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1. Introduction

This paper is devoted to the study of existence and multiplicity of solutions for the following problem
—Apu+ a(z)|ul’*u=Af(z,u) in RN,

lim w(z)=0;
|z|—+o0
where A,(u) = div(|[Vul’">Vu) denotes the p-Laplacian differential operator, p > N, where N is the
dimension of the space, A is a real positive parameter, a : RY — R is such that a_ = essinfzgna >
0,a € L®(RY), and f : RV x R — R is L'-Carathéodory. Precisely, we establish the existence of one
non-zero solution when the primitive of the nonlinearity f(z,u) with respect to u has a growth which
is less than p-linearity in a precise set [c1,ca] (see (b) of Theorem 3.1) and if, in addition, it satisfies
the classical Ambrosetti-Rabinowitz condition (that is, (AR) in Lemma 2.4), a distinct second non-zero
solution is obtained. It is worth noticing that the above growth is satisfied when the nonlinearity f is
(p—1)—sublinear at zero uniformly with respect to « and, as it is already known, the (AR) condition implies
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the (p — 1)—superlinearity at infinity. This situation contains the combined effects of convex and concave
nonlinearities, as shown by the following particular case of our results, given here as an example.

Theorem 1.1. Let a € LY(RY) be a nonnegative function and s,q two nonnegative constants such that
s+1<p<q+1. Then, there is n* > 0 such that for each n €]0,n* the problem

—Apu+ ul’?u = a(z)nu® + a(z)ud in RN,

lim w(z)=0;
|| —4o00

admits at least two mon-zero and nonnegative distinct solutions.

There is a wide literature on elliptic p-Laplacian problems in bounded domains while it is less abundant
for equations in the whole space (we refer to [1,2,9,10,12] and references therein for a general overview). This
is due to the lack of compactness of the embedding of Sobolev spaces into suitable spaces and therefore the
difficulty of verifying the condition of Palais—Smale, that is (P.S)—condition recalled in Section 2. To the
best of our knowledge, there are no results in the case p > N in the whole space and the purpose of this
note is to fill this gap. In this case, thanks to Morrey’s Theorem and Cantor’s diagonal process, despite the
lack of compactness of the embedding, it is possible to prove the Palais Smale condition of the functional
(see proof of Lemma 2.3) and thus obtain results in line with the bounded domains. In particular, as seen
with Theorem 1.1, concave—convex nonlinearities can be studied and, in this case, it is worth noting that
thanks to [5, Theorem 2.1], which is one of our approaches, we avoid using regularity results and lower—upper
solution method which are usually the main tool for solving problems of this type.

This paper is organized as follows. In Section 2, we give some auxiliary results to insert the problem
in a variational framework. Precisely, we provide a numerical value of the constant of the Sobolev—
Morrey inequality and prove both a weak Palais—Smale condition and Palais—Smale condition of the energy
functional associated to the problem. In Section 3, we present our main results which guarantee the existence
of one non-zero solution to our problem under a suitable behavior of the nonlinear term, and the existence
of a second distinct non-zero solution when also (AR)—condition is assumed.

2. Variational setting and preliminaries

Given the Euclidean space RY and fixed p > N, denote with W1P(R") the usual Sobolev space endowed
with the norm
ull = llullr + [[Vul[Lr.

The Morrey Theorem (see [6, Theorem 9.12, p.282]) ensures that there is a constant K > 0 such that
lulloe < Kllul  Yue WHP(RY),

that is, the space L>°(R") is continuously embedded in W1P(RY).

For our aim is useful to obtain an explicit numerical value of K for which the previous inequality holds.
To this end, we recall the following result for bounded convex domains deduced from Burenkov-Gusakov [8,
Theorem 1, p.1293] (see also [7, Remark 33, p.184]).

Proposition 2.1. Let 2 be a convex oien bounded set in RN with a generally regular boundary 012. Fix

x € 2 and put d, = sup{d(az,y) :y € 002 ;. Then, one has

u(@)| < Callull Vu e C'(£2),

2
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_ 1 L dx pf]. (»—1)/p
R SRRV

and ||u|| is the usual norm in the Sobolev space WP (£2), that is, ||ul| = |Jull, + [|[Vull,-

where

Proof. Arguing as in the proof of Theorem 1 of [8] we obtain

(p=1)/p
1 dy p—1
lu(z)| < W <|| e + Ni/p (—N) ”VUHLP> :

Hence, the conclusion follows. [
As a consequence of Proposition 2.1 we point out the following result.

Proposition 2.2. Put
1/p N(p—1)

1 p—1 P2
NN/p? p—N

lulloo < Kllull - Vu € WHP(RY).

r1+14%)

K= IN/2

Then one has

Proof. Fix u € C}RYM) and 2 € RY and consider the ball B(x,r) of center z and radius ro =
p—1

— N\ 7
N1/p (p 1 ) . From Proposition 2.1, applied to 2 = B(z,79) and taking into account that d, = ro,
p—
one has

(p—1)/p
1 ) p—1

lu(z)] £ ——— 7 maxq 1 —~ < > (lulle + [[Vul[p)
|B(z,70)|"'? NYr \p—-N

N 1/p

ra+np) [ 1 p-1\T
w2 |\ v \p=w

1/p
K |”dt> + (/ |Vu(t)|pdt>
B(w ro) B(z,rg)
1/p 1/p
|”dt> + ( / |Vu(t)|pdt> ,
RN

lu(z)] < K ((/RN |u(t)|pdt>1/p + (/RN Vu(t)|pdt>1/p> .

Hence, from the arbitrary of z and the density of C§(RY) in WP(RY), the conclusion is achieved. [

(lullze + [[Vullzr)

1/p

<K

that is,

Remark 2.1. We explicitly observe that from the classical proof of Morrey’s Theorem a numerical value
of the embedding constant can be easily deduced (see for instance [6, p. 283]), which is

p—N’
3
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Moreover, an explicit value is reported in [11, Lemma I1.3.4, formula I1.3.13, p. 56], which is

X p—1 (p—1)/p
max < 1, PN .

Clearly, the value provided by Proposition 2.2 is more precise than the previous values. We note that, as a
consequence, the value n* guaranteed in Theorem 1.1 is numerically greater than the one obtained through

1/p
ra+%)

N2

the aforementioned estimates (see Remark 3.3).

In this paper, we consider X = WP(RM) endowed with the equivalent norm

fullx = ([, IVu@lPas+ [ a@luoras)”.

where a € L= (R¥) is such that a_ = essinfyy a > 0.
We now adapt Proposition 2.2 to the previous norm. Precisely, we have the following result which we will

use in the sequel.

Lemma 2.1. One has

[ulloo < Lallullx  Yue€ WHP(RY), (2.1)

where p=N N\ T1/P N(p-1)
oo (L) g ra+%) 1 p—1Y\ »° -
o= \a 7P NvE\p N : (2:2)

Proof. As seen in the proof of Proposition 2.1 we have

(p—1)/p
1 dy p—1
u()] SW <|U||LP + Ni/p (p—N) ||Vu||Lp>

1 . 1/p d, p—1 (p—1)/p . 1/p
- ((/ﬂ u(®)| dt) + i (= /Q|Vu(t)| dt

1 1 1/p d, p—1 (p—1)/p 1/p
ot (G L)+ (223)" ™ (o)

a_

< 1 1 . dgc p—l (p—1)/p
N (TSRO NOAVERY "

y (( /{ 2 a(t)|u(t)pdt>1/p + ( /{ 2 |Vu(t)|”dt>1/p> .

At this point, arguing as in Proposition 2.2 by choosing 2 = B(z,r¢), d, = ro and

p—1

N\ (p-N\'7
rg = <> <p > , one has
a_ p—1

1/p 1/p
1 1 » »
M) S ( / L alolut) dt) " ( / L9t dt)

1 N 1/p

|raen (1 (p=1)F .
aN/2 N1/p p—N (ai)l/P

4
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1/p 1/p
- (/B(x,ro) a(t)|u<t)|pdt> - </B(x,ro) |vu(t)|pdt>

1
i\ N /p

p=1 | I'(1+ N/2) 1 1 (p_1>%

<2
=7 7\ R N \p—N

1/p
X </ a(t)|u(t)|pdt+/ |Vu(t)pdt>
B(z,rq) B(z,rg)

<L, </RN a(t)|u(t)|Pdt + /RN |Vu(t)|pdt)1/p.

Hence, arguing again as in the proof of Proposition 2.2, we obtain

1/p
folle < 2o ( [ atlutoPa+ [ vuorar)
RN RN
for all u € WHP(RY), that is, the conclusion. [

Let f: RY x R — R be an L'-Carathéodory function, that is a function such that

(i)  — f(z,t) is measurable for all t € R;
(ii)  — f(=,t) is continuous for almost every x € RY;
(iii) for all p > 0 the function sup, <, [f(:,t)| belongs to LY(RY).

Consider the following nonlinear differential problem on the entire space

—Apu + a(x)|ulP " Pu = Af(z, u) in RY,

(Pr)
u € WHP(RN)
with A > 0. We recall that u € X is a weak solution of problem (P)) if
/ (|Vu|p72Vqu + a(x)|u\p72uv) dr = )\/ f(z,w)vdz, (2.3)
RN RN

for all v € X. In order to find this type of solution for problem (Py), put

F(x,t) = /Otf(x,g)df V(z,t) € RN x R.

Thanks to the assumptions on the function f, one has

(i') x — F(x,t) is measurable for all t € R;
(ii') t — F(z,t) belongs to C*(RY) for almost every = € RY;
(¢") for all p > 0 the function supy <, |F'(:,?)| belongs to LY (RN).

Moreover, we define @, ¥ : X — R by
1
o) = ully. P = [ Plou)ds, YueX,
p RN

and
In(u) = &(u) — AV (u) Vue X,VA>0.
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It is well known that @ and ¥ are Gateaux differentiable and one has
& (u)(v) = / Vu(z) P *Vu(z)Vo(z) de + / a(z)|u(z) P *u(z)o(z) dz
RN RN

V' (u)(v) = /]RN f(z,u(z))v(z) dz,

for all u,v € X. Hence, it follows that u is a critical point of Iy, namely I} (u)(v) = 0 for every v € X, if and
only if u is a weak solution for problem (P, ), see (2.3). Noticing that we present results on the existence of
non-negative solutions, we can assume, without loss of generality, that one has

f(z,t) = f(z,0) Vt < 0,Vz € RV,

Indeed, we have the following proposition.

Lemma 2.2.  Assume that f(xz,0) > 0 for a.e. x € (2. Then, any weak solution of problem (Py) is
nonnegative.

Proof. Let u € X be a weak solution of (P,). One has

ul” “VuVov + a(x)|ul" “uv | dx = x,u)vdr,
Vul[P?Vuv P2uv)de =\ | f d
RN RN
for all v € X. Therefore, by choosing as v the function u~ = min{u, 0} and setting A = {z € RY : u(x) < 0},
it follows
ul” VuVu~ + a(z)|ul” “uu” ) dx = r,u)u” dx,
Vul[P 2 Vuv P2 de=X\[ f d
RN RN

/ (|Vu\p_2VuVu_ + a(m)|u\p_2uu_) dx = )\/ flz,u)u~ dx,
A A

0< /A (IVul? + a(z)|u|”) de = )\/Af(x,O)udx <0.

Hence, one has u = 0 in A for which A = () and so u(z) >0 for all z € RN. O

Our main tools are a local minimum theorem proved in [3], given as in [4, Theorem 2.6], and two non-
zero critical points theorem established in [5], which is a non immediate consequence of the local minimum
theorem in combination with the Ambrosetti-Rabinowitz theorem. Therefore, we recall some definitions. Let
(X, ] - ]I) be a Banach space, X* its dual and I) : X — R a Gateaux differentiable functional, with A > 0.

Definition 2.1. We say that I, satisfies the Palais-Smale condition (in short, (PS)-condition), if any
sequence {u,} C X such that

(Py) Ix(uy) is bounded,
(P2) limp o0 |13 (un)||x+ =0,

has a convergent subsequence in X.

Definition 2.2. Fix r €] — 00, c0]. We say that I satisfies the Palais—-Smale condition cut-off upper at r
(in short, (PS)["l-condition), if any sequence {u,} C X such that

(Py) In(uy) is bounded,

(PQ) hmn—>oo ||I>\(un)||X* = 07

(Ps) ®(up) <,

has a convergent subsequence in X.
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Clearly, if I satisfies the (PS)-condition, then it satisfies also the (PS)I"l-condition. Here we give two
preliminary results on the energy functional I.

Lemma 2.3. For each A > 0, Iy satisfies the (PS)!"-condition for every r > 0.

Proof. Fix A > 0,7 > 0 and {u,} C X such that (Py), (P,) and (P3) hold. From (Ps), taking the coercivity
of @ into account, it follows that {u,} is bounded in X. Since X is reflexive, then up to a subsequence, one
has u, — u in X. Moreover, taking into account that for all open ball B(0, R) one has that W?(B(0, R))
is compactly embedded in C(B(0, R)), by Cantor’s diagonal process it follows that u,,(x) — u(x) for every
r € RN,

Now, recalling that X is continuously embedded in L>°(R¥), one has that u, — u in L°(RY), then
lu,(z)] < p for all n € N, for a.e. * € RY. So, from the assumptions (ii) and (iii) on function f, we
have that f(x,u,(z)) — f(z,u(z)) for a. e. € RN and f(-,u,) belongs to L'(RY) for all n € N.
Therefore, Lebesgue dominated convergence theorem ensures that f (-, u,(+)) strongly converges to f(-,u(+))

in LY(RY) c (L>°(RY))* and from [6, proposition IIL5 (iv)] it follows that

(FCun())sun()) = (5 ul),ul))

which leads to
lim f(z,un(z)) (un(z) —u(x)) de =0. (2.4)

n—oo [pN

Now, exploiting (P,), there exists a sequence {e,}, with &, — 07, such that |I§(u,)||x+ < &, for all
n € N, which implies [(I} (uyn), v)| < ||l Ii(un)||x=|lv||x < €, for every n € N and for each v € X such that

|lv]|x < 1. Then, choosing v = ﬁ one has
/ (|Vun|p72Vun(Vun — V) + a(@)|un|’ 2t (un — u)) dx (2.5)
RNV
- flzyun)(up —u)de < epllun —ullx,
RN

for all n € N. Focusing on the first integral, we have that

/]RN (\Vun|p72Vun(Vun — V) + a(@) [Pty (un — u)) dx

v

Junllye = [ 1V unl? Vol Fuldz = [ ale)fun " ] de
RN RN

el — / VP~ |V da — / a(@)un P~ u] de
RN RN

v

Using the following inequality (see [6, page 92])
_ -1 1
jaf”~ el < P—=al + b,
p p

we obtain that

/RN <|Vun\p72Vun(Vun — V) + a(@)|un |’ 2w (un — u)) dx

—1 1 —1 1
un% —/ (p|wn|"+ |W’|> da;—/ o) (p|un|p+ |u|p> di
RN p p RN p p

p—1

v

= lunllx -

1 1
= plunli = Jllullk -

, 1
Un % — = ull5
llun % HHX
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Thus, from (2.5), one has
1 » 1 p
“llunllx —enllun —ullx <A [ f@,un(2))(Un —u) do + —lullx.
p RN p
Taking (2.4) into account, the latter implies that
lim sup [|un[|x < [lullx-
n—-+oo

Finally, thanks to [6, Proposition 3.32, p.78], it follows that {u,} strongly converges to v € X and the proof
is complete. [

Lemma 2.4. Suppose that f(z,0) > 0 for all z € RN and assume that
there are s >0, p>p : 0< pF(x,t) <tf(z,t) YoeeRN Vt>s. (AR)

Then, I satisfies the (PS)-condition and it is unbounded from below for each A > 0.
Proof. Fix A > 0 and {u,} C X such that (P;) and (P2) hold. We prove the thesis in different steps.

Claim 1. There exists k > 0 such that u,(x) > —k for a.e. v € RN, for alln € N.

From (Pz), there exists {e,}, with &, — O+ such that II4 (un)(v)] < ey for all n € N, for each v € X,
, the following inequality hold

with ||Jv||x < 1. So, in correspondence of v = m H
Up X

/ (\Vun|Pf2VunVqu + a(:v)|un|Pf2unu;> dr — \ f(x,un)u; dx < En”u;”X,

RN .

for every n € N. Now, since [pn f (@, un)u;, dz <0, being [i, oy f(2,0)u;; dz < 0 and
f{un>0} f(x,up)u, dr =0, one has

0 < oI < lunlly =2 [ S ) de < ezl

~llx — 0, then it is
bounded in X. Taking Lemma 2.1 into account, there exists k& > 0 such that |u, (z)| < k for a.e. x € RV,
which means u, (z) > —k for a.e. x € RY.

that is, |lu, |[|x < (sn)ﬁ, for which passing to the limit for n — oo, one has that ||u,,

Claim 2. {u,} is bounded in X.

Arguing as in Claim 1, in correspondence of v = one has

Un
lunllx

_I;(un)(un) < enllun| x, (2.6)

for every n € N. Also, from (P;) there exists M > 0 such that

[Ix(un)| < M, (2.7)
for all n € N. On the other hand, one has

B () =l =5 [ ), da
1

—i—)\/ Fa:unda:—)\/ (z,un)

p A
Hun|| - = flzyug)uy — pF (2, uy,) Jdoe — X F(z,uy)dz,
M K JRN RN

8
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Therefore, it follows that
) = () ) = Sl =X [ Pl d
Up) — =I5\ (uy) (uy) = =||u — T, uy,) dr

A 1 A\Un » n il x RN n

- Sl 3 [ (Huu, - i) o
‘LL nilx ’[L RN )y n n » Y'n
+)\/ F(z,uy,)dx
]RN

1 1 A
= (5= 2) vl 5 [ (o = (e

Focusing on the integral, taking Claim 1 and (AR) into account, one has

/ (f(ﬂ?, un)un - uF(m,u,J)dx = / (f(xaun)un - /,LF(.??, un)) dz
RN un (z)>—k
= / <f(x, U Uy — uF(z,u,J)dm + / <f(:17,un)un - uF(x,un)) dx
—k<up(z)<s un (z)>s
> / <f(x,un)un — ﬂF(x,un)>dx > / (f(x, Up JUp, — ;LF(x,un)>da:,
—k<un(z)<s lun (z)|<c

with 0 < ¢ < min{k, s}. Moreover, by some computations, using (ii¢) and (ii7)’, we obtain that

/ <f(x,un)un — uF(x,un))daz > — c/ <sup f(x,§)|> dx
Y lun (@) <c \[€]<e

_ / ( sup If(x,€)|> ()] e
[un (z)|<c \|§|<un(z)

(2.9)
> ¢ /R i <I§gc|f<x,s>|> du

- d
cu/RN (gégfu)'ﬂw’f)') x

> - C(kl - ,u‘kQ) )

where k1 and ko are L'-norms. Thus, from (2.8), one has

1 1 1 A
) = 3 n) ) 2 (3= %) Bl = 2ty = k).

which, using (2.6) and (2.7), leads to

(5= 2 ) hunlB < 07 + Seullunll + et = ).
p K 1 [

Now, if we assume by a contradiction that ||u,|/x is unbounded, there is a subsequence {uy, } such that
limy s o0 |[tin, || x = +00. Therefore, by passing to the limit for & — oo the previous inequality, it follows that
limy o0 [|tin, |5°" = 0 and this is an absurd. Hence, ||u, | x is bounded and our claim is proved.

At this point, the same proof of Lemma 2.3 proves that I satisfies (P.S)-condition.

Finally, we prove that Iy is unbounded from below.

To this aim, using (AR), we obtain that

t,u' tf(x7§) N
/sgdfg/s Pagle  YeeRVvezs,

9
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w
In t <In F(z,t) ,
s F(z,s)
F(x,t F
(tg;’ ) > (xu’ 9) _ Alx) >0 Ve e RN Vt>s. (2.10)
s
Clearly, owing to (iii'), one has A € L*(R™). On the other hand, for every = € R™,0 < ¢ < s one has

F(z,t) > min F(z,£) > min F(x,§) + A(z)t* — A(z)s*
£€10,s] £€10,s]

which implies

namely

(2.11)
= A(x)t" — (A(m)s“ - égéi] F(x,f)) = A(x)t" — B(x)

where B(z) = A(x)s" —mingeo 5 F'(z,€) and, owing to ('), B € L*(R"). Hence, putting (2.10) and (2.11)
together, we have that

F(z,t) > A(z)t" — B(x)
for all z € RY and for every t > 0. Therefore, fixed 4 € X such that |uf|x # 0 and @(z) > 0 in
RY, one has ¥(tu) = [pn F(x,tu(zx))de > t* [, A(z)|a|"de — [on B(z)dz = Cyt* — Cy. Moreover,
one has &(tu) = %HtﬁHﬂ’( = %t%HﬂHé’( = (C3tP. Hence, one has I)(tu) < CstP — ACit* + AC3 and so
limy_y 4 oo In(tu) = —oo for which I is unbounded from below and the proof is completed. O

3. Main results

Fix an open ball of center z¢ and radius R, which we denote by B(x¢, R), and put

% _ 1 Ir(1+N/2) RPN
R *— Lﬁ 7TN/2 2D _2p7N+Rp||a||oo )

(3.1)

where L, is given in (2.2).
We explicitly observe that the constant K is independent by the choice of xy. Moreover, it can often be
convenient, for simplicity, to take R = 1. So, by choosing as ball B(0, 1) the constant becomes

X ._1r(1+zv/2)( 1 )

TLE N2 20 — 20— N 4 || oo

The constant Kr plays an important role in the following statements since it regulates the growth less than
(p — 1)—linear of the nonlinearity in a suitable range (see (b) below), which is a fundamental assumption of
our results.

In the following, we present our first result on the existence of one non-trivial and non-negative solution
for problem (P)).

Theorem 3.1. Suppose that f(z,0) > 0 for all v € RY and assume that there exist a ball B(zo, R) and
two positive constants ci,co, with 0 < ¢y < ¢, such that

(a) F(z,t) >0 forall (x,t) € RN x[0,¢1],

F(xz,c1)dx

P
1

(b) fRN max|e|<c, F(z,€) dz < Kp B(zg. &)

p
02 C

Then, for each A € A, ,, where

11 & 1 &

Ac o = | —Fp sy T TP ;
1,62 pLE Kp fB(xOg)F(x,cl)dx pLa [pn maxgj<q, F(x,§) dx

problem (Py) admits at least one non-trivial and non-negative solution uy such that ||ux|leo < c2.

10
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Proof. Our aim is to apply [4, Theorem 2.3]. To this end, consider (X, || - |lx), @, ¥ : X — R as defined in
Section 2, which verify the required regularity assumptions. In addition, thanks to Lemma 2.3, one has that
® — AV satisfies the (PS)[" condition for every r > 0, > 0. So, one has to prove that there exist 7 > 0
and 4 € X, with 0 < (@) < r, such that

SUP ¢ (u)<r ![/(’LL) < W(ﬂ)

T d(a)
Put r = Lp, taking Lemma 2.1 into account, for each u € X with &(u) = %Hu”’)} < r one has [Jul|e < co.
Therefore it follows that
SUP ¢ () <r P (1 e F(x,8)d
Pa(u)< (u) < pI? fRN maXlélin (z,€) dx (3.2)
r 2
Now, consider @ € X defined by
0 if z € RNV \ B(x, R),
() == 2%(R — |z —x0|) if z € B(zo, R) \ B(zo, &),
c1 ifxEB(xo,g).
R /2 N
For simplicit, tS: =B B = d = |B = ———R". Clearly, © € X and
or simplicity, put S (w0, R) \ B(xo, 5) and mp = |B(xg, R)| F(l—l—N/Q)R Clearly, 4 € X an
1
o) = - ( / o +a@la@ )+ [ e dx)
p B(z0,%)
1 201 P
=-|= 1+a(x)|R—|:lc—x0|| ydx + a(z) dx
|\ R B(zo, &)
1[(2¢ R\" R
< (R) /S(Hanoo (5) ) o+ tlale |5 (a0, )|
1[(2¢ R\" mp
<H[(32) 11 (1 ol () ) +
1[(2c\? 2V —1 RP
—21(%) et (14 el ) + Ll 3
mpg (2 — 27N 4 lallso RP>
-y
p RP
~ 1mpg (22— 2PN 4 ||a]| o RP &
“ R o
11
C pLhEKg
that is,
o)< 1L o (3.3)
“pLoKg ' '
Furthermore,

W(ﬂ)Z/F(x,%(R—x—xOD) dm—i—/ F(z,c¢)dzx,
S R B($07§)

and from assumption (a) it follows that

V() > /B( )F(z,cl)d:c. (3.4)

11
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Therefore, putting (3.3) and (3.4) together, we have

v ()

fB(IO%) F(z,c1)dz
P(a) '

o

> pLE KR

Taking (3.2) into account, from our assumption (b) it follows that

(@)
b(i)

IRN maXie|<ey F(I7£) dx > Suplp(u)<r !p(u)
c - r ’

> pLh

that is,
SUP ¢ (u)<r yv/(u) < g/(ﬁ)
T d()

Hence, it remains to prove that (@) < r. Taking into account (3.3), that is,

11
(o) < =———¢P
(u)—pKRLg 1

and r = one has

N
pLy’
1 1/p
D(u) <r when () c1 < ca.
Kr
This inequality holds thanks to the assumption that 0 < ¢; < ¢3. In fact,

1/p
reasoning by absurd we suppose that (K) c1 > co, which implies that
R

Jpn maxe| <., F(z,&) dx . Jpn maxe|<., F(z,&) dx
b = cf

> KRIRN F(z,c1)dx - KRfB(xO’%) F(z,c)dx |
N oy N a
that is in contradiction with assumption (b).
All the hypotheses of [4, Theorem 2.3] are verified, then for each A\ € A., ., there exists uy € X, with
0 < ®(uy) < r, which is a non-zero local minimum of functional I in #~1(]0,r[), namely u, is a non-zero

weak solution for problem (P,) and one has that ||ux]jcc < c2. Moreover, Lemma 2.2 ensures that it is
nonnegative and the proof is completed. [

Theorem 3.2. Suppose that f(z,0) > 0 for all v € RN . Assume that (AR)-condition is satisfied and there
exist two positive constant ci, ¢z such that condition (a) and (b) hold. Then, for each X € A, , problem (Py)
admits at least two non-trivial and non-negative solution uy 1,uy 2 such that

1 1
7/ |u)\’1|pdx+)\/ F(z,uyi(x))de <0< f/ |u>\,2|pdx+)\/ F(z,uy2(x))dx.
p JrN RN P JrN RN

Proof. Our aim is to apply [5, Theorem 2.1]. To this end, put (X, |- ||x), ?, ¥ : X — R as defined in
Section 2, which verify the required regularity assumptions. In addition, thanks to Lemma 2.4, one has that
I, = & — AV satisfies the (PS) condition and it is unbounded from below. Moreover, the same proof of
Theorem 3.1 ensures that there exist 7 > 0 and @ € X, with 0 < ®(u) < r, such that

SUP ¢ (u)<r y—/(u) < W(ﬂ)
r ()
12




E. Amoroso, G. Bonanno and K. Perera Nonlinear Analysis 236 (2023) 113364

All the hypotheses of [5, Theorem 2.1] are verified, then for each A € A, ., there exist two critical points
of I ux1,ux2 € X, which are two non-zero weak solutions of Problem () and, owing to Lemma 2.2, they
are nonnegative. Finally, again from [5, Theorem 2.1], one has

1 1
7/ lux1|"dx + )\/ F(z,uxi(z))dxr <0< — / lux 2| dr + /\/ F(x,uy2(x))dx.
b JrN RN P JrN RN

and the proof is completed. [

Now we point out some consequences of previous main results when the nonlinear term is with separated
variables. Let a € L!(R™) be a nonnegative and non-zero function. Moreover, let g : R — R be a nonnegative
continuous function and put G(t) = f(f g9(&€)d¢, t € R. Finally, put

B fB(O,R/Q) a(z)dx

lexl]y

HR B KR (36)

b

where Ky is given in (3.1). Consider the following nonlinear differential problem on the entire space

—Apyu+ a(z)|ul’*u = Aa(z)g(u(z)) in RY,

(Dx)
u € WHP(RY)
We have the following result.
Theorem 3.3. Assume that there exist two positive constants c1,ca, with 0 < ¢y < c2, such that
() % < Hp %
2 1
Then, for each X\ € A, ., where
Lol 1 1 g 1 g
w2 | pLallalh Hr G(er) " pLallalli Ge) |
problem (D)) admits at least one non-trivial and non-negative solution ux1 such that ||ux1lleo < C2.
Further, in addition, assume that
there are s >0, u>p :  0<puG(t) <tg(t) Vt>s. (AR’)

Then, for each A\ € A, ., problem (D) admits a second distinct non-zero and non-negative solution uy 2
such that

1 1
7/ |7.l,)\71|pd1'-‘r)\/ F(z,uyi(x))de <0< f/ |uA12|pdx—|—)\/ F(z,uy2(x))dx.
RN RN P JrN RN

p

Proof. It follows from Theorems 3.1 and 3.2. O

Remark 3.1. Assumption (b') of Theorem 3.3 is verified when

gt
lim = +o00. 3.7
t—o+ tP1 ( )
Put \* = m SUP.~ #pc), the assumption (3.7) ensures the existence of at least one non-zero and

nonnegative weak solution to Problem (D)) for each A\ €]0, \*[.
Clearly, if we assume (3.7) in addition with (AR’), then for each A €]0, A*[, problem (D, ) admits at least
two distinct non-zero and nonnegative weak solutions.

13
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Remark 3.2. Theorem 1.1 in Introduction is a special case of Theorem 3.3. Indeed, putting g(t) = nt®+t9,
assumption (3.7) in Remark 3.1 is verified as well as condition (AR’). Hence, for each A €]0, A*[, problem

—Apu + a(@)ul’"u = Aa(z) (nu® + ud) in RY,

(stqJ\)
u € WHP(RY)
admits two non-zero and nonnegative weak solutions. In this case (see Remark 3.1), one has
1 cP 1 cP 1 1 1
A= sup = — = ( [ E‘H'l_p) ,
pEflally b G(e) ~ pLillalls G(©) ~ pLillalls \"s+1 g+1
where 1
s (patlp=(s+D\7"
T+ 1 (g+1)—p '
It follows that
A >1 <= <t
where
q—s p—(s+1) p—(s+1)
] L \@07 s+ D((g+1) —p)(g+1D)ED7P(p— (s + 1)) Grde
"=\ GmEalh TR : (38)
allFit (q—s) s

Therefore, for each  €]0,n*[, problem (D, , ) admits two non-zero and nonnegative weak solutions for
A =1, that is our conclusion.

Remark 3.3. We explicitly observe that the value n* in Theorem 1.1 is determined numerically by (3.8).
We also note that it depends on the embedding constant L.

Acknowledgments

The first two authors are members of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita
e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAAM). This paper
is partially supported by PRIN 2017 “Nonlinear Differential Problems via Variational, Topological and
Set-valued Methods” (2017TAYMSXW).

References

[1] A. Ambrosetti, J. Garcia Azorero, I. Peral, Elliptic variational problems in RY with critical growth, J. Differential
Equations 168 (2000) 10-32.

[2] G. Barletta, P. Candito, S.A. Marano, K. Perera, Multiplicity results for critical p-Laplacian problems, Ann. Mat. Pura
Appl. 196 (2017) 1431-1440.

[3] G. Bonanno, A critical point theorem via the ekeland variational principle, Nonlinear Anal. 75 (2012) 2992-3007.

[4] G. Bonanno, Relations between the mountain pass theorem and local minima, Adv. Nonlinear Anal. 1 (2012) 205-220.

[5] G. Bonanno, G. D’Agui, Two non-zero solutions for elliptic Dirichlet problems, Z. Anal. Anwend. 35 (4) (2016) 449-464.

[6] H. Brézis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer, New York, 2011.

[7] V.I. Burenkov, Sobolev Spaces on Domains, B. G. Teubner Stuttgart, Leipzig, 1998.

[8] V.I. Burenkov, V.A. Gusakov, On exact constants in Sobolev embedding theorems, Dokl. Akad. Nauk SSSR 294 (6)
(1987) 1293-1297.

[9] P.L. De Napoli, M.C. Mariani, Equations of p-Laplacian type in unbounded domains, J. Differential Equations 140
(1997) 106-132.

[10] P. Drabek, Y.X. Huang, Multiplicity of positive solutions for some quasilinear elliptic equation in RN with critical
Sobolev exponent, Demonstr. Math. 55 (2022) 416-428.

[11] G.P. Galdi, An Introduction to the Mathematical Theory of the Navier-Stokes Equations, second ed., Springer, New
York, 2011.

[12] U. Guarnotta, R. Livrea, S.A. Marano, Some recent results on singular p-Laplacian equations, Demonstr. Math. 55
(2022) 416-428.

14


http://refhub.elsevier.com/S0362-546X(23)00156-6/sb1
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb1
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb1
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb2
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb2
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb2
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb3
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb4
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb5
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb6
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb7
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb8
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb8
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb8
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb9
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb9
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb9
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb10
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb10
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb10
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb11
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb11
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb11
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb12
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb12
http://refhub.elsevier.com/S0362-546X(23)00156-6/sb12

	Nonlinear elliptic p-Laplacian equations in the whole space
	Introduction
	Variational setting and preliminaries
	Main results
	Acknowledgments
	References


