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ARTICLE INFO ABSTRACT

Communicated by Damiano Casalino An original computational framework for the aeroelastic analysis of wings featuring general transverse section
is developed. The framework is based on the coupling between a novel discontinuous Galerkin structural model
and an aerodynamic vortex lattice method, which is implemented in both the planar and non-planar version.
The structural model, which constitutes the novelty of the present work, allows generalized kinematics and
is thus able to capture higher-order structural deformation modes. With respect to other more used structural
representations, the discontinuous Galerkin approach is based on the use of discontinuous basis functions and
suitably-defined boundary terms to enforce the inter-element continuity and boundary conditions. Such features
naturally enable high-order accuracy, ease of parallelization and, specifically for this work, straightforward
coupling with the vortex lattice method. The framework is validated through benchmark tests, providing
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favourable matching with reference literature data.

1. Introduction

The capability of predicting the response of structures or structural
components subject to the action of aerodynamic flows is of crucial im-
portance for several technological applications, in sectors as diverse as
civil, energy, automotive or aerospace engineering. Aeroelasticity, which
provides a systematic approach to the analysis of problems involving
the interaction of elastic, inertial and aerodynamic loads, constitutes a
core discipline in civil and aerospace syllabi and it is employed for the
construction of suspended bridges [1], high-rise buildings [2], wind tur-
bines [3] and aircraft components [4]. In the most benign cases, poor
aeroelastic design may result in the degradation of the performance of
the structure with respect to its intended purpose, while it may critically
affect its safety, leading to catastrophic outcomes, in the most serious
cases [5-7].

In aeronautics and aerospace engineering, aeroelastic considerations
enter the initial stages of conceptual design and often constitute a key
factor affecting several subsequent design choices. Aeroelastic stabil-
ity requirements for transport category airplanes are listed for example
under Title 14 CFR §25.629, which requires that compliance with the
requirements set forth in there must be shown by analyses, wind tunnel
tests, ground vibration tests, flight tests, or other means found necessary
by the Administrator. Aeroelastic considerations are particularly impor-
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tant for modern high-altitude long-endurance (HALE) aircraft that, to
achieve their desired flight performance, typically feature high aspect
ratio wings, prone to significant aeroelastic deformations due to their
high flexibility.

In aeroelastic design, it is then important, for designers and com-
panies, to be capable of assessing the aeroelastic behaviour of the con-
sidered structural configurations quickly and effectively, since the very
preliminary stages of design, when the main structural arrangements
are to be selected and the employment of highly refined analysis tools
might result unduly costly and time consuming. In this context, the
availability of fast, robust, accurate and reliable computational tools,
with reasonable predictive capabilities, constitute an important indus-
trial asset, especially when the design space is broad and offers different
alternatives for the fulfillment of certain purposes. This happens, for ex-
ample, in modern aerospace structural design, where the availability of
composite materials offers the designer a plethora of different choices,
which may be too burdensome to be assessed through experimental
testing only.

Such considerations motivate the interest in the research and devel-
opment of novel computational tools for effective and accurate aeroelas-
tic analysis. Indeed, different approaches for the analysis of structures
under aerodynamic loads have been proposed in the literature, which
may be classified based on the models adopted for describing both the
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e-th element

Fig. 1. (a) Sample wing modelled as a beam structure with length L and cross-section Q. (b) Discretization of the wing in one-dimensional elements of size A.

structure and the aerodynamic field. In general, aeroelastic analyses fall
within the class of fluid-structure interaction (FSI) problems and require
the three-dimensional solution of fully coupled structural dynamics and
fluid dynamics problems. Suitably coupled computational structural dy-
namics (CSD) and computational fluids dynamics (CFD) solvers have
been used to investigate the aeroelastic response of bridges [8], heli-
copter and wind turbine blades [9,10], and high aspect ratio wings [11]
among other applications. Such CFD-CSD approaches generally couple
the finite element method (FEM) for structural analysis with different
kinds of high-fidelity CFD models and tend to produce high-resolution
results at considerable computational cost in terms of both storage and
time, especially when fully three-dimensional representations are em-
ployed, which hinders their use for preliminary design purposes.

However, depending on the features of the structures being anal-
ysed, different kinds of structural idealisations may be adopted, with
the aim of reducing the overall cost of the analysis [12,13]. Generalised
shell elements for aeroelastic analysis [14] have been developed, and
higher-order equivalent plate models have been coupled with CFD for
aeroelastic analysis of complex aircraft wing structures [15,16]. Beam
models have been used in conjunction with CFD for the aeroelastic
analysis of slender solids, e.g. helicopter rotor and wind turbine blades
[17,18] or high aspect ratio wings [19]. In such CFD-based aeroelastic
models, when idealised structural models are used, the computational
cost of the structural analysis becomes a small fraction of the over-
all analysis cost. For such a reason, different reduced order modelling
(ROM) strategies have been developed in the literature to reduce the
cost of the aerodynamic computations, while maintaining reasonable
accuracy [20-22]. Such methods are particularly recommended when
complex aerodynamic conditions need to be evaluated at reduced cost
with respect to brute force CFD.

Less costly approaches resort to the use of beam or plate/shell struc-
tural models coupled with low /medium- fidelity aerodynamic models,
such as the vortex lattice method (VLM), see e.g. Refs. [23-26]. Despite
being limited to specific flow regimes (low-speed, high-Reynolds at-
tached flow) [27], this approach offers fast numerical estimates of the
aerodynamic loads on lifting surfaces.

The work presented here falls within the last class of models and
focuses on the development of a novel framework for the aeroelastic
analysis of wing structures based on the combined use of an Interior
Penalty discontinuous Galerkin (DG) method for wing structures and
a non-planar VLM using ring vortices. The novelty consists in the em-
ployment of a recently developed DG method for beams with general
cross-sections [28] that allows using variable-order polynomial basis
approximations for the structural analysis, enabling high-order accu-
rate solutions for the wing problem. On the other hand, the ring-based
VLM allows representing either flat or curved lifting surfaces. Numer-
ical results are presented for wings featuring flat-plate or thin-walled
NACA profiles and their comparison with available literature reference
data demonstrates the potential of the proposed approach for fast nu-
merical conceptual design assessment.

The paper is organized as follows. Section 2 presents the DG for-
mulation adopted for the analysis of wing structures. The fundamentals
of the aerodynamic VLM are recalled in Section 3, while the adopted
aeroelastic coupling is detailed in Section 4. Eventually, the results of
the performed computational tests are reported and discussed in Sec-
tion 5. A general discussion about the merits, limitations and possible
developments of the presented technique is reported in Section 6, be-
fore drawing few Conclusions.

2. Structural model

A wing with span L, referred to a global reference system Ox;x,x3,
whose origin is placed at the wing root section, is considered. The refer-
ence system is oriented so that the coordinates x; and x; span the wing
cross-section and the axis x, is oriented along the span, see Fig. 1a.

2.1. Basic equations

The structure is assumed to undergo small strains and its re-
sponse to remain in the linear elastic regime, with displacements rep-
resented by the vector u = {ul,uz,u3}T and strain and stress com-
ponents collected, in Voigt ordering and notation, within the vectors
Y= {}’11,7’22,733,7237}’31,7’12}T and 6 = {‘711a‘722’‘733,'52375314712}T re-
spectively. It is also assumed that the wing is subjected to body forces
acting over its volume V' and surface tractions acting over .S,, whose
components are collected within the vectors b= {b,,b,.b;}" and 7 =
{11.55,13 }T respectively. The strain-displacement relationships, the lin-
ear elastic stress-strain constitutive relationships, and the indefinite
equilibrium equations read as
D6 +b=0, VxevV, 1)

y=9u, o=Cy,

where 9 is the strain-displacement linear differential matrix operator,
and provide the strong formulation for the structural problem, when
coupled with the set of essential and natural boundary conditions

u=a VYxesS, t=t Vxes, 2)

where the over-bar denotes assigned quantities.
2.2. Generalized kinematic assumptions and structural theory

It is assumed that the wing aspect ratio is high enough to allow
representing the wing structure as a beam of length L and cross sec-
tion Q (x,). The beam, assumed as a structural representation of the
wing, is modelled employing higher-order theories, as in the Carrera
Unified Formulation (CUF) [29] or Generalized Unified Formulation
(GUF) [14], based on the generalized kinematic assumption

u(xl,xz,x3):Z(x],x3)U(x2), 3)
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which expresses the displacements field u as a summation of products
between known 2D functions Z;, (x|, x;), defined over the wing cross-
sections, and unknown 1D functions U, (x,), defined along the wing
span. In Eq. (3), Z (xl,x3) is the 3 X N, matrix containing the known

2 2
cross-section functions Z;, where N, = (1 +Nu1> + (1 + Nuz) +

(1 + N, )2 and N, expresses the order of expansion of the displace-
ment component u,; it is worth noting that, in the present scheme, the
expansion is performed in terms of tensor-product polynomials. On the
other hand, the vector U (x;,) collects the unknown components of Uy,
referred to as generalized displacements, which play the role of primary
variables in the considered problem.

The differential governing equations for the adopted structural rep-
resentation, expressed in terms of generalized displacements, are ob-
tained by feeding the kinematic model in Eq. (3) into the statement of
the principle of virtual displacements (PVD)

/ syl dV = / suTbdV + / suTids, 4)

14 v S,

which, upon integrating by parts, assuming the constitutive and strain-
displacements equations given in Eq. (1), and integrating the known
functions over the wing cross-section leads to

d Q—+RU +RTd—U+SU B forx,eD=[0,L], (5)
d.X2 d.X2 dX2
with the generalized stiffness matrices are defined as
0= /ZTc22Z dQ, R= /Z CZa_ dQ, and
oZ'  IJZ
= Q.
5= ] ax o ax, ax, ¢ ©

In the above equations, the Einstein tensor notation is used, D denotes
the modelling domain of the beam, a,f = 1,3, and ¢;; = ILCI,, with
k,1 =1,2,3, are 3 X 3 matrices collecting subsets of the elastic coef-
ficients of C, see, e.g., Ref. [30]. The generalized domain load stems
from the body forces b and the surface tractions 7 acting on the lateral
surface of the beam as

EE/ZTEdA+/ZT?daA, )
Q 0Q

where 0Q denotes the contour of the cross-section of the beam.

It is worth noting that all the integrals extended over the cross sec-
tion Q of the beam, appearing in Egs. (6)-(7), are computed through
standard Gaussian quadrature, considering the specific geometric shape
of the cross section itself. When airfoil cross sections are considered,
the external shape is drawn employing the explicit generating functions
or procedures, such as, for example, the camber line and thickness dis-
tribution functions associated with NACA airfoil families. This strategy
allows the structural model to incorporate the information about the
curvature and material distribution of the beam cross section, in the
framework of the so-called equivalent beam/plate modelling, see e.g.
[31,23-25,15,16].

2.3. Discontinuous Galerkin formulation

The set of differential equations given in Eq. (5) is solved using an
Interior Penalty discontinuous Galerkin approach for beam structures
[28], which belongs to a recently-developed class of DG-based solvers
for various structural components, such as beams, plates and shells [32,
30,33-35].

The modelling domain D of the beam is divided into N, non-
overlapping elements, i.e. D~ D" = U:V:el D¢, where D¢ is a generic
e-th element.
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The space V" of discontinuous basis functions is introduced as

VP ={v: D" >R | v(x, e D)€ PP(D°) Ve=1,...,N,}, (8)

where PP(D¢) is the space of polynomials up to degree p defined over
the element D¢. Then, it is possible to show that the DG solution U" of
Eq. (5) with the associated boundary conditions must satisfy

Bpg(V. UM = Lpg(V. B) )

forany V € V')Nu | where

Bpg(V, UM

T h
:/ il Q—+RU" v (R spr dx,+
dx2 dx, dx,
Dh

-y <UV}]T{ v’ +RU"} {i—QQ+VTRT}ﬂU"}]>
x,€Ih
+ Y WV

x, €N

du av?
- <Vx2VT <Qd—x2 +RU> + <d—x2Q+VTRT> Uh\/x2> .
Xo=!

+(wyut) L, a0

and

Log(V.B)= / VTBdx,. an
Dh

In Egs. (10) and (11), the terms {e} and [+] denotes the so-called aver-
age and jump operators, defined as

{o}= —(- +t) and [ =0 -t a2

the term [, +dx, =Y, /p. +dx, denotes the so-called broken integral,
T" is the set of inter-element interfaces, and v, is the element’s out-
ward unit normal. Note that, being the beam model one-dimensional,
vi =—1and va =+1 for x, =)° and x, = )¢, respectively, where y¢

and ¢ are the two end points of the e-th element.
2.4. Discrete structural equations

Upon numerical integration and elemental assembly, the DG formu-
lation produces a discrete system of the form

KsX=F (13)

where Kg the structural stiffness matrix, the vector X collects the nodal
components of the generalized displacements U (xz) and F collects the
components of the nodal forces. How it will be further discussed, in the
considered aeroelastic case the loading term F depends on the aerody-
namic flow, which in turn depends on the wing deformation itself, so
that a suitable aerodynamic equation must be used to mathematically
close the problem.

3. Aerodynamic model

The aerodynamic loads are computed using the vortex lattice
method [27,36,37]. In the adopted VLM aerodynamic representation,
analogous to those used e.g. in Refs. [38,39], the wing, subject to an
aerodynamic flow with free-stream velocity V., is replaced by a lifting
surface, subdivided into a collection of non-overlapping ring vortices,
while the wing wake is replaced by a set of horseshoe vortices shed by
the wing trailing edge.

Two different vortex configurations are considered: i) the planar
configuration, in which the lifting surface is defined by the geomet-
ric surface containing the chord lines of the wing airfoils, see Fig. 2a;
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Fig. 2. (a) Planar DG-VLM configuration: the lifting surface is flat and contains the chord lines of the airfoils; (b) Non-planar DG-VLM configuration: the lifting
surface contains the mean camber lines of the airfoils and features local curvature. (For interpretation of the colours in the figure(s), the reader is referred to the

web version of this article.)

ii) the non-planar configuration, in which the lifting surface is defined
by the geometric surface containing the mean camber lines of the wing
airfoils, see Fig. 2b. In both cases, no twist is considered in the current
implementation. The planar configuration is suitable for the aeroelastic
analysis of flat plates subject to aerodynamic flows, while the non-
planar model represents more accurately the case of aircraft wings,
whose cross-sections are generally non-symmetric airfoils. It is however
stressed that, also in the non-planar configuration, the vortex segments
are piece-wise straight and do not feature any curvature. Therefore,
there is no difference between the planar and non-planar cases in terms
of practical implementation.

VLM is implemented in the same reference system Ox;x,x3 as that
used for the structural model and leads to a discrete system of aerody-
namic equations of the form

AX)I'=b(X), as

where I' collects the unknown strengths of the attached ring and trail-
ing horseshoe vortices and A (X) and b(X) are aerodynamic matrix
terms stemming from the enforcement, at the lattice control points, of
the aerodynamic impenetrability condition, which involves the velocity
field resulting from the superposition of induced and free-stream ve-
locities. The dependence of the aerodynamic solution on the structural
deformation is reflected by the presence of the vector X, introduced in
Eq. (13), which affects both A and b.

Once a solution for the vortex strengths I' is available, the aerody-
namic forces can be computed, as customary, by applying the Kutta-
Joukowski lift theorem to the attached ring vortices. The aerodynamic
force F,, acting on the k-th ring vortex, with leading edge vector seg-
ment 1, and strength I';, computed as

F = peo Voo X (Tily) - Fp @) (15)

contributes to the population of the structural load vector F, (I'), de-
pending on the aerodynamic solution, which acts as a body force term
in the structural model.

The adopted implementation of VLM currently considers only steady
incompressible aerodynamics; VLM, however, can be extended to take
into account the presence of viscosity and compressibility effects and
to model quasi-steady and unsteady problems, as done for example
in Refs. [38,40]. Further extensions of VLM, considering also turbu-
lence and other dissipative phenomena, are reported in the review
in Ref. [41], where the vortex particle method for rotor blades is dis-
cussed.

4. Aeroelastic coupling

As previously mentioned, the aerodynamic forces acting on the
structure depend on the deformation of the structure itself, which is
in turn induced and affected by the aerodynamic loads themselves. The
problem is thus inherently coupled.

In general, it may be assumed that both aerodynamic forces F, and
non-aerodynamic forces Fg, e.g. weight, act on the structure. Recalling
the form of Egs. (13), (14), (15), the system governing the coupled
aeroelastic system may be written as

{A(X)r =b(X)

(16)
KsX = Fg + F,(I)

where the aeroelastic coupling is explicitly reflected both by the de-
pendency of the VLM coefficients on X and on the dependency of the
aerodynamic forces on I'.

The aeroelastic system in Eq. (16) may be solved adopting different
schemes, at different levels of accuracy. In this study, three different
kinds of analysis are considered.

Static structural analysis (SSA): the aerodynamic forces are com-
puted at the beginning of the analysis, considering the structure in
the pristine configuration, and are applied on the structure, whose
deformation is then computed only once, without subsequently
considering the aerodynamic load redistribution. This corresponds
to solving the one-way coupled system

Aoly =y

KX =Fs+F,[T,)
where Ay = AX =0) and by = b(X = 0). This kind of analysis
would represent the first iteration of a staggered approach and it
is considered for validation purposes, as several SSA results are
available in the literature.
Linearly coupled static aeroelastic analysis (SAA (): it corre-
sponds to solving the following linearisation of the aeroelastic sys-
tem in Eq. (16)

@a7)

AT =b, + dl %
X |x—0 a8
KX=F, + XA
SAa—=4xs or X0

which, after some algebraic manipulation, leads to the aeroelastic
system
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KueX =F e (19)
with
oF, _1 b
KAEEKS—T olﬁ and
X=0 X=0
Fur =Fg + % AZlb,. (20)
oI |x=o °

The linearisation in Eq. (18) corresponds to approximating the
aerodynamic impenetrability condition at the VLM control points
X, as

(Vina + Voo) MR Vg 1o+ Voo -1 2D

where n;, and n represent the unit normals at the control points
over the lifting surface, in the undeformed and deformed configu-
ration respectively. In particular, the consideration of the zero-th
term only in the linearisation of A(X) corresponds to considering
the projection of the induced velocity v;,; with respect to the un-
deformed normals, as indicated by the first term in the right-hand
side of Eq. (21). This case is considered here, as it is often assumed
as a standard approximation in several literature works.
Non-linearly coupled static aeroelastic analysis (SAAy c): it
corresponds to exactly solving the aeroelastic system in Eq. (16),
e.g. using a Newton-Raphson solver with initial guess correspond-
ing to the undeformed structural configuration.

It is worth highlighting that the above SAA schemes are referred to
as linear or non-linear with reference to the mathematical representation
of the aeroelastic coupling. In any case, the structural model is linear,
as only small strains are considered. It will be shown, in Section 5, how
the linearly-coupled and the non-linearly coupled solutions differ only
for wings featuring high aspect ratios, which would probably demand
a large-strain structural model for the accurate representation of the
structural deformation.

5. Numerical results

The proposed numerical scheme has been implemented into an in-
house code. The present section is devoted to its assessment and valida-
tion with respect to available literature data.

Before assessing the coupled aeroelastic formulation, the imple-
mented VLM has been preliminarily successfully tested, reproducing
classical results about the spanwise distribution of the section lift coef-
ficient, as those reported e.g. in Refs. [27,42,24]. All the tests reported
in the subsequent sections have thus been performed with a fixed VLM
grid consisting of 10 X 50 vortices, of which 9 x 50 attached ring vor-
tices (50 along the span and 9 along the chordline) and 50 horseshoe
trailing vortices.

On the other hand, the generic DG structural model is identified by
both the acronym BTy, where BT stands for beam theory and N is the
order of expansion of the fields over the beam transverse section, and
the parameter p, which expresses the order of the polynomial approx-
imation of U (xz) along the beam span in Eq. (3). Further specifying
Eq. (3), it is worth noting that an expansion of order N and p of the
generic displacement component u;, k = 1,2,3, is given by

N p
Uy (x],xz,x3) = 2 Z P, (xl ) P, (x3) Pq (xz)anq (22)
m,n=0 qg=0
where P, is the Legendre polynomial of order r scaled with respect to
the relevant geometric reference length, namely the chord for P, (x 1 ),
the plate or airfoil thickness for P, (x3) or the element span-wise length
for P, (x;). The number of degrees of freedom associated with the
chosen structural model is thus DOF =3 (1 + p) (1 + N)2 N,;, with N,
expressing the number of DG elements along the span of the wing.
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5.1. Wings with flat-plate cross section

The first set of tests considers a cantilever untapered flat plate sub-
ject to a steady aerodynamic flow, according to the problem setup
sketched in Fig. 2a.

In this and in all the subsequent tests the structure is made of
an isotropic and homogeneous elastic material with Young’s modulus
E = 69GPa and Poisson’s ratio v = 0.33, so to reproduce the results
presented in Ref. [42]. The plate has chord ¢ = 1 m while its span b and
thickness ¢ are varied throughout the tests. The air density has been
assumed as p,, = 1.225kg m~3 in all the tests, while the free-stream
velocity V, and the angle of attack a span different values in the inves-
tigation.

Fig. 3 shows the convergence behaviour of the aeroelastic model,
in terms of wing tip maximum deflection u.|;, and wing tip twist
[Lif [qu , with respect to the number of degrees of free-
dom of the DG beam model, for BT; and different orders of polynomial
approximation p in Eq. (3) or in Eq. (22). Also, the different coupling
schemes described in Section 4 — SSA, SAA - and SAAy ¢ — are tested.
In this test, the Wing/plate geometry is specified by »/2 = 5m and
¢ =0.02 m, while the initial angle of attack is @ = 1°. In general it can be
observed that: i) the convergence with respect to the number of DoFs,
which in the considered application is directly linked with the num-
ber of DG elements along the wing span, improves as p increases; ii)
both the SAA - and SAA, ¢ schemes produce very similar results for
the considered structure, which differ, as expected, from the results pro-
vided by the SSA, which in this case correspond to a lower tip deflection
and twist.

Fig. 4 investigates the behaviour of the same flat wing as that consid-
ered in the previous test at increasing values of free-stream velocity V..
In particular, the wing-tip twist curves Au_|;, = f (Vm), as obtained
from a structural model comprised of 5 DG elements with BT; and
p =75, are plotted for the different coupling schemes discussed above.
It is observed that: i) the present model provides results matching the
literature references both in the case of SSA and SAA; ii) for the con-
sidered aspect ratio and test conditions there is no difference between
the SAA ¢ and SAA ¢ solution schemes.

The difference between the SSA and SAA responses is even more
evident when the free-stream velocity approaches the divergence speed
Vp, which is computed solving the following eigenvalue problem asso-
ciated with Eq. (19)

Auzltip:uz| —ugl

K y2 % X=0 23
S T PeVD or =0, (23)
X=0

where b and fA correspond to computing b and F,, respectively, upon
assuming free-stream velocity V,, =1 and free-stream density p, = 1.
The computed values of Au_|;, = f (V) as V,, approaches V7, are dis-
played in Fig. 5 for the SSA and SAA cases. It is worth stressing that
the results shown in Fig. 5 are obtained employing a linear structural
model and do not account for geometric or material nonlinear effects. A
departure from the curves shown in the figure would emerge and would
be captured by a finite-strain formulation beyond a certain free-stream
velocity threshold, in both the SSA and SAA cases. Finite-strain formu-
lations can be accommodated in the developed DG-VLM framework and
will be considered in future investigations.

Table 1 explores the effect on the solution of the order of expansion
of the fields over the beam transverse section, i.e. of N in BTy, at
different values of the free-stream velocity V. The wing is the same
as that considered above, with b/2=5m, { =0.02m, and a« = 1°. All
results are compared, in terms of maximum wing tip deflection u,|;,,
with those reported in Ref. [24], for the SAA ¢ case. In all tests, 5 DG
elements along the wing span, with p =5, have been used. It can be
observed that, for the analysed test case, the proposed model is almost
insensitive to N, providing very similar results for all values of N =
1,...,4 at all the investigated values of free-stream velocity, differently

L

0 oX

X=0
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Fig. 3. Convergence of (top) the wing tip maximum deflection u_|;, and (bottom) the wing tip twist Au, |;, with respect to the number of degrees of freedom for a
cantilever flat plate subject to a uniform and constant aerodynamic flow. Wing/plate geometry: b/2 = 5m and ¢ = 0.02 m. Free-stream conditions: ¥, = 30ms~! and
a = 1°. Structural theory: BT;. Analyses: (left) SSA, (center) SAA ., (right) SAAy . The gray areas denote the region of less than 5% deviation from the converged
value.

Z2

— DG elements
— Vortices

10 20 30 40 50

(2) (b)

Fig. 4. (a) Wing tip twist Au_|;, as a function of the free-stream velocity V,,. Wing geometry: 5/2 =5m and ¢ = 0.02m. Free-stream conditions: a = 1°. Structural
theory: BT;. Structural mesh: 1 x 5. Polynomial order: p = 5. (b) Schematic of the considered aeroelastic model showing the VLM computational grid (green), the DG
structural grid (black), a representation of the computed displacements over the wing and a frontal view of the deformed wing, highlighting the difference between
the SSA and SAA solutions. (For interpretation of the colours in the figure(s), the reader is referred to the web version of this article.)

140 e SSA H from what observed in the reference literature. The converged values
120 4 SAA : match very well with those provided by NASTRAN in Ref. [24].
100 : Table 2 reports the values of the maximum wing tip deflection
g 1 u,lyp at different values of wing span b, as computed by employing
£ 801 : different orders of expansion N in BT, and different aeroelastic cou-
'_%“ 60 - : pling schemes, i.e. SSA, SAA - and SAAy . In all cases { = 0.1m,
S : V,=70ms™!, a=1° and 1 x 5 DG structural elements along the wing
407 ! span are used, with polynomial order p = 5.

201 : It can be observed that, for the shortest wing, both the order of ex-
L /V"//o/‘/‘/‘ : pansion N and the coupling scheme have little effect on the obtained
0 20 40 60 0 100 120 result, which is also satisfyingly close to the reference literature data
Vi [m/s] and the NASTRAN output. In particular, the convergence can be consid-
ered already attained for N =1 and the aeroelastic solution is naturally
Fig. 5. Wing tip twist Au_|;, as a function of the free-stream velocity V,, ap- slightly different from the static structural one, but not influenced by

proaching the divergence speed (the dashed line). the linear or non-linear nature of the aeroelastic coupling equations.
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Table 1
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Wing tip maximum deflection u,|;, provided by different structural theories BTy at different values
of the free-stream velocity V. Wing geometry: b/2 = 5m and ¢{ = 0.02m. Free-stream conditions:
a = 1°. Structural mesh: 1 x5 (5 1D elements along the span). Polynomial order: p = 5. Reference and

NASTRAN values are taken from Ref. [24].

.|, [mm]
Ve BT, BT, BT, BT,
[m/s] Ref. Present Ref. Present Ref. Present Ref. Present NASTRAN
10 7.6275 7.5616 7.0244 7.5519 7.4966 7.5524 7.5126 7.5527 7.5446
30 68.622  73.973 68.236  73.869 73.241 73.878 73.397  73.880 73.731
50 190.48  247.08 224.45  246.67 243.94  246.73 24496  246.74 245.49
Table 2

Wing tip maximum tip deflection u.|;, as a function of the wing span b for different structural theories and

aeroelastic coupling schemes. Wing geometry: { = 0.1 m. Free-stream conditions: V= 70ms~

"and a = 1°.

Structural mesh: 1 X 5. Polynomial order: p =5. Reference and NASTRAN values are taken from Ref. [24].

Uz |yjp [mm]

b/2 BT, BT, BT, BT,

[m] Ref. Present Ref. Present Ref. Present Ref. Present NASTRAN
SSA 2.9928  2.9499  2.8620 29324 29192 29340 29325 29361 -

5 SAA ¢ 2.9933 2.9622 2.8731 2.9445 2.9307 2.9462 2.9443 2.9483 2.9505
SAAN ¢ 2.9622 2.9445 2.9462 2.9483
SSA 56.366  55.671  54.631 55426  55.358 55438 55478 55470 -

10 SAA ¢ 56.402 56.845 55.717 56.585 56.465 56.605 56.611 56.637 56.723
SAAy ¢ 56.845 56.585 56.605 56.637
SSA 1000.3  990.83  981.43  987.73  988.76  987.87  989.72  988.21 -

20 SAA ¢ 1003.0 1091.8 1075.8 1087.6 1084.1 1088.4 1087.3 1088.8 1092.8
SAAN 1089.6 1085.4 1086.2 1086.6

As b and thus the wing aspect ratio increase though, see e.g. the case Table 3

b/2 = 20m, the importance of the aeroelastic coupling becomes more
relevant, as highlighted by the more pronounced differences between
the SSA, SAA - and SAA\ ¢ solutions. On the other hand, a satisfy-
ing convergence is already attained for N = 2. For the longest wing, a
satisfying match with the reference data is attained.

5.2. Wings with NACA airfoil cross section

The second test considers a straight untapered and untwisted wing,
featuring a thin-walled NACA 2415 airfoil made of aluminum, with
E =69 GPa and Poisson’s ratio v = 0.33. The problem setup is sketched
in Fig. 2b, where the airfoil shape is generated employing the ana-
lytical expressions of the camber and thickness distribution functions
associated with four-digit NACA airfoils. Several tests, mimicking what
has been done for the flat plate wing, have been performed, reaching
similar conclusions. Here, the comparison with the results reported in
Ref. [24] are presented.

A wing with NACA 2415 airfoil, chord ¢ = 1 m, span b =5 m, subject
to a free stream with ¥, = 50ms~! and a = 3° is considered. Table 3
reports the results provided by both the SSA and SAA - schemes, em-
ploying both the planar and non-planar VLM implementations for the
aerodynamics. A satisfying agreement between the results obtained us-
ing the planar VLM implementation and the reference literature data
is recorded, in terms of wing tip maximum tip deflection u,|,. The re-
sults obtained employing the non-planar VLM are slightly higher, which
appears physically consistent considering that the non planar vortex
representation captures the effect of the airfoil curvature, neglected in
the planar VLM implementation.

6. Discussion
This paper presents a novel computational framework for static

aeroelasticity. The novelty consists in the use of an original discontin-
uous Galerkin formulation for resolving the structural response of the

Wing tip maximum deflection for the SSA and the SAA
cases. Wing geometry: airfoil-shaped wing, NACA 2415. Free-
stream conditions: V,, = 5Sms~! and « = 3°. Structural mesh:
1x5. Structural theory: BT,. Polynomial order: p=5.

i,y [mm]
Ref. [24] Present
Flat VLM Curved VLM
ay=0 ay = —2.1396°
SSA 8.6854 8.8967 9.2117
SAA ¢ 8.8377 8.9159 9.2018

wing, coupled with a vortex lattice method for capturing the aerody-
namic loading.

The structural model combines generalized kinematic assumptions,
as in CUFs [29] or GUFs [14], with the high order and tunable ac-
curacy granted by the discontinuous Galerkin solution of the resulting
governing equations. The use of generalized kinematics is particularly
suitable for the analysis of structural components featuring cross sec-
tions of general complexity, e.g. including the presence of spars and
stringers, as it is often the case in the analysis of wing structures, as
shown in Refs. [15,16]. On the other hand, the use of the DG technique
offers several advantages over alternative approaches such as FEM. In
particular, being based on the use of discontinuous local basis functions
and weakly enforced boundary and inter-element continuity conditions,
the method: i) naturally provides high order accuracy in the interpola-
tion of the problem fields, including the possibility of using different
orders of approximation over different mesh elements, with subsequent
reduction in the number of DoF needed to achieve a desired approxi-
mation, as demonstrated in Ref. [28]; ii) enables seamless computing
parallelization of the integration and assembly routines for the popula-
tion of the discrete operators, e.g. the stiffness matrix, which becomes
attractive in large scale problems; iii) allows straightforward coupling
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with other techniques in multi-field analyses, which is here employed
for the construction of the fluid-structure interface.

In this work, the DG structural model has been coupled with both
planar and non-planar implementations of the VLM as the model of
choice for capturing stationary aerodynamic flows over the wing. The
coupled structural-aerodynamic model has proven able to capture the
static aeroelastic behaviour of the wing, providing accurate results in
terms of wing deformation with respect to reference literature data.

However, following the successful validation of the proposed frame-
work for considered set of benchmark tests, several directions of further
investigation can be identified. From the structural point of view, the
tool can be extended to considering more complex structural and/or
material configurations, e.g. composite wings, including variable an-
gle tow configurations, with more realistic inclusion of stiffeners, ribs
and cut-outs [30,32,34,43,15,16]. Another interesting structural devel-
opment could be addressed at including large-strain kinematics, which
would render the tool suitable for the analysis of flexible aircraft, e.g.
MALE or HALE unmanned aircraft platforms [44]. Remaining with the
domain of static problems, the aerodynamic component of the model
could be extended to include the analysis of compressible flows [45]

On the other hand, the inclusion of structural dynamics, which is
straightforward within the proposed DG model, and of unsteady aerody-
namics, e.g. through either unsteady VLM [23] or doublet lattice method
[46] would ope to the analysis of flutter aeroelastic problems.

Considering the proven capability of the DG model to analyse com-
plex laminated and multi-functional structures [33,47], the inclusion of
large strains, dynamics and the modelling of highly stretchable multi-
functional materials, through e.g. hyper-elastic constitutive laws, would
provide a tool for the analysis of fluid-structure interaction energy har-
vesting devices [48,49].

7. Conclusions

In this work, an original computational framework for the static
aeroelastic analysis of wings has been developed, tested and validated.
The novelty of the formulation is the use of a discontinuous Galerkin
formulation for modelling wing structures that has been coupled with a
Vortex Lattice method for modelling lifting surfaces.

Two types of wing structures have been considered, namely a wing
with a flat-plate cross section and a wing with an airfoil-shaped, thin-
walled cross sections. The effect of the model parameters, such as the
kinematic approximation and the order of the DG interpolation, as well
as the effect of the problem parameters, such as the wing aspect ra-
tio and free-stream velocity, on the deflection and twisting of the wing
tip have been presented and discussed. The comparison between the ob-
tained results and those available in the literature confirms the accuracy
and capability of the present framework.
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