames constituted by multistep beam elements
subjected to quasi static and dynamic loads.
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