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We extend a procedure exploiting spatial indistinguishability of identical particles to recover the spoiled en-
tanglement between two qubits interacting with Markovian noisy environments. Here, the spatially localized
operations and classical communication (sLOCC) operational framework is used to activate the entanglement
restoration from the indistinguishable constituents. We consider the realistic scenario where noise acts for the
whole duration of the process. Three standard types of noises are considered: a phase damping, a depolarizing,
and an amplitude damping channel. Within this general scenario, we find the entanglement to be restored in
an amount proportional to the degree of spatial indistinguishability. These results elevate sLOCC to a practical
framework for accessing and utilizing quantum state protection within a quantum network of spatially indistin-
guishable subsystems.

I. INTRODUCTION

Entanglement plays a crucial role towards the development
of quantum information, quantum communication and quan-
tum computation technologies [1–5]. For this reason, it is fun-
damental to study and characterize how quantum correlations
behaves in different typical real-world scenarios. This re-
quires to take into account the interactions between the system
under consideration and the surrounding environment, lead-
ing to an open quantum system picture where entanglement
is subjected to the detrimental action of ubiquitous noise [6–
9]. Entanglement protection and entanglement recovery tech-
niques are thus crucial in guaranteeing a florid future for quan-
tum technologies. Some of the strategies developed to this
aim include quantum error corrections [10–13], decoherence-
free subspaces [14, 15], dynamical decoupling and control
techniques [16–25], distillation protocols [26–28] and struc-
tured environments with memory effects [29–39]. Nonethe-
less, each of these approaches comes with its own trade-offs;
for example, quantum error correction techniques require to
increase the number of qubits and computational steps needed
to run the considered process. Dynamical decoupling schemes
require additional control operations which can be themselves
faulty, so that the process has to be very well-designed to sup-
press experimental imperfections almost perfectly [7]. In gen-
eral, all the above-mentioned strategies are suited to contrast
specific types of errors in specific scenarios while any real-
world quantum technology application involves a combina-
tion of them.

A recently-developed new strategy exploits a different re-
source to contrast noise: the indistinguishability of identi-
cal particles. The importance of investigating identical par-
ticles clearly emerges from the fundamental role they play
as building blocks of many different physical systems em-
ployed in quantum information and quantum communication
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tasks, such as quantum networks, superconducting circuits,
quantum dots, Bose-Einstein condensates, optical platforms,
and many more. Nonetheless, the characterization of quan-
tum correlations between identical constituents is still a de-
bated topic [1, 40–45], which has led to a wide pletora of dif-
ferent approaches over time [41, 46–63]. Among these, the
spatially localized operations and classical communications
(sLOCC) framework has emerged as an operational protocol
which exploits spatial indistinguishability to generate entan-
glement between identical constituents [62, 64, 65]. In its
simplest form, two identical two-level particles with opposite
pseudo-spin are initially localized in distinct regions of space,
being distinguishable and individually addressable. Later on,
a deformation process leads the two particles wave functions
to spatially overlap over two distinct regions of space. The re-
sult is an indistinguishable bipartite state whose degree of spa-
tial indistinguishability can be quantified by a proper entropic
measure [66]. A particle detection is now carried out on the
spatial modes where the wave functions are overlapped; by
post-selecting the results where exactly one qubit per location
is found, an entangled state is obtained where the constituents
are once again distinguishable. Most importantly, the amount
of quantum correlations contained in the final state is found
to be proportional to the degree of spatial indistinguishabil-
ity achieved with the deformation, thus showing that indistin-
guishability of identical constituents provides a key to access
entanglement. Remarkably, when the generated spatial over-
lap is maximum, this procedure produces a maximally entan-
gled state.

In order to understand how the sLOCC protocol could be
exploited to contrast entanglement degradation in an open sys-
tem scenario, we need to make one further assumption. In-
deed, let us suppose that the initial state is maximally entan-
gled. When no noise is involved, the sLOCC protocol de-
scribed above simply outputs the initial state. Nonetheless,
things get more interesting when noise is taken into considera-
tion. In Ref. [67], the authors analyzed the following scenario:
starting with two qubits in a Bell singlet state, the deforma-
tion step bringing the two wave functions to spatially overlap
is carried out before the particles can interact with their sur-
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FIG. 1: Illustration of the process. Two initially distinguishable and entangled qubits are let to interact with two independent noisy environ-
ments. At time tD a deformation takes the two particles spatial wave functions to overlap, generating spatial indistinguishability. The noisy
interaction with the environments continues until time t, when the sLOCC measurement is carried out on the system.

roundings. After that, two noisy environments of the same
type localized on the spatial regions where the indistinguish-
able constituents have been deformed are let to interact with
the two qubits. Three standard types of noisy environments
have been considered: a phase damping channel, a depolar-
izing channel, and an amplitude damping channel. During
the interaction, the quantum correlations within the system
gets spoiled. Finally, the detection and postselection steps
are carried out. Remarkably, the state so obtained shows the
same characteristics of the one generated starting from non-
entangled constituents: namely, it is an entangled state whose
amount of quantum correlations increases with the degree of
spatial indistinguishability achieved with the deformation. In
particular, when the overlap is maximum the original max-
imally entangled state is restored. Thus, the sLOCC oper-
ational protocol provides an effective procedure not only to
activate but also to recover the quantum correlations initially
present within a state subjected to the detrimental action of a
standard noisy environment.

In Ref. [68], the authors provided a similar analysis in a
slightly different scenario; in particular, they considered the
noisy interaction to occur only before the deformation, as-
suming the detection to be carried out immediately after the
state gets indistinguishable. Even in this case, the sLOCC op-
erational framework has been found to provide an effective
entanglement recovery procedure.

In this paper, we aim to join Refs. [67] and [68] so as to
consider the more general scenario where noise spoils the ini-
tial quantum correlations during the whole sLOCC process,
i.e. both before and after the indistinguishability is activated.
Our goal is to provide a quantitative analysis of the sLOCC
protocol as an effective procedure to restore entanglement in

real-world applications. In what follows, identical particles
are treated within the no-label formalism [60–62], a mathe-
matical approach which allows to overcome some of the main
problems affecting the standard approach in dealing with en-
tanglement [41, 69].

II. METHODS

The considered process is displayed in Figure 1. We be-
gin with two identical qubits localized in two distinct re-
gions of space A and B initially prepared in the pure maxi-
mally entangled state ρAB(0) = |1−〉AB 〈1−|AB, where |1−〉AB =

(|A ↑, B ↓〉− |A ↓, B ↑〉)/
√

2 is the usual Bell singlet state. The
bipartite system is let to interact with two independent noisy
environments localized one on A and one on B. At time tD, the
so obtained (generally) mixed state ρAB(tD) is deformed into
the indistinguishable state ρD(tD). We recall that the deforma-
tion process amounts to modifying the spatial wave functions
of two different particles in a tunable way to make them spa-
tially overlapped; this action is described by the deformation
operatorD performing the following transformation [68]:

|Aτ1〉 ⊗ |Bτ2〉
D
−→ |ψ1τ1, ψ2τ2〉 , (1)

where ψ1 and ψ2 are at least partially overlapped spatial modes
(|ψ1τ1, ψ2τ2〉 , |ψ1τ1〉 ⊗ |ψ2τ2〉) while τ j =↑, ↓ is the pseu-
dospin of the j-th particle. Notice that, despite the initial spa-
tial modes being orthogonal 〈A|B〉 = 0, the final spatial wave
functions in general are not (〈ψ1|ψ2〉 , 0), so that the defor-
mation operator in Eq. (1) takes normalized states into unnor-
malized ones and can thus be non-unitary.
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For convenience, we follow the same simplification as in
Ref. [67, 68] and assume the deformation to overlap the spatial
wave functions over two distinct regions of space L and R, so
that

|ψ1〉 = l |L〉 + r |R〉 , |ψ2〉 = l′ |L〉 + r′ |R〉 . (2)

Here 〈L|R〉 = 0, while the complex coefficients l, l′, r, r′ are
such that |l|2 + |r|2 = |l′|2 + |r′|2 = 1.

As a consequence of the achieved state’s indistinguishabil-
ity, the noisy environments are now not able anymore to dis-
tinguish the particle they are acting on. The interaction con-
tinues until time t, when the detection and postselection steps
of the sLOCC process are carried out. These amount to pro-
jecting the state ρD(t) over the subspace spanned by the basis

BLR = {|L ↑,R ↑〉 , |L ↑,R ↓〉 , |L ↓,R ↑〉 , |L ↓,R ↓〉}, (3)

an operation performed by the projection operator

Π̂LR =
∑

σ,τ=↑,↓

|Lσ,Rτ〉 〈Lσ,Rτ| . (4)

The (normalized) result is the final distinguishable state

ρLR(t) =
Π̂LR ρD(t) Π̂LR

Tr
[
Π̂LR ρD(t)

] , (5)

with one particle localized on L and the other on R, postse-
lected with probability

PLR(t) = Tr
[
Π̂LR ρD(t)

]
. (6)

Summing up, the state of Eq. (5) is the result of a process
where noise has continuously acted in a destructive way on
the quantum correlations initially present. Our claim is that
the amount of entanglement it carries has nonetheless been
restored (partially of completely) by the described procedure.

As an entanglement quantifier, we use the Wootters concur-
rence [66, 70] for convenience. This is defined as

C(ρLR) = max{0,
√
λ4 −

√
λ3 −

√
λ2 −

√
λ1} (7)

where λi are the eigenvalues of ξ = ρLR ρ̃LR sorted in decreas-
ing order, ρ̃LR = (σL

y ⊗σ
R
y ) ρ∗LR (σL

y ⊗σ
R
y ), and σL

y , σR
y are the

usual Pauli matrix σy applied, respectively, to the particle in
L and in R.

The degree of indistinguishability achieved by the defor-
mation operation of Eq. (1) can be quantified by an entropic
measure defined in terms of the probabilities of finding each
particle in each region [66], namely

I = −
|l|2 |r′|2

Z
log2

|l|2 |r′|2

Z
−
|l′|2 |r|2

Z
log2

|l′|2 |r|2

Z
, (8)

where l = 〈L|ψ1〉 , r = 〈R|ψ1〉 , l′ = 〈L|ψ2〉 , r′ = 〈R|ψ2〉

are the coefficients introduced in Eq. (2) and Z = |l|2 |r′|2 +

|l′|2 |r|2. These coefficients are experimentally tunable, so that
we set them to be real; in order to reduce the indistinguisha-
bility of Eq. (8) to a function of one variable only, we impose
the further condition |r| = |l′| in what follows.

Finally, we consider the fidelity as an important figure of
merit to show that the higher the degree of spatial indistin-
guishability achieved, the closer the final state of Eq. (5) will
be to the initial Bell singlet one; we recall that for an initial
pure state such quantity is simply given by

F
(
ρLR(0), ρLR(t)

)
= LR 〈1−| ρLR(t) |1−〉LR , (9)

where we have set A = L, B = R for the comparison to be
meaningful.

III. NOISY ENVIRONMENTS

In this work, we model the two independent noisy environ-
ments as memoryless (Markovian) baths of harmonic oscilla-
tors at zero temperature with a single excited mode coupled to
the qubit they are interacting with. Within this typical qubit-
cavity model, each environment induces a single-particle de-
cay rate γ0 and is characterized by the Lorentzian spectral den-
sity [6, 71]

J(ω) =
γ0

2π
λ2

(ω − ω0)2 + λ2 , (10)

where ω0 is the qubit transition frequency and λ is the spec-
tral width of the reservoir modes. The two environments are
assumed to be identical, thus being characterized by the same
parameters γ0 and λ. Those parameters define two times char-
acteristic of the interaction and of the bath, namely the relax-
ation time τR ≈ γ

−1
0 over which the state of the system changes

significantly and the bath correlation time τB ≈ λ
−1. Our re-

quest of Markovianity translates in the condition τR & 2τB.
Three standard noisy environments are considered: a phase

damping channel, a depolarizing channel and an amplitude
damping channel. Given the nature of the process, the anal-
ysis can be broken down into two parts with respect to the
generation of the spatial indistinguishability.

A. Distinguishable particles: Kraus operators approach

When the qubits are still distinguishable, we determine
their dynamics via the typical Kraus operators formalism [72].
The system density matrix ρs evolves according to

ρs(t) =
∑
i, j

Ei jρs(0)E†i j, (11)

where Ei j := EL
i ⊗ ER

j while EX
i are the time-dependent Kraus

operators specific of the channel under consideration, acting
on the qubit in the region X = L,R. Such operators encode
the time-dependent disturbance probability p(t) introduced by
the the environments on the system. This is actually a deco-
herence function which can be computed by solving the dif-
ferential equation [6, 73]

q̇(t) = −

∫ t

0
dt1 f (t − t1) q(t1), (12)



4

where p(t) = 1 − q(t). Here, the correlation function f (t − t1)
is determined by the Fourier transform of the spectral density
of the bath

f (t − t1) =

∫
dω J(ω) e−i(ω−ω0)(t−t1). (13)

The disturbance probability induced by an environment fea-
turing the Lorentzian spectral density of Eq. (10) is easily
computed to be [6]

p(t) = 1 − e−λt
[
cos

(
d t
2

)
+
λ

d
sin

(
d t
2

)]2

, (14)

with d :=
√

2γ0λ − λ2.

B. Indistinguishable particles: master equation approach

After the deformation, the Kraus operators approach be-
comes harsh due to the practical difficulty in finding an ex-
plicit expression for the Ei j coefficients of Eq. (11) when
the particles are indistinguishable to the environment [67];
indeed, now the relation Ei j , EL

i ⊗ ER
j is not valid any-

more [67]. For this reason, we resort to a master equation
approach [6, 74, 75].

Before proceeding with the scenario of interest, let us con-
sider the simpler situation of one single qubit ρS interacting
with an environment ρB. Let us suppose that the following
assumptions hold:

1. (Born approximation) the coupling is weak, so that the
environment is negligibly affected by the interaction
and the global state ρtot at time t can be approximated
by the product state ρtot(t) ≈ ρS (t) ⊗ ρB;

2. (Markovian approximation) the regime is Markovian,
so that the evolution of the system state can be made
local in time;

3. the total Hamiltonian in the Schrodinger picture is given
by HT = HS + HB + HI , where the system free Hamilto-
nian HS and the environment free Hamiltonian HB are
time independent while the Hamiltonian HI encodes the
interaction between the qubit and the environment;

4. the environment is a bath of harmonic oscillators whose
Hamiltonian is given by HB =

∑
k ωka†kak, with ak and

a†k being the annihilation and creation operators of the
mode k having frequency ωk;

5. the interaction Hamiltonian has the form

HI = S ⊗ B† + S † ⊗ B, (15)

where S and B are operators acting only on the system
and on the environment, respectively;

6. the operator B in Eq. (15) has the form B =
∑

k g∗kak;

7. the bath is at zero temperature and ρB is the vacuum
state;

8. the bath is characterized by the Lorentzian spectral den-
sity of Eq. (10);

9. there is just one resonant frequency.

Under these assumptions, the dynamics of the system is given
by the master equation (in the interaction picture) [76, 77]

d
dt
ρS (t) = γ0

[
S ρS (t) S † −

1
2
{
S †S , ρS (t)}

]
. (16)

All the conditions expressed above hold in our scenario; in
particular:

• conditions 1 and 2 define the regime we are work-
ing in, as stated at the beginning of this section.
We recall that, when accompanied by the rotating
wave approximation, these assumption underlie the
well-known Gorini–Kossakowski–Sudarshan–Lindblad
(GKLS) quantum optical master equation [6];

• conditions 3, 4, 6, 7, 8, and 9 are characteristics of our
model;

• condition 5 holds for the noisy channels we are consid-
ering, as we will show later.

Going back to our scenario, we conclude that Eq. (16) would
dictate the evolution of both qubits if they were distinguish-
able to the eyes of the environments. Nonetheless, the spa-
tial indistinguishability generated by the deformation implies
that we need to find a suitable generalization of the master
equation for the dynamics of ρD. A generalization of the in-
teraction Hamiltonian between the indistinguishable bipartite
system and the environments is given by [67]

HI = S L ⊗
∑

k

gkL a†kL + S R ⊗
∑

k

gkR a†kR + h.c., (17)

where S X is a generic spatially localized single particle opera-
tor acting on the pseudospin of the qubit in the region X = L,R
only, gkX are the coupling constants between the qubit and the
mode k of the environment in region X, and h.c. indicates the
Hermitian conjugation. The Hamiltonian of Eq. (17) clearly
shows a structure of the form HI = HL + HR, where HX acts
only on the region X = L,R. Since the two environments
are distinct, the operators akX only affect the bath localized
in the corresponding region X. On the contrary, the two par-
ticles are spatially distributed on both L and R, so that the
two pseudospin operators S L and S R affect both qubits. To be
physically meaningful, such action must be weighted by the
probability amplitude associated to each particle of being in
the region X. This is encoded within the definition of the ac-
tion of a single particle operator OX spatially localized on X
acting on a state of N identical particles |Ψ〉 = |ψ1, ψ2, . . . , ψN〉

within the no label approach, which is given by [67]

OX |Ψ〉 :=
∑

i

|〈X|ψi〉| |ψ1, . . . ,Oψi, . . . , ψN〉 . (18)

Using this definition, it immediately follows by acting on a
test state that the interaction Hamiltonian of Eq. (17) can be
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rewritten as

HI =
∑

X=L,R

∑
j=1,2

H( j)
I,X , (19)

where

H( j)
I,X = S ( j)

X ⊗
∑

k

(
|〈X|ψ j〉| gkX

)
a†kX + h.c. (20)

and the superscript ( j) indicates that the corresponding oper-
ator acts only on the single particle state at the j-th slot of the
global system state vector. It is now easy to notice that each
term of Eq. (20) in the interaction Hamiltonian of Eq. (19) acts
on a single particle and is of the form of Eq. (15), with the sys-
tem operators S given by the single particle operators S ( j)

X and
the coupling constants gkX replaced by the effective coupling
constants |〈X|ψ j〉| gkX . By following the standard procedure
that leads to Eq. (16) with these small modifications, we get
the desired master equation for the reduced density matrix of
two indistinguishable qubits in the interaction picture [67]:

dρS (t)
dt

=
∑

X=L,R

∑
i, j=1,2

γ
(i, j)
X

[
S (i)

X ρS (t) S ( j)†
X −

1
2
{
S (i)†

X S ( j)
X , ρS (t)

}]
,

(21)
where γ(i, j)

X := γ0 |〈X|ψi〉 〈ψ j|X〉| ( j = 1, 2) are effective decay
rates. It is important to highlight a main difference between
Eq. (21) and Eq. (16) which is a consequence of the spatial
indistinguishability: the dynamical contribution of the terms
with i , j. It is immediate to notice that when there is no in-
distinguishability, e.g. when |ψi〉 = |L〉 and |ψ j〉 = |R〉 (i , j),
the only nonzero effective decay rates are γ(1,1) = γ(2,2) = γ0
and Eq. (21) reduces to the master equation of two distinguish-
able particles.

IV. RESULTS

In this section we report the results obtained for the phase
damping channel, the depolarizing channel, and the amplitude
damping channel. Before moving on, it is useful to introduce
the notation used to assess the states involved. Using the no
label approach, we define:

• distinguishable particles states:

|1±〉AB :=
1
√

2

(
|A ↑, B ↓〉 ± |A ↓, B ↑〉

)
,

|2±〉AB :=
1
√

2

(
|A ↑, B ↑〉 ± |A ↓, B ↓〉

)
,

|U〉AB := |A ↑, B ↑〉 , |D〉AB := |A ↓, B ↓〉 .

(22)

We gather the states of Eq. (22) into two orthonormal
basis of the distinguishable Hilbert space, namely

B1 :=
{
|1+〉AB , |1−〉AB , |2+〉AB , |2−〉AB

}
,

B2 :=
{
|1+〉AB , |1−〉AB , |U〉AB , |D〉AB

}
;

(23)

• indistinguishable particles states:

|1̄±〉 :=
1
√

2

(
|ψ1 ↑, ψ2 ↓〉 ± |ψ1 ↓, ψ2 ↑〉

)
,

|2̄±〉 :=
1
√

2

(
|ψ1 ↑, ψ2 ↑〉 ± |ψ1 ↓, ψ2 ↓〉

)
,

|Ū〉 := |ψ1 ↑, ψ2 ↑〉 , |D̄〉 := |ψ1 ↓, ψ2 ↓〉 ,

(24)

where ψ1 and ψ2 are the single particle distributed wave
functions defined in Eq. (2). States of Eq. (24) are
the result of the action of the deformation given by
Eq. (1) on the states of Eq. (22). As previously men-
tioned, these are in general unnormalized (but orthogo-
nal) states; in particular, computing their inner product
we get

〈1̄+|1̄+〉 = 〈2̄+|2̄+〉 = 〈2̄−|2̄−〉

= 〈Ū |Ū〉 = 〈D̄|D̄〉 = C2
+,

〈1̄−|1̄−〉 = C2
−, (25)

where

C± :=
√

1 ± η|〈ψ1|ψ2〉|
2. (26)

Normalized, indistinguishable states can be simply ob-
tained by means of these coefficients. Nonetheless,
when computing the concurrence we are only interested
in the distinguishable final states, so that we can dis-
regard the normalization of the indistinguishable states
and limit ourselves to perform the normalization after
the sLOCC projection (see Eq. (5)). We gather the
states of Eq. (24) into two orthogonal basis of the in-
distinguishable Hilbert space as follows:

B̄1 :=
{
|1̄+〉 , |1̄−〉 , |2̄+〉 , |2̄−〉 ,

}
,

B̄2 :=
{
|1̄+〉 , |1̄−〉 , |Ū〉 , |D̄〉

}
.

(27)

A. Phase damping channel

The phase damping channel models a nondissipative noise
leading to the degradation of quantum coherence without loss
of energy. A system interacting with an environment of this
type thus preserves its energy eigenstates while losing the in-
terference terms. Physical systems where such a phenomena
occurs are, e.g., random telegraph noise and phase noisy lasers
[78–83], photons randomly scattering through a waveguide,
and superconducting qubits under low-frequency noise.

The single particle Kraus operators characterizing the phase
damping channel are [6]

E0 =
√

1 − p(t) |↑〉 〈↑| + |↓〉 〈↓| = E†0,

E1 =
√

p(t) |↑〉 〈↑| = E†1,
(28)

where p(t) is given by Eq. (14). Evolving the initial state
ρAB(0) = |1−〉AB 〈1−|AB with these operators until time tD ac-
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cording to Eq. (11), we get

ρAB(tD) =
p(tD)

2
|1+〉AB 〈1+|AB +

(
1 −

1
2

p(tD)
)
|1−〉AB 〈1−|AB .

(29)
At time tD we perform the deformation of Eq. (1) which

simply maps |1+〉AB
D
−→ |1̄+〉 and |1−〉AB

D
−→ |1̄−〉, obtaining the

state

ρD(tD) =
p(tD)

2
|1̄+〉 〈1̄+| +

(
1 −

1
2

p(tD)
)
|1̄−〉 〈1̄−| . (30)

The interaction Hamiltonian for the indistinguishable qubits
interacting with the phase damping channels is given by
Eq. (19) with

H( j)
I,X = S ( j)

z ⊗
∑

k

(
|〈X|ψ j〉| gkX

)
a†kX + h.c., (31)

where S z = 1
2σz is the projection of the spin operator along

the z axis given in terms of the usual Pauli matrix σz. By
comparing Eq. (31) with Eq. (20) we immediately see that
the system operator is S X = S †X = S z, so that the system’s
dynamics is given by the master equation of Eq. (21)

d
dt
ρD(t) =

∑
X=L,R

∑
i, j=1,2

γ
(i, j)
X

[
S (i)

z ρS (t) S ( j)
z −

1
2
{
S (i)

z S ( j)
z , ρS (t)

}]
.

(32)

Such an evolution preserves the diagonal structure of a state
written on the Bell-state basis B̄1 defined in Eq. (27), so that
we will evolve the state of Eq. (30) on this basis. Writing

ρD(t) =
∑
u∈B̄1

pu(t) |u〉 〈u| (33)

with
∑

u∈B̄1
pu(t) = 1, Eq. (32) reduces to the system of ordi-

nary differential equations (ODEs)



ṗ1+
(t) = γ−

(
p1− (t) − p1+

(t)
)

ṗ1− (t) = γ−
(
p1+

(t) − p1− (t)
)

ṗ2+
(t) = γ+

(
p2− (t) − p2+

(t)
)

ṗ2− (t) = γ+

(
p2+

(t) − p2− (t)
)
,

(34)

where we introduced the decay rates

γ± :=
∑

X=L,R

∑
i, j=1,2

(±1)i+ j γ0 |〈X|ψi〉 〈ψ j|X〉|. (35)

By solving the above system we get the following equations
for the evolution of the populations:


p1± (t) =

1
2

[(
1 + e−γ−(t−tD)/2

)
p1± (tD) +

(
1 − e−γ−(t−tD)/2

)
p1∓ (tD)

]
p2± (t) =

1
2

[(
1 + e−γ+(t−tD)/2

)
p2± (tD) +

(
1 − e−γ+(t−tD)/2

)
p2∓ (tD)

]
.

(36)

Looking at Eq. (30), we set p1+
(tD) = 1

2 p(tD), p1− (tD) = 1 −
1
2 p(tD), p2+

(tD) = 0, p2− = 0, and evolve the state according
to Eq. (36). We finally perform the sLOCC measurement of
Eq. (5), obtaining the final normalized distinguishable state

ρLR(t) =
1
N

[∣∣∣lr′ + η l′r
∣∣∣2 ∑

u=1+,2±

pu(t) |u〉LR 〈u|LR

+
∣∣∣lr′ − η l′r

∣∣∣2 p1− (t) |1−〉LR 〈1−|LR

]
,

(37)

with p1± (t), p2± (t) given by Eq. (36) and

N :=
∣∣∣lr′ + η l′r

∣∣∣2 ∑
u=1+,2±

pu(t) +
∣∣∣lr′ − η l′r

∣∣∣2 p1− (t). (38)

Figure 2 reports the evolution of the concurrence of Eq. (7)
for the two qubits system. In particular, for t < tD the plots
show the concurrence of the distinguishable state of Eq. (29)
before the deformation has occured, while for t ≥ tD the con-
currence of the state of Eq. (37) is depicted. The shown results

hold for fermions with l, r, l′, r′ > 0 and for bosons with one
of such coefficients negative. Four different degrees of spatial
indistinguishability I are reported, in order to highlight its
fundamental role in the entanglement recovery process. In-
deed, quantum correlations are clearly shown to rapidly decay
with time due to the detrimental action of the environment, be-
fore being restored by the deformation at time tD in an amount
which increases with I. Furthermore, the different curves for
each plot show that such an amount depends also on tD and
t − tD: the longer we wait to perform the deformation and the
sLOCC measurement after it, the lower is the entanglement
recovered. Nonetheless, such lowering has a limit: the pres-
ence of an horizontal asymptote at a value increasing with the
degree of spatial indistinguishability indicates that our pro-
cedure allows for an entanglement recovery no matter how
long the environmental noise affects the system both before
the deformation and between the deformation and the sLOCC
detection, provided that the spatial wave functions have been
overlapped at least partially. Furthermore, when such over-
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FIG. 2: Concurrence C(ρLR) for the case of separated phase damping
channels as a function of the total dimensionless interaction time γ0t.
Four different deformation times γ0tD for four values of spatial indis-
tinguishability I are reported, under the constraint |l′| = |r|. Results
hold for fermions with l, r, l′, and r′ positive and for bosons with one
of such coefficients negative.

FIG. 3: Fidelity F between final state and initial Bell singlet state in the phase
damping scenario versus dimensionless interaction time after the deformation
γ0(t − tD) and I. Four different interaction times are considered. Results
hold for fermions with l, r, l′, and r′ positive and for bosons with one of such
coefficients negative.

lap is maximum (i.e. I = 1) our procedure allows for a com-
plete entanglement recovery no matter the interaction time,
resuming the total state protection from noise reported in [67]
and [68].

In Figure 3 we depict the fidelity of Eq. (9) as a function
of the dimensionless interaction time after the deformation
and the degree of spatial indistinguishability for four different
deformation times. As can be noticed, the behaviour of the
concurrence is reflected in the fidelity being higher for larger
degrees of spatial indistinguishability at fixed times, and de-
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FIG. 4: Postselection (sLOCC) probability PLR for the case of separated
phase damping channels as a function of the dimensionless interaction time
after the deformation γ0(t − tD). Five different values of I for four different
deformation times γ0tD are reported, under the constraint |l′ | = |r|. Results
hold for fermions with l, r, l′, and r′ positive and for bosons with one of such
coefficients negative.

creasing with time at fixed I. The complete protection from
noise when I = 1 here manifests itself in the fidelity being
equal to 1 independently on the interaction time, meaning that
the sLOCC protocol has recovered the initial state |1−〉.

Finally, we are interested in the probability of success of
the sLOCC postselection, given by Eq. (6). Notice that, in
order for Eq. (6) to actually represent a probability, it is fun-
damental that the indistinguishable state ρD(t) is normalized,
while the state of Eq. (33) is not. Thus, we compute the prob-
ability of success of the sLOCC postselection as PLR(t) =

Tr
[
Π̂LR ρD(t)

]
/Tr

[
ρD(t)

]
. Using Eq. (25), this is easily found

to be

PLR(t) =
N

C2
+

(
p1+

(t) + p2+
(t) + p2− (t)

)
+ C2

− p1− (t)
, (39)

where the populations are given in Eq. (36) and N in Eq. (38).
Figure 4 shows the probability of Eq. (39) as a function of

the dimensionless interaction time after the deformation for
different values of spatial indistinguishability and deforma-
tion times. As can be noticed, there is a trade-off between the
concurrence and the probability: indeed, the higher is the first,
the lower is the second, meaning that a greater amount of cor-
relations restored comes at the price of discarding more states
during the postselection. In particular, the probability of suc-
cess reaches its minimum value PLR = 0.5 when I = 1 and
its maximum PLR = 1 when I = 0, i.e. when no deformation
is performed and the two qubits remain localized in distinct
regions. Finally, the middle-range behaviour 0 < I < 1 sees
PLR(t) reaching asymptotically a value between 0.5 and 1 as
the interaction time goes to infinity.

B. Depolarizing channel

The depolarizing channel models the nondissipative sym-
metric decoherence which can occur, e.g., in Bose-Einstein
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condensates [84, 85], in the scattering of randomly polar-
ized photons [86–88], or in nuclear magnetic resonance se-
tups [89, 90]. A first analysis of the exploitation of spatial
indistinguishability as a tool to recover entanglement between
two qubits subjected to a depolarizing channel has been car-
ried out in [66], where noise was considered as acting only
after the deformation.

The action of a depolarizing channel on two distinguish-
able qubits in the state |1−〉AB is known to leave the system
untouched with a probability 1 − p(t) while introducing a
white noise with probability p(t) [72]. This produces the well-
known Werner state which, immediately before the deforma-
tion at time tD, is given by

ρAB(tD) = W−AB(tD)

:=
[
1 − p(tD)

]
|1−〉AB 〈1−|AB +

1
4

p(tD) 11,
(40)

where 11 =
∑

j=1±,2± | j〉AB 〈 j|AB is the 4 × 4 identity operator.

We now apply the deformation of Eq. (1) to the state of
Eq. (40), obtaining

W̄−D(tD) : =

[
1 −

3
4

p(tD)
]
|1̄−〉 〈1̄−|

+
1
4

p(tD)
[
|1̄+〉 〈1̄+| + |2̄+〉 〈2̄+| + |2̄−〉 〈2̄−|

]
.

(41)

The interaction Hamiltonian is given by Eq. (19) with

H( j)
I,X =

(
S ( j)

x + S ( j)
y + S ( j)

z

)
⊗

∑
k

(
|〈X|ψ j〉| gkX

)
a†kX + h.c., (42)

showing that the system operator S X = S †X is given by the
sum of the components S x,y,z = 1

2σx,y,z of the spin operator,
with σx,y,z being the usual Pauli matrices. The dynamics is
dictated by the master equation of Eq. (21), which reduces to
the system of ODEs



ṗ1+
(t) =

1
4

[
− (2γ+ + γ−) p1+

(t) + γ− p1− (t) + γ+ p2+
(t) + γ+ p2− (t)

]
ṗ1− (t) =

1
4

[
γ−

(
p1+

(t) − 3p1− (t) + p2+
(t) + p2− (t)

)]
ṗ2+

(t) =
1
4

[
γ+ p1+

(t) + γ− p1− (t) − (2γ+ + γ−) p2+
(t) + γ+ p2− (t)

]
ṗ2− (t) =

1
4

[
γ+ p1+

(t) + γ− p1− (t) + γ+ p2+
(t) − (2γ+ + γ−) p2− (t)

]
(43)

whose solution is given by

p1− (t) = p1− (tD) e−γ−(t−tD) +
1
4

(
1 − e−γ−(t−tD)

)
pv(t) = pv(tD) e−(3γ++γ−)(t−tD)/4 +

1
4

(
1 − e−(3γ++γ−)(t−tD)/4

)
+

1 − 4p1− (tD)
12

(
e−γ−(t−tD) − e−(3γ++γ−)(t−tD)/4

)
,

(44)
with v = 1+, 2+, 2−. Eq. (41) tells us that p1+

(tD) = p2+
(tD) =

p2− (tD) = 1
4 p(tD) and p1− (tD) = 1 − 3

4 p(tD), so that evolving
the system with Eq. (44) and performing the sLOCC measure-
ment of Eq. (5) we obtain the final normalized distinguishable
state ρLR(t) given in Eq. (37) with p1± (t), p2± (t) as in Eq. (44).

In Figure 5 we show the concurrence of such a state for dif-
ferent deformation times and different values of spatial indis-
tinguishability. As can be noticed, the same general behaviour
of the phase damping channel is found. In particular, our pro-
cedure allows the recovery of the initial quantum correlations
spoiled by the detrimental action of the noisy environment.
Such a restoration is partial when the spatial overlap between
the two qubits wave functions is partial, and complete when
the degree of indistinguishability I achieved is maximum. For
every I < 1, the amount of entanglement restored increases
as the interaction time decreases; nonetheless, the presence of

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

γ0t

C
(ρ
LR
)

DEP-concurrence: I=1.

tD=

0

1

2

3

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

γ0t

C
(ρ
LR
)

DEP-concurrence: I=0.9

tD=

0

1

2

3

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

γ0t

C
(ρ
LR
)

DEP-concurrence: I=0.75

tD=

0

1

2

3

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

γ0t

C
(ρ
LR
)

DEP-concurrence: I=0.5

tD=

0

1

2

3

FIG. 5: Concurrence C(ρLR) for the case of separated depolarizing channels
as a function of the total dimensionless interaction time γ0t. Four different
deformation times γ0tD for four values of spatial indistinguishability I are
reported, under the constraint |l′ | = |r|. Results hold for fermions with l, r, l′,
and r′ positive and for bosons with one of such coefficients negative.

an horizontal asymptote indicates that our procedure always
allows for the recovery of a certain amount of correlations in-
dependently on the interaction time. Finally, such an amount
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FIG. 6: Fidelity F between final state and initial Bell singlet state in the
depolarizing scenario versus dimensionless interaction time after the defor-
mation γ0(t − tD) and I, with constraint |l′ | = |r|. Four different interaction
times are considered. Results hold for fermions with l, r, l′, and r′ positive
and for bosons with one of such coefficients negative.
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FIG. 7: Postselection (sLOCC) probability PLR for the case of separated de-
polarizing channels as a function of the dimensionless interaction time after
the deformation γ0(t − tD). Five different values of I for four different de-
formation times are reported, under the constraint |l′ | = |r|. Results hold for
fermions with l, r, l′, and r′ positive and for bosons with one of such coeffi-
cients negative.

is found to increase with the degree of spatial indistinguisha-
bility.

The similarity with the phase damping channels also holds
when analyzing the fidelity of Eq. (9) between the final state
of Eq. (37) and the initial |1−〉, plotted in Figure 6 as a func-
tion of the dimensionless interaction time after the deforma-
tion and the degree of spatial indistinguishability achieved.
Here, the final state is shown to be closer to the initial one as
the degree of spatial indistinguishability increases at fixed in-
teraction times, and as the interaction time decreases at fixed
I. Furthermore, when I = 1 the fidelity is maximum in-

dependently on the duration of the interaction, indicating the
complete entanglement restoration previously discussed.

Finally, we report in Figure 7 the probability of success
of the sLOCC postselection, which is once again given by
Eq. (39) with the populations as in Eq. (44). The same general
behaviour of the phase damping channel is found, namely a
trade-off between the concurrence and PLR resulting in the
latest to decrease with the degree of spatial indistinguisha-
bility, starting from its maximum PLR = 1 when I = 0 and
reaching its minimum PLR = 0.5 for distinguishable particles.
An horizontal asymptote at an indistinguishability-dependent
value comprised between PLR = 0.5 and PLR = 1 is reached
from below as the interaction time grows when 0 < I < 1.

C. Amplitude damping channel

Finally, we study the amplitude damping channel scenario.
Such a dissipative model describes a qubit interacting with an
environment via the spontaneous emission of a quantum of
excitation. The amplitude damping channel has found wide
success in describing system such as atoms trapped in cav-
ities [91–93], single photons scattering in cavity QED [72],
high temperature spin systems relaxing to the equilibrium
state with their environment [72], superconducting qubits in
circuit QED [94, 95], and spin chains subjected to a ferro-
magnetic Heisenberg interaction [96].

The Kraus operators for an amplitude damping channel act-
ing on a single qubit are

E0 =
√

1 − p(t) |↑〉 〈↑| + |↓〉 〈↓| = E†0,

E1 =
√

p(t) |↓〉 〈↑| , E†1 =
√

p(t) |↑〉 〈↓| .
(45)

Starting from the pure state |1−〉AB, the evolution given by
Eq. (11) with the operators above leads to

ρAB(t) =
(
1 − p(t)

)
|1−〉AB 〈1−|AB + p(t) |D〉AB 〈D|AB . (46)

Deforming the state of Eq. (46) with the deformation oper-
ator of Eq. (1) at time tD we get

ρD(tD) =
(
1 − p(tD)

)
|1̄−〉 〈1̄−| + p(tD) |D̄〉 〈D̄| . (47)

The interaction between the system and the environment is
given by the Hamiltonian of Eq. (19) with

H( j)
I,X = S ( j)

− ⊗
∑

k

(
|〈X|ψ j〉| gkX

)
a†kX + h.c., (48)

showing that the system operator S X is given by the usual low-
ering operator S − := S x − iS y mapping |↑〉 into |↓〉 and |↓〉 into
0. The corresponding master equation of Eq. (21) is

d
dt
ρD(t) =

∑
X=L,R

∑
i, j=1,2

γ
(i, j)
X

[
S (i)
− ρS (t) S ( j)

+ −
1
2
{
S (i)

+ S ( j)
− , ρS (t)

}]
,

(49)
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FIG. 8: Concurrence C(ρLR) for the case of separated amplitude damping
channels as a function of the total dimensionless interaction time γ0t. Four
different deformation times γ0tD for four values of spatial indistinguishability
I are reported, under the constraint |l′ | = |r|. Results hold for fermions with
l, r, l′, and r′ positive and for bosons with one of such coefficients negative.

with S + = S †− being the usual raising operator. Such an evo-
lution preserves the diagonal structure of a state expressed on
the basis B̄2. Writing

ρD(t) =
∑
u∈B̄2

pu(t) |u〉 〈u| , (50)

the above master equation reduces to the system of ODEs

ṗ1+
(t) =

γ+

2

(
pU(t) − p1+

(t)
)

ṗ1− (t) =
γ−
2

(
pU(t) − p1− (t)

)
ṗU(t) = −

1
2
(
γ+ + γ−

)
pU(t)

ṗD(t) =
1
2

(
γ+ p1+

(t) + γ− p1− (t)
)
.

(51)

By solving it, we get

p1+
(t) = p1+

(tD) e−γ+(t−tD)/2

+ pU(tD)
[
γ+

γ−

(
e−γ+(t−tD)/2 − e−2γ0(t−tD)

)]
p1− (t) = p1− (tD) e−γ−(t−tD)/2

+ pU(tD)
[
γ−
γ+

(
e−γ−(t−tD)/2 − e−2γ0(t−tD)

)]
pU(t) = pU(tD) e−2γ0(t−tD)

pD(t) = 1 − p1+
(t) − p1− (t) − pU(t).

(52)

Looking at Eq. (47) we set p1− = 1− p(tD), pD(t) = p(tD), and
p1+

(t) = pU(t) = 0 to evolve the system’s state according to
Eq. (52) until time t, when the sLOCC measurement of Eq. (5)
is performed. The result is the final distinguishable state

ρLR(t) =
1
N

[∣∣∣lr′ + η l′r
∣∣∣2 ∑

v=1+,U,D

pv(t) |v〉LR 〈v|LR

+
∣∣∣lr′ − η l′r

∣∣∣2 p1− (t) |1−〉LR 〈1−|LR

]
,

(53)

FIG. 9: Fidelity F between final state and initial Bell singlet state in the
amplitude damping scenario as a function of dimensionless interaction time
after the deformation γ0(t− tD) and I, with constraint |l′ | = |r|. Four different
interaction times are considered. Results hold for fermions with l, r, l′, and r′

positive and for bosons with one of such coefficients negative.

with

N :=
∣∣∣lr′ + η l′r

∣∣∣2 ∑
v=1+,U,D

pv(t) +
∣∣∣lr′ − η l′r

∣∣∣2 p1− (t).

The concurrence of the state of Eq. (53) is shown in Fig-
ure 8 as a function of the total dimensionless interaction time
for different degrees of spatial indistinguishability and defor-
mation times. As can be noticed, results show some com-
mon aspects with the two other types of noise considered; in
particular, our procedure still clearly allows for the recovery
of the spoiled quantum correlations in an amount which in-
creases with the degree of spatial indistinguishability. Despite
the similarities, the dissipative nature of the channel mani-
fests itself in a sudden death phenomenon for the concurrence,
showing that in this scenario the effectiveness of the described
process is bound to the interaction time. Nonetheless, entan-
glement restoration is still possible on time scales increasing
to infinity with I to the point of reaching a time independent-
complete state protection for I = 1, thus preserving the valid-
ity of our procedure.

In Figure 9 we report the fidelity of Eq. (9) between the fi-
nal state of Eq. (53) and the initial |1−〉 state as a function of
the dimensionless interaction time after the deformation and
the degree of spatial indistinguishability. The above described
behaviour is reflected in the fidelity increasing with the de-
gree of spatial indistinguishability at a fixed interaction time,
reaching a value F = 1 for I = 1 as we recover the initial
state, and decreasing with γ0 t at fixed I.

To conclude this section, we report in Figure 10 the proba-
bility of success of the sLOCC postselection. The same trade-
off is found for the other analyzed channels: the higher is the
degree of indistinguishability and thus the entanglement re-
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FIG. 10: Postselection (sLOCC) probability PLR for the case of separated
amplitude damping channels as a function of the dimensionless interaction
time after the deformation γ0(t − tD). Four different deformation times are
reported. For each plot, five different values of I are considered, under the
constraint |l′ | = |r|. Results hold for fermions with l, r, l′, and r′ positive and
for bosons with one of such coefficients negative.

stored, the more states are discarded. Once again, the min-
imum value for the probability is PLR = 0.5 when I = 0,
while PLR = 1 for distinguishable particles. Nonetheless, this
time the asymptotic value as the interaction time grows when
0 < I < 1 is always PLR = 1, as a byproduct of the sudden
death phenomenon found for the concurrence.

V. CONCLUSIONS

In this paper we have merged the results of Refs. [67]
and [68] to propose a more general procedure capable of
restoring the quantum correlations between two qubits under-
going the detrimental action of two independent noisy envi-
ronments. Such a technique fundamentally relies on the spa-
tial indistinguishability of identical constituents as a funda-
mental quantum resource made accessible by the sLOCC op-
erational framework [62]. Three standard types of noisy en-
vironments have been characterized in a Markovian regime: a
phase damping channel, a depolarizing channel, and an am-

plitude damping channel, acting on the bipartite system both
before and after the indistinguishability is generated via the
deformation. Contextually, Refs. [67] and [68] provide two
limiting cases of this work, occurring respectively when the
deformation is immediately performed after the generation
of the initial Bell singlet state and when the sLOCC projec-
tive measurement is performed immediately after the defor-
mation. The results of the two above mentioned papers are
confirmed here even in the more general situation considered:
quantum correlations are restored in an amount proportional
to the degree of spatial indistinguishability achieved. Remark-
ably, when the spatial overlap is maximum (i.e. I = 1) the
initial maximally entangled state is recovered, with a related
maximum restoration of the entanglement. In all the ana-
lyzed situations, this comes with a trade-off given by a lower-
ing of the sLOCC postselection probability PLR, which never
decreases below the value PLR = 0.5. Furthermore, in the
two non-dissipative cases analyzed, our procedure has been
found to be effective even for asymptotically large interac-
tion times, while a sudden death phenomenon for the restored
concurrence found in the amplitude damping scenario shows
the urgency of performing the deformation and the subsequent
sLOCC projection as soon as possible in a dissipative situa-
tion.
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