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A unified computational framework for the free vibration analysis of variable-stiffness composite laminated
cylindrical panels with complex cutout geometries, non-uniform thickness distributions, and multi-region
laminates is presented. Based on first-order shear deformation theory, the framework enables the single-
domain analysis of cylindrical panels containing multiple cutouts of arbitrary shape, without introducing
independent subdomain fields or interface continuity constraints. Geometric complexity is handled through
implicit level-set descriptions combined with high-order quadrature schemes, enabling accurate numerical
integration over irregular domains. The accuracy of the framework is assessed through comparisons with
high-fidelity finite element solutions, showing very good agreement with reference solutions across a range of
benchmark configurations. Representative applications demonstrate its capability to analyse cylindrical panels
with complex stiffness distributions and geometric discontinuities, and to investigate the influence of stiffness
variability and cutout geometry on the dynamic response. For the configurations examined, the results show
that stiffness tailoring through spatially varying fibre orientations enables mode-dependent tailoring of the
natural frequencies of cylindrical panels with cutouts. Overall, the proposed framework provides an accurate
and versatile tool for the vibration analysis of composite cylindrical panels with variable stiffness and complex
cutout geometries, and establishes a sound basis for future developments in the design, optimization, and
performance tailoring of advanced lightweight structures.

1. Introduction

Composite laminated cylindrical shells and panels are extensively
employed in aerospace, marine, automotive, and energy engineering
because of their outstanding stiffness-to-weight and strength-to-weight
ratios. Typical applications include aircraft fuselage sections, launch
vehicle fairings, satellite structures, pressure vessels, and wind tur-
bine components, where lightweight design and high structural effi-
ciency are primary requirements. Since these structures are frequently
subjected to dynamic loading during service, accurate prediction of
their vibration characteristics is essential to prevent resonance, en-
sure structural integrity, improve fatigue resistance, and guarantee
reliable long-term performance. Recent advances in automated fibre
placement (AFP) and related manufacturing technologies have en-
abled the fabrication of variable-stiffness (VS) composite laminates,
in which the fibre orientation varies continuously along curvilinear
paths [1,2]. Compared with conventional straight-fibre laminates, VS
configurations offer substantially greater design flexibility by enabling
stiffness tailoring to enhance buckling resistance, redistribute stresses,
and tailor the dynamic response [3]. These capabilities are particularly
attractive for cylindrical shell structures containing cutouts, which are
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commonly introduced in practical applications to accommodate inspec-
tion and maintenance access, windows, doors, weight reduction, or the
integration of onboard systems. Although functionally necessary, such
geometric discontinuities introduce local stiffness reductions, stress
concentrations, and modal distortions that may significantly affect the
vibration behaviour of the structure. The resulting local stiffness degra-
dation can, however, be partially compensated through appropriate
fibre steering [4,5]. From an engineering perspective, this capability
reduces the need for additional local reinforcements while preserving
lightweight structural designs and expanding the design space avail-
able to engineers compared with conventional constant-stiffness lami-
nates. Consequently, accurate, versatile and effective vibration analysis
tools are essential to support the design of advanced variable-stiffness
composite cylindrical panels with complex cutout geometries.

The increased design freedom of variable-stiffness laminates, how-
ever, also introduces significant modelling challenges. In panels with
cutouts, the simultaneous presence of curvature, material anisotropy,
spatially varying stiffness, and irregular boundaries complicates both
the construction of the structural model and the numerical evaluation
of the governing operators. Finite element methods are commonly
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used for such problems, but they may require substantial preprocessing
effort, particularly when curvilinear fibre paths, multiple material re-
gions, or complex cutout geometries must be represented with sufficient
accuracy. For this reason, semi-analytical and mesh-independent ap-
proaches have attracted considerable attention. Global approximation
methods, many of which rely on Ritz formulations [6], are particu-
larly attractive because of their accuracy, convergence properties, and
effectiveness in structural modelling.

Early semi-analytical studies on laminated cylindrical panels and
shells clarified the effects of boundary conditions, fibre orientation,
and lamination schemes on natural frequencies and mode shapes [7—
11]. Subsequent developments incorporated shear deformation effects
and more general shell kinematics, improving accuracy for moder-
ately thick composite panels [12-16]. Alternative approximation strate-
gies, including mesh-free kp-Ritz methods [17], Chebyshev-based for-
mulations [18], Jacobi polynomial expansions [19], and R-function-
based approaches [20], have further extended the applicability of
semi-analytical methods to increasingly general boundary conditions
and geometries. Recent developments have extended semi-analytical
vibration analysis to coupled and multi-component structures, includ-
ing shell-plate assemblies and combined shell geometries [21-23]. Ritz
formulations have also been applied to advanced material systems, in-
cluding functionally graded and variable-stiffness structures. For func-
tionally graded shells, several contributions have combined Ritz ap-
proximations with classical or shear-deformable shell theories [24-
26]. For variable-stiffness shells, recent formulations based on or-
thogonal polynomials, Bézier surface descriptions, and multi-domain
strategies have demonstrated the potential of Ritz-type approaches for
free vibration and transient dynamic analyses [27-29].

The treatment of cutouts within Ritz formulations has been inves-
tigated more extensively for plate structures. Multi-region and plate-
assembly approaches have been proposed to represent rectangular
or arbitrarily shaped cutouts (e.g., [30,31]), while alternative single-
domain descriptions have been developed using discrete Ritz meth-
ods [32], R-functions [33,34], energy subtraction techniques [35,36],
and implicit geometric representations coupled with high-order quadra-
ture [37]. Some of these methods have been extended to variable-
stiffness plates, confirming their effectiveness for complex anisotropic
configurations [33,37,38]. Related studies have also proposed trimmed
isogeometric formulations for layerwise composite plates with arbi-
trary cutouts and straight or curvilinear fibres [39], application of the
Galerkin and Ritz methods to advanced composite structures such as
rotating blades [40] and smart panels [41], while optimization-oriented
works have emphasized the role of fibre continuity and manufacturing-
related constraints in variable-stiffness laminates with regular and ir-
regular holes [42]. More recently, studies on dynamic modelling, iden-
tification, and active vibration control of advanced composite struc-
tures have further demonstrated the continuing interest in computa-
tional methods for structural dynamics [43-45].

By contrast, the extension of such strategies to curved panel struc-
tures remains less developed. The presence of curvature increases the
complexity of the kinematic relations, admissible functions, and numer-
ical integration over irregular domains. Available Ritz-based studies for
cylindrical panels with cutouts are therefore comparatively limited and
have mainly relied on energy-subtraction approaches [46-48] or, more
recently, on implicit geometric descriptions combined with high-order
quadrature schemes [49].

Despite the significant progress achieved in recent years, exist-
ing approaches generally address only a subset of the modelling ca-
pabilities required for the vibration analysis of practical composite
cylindrical panels. In particular, the combined treatment of arbitrary
multiple cutout geometries, variable-stiffness laminates, non-uniform
thickness distributions, and multi-region configurations within a uni-
fied single-domain framework has not yet been reported. Consequently,
the development of a computational framework capable of simulta-
neously accommodating these features remains an important research
challenge.
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To address this gap, building on ingredients developed in ear-
lier studies [37,49], the present work proposes a unified computa-
tional framework for the free vibration analysis of composite cylin-
drical panels with variable stiffness and complex cutout geometries.
The approach integrates: (i) geometry-independent global approxima-
tion functions based on Legendre polynomials and boundary func-
tions; (ii) implicit level-set representations of arbitrary and multiple
cutouts; (iii) high-order quadrature for accurate integration over ge-
ometrically complex domains; and (iv) a laminate description capable
of accommodating curvilinear fibre paths, non-uniform thickness dis-
tributions, and multi-region configurations. To the authors’ knowledge,
a unified single-domain framework that simultaneously accommodates
variable-stiffness laminates, complex cutout geometries, non-uniform
thickness distributions, and multi-region configurations in cylindrical
panels has not been previously reported. The resulting framework
retains a geometry-independent discretization while enabling the anal-
ysis of cylindrical panels exhibiting complex stiffness distributions and
geometric discontinuities. Its accuracy is demonstrated through com-
parisons with high-fidelity finite element solutions, and representative
applications highlight its effectiveness for analysing and tailoring the
vibration response of advanced composite structures.

The paper is organized as follows. Section 2 presents the theoreti-
cal formulation, including the geometry description, shell kinematics,
constitutive modelling and the derivation of the governing equations.
Section 3 presents the discretization strategy and the numerical integra-
tion procedure for implicitly defined cutout domains. Section 4 presents
the validation studies and representative applications of the proposed
framework. Finally, Section 5 summarizes the main conclusions and
outlines possible future developments.

2. Formulation

Let us consider a circular cylindrical panel having an internal radius
R, an opening angle 2¢ = a/R, and an axial length 2L. The panel
contains one or more cutouts of arbitrary shape and position. It is
constrained along its external edges, whereas the cutout boundaries
are free. For modelling purposes, the panel may be partitioned into
cylindrical sub-regions bounded by selected circular sections and gen-
erators; each sub-region is considered as a variable-stiffness laminate
with a general layup. It is worth noting that the concept of single-
domain adopted in the present work refers to the use of a single global
approximation of the displacement field over the entire panel domain.
The partitioning of the panel into sub-regions is introduced solely
to describe spatial variations in laminate properties, thickness distri-
butions, fibre-path descriptions, or reinforcing regions. Accordingly,
the proposed formulation does not rely on independent displacement
approximations or interface continuity constraints between adjacent re-
gions, as required in conventional domain-decomposition approaches.
A schematic of the geometry is shown in Fig. 1(a).

The proposed formulation is developed within the framework of
a geometrically linear first-order shear deformation shell theory and
assumes linear elastic constitutive behaviour. Accordingly, material and
geometric nonlinearities, manufacturing-induced defects, progressive
damage, and rate-dependent material behaviour are beyond the scope
of the present model.

2.1. Geometry description

Within the framework of shell structural theories, the geometry of
the panel is described by its mid-surface, which, in the absence of
cutouts, occupies the domain . The domain ( is defined in a Cartesian
coordinate system whose origin is located at the centre of the panel
planform. The x; and x, axes lie on the panel planform and are aligned
with the projections of the cylinder circular sections and generators,
respectively, while the x; axis is oriented normal to the planform (see
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(a) Panel configuration

IR
— ‘ Y Q.

(b) Mid-surface domains and cutouts definition.

[ Je(z,m) <0
T p(zy,12) >0

o
T

(c¢) Panel sub-region definition.

Fig. 1. Cylindrical panel geometrical description.

Fig. 1(b)). The planform domain is denoted by 2, =[-Rsina, Rsina] X
[-L, L] {0}.

Any through-the-thickness cutouts are generated by intersecting the
pristine panel mid-surface 2 with cylinders of suitable cross-section
whose axis is aligned with the x; direction, as illustrated in Fig. 1(b).
The cutout geometry is implicitly described by means of a level set func-
tion ¢ [50], which is expressed in terms of the Cartesian coordinates x,
and x,, such that ¢ = @(x;,x,). Accordingly, the mid-surface domain
of the cut panel, denoted by £, is identified as the subset of ©2 where
the level set function assumes negative values (see Fig. 1(b)):

@(x1,x;) < 0}. (€8]

Analogously, referring to Fig. 1(c), let us denote by QC“) (r=1,...,N,)
the mid-surface part representative of the rth sub-region of the panel. It

: — [ {r)y _(r)
corresponds to the planform subdomain £, = [x UheX) U] x [x2 X0
(r)

()
i p and x’.'U are the lower and upper bounds of the x;

Q. ={(x1,x5,x3) € Q :

x {0} where x

coordinate defining the considered sub-region. For £, the following
implicit representation holds

Q. = {(x),%,x;) €Q : xir; <x < X < X, < x;r[)], @(x;,x,) <0}.

1w %28
2

It is worth emphasizing that, in the absence of cutouts, the domain
Q. coincides with @ and if the panel has a single sub-region Qé” it
coincides with Q..

To describe the mechanical behaviour of the panel, a curvilinear
orthogonal coordinate system (&, &,,¢) is introduced. The coordinates
¢ and &, parameterize the panel mid-surface 2 along the circum-
ferential direction and the cylinder generators, respectively, whereas
¢ denotes the thickness coordinate measured along the normal to
the mid-surface. Finally, introducing the natural coordinates ¢ and 5
spanning the reference domain Q = [-1, 1]x[-1, 1], which parameterize
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the panel mid-surface Q, the coordinates of a point on the uncut panel
mid-surface 2 are expressed as

x| R sin( %) Rsin(aé)
Xy = & = Ly : €)

X3 R [cos(%‘) — COs a]

It is worth noting that Eq. (3) allows the level-set function ¢ to be ex-
pressed in terms of the curvilinear coordinates &, and &, or the natural
coordinates ¢ and 5. Examples of cutout shapes and the associated level
set functions are given in Appendix A.

R [cos(aé) — cos a]

2.2. Panel kinematics

For thin to moderately thick panels, the first-order shear deforma-
tion theory (FSDT) provides an accurate and computationally efficient
framework for a broad class of engineering applications [51-54], in-
cluding the class of problems addressed in the present work. For very
thick laminates or higher-frequency vibration modes, however, higher-
order shell theories may provide improved accuracy at the expense
of increased computational complexity. The displacement field at a
generic point P = (x|, Xy, X3) = (§],&,, ) is expressed as

d=u+ ({+&) L9, @

where d = {dz d;, dg}T collects the displacement components
along the &, &, and ¢ directions whereas ¢, sets an offset for the thick-
ness position of the modelling reference surface [52]. In Eq. (4), the
generalized displacement vectors are defined as u = {ugl g, “g}T
and 9= {9; 9 }T, where u; , u;,, and u, are the mid-surface transla-
tions along &, &,, and ¢, respectively, while 9 ¢ and 9 ;, are the rotations
of a transverse normal about the &, and &, axes, respectively [52]. The
matrix L is defined as
I [ 10 0] g
0O 1 O
The strain components ¢;; follow from thelinear strain-displacement
relations [52]. They are conveniently arranged into the in-plane and
transverse shear strain vectors as

)

€1

e,=qenr=Ze+ ({+&) Zx, (6a)
€12

e, = {931} :fy, (6b)
€32

where the generalized strain vectors are defined as

e=D ,u (7a)

k=% 49, (7b)

r=9+9 ,u, (70)

and the thickness-dependent operators read

1

(1+¢/R) 0 0
=] 0 1 0 of, (8a)
1
0 (1+¢/R)

1
F - [<1+4:/R> (8b)

0 1

[«
[
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Finally, the differential operators appearing in Eq. (7) are defined as

o% o %
o 2 o
gpu: agz > (9a)
o < o
¢
a
55z 0 0
r o
2 0
9&,
0 9
0
D=, | (9b)
08,
i}
<2 0
L 0&,
[ 1 d
L9 <X
R /3
D,, = R P (90
I

2.3. Generalized stress

The stress measures that are energetically conjugate to the gener-
alized strain components in the FSDT shell theory, namely the gen-
eralized stresses, are the membrane force resultants per unit length
N, the bending and twisting moment resultants per unit length M,
and the transverse shear force resultants per unit length T. The gen-
eralized stresses are obtained by integrating the stress vectors ¢, =
{611 ©0m op}T and 6, = {631 03,7 through the thickness coor-
dinate.

At the generic point identified by the curvilinear coordinates £, and
&, the generalized stress resultants corresponding to the generalized
strain measures of Eq. (7) assume the following form [52,55]:

N(&. &) =/'33T6,, <1+ %) de, (10a)
h
M(¢, &) =/h$Tap (¢+¢) <1 + %) de, (10b)
T(¢, &) = stfTan (1 + %) de, (100)
h

where /1 denotes the local panel thickness, which may vary spatially
over the panel. In Eq. (10¢), Kg = Kg(&,,&,) is a 2 x 2 local transverse-
shear correction operator [51,52]. It modifies the shear stiffness ob-
tained by direct through-thickness integration of the FSDT constitutive
relations, so as to enforce energy equivalence with a reconstructed
through-thickness shear-stress field. In the proposed approach, the
correction operator is evaluated from the local laminate configura-
tion through the Whitney-Pagano energy-equivalence procedure [56,
571, following the formulation reported for laminated composite shell
sections in the Abaqus documentation [58].

2.4. Stiffness and inertia properties

Any region 2, of the panel is assumed to behave as a laminate
composed of N, ¢} variable-stiffness layers. Spatial variability may arise
from variations in the ply thickness, material heterogeneity within the
layer, or the presence of curvilinear fibre paths in fibre-reinforced
plies. Constant-stiffness laminates, either isotropic or anisotropic, are
recovered as special cases of this general formulation. The layup of
each region is therefore described by associating with each ply of the
stacking sequence a set of spatially dependent fields defining the local
material properties, thickness distribution, and material orientation.
Denoting by the superscript «"¥) quantities associated with the kth
ply of the rth region layup, the ply behaviour is characterized by the
following fields:

- EUR(&,, &), the vector of ply material properties expressed in the
orthotropic material reference system, namely the Young’s moduli
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E(lr * and E;’ ) the Poisson’s ratio v\":©, the shear moduli G- G(’ )

12 12
and G(zgk), and the material density p"%);

— 10 (g,, &), defining the thickness distribution of the ply;

— 9-h(g,, &), the material orientation angle measured between the
principal orthotropic axis and the ¢, direction. For fibre-reinforced
layers, this quantity coincides with the local fibre orientation associ-
ated with the deposition path.

Accordingly, the stacking sequence of the rth subregion is described by
the list of spatial fields [.../ { E"P(&, &), (0, &), 000, &)} /..
which define the laminate architecture. The constitutive equations of
each ply are determined by accounting for the local material composi-
tion and orientation. Under the plane stress assumption (633 = 0), they
take the form [52]

0.p(r,k) _ Qp(r,k) 0 e, . an
,P 0 0, | e,

The coefficients of the ply stiffness matrices Q,*) and Q,"*) are given
by

p“ "R(E, &) = 0Pt +2[0,7 +20570] s7¢? + 0, st (12a)

Qe (51’ 52) =0,ct + [Qll(r,k) + 0,0 — 4Q33(r,k)] s2c2 + 0,005, (12b)

0,0, &) = 01,5t +2 [0, +20,9] £ + 0t 120)
Qma_(r'k) (fl 5%) = }{[Qll(rf) - lez(;’k) - 2Q33(r'k)] se? 12d)
+ (01" = 05,7 + 20559 s,
(r.k) , - Q (r.k) _Q (r.k) —2Q ro)] 3
) (r(f)1 6%) (rk[) ! 0 (rk)]2 3 . ]S ‘ (12e)
+[Q12 =0y +2033™" ]SC’
0,3, " (&1, &) = [01 P + 0P =20, =205, 52¢?
- (12f)
+ 05,0 [34 + 04] ,
an(r’k)(fn &)= 0,0 + 055052, (12g)
0,1, (&1, &) = [0557 = 04y "] es, (12h)
0,0, " (81, &) = 04y "Ps* + 055"P 2, (12i)
where ¢ =cos0(£], &), s =sind(&, &) and
- EVP (g, ¢
Qll(r’k)(fl, 52) (,k) ( ! 2) (13a)
(&, &) %P6 &)
= E"R (g, &
0,0 (513 52) = (r 5 ( L 2) R (13b)
1-V59(8, &) v (6 &)
(r k) (r, k)
- & &) EyV(EL €
0,,"(&, &) = (r(k)l 2) ( ) ) (13c)
1=V59(8, &) viP(6s &)
R, &) = Glz(r’k)(é?ls &), (13d)
04, 0(8, &) =GP (), &), (13e)
05570 (&), &) =GP (), &), (13f)

(& &) = EYV (6 &)V (& &) EVO (&, &) the re-

ciprocal Poisson’s ratio. Substituting the ply constitutive relations,
Eq. (11), into the generalized stress definitions, Eq. (10), yields the
laminate constitutive law for the rth panel subregion

being v

N A B 0 €
M}=|B" D 0 K¢, as
T 0 0 A ||y
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where A = A", B = A0, D) = A,¢) and A¢) denote the
laminate membrane, coupling, bending and transverse shear stiffness
matrices, respectively, defined as

N on,
A=) [ 270, Z ((+&)" (1 +3 ) d¢,  m=0,1,2, (15a)
k=1 My

N
A5 (& &) =K (1.8 2/ 0, ME (1+¢/R) A 15m)
:KS(éls’fz)AS’O('flﬁgﬂ-

Here h;_, and h; are the {-coordinates of the bottom and top surfaces
of the kth ply. Since the ply thickness is described by the spatial
field (0 = ("0 (¢g, &), h_, and hy are also functions of (£],&)).
In Eq. (15b), A<"> denotes the transverse-shear stiffness obtained by
direct through- thlckness integration of the FSDT constitutive relations,
whereas A<S> is the corresponding energy-equivalent corrected stiffness

YA
and, accordingly, Ks = A (A s 0)
Finally, introducing the thickness moments of the density field
N oh, ¢
5,78 &) = Z/ PG ) [+6]” [”E] d,  m=0.12 (16)
k=1 hy

the inertia matrices of the rth panel subregion can be written as

qu(r) = I()<r> 13><37 (17&)
Ly® =1, =1L, (17b)
I, " =0n"LTL 17¢)

where I3, is the 3 x 3 identity matrix.
2.5. Governing equations

Assuming that the kinematical boundary conditions are satisfied,
the governing equations of the panel follow from the stationarity
condition of the energy functional with respect to the primary variables
of the problem, namely the generalized displacements [59]. For the
free vibration problem, the energy functional consists of the strain and
kinetic energy contributions and can be written as

= % /Q (TN +x"M +y"T) d@
: ! 18)

- o? /Q 3 (W' Lu+u" 1,08+ 9" Igu+9"159) dQ
where w denotes the circular frequency. Recalling that Q, = Ui\;’l Q.
and introducing the laminate constitutive relations given in Eq. (14),
the functional IT can be rewritten as

Ny
m=Y1 / (ETA“)e +e Bk +x"Be + k"D + yTAS“)y) fi¥e}
=2 /a0
N,

e / ;(TI SOu a0+ 971, Out 97 1,,09) do
(r)

19

Upon substitution of Eq. (7), the functional becomes explicitly depen-
dent on the generalized displacements and enforcing its stationarity
yields the governing equilibrium equations of the panel.

3. Discretization procedure

The governing equations are discretized using global approximation
functions defined over the entire panel domain. A variational procedure
is employed to determine the discrete equations. From this perspective,
the approach is classified within the class of mesh-free methods, which
typically reduce model preparation costs by eliminating the need for
mesh generation and associated data preprocessing.
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Table 1
Correspondence between parametric domain edges and expo-
nents in the boundary function.

Edge Edge function Exponent
E=-1 1+4 @
=1 1-9 a
n=-1 I+ a3
n=1 1 —=m a,

3.1. Trial functions

Different families of trial functions have been employed in the lit-
erature [60] and Legendre orthogonal polynomials have proved partic-
ularly effective as expansion bases [33,34,37,59]. Thus, the employed
trial functions are constructed as the tensor product of one-dimensional
Legendre polynomials defined over the natural coordinates & and 7 [37,
61]; according to the pb-2 Ritz scheme [62,63], they are modified
by embedding a boundary function so that the essential boundary
conditions are automatically satisfied.

Let us denote by ¢,,(c) = {¢0(g) ) ¢m71(g)} the row
vector collecting the Legendre polynomials ¢; from order i = 0 up to
i = m— 1, defined over the interval ¢ = [—1, 1]. For the generalized dis-
placement component y € {”51 JUg) g, 1951 ,1952 } the Ritz approximation
is written as

1=¥,C,=[,En¥,C, (20)

where

- 'IA’X is the M, N, row vector defined as YA’X =¢y O qSNX (n) with
the symbol ® denoting the Kronecker matrix proéuct;

- C, is the M, N, column vector containing the Ritz expansion un-
known coefficients;

-1y is a boundary function, introduced to enforce the essential (kine-
matic) boundary conditions along the external edges, thereby en-
suring kinematic admissibility of the trial functions. Accordingly,
Y, =1, 4 , denotes the kinematically admissible basis used in
Eq. (20).

The boundary function f, is defined as

FEm=0+HA =20 +mS1 —m™, 21

where each factor corresponds to one edge of the parametric domain, as
summarized in Table 1. The exponents g; € {0, 1} are independently as-
signed according to the essential boundary conditions prescribed for the
corresponding generalized displacement along each edge. Specifically,
a; = 1 enforces the satisfaction of homogeneous essential boundary
conditions (i.e., vanishing displacement), whereas a; = 0 leaves the
field variable unconstrained on that boundary segment.

According to the expansion formula of Eq. (20), a compact matrix
form can be introduced for the generalized displacement approxima-
tions which are given by

W 0 0]fc,
u=[ 0 ¥, 0[C, =00, (22a)
K 0 v, ||C,
9, 0 ||Cs,
9= ™ oo, 0 (22b)
0 anfz C|952
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Upon substituting Egs. (22) into Eq. (7), the discretized form of the
generalized strain follows as

1
T“il <1 0 E'P“g c
ug
0 0 1
e=D,®,U = = C. ¢=B,U, (23a)
0 Y, 0 2
(93 Cuc
s 0 0
qlﬂ‘);] 751 0
0 ¥, o |1Cy
k=D ,,0 = @2 “l_p.e, (23b)
p9* I W C pY
9,41 9z,
¥y, s 0
y=9,0 +D ,dU
_ ¥y, 0 [|Cy,
0 W.vgz 9,
(23¢)
L Cu
TR ug.€y Cufz
0 0 ¥, c
=®,0 +B,,U.

3.2. Discrete governing equations

The displacement and strain fields expansions, Egs. (22) and (23),
are substituted into the energy functional I7, yielding a discrete
quadratic functional in terms of the expansion coefficients. Introducing
the vector of generalized unknowns X = {UT @T}T, the functional
can be recast in the form

nx)= %XTKX - %wZXTMX, 24)
where K and M denote the global stiffness and mass matrices, respec-
tively. These are defined as

M =

r (r) <r>
D1 D D1 D
/ u tuu u utud 9 d , (25 )

2, @518u<r>¢u (p};[lw(r)(ps

r=1

T (- T r
BpuB( >Bp!9 + BnuAS( )‘p&

T r T ¥
X / B A"B,, + Bl AB,, o

=120 | B BB, + @ ASB,,  B,D"B,+® A"®,

nu

(25b)

Enforcing stationarity of IT with respect to X leads to the general-
ized eigenvalue problem

(K-o’M)X =0. (26)

The solution of Eq. (26) yields the natural circular frequencies of the
panel and the associated Ritz coefficients, from which the correspond-
ing vibration mode shapes are reconstructed via Eq. (22).

3.3. Structural operators computation

As established in Egs. (25a) and (25b), the evaluation of the mass
and stiffness matrices involves the integration of complex functions
over geometrically complex domains, which requires accurate and
efficient numerical quadrature rules. Here, the high-order quadrature
algorithm proposed by Saye [64] for integrating functions over domains
implicitly defined by level set functions is employed.

Within the geometrical framework introduced in Section 2.1, the
region mid-surface 2, is mapped onto a subset Q. of the region
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Fig. 2. Region mapping of a cylindrical panel with a cutout.

support Q) = [.§<L’>, .fé?] X [n<L'>, ni?] in the natural coordinate space
(see Fig. 2).

This mapping allows integrals over 2,¢") to be transferred to Q"
as

/ fE&m d~(2=/~ fE& m & n) dédn, 27
Q. oRY

where J(&,7) is the Jacobian determinant associated with the transfor-
mation defined by Egs. (3). The domain 2,.{? can be implicitly defined
as

2 ={emea" : pen<of, (28)

where the auxiliary level-set function @ is introduced by expressing the
level-set function ¢(x;, x,) in terms of natural coordinates

&.m = o(x (.1, X (&, m). (29

This representation enables the use of Saye’s high-order quadrature
schemes for implicitly defined domains, so that the integrals are eval-
uated as

Ng
éHﬂmw@MMM~Zﬂ&ﬁN@WW& (30)
.\ g=1

where (£8,7%) and w® are the quadrature points and weights, respec-
tively, and N, is their total number.

The algorithm that determines the points and weights of the quadra-
ture rule is briefly described in the following for the sake of complete-
ness; for further details, the reader is referred to [64]. The support
domain Q%) is recursively partitioned into subdomains O, such that,
within each subdomain, @ is either strictly negative, strictly positive,
or sign-changing while remaining monotone along either the &- or -
direction. If none of these conditions is satisfied, the domain is bisected
along the coordinate direction corresponding to the smaller magnitude
of the gradient of @. The procedure is applied recursively until all
subdomains satisfy one of the above criteria. Quadrature rules are
constructed independently on each subdomain Q,. If O, lies entirely
within ﬁc, standard tensor-product Gauss quadrature is employed.
Conversely, if O, lies entirely outside &,, it does not contribute to
the integral. In the case where Q, is intersected by the zero level set
of @, a specialized procedure is adopted. Owing to the enforced sign
consistency of the gradient, ¢ admits at most one zero along either
the &- or p-direction for fixed values of the other coordinate. Without
loss of generality, and with reference to the example scheme shown
in Fig. 3, assume that the level set function remains monotone along
the &-direction and zeros occur along the x-direction. The integral of a
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function f over O, = [£;,&y]1 X [n, ny] can then be expressed as

n+1

n

/ f(&n) dédy = [ fEn df] dn, (€20)]
o I:(n)

where the intervals I ;, = [#;,_;,n;] are constructed from the ordered set
{ny, ..., M,y1 ) comprising n;, ny, and the zeros of @(&;,n) and @(&y, 7).

For each fixed 7, the integration interval (7)) depends on the sign of
@. Denoting by & the possible zero of (&, 7), it follows that

[e 8] i3 (555.0) <o,

1M =1 _ . (32)
Ee] i (%) >0

whereas if no zero is found
&) i (25%.7) <o,

1:(n) = (33)

ﬁa(ﬁf”ﬁ)>a
One-dimensional Gauss quadrature is applied over each interval I,; and,
for every corresponding integration point, over the associated interval
I:(n), yielding the two-dimensional quadrature points and weights.
More specifically, for cut subdomains the two-dimensional quadrature
rule is obtained as a nested product of one-dimensional Gauss rules. The
resulting weights are computed as the product of the outer and inner
one-dimensional Gauss weights, including the corresponding interval-
scaling factors, while the geometric Jacobian J (&, ) is evaluated at each
quadrature point and included in the integrand as in Eq. (30). The
procedure can be applied analogously by exchanging the roles of ¢ and
n.

Finally, the global two-dimensional quadrature rule is obtained by
collecting the contributions from all subdomains Q.

The accuracy and computational cost of the adopted quadrature
strategy are influenced by the local regularity of the zero level-set
boundary. For smooth cutout boundaries, the procedure inherits the
high-order accuracy of the underlying one-dimensional quadrature
rules. More complex topologies, including multiple cutouts, boolean
combinations of implicit functions, and intersecting boundaries, can
also be treated within the level-set framework [64,65]. However,
sharp corners, cusps, nearly touching cutouts, or junctions generated
by intersecting cutouts may locally reduce the convergence rate and
require increased quadrature order or additional recursive subdivision.
Therefore, for such configurations, quadrature settings should be ver-
ified by monitoring the convergence of geometric quantities, such as
the cut-domain area and low-order moments, and selected entries of
the assembled stiffness and mass matrices. A quantitative verification of
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Fig. 3. Example of numerical integration over a subdomain Q, intersected by the zero level set of ¢, illustrating the construction of the intervals I ’] and I,(n)

together with the corresponding one- and two-dimensional quadrature points.

the quadrature order adopted in the present analyses is reported in Sec-
tion 4.1. It should be noted that the evaluation of the integral requires,
at each quadrature point, the computation of the trial functions and
their derivatives, as well as the laminate stiffness and inertia matrices.
When the laminate fields are available in analytical form, the stiffness
evaluation is straightforward. Otherwise, if the ply characteristics —
namely material properties, thickness, and fibre orientation — are
specified in discrete form, an appropriate interpolation procedure is
required.

4. Results

The proposed formulation was implemented in an in-house code.
Its numerical accuracy and convergence behaviour were first assessed
through benchmark problems involving constant-stiffness and variable-
stiffness cylindrical panels, with and without cutouts. Unless otherwise
stated, the approximation introduced in Eq. (22) was constructed using
the same number of Legendre-based trial functions for all primary
variables, namely M, = N, = N. For integrations over level-set-
defined cut domains, the order ¢ of the one-dimensional Gauss rules
employed in Saye’s algorithm was initially set to ¢ = N + 1, based on
the polynomial exactness of Gauss quadrature and the degree of the
Legendre-based products entering the structural operators. Its adequacy
was subsequently checked at fixed approximation order by monitor-
ing the domain area, selected stiffness and mass matrix entries, and
representative natural frequencies, and ¢ was increased whenever the
monitored quantities had not yet reached convergence. In all the nu-
merical applications, the energy-equivalent corrected transverse-shear
constitutive matrix A Sr was evaluated locally at each integration point
by implementing the Whitney-Pagano procedure exactly as described

n

for laminated composite shell sections in the Asagus® documenta-
tion [58]. Specifically, the reconstructed through-thickness shear-stress
field was used to determine the energy-equivalent shear-flexibility
matrix F<S’), from which Ag) = F<Sr>_1 and K¢ = Ag)Ag)o_l.

Following the convergence and validation assessment, the frame-
work was applied to representative case studies demonstrating its mod-
elling versatility and analysis capabilities. Unless otherwise stated, the
finite element reference solutions generated in this work and used for
validation were obtained with Abaqus® using four-node S4R reduced-
integration shell elements. The finite element models were built on
the panel mid-surface, with the same geometry, material properties,
laminate stacking sequences, offsets, and boundary conditions as the
corresponding analyses performed with the present framework. For
variable-stiffness laminates, the curvilinear fibre paths were approxi-
mated by assigning constant element-wise material orientations eval-
uated at the element centroid from the prescribed orientation field.
When spatially varying thickness distributions were considered, the
thickness field was assigned element-wise from the same interpolated
data used in the present formulation. Finite element mesh convergence
was assessed through successive refinement, and the adopted discretiza-
tion was selected when the maximum relative variation over the set
of considered natural frequencies between successive meshes was of
the order of 0.1%; at each refinement level, the prescribed continuous
fibre-angle field was resampled at the element centroids.

4.1. Convergence and validation

The first benchmark problem concerns the free vibration response of
fully clamped isotropic aluminium panels, for which reference solutions
obtained by the generalized differential quadrature method [66] and
the finite-strip method [67] are available in the literature. Square
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Convergence behaviour of the first four natural frequencies f [Hz] for flat and cylindrical (R = 2 m) fully clamped isotropic panels with and without a central

square cutout.

Mode Without cutout (¢ = 0) With central cutout (¢ = 0.25)
#1 #2 #3 #4 #1 #2 #3 #4
N =38 69.72 142.21 142.21 209.67 127.30 165.13 165.13 221.40
N=16 69.72 142.17 142.17 209.59 126.85 151.08 151.08 208.98
N =24 69.72 142.17 142.17 209.59 126.75 149.33 149.33 205.79
R=oco N=32 69.72 142.17 142.17 209.59 126.70 148.70 148.71 204.94
Ref. [66] 69.72 142.17 142.17 209.59 127.02 148.19 148.30 199.09
Ref. [67] 70.28 144.27 144.67 214.82 128.21 151.01 152.37 209.99
FEM* 69.77 142.52 142.57 210.05 126.66 147.77 147.77 198.86
N=38 215.05 244.69 328.25 336.38 223.77 238.57 321.15 348.07
N =16 214.83 244.17 327.85 335.99 189.39 194.96 297.59 319.03
N=24 214.83 244.17 327.85 335.99 183.82 187.96 294.66 309.39
R=2m N =32 214.83 244.17 327.85 335.99 183.74 187.64 294.66 309.08
Ref. [66] 215.11 245.06 328.12 336.52 183.77 186.64 294.96 310.12
Ref. [67] 219.04 250.71 330.62 339.79 198.95 203.37 305.13 329.26
FEM* 215.04 245.02 328.06 336.48 183.62 186.36 294.52 308.79

From Ref. [66].

planform panels with side length ¢ = 0.5 m and thickness 7 = 2 mm
are analysed for two curvature conditions, namely a flat plate with
R = oo and a cylindrical panel with radius R = 2 m. Both the intact
configuration and the configuration with a centrally located square
cutout of side length ¢ = 0.25 m are considered. The aluminium material
is characterized by Young’s modulus £ = 68.796 GPa, Poisson’s ratio
v = 0.3, and mass density p = 2720 kg/m?>.

Convergence with respect to the polynomial approximation order
was assessed by comparing two successively enriched bases. Let wE.N )
denote the jth natural frequency computed using N Legendre polyno-
mial terms in each parametric direction. The convergence indicator was
defined as
w;N+AN) _ w;N)

Ew(N) =  max W, (34)
, o

where n,, is the number of monitored vibration modes and AN is
the basis-enrichment increment, namely the increase in the number
of Legendre polynomial terms in each parametric direction between
two successive approximation levels. In the present analyses, AN =
8. The approximation associated with N was considered converged
when ¢,(N) < 5x 1073, corresponding to a maximum relative change
of 0.5% after the subsequent basis enrichment. Mode correspondence
between successive approximations was checked by comparing the
associated mode shapes, particularly in the presence of closely spaced
or repeated frequencies. Convergence results for increasing numbers of
employed trial functions are reported in Table 2 monitoring the first
four natural frequencies. For validation, the table also includes the
available reference solutions and finite element predictions.

Table 2 confirms the convergence of the proposed framework for
representative benchmark configurations. The intact panels exhibit
rapid convergence as the polynomial basis is enriched, whereas config-
urations with cutouts require a larger basis because of the geometrical
discontinuities introduced by the openings. According to the criterion
defined in Eq. (34), N = 24 is sufficient for all the configurations con-
sidered in the table. The converged results show good agreement with
the available reference and FEM solutions, supporting the accuracy of
the adopted discretization strategy.

The stable convergence of the natural frequencies and associated
mode shapes during basis enrichment provided the primary indication
of numerical stability. At each approximation order, this assessment
was complemented by checks of the symmetry of the discrete stiffness
and mass matrices, the positive definiteness of the mass matrix, the
residuals of the computed eigenpairs, and the absence of negative or
spurious eigenvalues. No loss of numerical stability affecting the re-
ported low-frequency modes was observed up to the largest value of N
considered in the analyses. As an illustrative verification of the adopted

quadrature setting, the flat fully clamped panel with the central square
cutout was considered at the fixed Ritz approximation order N = 24,
while the one-dimensional quadrature order g was increased from 4 to
48. The solution obtained using ¢,.; = 48 was taken as the numerical
reference, and the absolute relative error was evaluated as

X@ — x(rer)

oo | XKML fa). (35)

ex(q) =

The quantities K* = K;x;» and M* = M« denote the diagonal
stiffness and mass entries associated with the generalized coefficient
of the highest-order transverse-displacement trial function. Owing to
the symmetry of the benchmark configuration, the second and third
frequencies are repeated, f, = f3, and are therefore represented by
a single convergence curve. The computed domain area was instead
compared with its exact value. It is worth noting that the reference
order g,.; = 48 data are not shown because the corresponding relative
errors vanish by definition.

As shown in Fig. 4, the exact domain area is recovered for all
the quadrature orders considered, whereas the selected matrix entries
and natural frequencies converge rapidly as ¢ is increased. At ¢ =
N + 1 = 25, the errors in K* and M* are of order 10710, while the
maximum error among the monitored frequencies is of order 10~7. This
behaviour is consistent with the polynomial structure of the Legendre-
based integrands and supports the use of ¢ = N + 1 as the initial
quadrature order, subject to a convergence check for more demanding
geometries or spatially varying fields.

A variable-stiffness laminated cylindrical panel with dimension
2L = a = 03 m and varying radius R is analysed under simply-
supported boundary conditions. The laminate is composed of variable
angle tow (VAT) plies [68], in which the fibre orientation varies
continuously along a prescribed baseline axis r defined on the panel
mid-surface. With reference to Fig. 5, the fibre angle distribution is
given by

0 = ¢+ 0,5+ 2% (11 ). (36)
rB—rA

where ¢ denotes the inclination of the baseline with respect to the x,-
axis while 0, and 6 are the fibre orientations at r = r, and r = rp,
respectively. The coordinate r is measured from the point O’, defined
as the orthogonal projection of the panel centre onto the baseline. The
notation 6, + (0, | 6p) is adopted to identify the ply fibre path, with
angles expressed in degrees.

The stacking sequences considered belong to the family [90+
(0165)/90—(0165)/90+(0165)/90 (01 85)] s = [90+(0]8p)],s
with the VAT ply baseline aligned with the panel generators and
parameters r, = 0 and rz = L. Each lamina has thickness 1 =
1.31 x 107 m and material properties E; = 163 GPa, E, = 10 GPa,
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Table 3
Normalized fundamental frequency, & for [90 + (0 | 6;)],¢ cylindrical panels with different radii.
a/R 0, =0 0, =30 05 = 60
FEM Present Y%error FEM Present %error FEM Present Y%error
0 2.027 2.021 -0.32% 2.268 2.249 —-0.83% 2.438 2.411 -1.12%
0.05 2.304 2.297 -0.31% 2.705 2.682 —0.86% 2.848 2.815 -1.16%
0.075 2.604 2.595 —0.35% 3.136 3.105 —0.98% 3.210 3.169 -1.29%
0.1 2.971 2.954 —0.55% 3.631 3.579 -1.43% 3.597 3.535 -1.72%
0.2 4.692 4.626 -1.42% 5.656 5.498 -2.79% 5.019 4.886 -2.66%
Table 4
Normalized fundamental frequency, @ for [90 +(0| 93>]2 s cylindrical panels with different radii and central circular cutouts of different diameters.
D/a a/R 0, =0 0, =30 6y =60
FEM Present Y%error FEM Present Y%error FEM Present Y%error
0 1.857 1.856 —-0.05% 2.118 2.103 -0.69% 2.322 2.297 -1.09%
0.05 2.191 2.190 -0.07% 2.634 2.615 —0.73% 2.790 2.762 -1.03%
0.2 0.075 2.539 2.535 -0.14% 3.122 3.095 -0.87% 3.204 3.167 -1.16%
0.1 2.948 2.940 -0.28% 3.655 3.615 -1.09% 3.627 3.577 -1.37%
0.2 4.811 4.748 -1.32% 5.807 5.650 —-2.70% 5.158 5.021 —2.66%
0 1.737 1.734 —-0.20% 2.182 2.158 -1.12% 2.539 2.501 -1.50%
0.05 2.195 2.191 -0.17% 2.795 2.767 -0.97% 2.895 2.855 -1.37%
0.4 0.075 2.634 2.628 —-0.23% 3.345 3.311 -1.01% 3.261 3.217 -1.35%
0.1 3.117 3.106 —-0.34% 3.915 3.870 -1.16% 3.679 3.626 -1.42%
0.2 4.986 4.939 —-0.95% 5.804 5.744 -1.05% 5.329 5.205 -2.32%
0 1.871 1.865 —-0.32% 2.821 2.772 -1.72% 3.452 3.380 -2.11%
0.05 2.495 2.485 —-0.40% 3.344 3.298 -1.37% 3.626 3.553 -2.03%
0.6 0.075 3.012 3.003 -0.31% 3.812 3.766 -1.20% 3.826 3.752 -1.94%
0.1 3.499 3.486 —0.38% 4.265 4.218 -1.11% 4.080 4.004 -1.87%
0.2 4.589 4.569 —-0.44% 5.335 5.289 —0.86% 5.313 5.211 -1.92%
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Fig. 4. Illustrative quadrature-convergence analysis for the flat fully clamped panel with a central square cutout at N = 24. Absolute relative errors in the domain
area, K*, M*, and the monitored natural frequencies are reported. The dashed line denotes the adopted integration order ¢ = N + 1 = 25.

Gy, = Gi3 = Gy3 = 5 GPa, v, = 0.3, and density p = 1480 kg/m>. The
total laminate thickness is 2 = 1.048 x 1073 m.

Free vibration analyses are first performed for the uncut configura-
tion. The results are compared with finite element reference solutions
generated according to the modelling strategy described above. The
corresponding finite element models comprise approximately 60,000
degrees of freedom. It is worth noting that such FE models entail a sig-
nificantly higher preprocessing effort, particularly for configurations in-
volving complex geometries. Table 3 reports the normalized fundamen-
tal frequency, @ = 3> LTZ
corresponding finite element results for panels with varying radius R.

EL, together with a comparison against the
2

The close agreement observed across all test cases, with discrep-
ancies consistently below 3%, supports the accuracy of the proposed
approach. Minor deviations are observed, becoming more pronounced
for smaller radii and increasing values of 6, corresponding to more
strongly curved fibre paths.

10

Further validation is presented in Table 4, which reports results for
the same panels incorporating a central circular cutout with
diameter ratios D/a = 0.2, 0.4, and 0.6. In this case, the analyses
indicate the need for a higher-order Ritz approximation to achieve
convergence. Specifically, the reported results are obtained using trial
functions constructed with 32 polynomial terms, which are sufficient
to ensure converged solutions. Also in this case, very good agreement
is observed with the FE reference solutions. The corresponding finite
element models comprise approximately 60,000 degrees of freedom,
and the observed trends and discrepancies are consistent with those
discussed for the uncut configuration.

The small discrepancies observed with respect to the finite ele-
ment results are consistent with the different numerical representations
adopted by the two approaches. In the proposed formulation, the
shell geometry, curvilinear fibre paths, and cutout boundaries are
described analytically, and the governing equations are solved within
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Table 5

First six normalized natural frequencies @ for fully clamped isotropic panels with five-pointed and eight-pointed star-shaped

cutouts: comparison between the present solution and FEM results.

Mode # R=o R=1.5
Present FEM Y%error Present FEM Y%error
Five-pointed star 1 1.838 1.836 0.14% 4.721 4.712 0.20%
2 3.225 3.172 1.68% 6.313 6.188 2.01%
~ 3 3.226 3.172 1.70% 6.606 6.516 1.38%
\ \ 4 4.966 4.961 0.10% 6.746 6.609 2.07%
7 5 5.952 5.916 0.61% 7.562 7.403 2.15%
6 7.402 7.263 1.92% 9.438 9.328 1.18%
Eight-pointed star 1 1.822 1.817 0.28% 4.309 4.300 0.23%
2 3.127 3.088 1.28% 5.552 5.500 0.93%
TJ\/"7 3 3.127 3.088 1.26% 5.908 5.845 1.08%
e 4 4.938 4.900 0.77% 5.982 5.886 1.64%
5 5.853 5.798 0.93% 6.722 6.648 1.12%
6 7.371 7.218 2.12% 8.316 8.254 0.74%

—
431

O

Fig. 5. Definition of variable angle tow (VAT) fibre paths parameters.

a global approximation framework. By contrast, the finite element
reference solution relies on a mesh-based discretization, in which the
cylindrical geometry is represented over a finite-element mesh and
the continuously varying fibre orientations are approximated through
element-wise constant fibre orientations. Residual cross-discretization
differences may become more pronounced for configurations involving
smaller radii, strongly curved fibre paths, and geometric discontinuities
introduced by cutouts, where the structural response is more sensitive
to local stiffness variations.

To further assess the applicability of the proposed level-set-based
quadrature strategy to non-convex cutout geometries, fully clamped
isotropic panels with dimensions 2L = a = 0.3 m and thickness
h = 1.048 x 1073 m are considered. Two curvature conditions are
analysed, namely a flat plate with R = co and a cylindrical panel with
R = 1.5 m. Each configuration contains a centrally located star-shaped
cutout, defined either by a five-pointed or an eight-pointed boundary
with mean radius 7 = 0.035 m. The level-set functions used to describe
these geometries are reported in Appendix A. The material is taken as
aluminium, with Young’s modulus E = 72.24 GPa, Poisson’s ratio v =
0.33, and mass density p = 2700 kg/m>. These non-convex geometries
provide a more demanding test for the integration procedure because
their boundaries include alternating concave and convex portions. The
approximation order N = 32 was selected according to the crite-
rion defined in Eq. (34) using the prescribed convergence threshold
of 0.5%. The first six normalized natural frequencies @ are reported
in Table 5 and compared with converged finite element solutions
generated according to the modelling strategy described above. The
corresponding finite element models comprise 181,371 and 151,770

11

degrees of freedom for the five-pointed and eight-pointed star-shaped
cutouts, respectively. The agreement obtained for both star-shaped
geometries provides further evidence of the capability of the proposed
formulation to accurately handle non-convex cutout boundaries within
the level-set-based integration framework.

Overall, these findings validate both the correctness of the im-
plementation and the effectiveness of the proposed approach for the
free vibration analysis of variable-stiffness composite cylindrical pan-
els, including configurations with geometric discontinuities. The finite
element comparisons reported in the validation studies above also
illustrate the compactness of the proposed algebraic model. When the
same number N of Legendre polynomial terms is adopted for the
construction of the trial functions of all five primary variables, the
Ritz approximation contains 5N? generalized unknowns; hence, the
approximations with N =24 and N = 32 used in the validation exam-
ples involve 2880 and 5120 unknowns, respectively. The corresponding
finite element models, whose degrees of freedom are reported in the
individual examples, lead to substantially larger algebraic systems.

This comparison provides quantitative evidence of the compactness
of the global approximation adopted in the proposed framework. In
addition, the implicit level-set description of cutout geometries re-
duces the geometry-preprocessing effort by avoiding the construction
of boundary-fitted finite element meshes.

4.2. Example 1 - variable thickness plate with multiple cutouts

Let us consider an isotropic plate with spatially varying thickness
and multiple geometric cutouts, whose configuration and reference
dimensions are illustrated in Fig. 6(a). The thickness varies within the
range A, = 2.5 mm to h.,, = 10.0 mm, exhibiting a highly non-
uniform spatial distribution characterized by smooth gradients as well
as localized discontinuities, as shown in the thickness map in Fig. 6(b).

The material is assumed to be homogeneous and isotropic, with
properties representative of aluminium: Young’s modulus E =
72.24 GPa, Poisson’s ratio v = 0.33, and mass density p = 2700 kg/m>.
The plate is clamped along two opposite edges, as illustrated in
Fig. 6(a).

The computational model is formulated by initially considering a
cylindrical panel with radius R — oo, which degenerates to a flat plate
configuration. The geometry is subsequently modified by introducing
circular cutouts at two opposite corners, together with a central cutout
defined through the boolean combination of a square and a circular
shape (see Appendix A for the corresponding level-set definitions).
For numerical implementation, the thickness field is sampled on a
401 x 401 grid of equally spaced control points and reconstructed
via piecewise linear interpolation over scattered data; the thickness
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(a) Geometry of the variable-thickness aluminium plate.
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(b) Spatial distribution of the plate thickness.

Fig. 6. Geometrical description of the variable-thickness plate.

Table 6

Natural frequencies f = w/(2x) [Hz] of the isotropic variable thickness flat plate.
Mode 1 2 3 4 5 6 7 8 9
FEM 94.28 135.65 244.73 323.71 444.11 514.77 611.63 738.46 887.80
Present 94.32 136.28 245.58 320.70 444.04 511.84 610.68 736.25 879.33
% error 0.04% 0.47% 0.34% —0.93% —-0.01% —-0.57% -0.16% —0.30% —0.95%

field data are also provided as Supplementary Data. Application of
the convergence criterion defined in Eq. (34) to the first n, = 9
natural frequencies showed that trial functions constructed using M, =
N, = 24 satisfied the prescribed convergence tolerance. The natural
frequencies of the panel, f = w/(2z), computed using the proposed
framework, are reported in Table 6. For validation purposes, the re-
sults are compared with finite element reference solutions generated
according to the modelling strategy described above; the corresponding

FE model comprises approximately 684,546 degrees of freedom.

Excellent agreement is observed, with maximum discrepancies be-
low 1%, thereby confirming the accuracy of the proposed formulation.
The corresponding vibration mode shapes are illustrated in Fig. 7 and
exhibit close agreement with those obtained from the finite element
model.

4.3. Example 2 - parametric investigation of VAT cylindrical panels

The proposed framework enables parametric investigations of the
free vibration response of variable-stiffness cylindrical panels. In
particular, it supports systematic assessment of the influence of fibre
steering on the structural dynamic behaviour, thereby providing valu-
able guidance for the identification and optimization of efficient design
configurations for uncut and cut panels. To demonstrate these capa-
bilities, the natural frequencies of a simply-supported, VAT laminated
cylindrical panel with dimensions 2L = a = 0.3 m and radius R = 1.5 m
are evaluated for the laminate stacking sequence [901 (0 A|0B)]2S as
functions of the VAT fibre-path parameters. Both the intact configura-
tion and a panel with a centrally located circular cutout, characterized
by a diameter ratio D/a = 0.4, are considered. The results reported
in the following are obtained with trial functions constructed using 24
Legendre polynomials in each parametric direction (M, = N, = 24)
which yields converged solutions for the problem under consideration.
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Fig. 7. Comparison of the first nine vibration mode shapes of the isotropic variable-thickness flat panel with cutouts: (a) present solution and (b) FEM solution.

The colour scale denotes the normalized displacement magnitude.

Fig. 8 illustrates the variation of the nondimensional frequencies of
the first two natural vibration modes as functions of the characteristic
VAT lamination angles. For both intact panels and panels with cutouts,
the adoption of tailored fibre paths induces significant changes in the
natural frequencies, thereby enabling effective tuning relative to con-
ventional straight-fibre configurations. While the presence of the cutout
markedly influences the absolute values of the natural frequencies, it
does not compromise the ability to tailor the dynamic response through
fibre steering.

Figs. 9 and 10 depict the first two mode shapes of the [90+
(04160 E)]2 s VAT panel for representative values of 8, and 6.
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The results reveal that variations in fibre paths not only modify the
natural frequencies but also alter the corresponding modal characteris-
tics. In particular, changes in the fibre orientation can lead, in certain
cases, to a mode-shape exchange between the first and second vibration
modes.

4.4. Example 3 — variable-stiffness cylindrical panel with reinforcement
and multiple cutouts

The present application is intended to demonstrate the capability
of the proposed approach in handling complex variable-stiffness panel
configurations in the presence of multiple cutouts. To this end, the
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Fig. 8. Variation of the first two nondimensional natural frequencies of the [90 + (6 A|9B)]2S panel as functions of 6, for different values of 6,, for uncut and cut

configurations.
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Fig. 9. First vibration mode shape of the [90 £ (0,10,)],

cylindrical panel shown in Fig. 11(a) is considered, with radius R =
1.5 m, subtended angle 2¢ = 12°, length 2L = 0.6 m and thickness
t, = 8 mm. The panel is reinforced by three circumferential strips
that symmetrically divide it into two bays; each strip has width w =
0.03 m and thickness 7, = 12 mm. Each bay contains a centrally located
rectangular cutout with height ¢ = 0.15 m, width » = 0.1 m and
fillet radius r = 0.025 m; the cutout geometry is represented using
superelliptic level-set functions. Simply supported boundary conditions
are imposed along all external edges of the panel.

The panel skin is constructed from variable-stiffness plies whose
curvilinear fibre-angle maps were generated from a two-dimensional

vunuuus
Chuiuiviviwd el
Cuivivivi el el
| = 30C) =) =4 =) =4 =)
L CROCY =) =) =) =) =
L XCROCY =) =) =) =) =)
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B = 60° B =90° |u|/|u‘max

1.0

0.0

VAT cylindrical panel for selected fibre-path configurations.
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irrotational flow field represented by a velocity potential ¢ satisfying
Laplace’s equation over the panel planform excluding the cutouts. A
uniform free-stream direction, coincident with the prescribed asymp-
totic fibre orientation, was imposed at the external boundary, while
the cutout boundaries were treated as impermeable. Numerically, the
corresponding harmonic-streamfunction formulation was solved using
a finite-difference scheme on a regular grid, and the local lamination
angle 0 was determined from the direction of the resulting velocity
field. For the asymptotic fibre directions 6 = —45°, 0°, 45°, 90°, Fig. 12
shows the planform projections of the corresponding lamination-angle
distributions, measured with respect to the circumferential direction,
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Fig. 10. Second vibration mode shape of the [90 + <9A|9B>]2 s VAT cylindrical panel for selected fibre-path configurations.

(a) Geometrical scheme.

1[0/ —45/45/90]s layup
[ [019/0/—45/45/90,/45/—45 /0] layup (o = 6 mm)

(b) Modelling scheme

Fig. 11. Panel with two symmetric cutouts and three reinforcing strips.

together with the associated fibre paths. The latter are contour lines
of the computed streamfunction and are included for visualization
purposes. The complete lamination-angle maps used in the analysis
are provided as Supplementary Data. Each map is represented on a
75 x 100 grid of equally spaced control points with the local an-
gles reconstructed by piecewise-cubic interpolation of the control-point
data. Within the stacking sequence notation, plies characterized by
such curvilinear fibre paths are denoted by 0, whereas 0 refers to
conventional plies with straight fibres oriented at a constant angle.

It is emphasized that no manufacturing or technological constraints
are imposed on the fibre paths in the present study. This assumption is
adopted deliberately to isolate and assess the modelling capabilities of
the proposed framework for general variable-stiffness laminates. The
numerical admissibility of general prescribed fibre paths should not
be interpreted as evidence of their practical manufacturability, which
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may be limited by constraints associated with the fibre-deposition
process such as minimum steering radius, tow-continuity requirements,
gap/overlap formation, and manufacturing-induced defects. Accord-
ingly, the panel skin layup is defined as [0/ — E/Zg/%] s> Whereas the
reinforcing strips are constructed using a [0,,] layup with circumferen-
tially oriented fibres. The material properties adopted for both the skin
and the reinforcing plies are identical to those used in the previous
example, and the ply thickness is set to ¢, = 1.0 mm.

As illustrated in Fig. 11(b), the single-domain structural model is
formulated by partitioning the panel into five regions: three corre-
sponding to the reinforcing strips and two associated with the inter-
strip skin. The inter-strip regions are assigned the variable-stiffness
layup [0/ - 25/25/56] s> while the strip regions are modelled using
the composite layup [012/0/ 4“5‘/4“5‘/66/66/4“5‘/ 45/0], obtained by
superimposing the skin and reinforcement contributions; to account for
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Fig. 12. Planform projection of the ply lamination angle distribution and corresponding fibre trajectories for different values of the asymptotic angle 6.

Table 7
Natural frequencies f = w/(2x) [Hz] of the cylindrical panel with two
superelliptical cutouts and stiffening strips: comparison between present and
FEM results for constant-stiffness and variable-stiffness configurations.

Mode

Constant stiffness Variable stiffness

Present FEM %error Present FEM %error
1 737.42 737.34 0.01% 777.23 774.60 0.34%
2 848.09 841.67 0.76% 899.20 891.39 0.88%
3 980.73 976.77 0.41% 1018.79 1012.41 0.63%
4 1132.96 1128.96 0.35% 1165.92 1158.97 0.60%
5 1280.25 1275.48 0.37% 1284.55 1276.77 0.61%
6 1293.15 1287.58 0.43% 1302.23 1292.41 0.76%

the eccentricity of the reinforcing strips with respect to the reference
mid-surface, an offset {, = 6.0 mm is introduced for the corresponding
regions.

For validation and accuracy assessment, results for the same panel
built with straight-fibre composites are also reported. In particular, a
symmetric laminate stacking sequence [0/ — 45/45/90]s is considered
for the skin and a [03/ — 45/45/90/90/45/ — 45/0] layup is considered
for the strip regions where the ¢, = 6.0 mm offset is set.

Table 7 reports the first six natural frequencies f = ®/(2x) of
the panel, obtained using the proposed framework with trial functions
constructed using 32 Legendre polynomials in each parametric direc-
tion, i.e. M, = N, = 32. This approximation order satisfies the
convergence criterion defined in Eq. (34). For both the straight-fibre
and variable-stiffness configurations, the predicted natural frequencies
are compared with corresponding finite element results. The finite
element model used for this comparison comprises 218,286 degrees of
freedom. A very good agreement is observed, with discrepancies consis-
tently below 1%. This level of accuracy substantiates the robustness of
the proposed framework and provides a reliable basis for its application
to configurations involving curvilinear fibre paths.

To complete the presentation of the results for the investigated
panel, Fig. 13 illustrates the vibration modes, highlighting the deforma-
tion patterns induced by the presence of cutouts, reinforcements, and
variable-stiffness effects.
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Focusing on the variable-stiffness configuration with curvilinear
fibre paths, the results highlight the pronounced influence of spatially
varying fibre orientations on the dynamic response of the structure. In
particular, for the considered fibre trajectories and layup, an increase
in the natural frequencies is observed. It is worth noting that the
proposed material configuration is not derived from an optimization
process — being beyond the scope of the present work — but is instead
adopted as a representative example to demonstrate the capabilities of
the proposed framework.

Overall, these findings demonstrate the capability of the proposed
framework to quantify the influence of variable-stiffness design on the
dynamic characteristics of composite cylindrical panels and to support
the assessment of different fibre-path configurations. For the configu-
ration considered in this example, the variable-stiffness layup increases
the first six natural frequencies by approximately 0.34%-6.03% rel-
ative to the corresponding straight-fibre configuration, depending on
the vibration mode. It should be emphasized that the increases in
natural frequency observed in the present study are specific to the
fibre trajectories, laminate configurations, cutout geometries, boundary
conditions, and reinforcement layouts examined. Accordingly, they
should not be interpreted as generally applicable design rules. Estab-
lishing broader and more robust trends will require systematic para-
metric and optimization studies spanning a wider range of structural
configurations.

5. Conclusions

A unified computational framework has been developed for the
free vibration analysis of composite laminated cylindrical panels with
cutouts. The proposed approach enables the single-domain treatment
of cylindrical panels with complex cutout geometries while simultane-
ously accommodating variable-stiffness laminates, non-uniform thick-
ness distributions, and multi-region configurations. By combining
geometry-independent global approximations, implicit geometric de-
scriptions, and high-order quadrature techniques, the proposed formu-
lation provides a unified, versatile, and algebraically compact analysis
setting for geometrically and materially complex structures, while
retaining a single global displacement approximation and avoiding
independent subdomain fields and interface continuity constraints.
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Fig. 13. Representative vibration mode shapes of the cylindrical panel with cutouts and reinforcing strips.

The framework has been validated against high-fidelity finite element
simulations, showing close agreement with reference solutions across
a range of benchmark configurations. The results confirm its abil-
ity to accurately capture the coupled effects of curvature, material
anisotropy, spatial stiffness variations, and geometric discontinuities.
The application studies further demonstrate the capability of the pro-
posed approach to quantify the combined influence of stiffness variabil-
ity, cutout geometry, non-uniform thickness, and local reinforcement
on the dynamic response of composite cylindrical panels. For the con-
figurations examined, the results show that stiffness tailoring through
spatially varying fibre orientations can be used to modulate the natural
frequencies. The presented findings are specific to the geometries,
laminate configurations, fibre trajectories, boundary conditions, rein-
forcement layouts, and vibration modes considered herein and should
not be interpreted as general design guidelines. The versatility of the
proposed formulation opens the way to several future developments
and engineering applications. These include systematic parametric and
sensitivity studies, the construction of quantitative design maps, and
optimization procedures involving fibre trajectories, thickness distri-
butions, cutout geometries, and reinforcement layouts. One possible
application, among several, is the minimization of structural mass
subject to prescribed lower bounds on selected natural frequencies,
with fibre-path parameters and local thickness distributions treated as
design variables. Alternative objectives may include the maximization
of selected natural frequencies, modal separation, prescribed frequency
placement, or the recovery of vibration performance degraded by the
presence of cutouts.
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Appendix A. Level-set functions for the cutouts
Level-set functions for circular, elliptical, rectangular, superellip-
tical and star-shaped cutout shapes are reported as examples, with

reference to the geometrical parameters shown in Fig. A.1.

circular shape

XL = X1e\? Xy = Xe \2
@150 30 = 1 - (F=) - (222 A1)
— elliptical shape
N 2 \2
X X
Po(X)¢ X @b, f) = 1 = (—‘) - (—2> (A.2)
a b
- rectangular shape
X X X X%
¢3(X16,X2‘,,w, h, ﬂ) =1- ‘E - 7 - ; 7 (A.3)
- superelliptical shape (d > 1)
25\ /2%, \¥
@4(x1¢, Xpe,a,b,d, p) =1 — (Tl> - (T2> (A.4)
- n-pointed star shape with mean radius 7
= 7 2 22
@5(X1cs Xpe, Fom, ) = -%—-%, (A5)

[coslo (gw) +sin'® (f—:w)] 73

where y = atan2(%,, ).
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Fig. A.1. Geometrical parameters for simple geometry cutouts.

In the preceding equations one sets

X1 = (x1 = x1.)cos f + (xo — X,.) sin f (A.6a)

Xy =—(x; — x1)sinf + (xy — x5.)cos f (A.6b)

The level set functions for more complex cutout shapes or multiple
cutouts can be obtained by combining the level set functions of simple
shapes. In particular the level set function ¢ for the geometrical shape
obtained by the union of multiple cutouts, each defined by the level set
@; can be obtained as

»i\1%
(p=2[max<0,l+6—’>] -1
i 1

where the parameters §;, and §, are suitably chosen [69].

(A7)

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.tws.2026.115553.
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The numerical datasets supporting the findings of this study are
available in the Supplementary Material associated with this article.
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