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Abstract: Simple hydraulic structures, such as weirs, allow measuring flow discharge by using the
upstream flow depth and a stage–discharge relationship. In this relationship, a discharge coefficient is
introduced to correct all the effects neglected in the derivation (viscosity, surface tension, velocity head
in the approach channel, flow turbulence, non-uniform velocity profile, and streamline curvature
due to weir contraction). In this paper, the dimensional analysis and the incomplete self-similarity
theory are used to investigate the outflow process of triangular broad-crested weirs, characterized by
different values of the ratio between crest height p and channel width B, and to theoretically deduce a
new stage–discharge relationship. A new theoretical stage–discharge relationship is suggested for
the free-flow condition, and it is tested using experimental data available in the literature for the
hydraulic condition p/B > 0. The obtained stage–discharge equation, characterized by low errors
in discharge estimate, is useful for laboratory and field investigations. Finally, specific analysis
for the triangular broad-crested weirs with p/B > 0 was developed to modify the stage–discharge
relationship obtained for the case p/B = 0. This specific stage–discharge relationship allows to reduce
the errors, which are generally less than±5%, in the estimate of discharge for triangular broad-crested
weirs with p/B > 0 and is also applicable for the case p/B = 0.

Keywords: triangular broad-crested weir; open channel flow; stage–discharge equation; dimensional
analysis; self-similarity

1. Introduction

Flow measurement in open channels is an old and well-studied hydraulic topic that
has a lot of practical involvements, such as the management of irrigation and drainage
systems, and control of irrigation water. Field discharge measurements are also useful to
verify if an irrigation system operates correctly. Weirs of different shapes are employed
to measure discharge conveyed or to regulate the upstream water levels in irrigation
channels [1–3] and have been extensively investigated in laboratory applications [2,4–10].

Simple hydraulic structures, such as weirs, allow obtaining the flow discharge Q by
using the upstream flow depth h, measured from the horizontal plane localized at the weir
crest [11]. The stage–discharge relationship, i.e., the relationship between discharge Q and h,
is primarily dependent on the shape and size of the weir [4,6,8,9,12–14].

Weirs with different cross-section shapes, having a finite crest length, are classified [12–15]
according to the h/Ld ratio, where Ld is the crest length, into the following four groups:
long-crested weirs (0 < h/Ld < 0.1), broad-crested weirs (0.1 < h/Ld < 0.4), short-crested
weirs (0.4 < h/Ld < 2), and sharp-crested weirs (h/Ld > 2).

For broad-crested weirs, the stage–discharge relationship is often derived from the
energy balance [11,16,17] and the classical theoretical solution of the efflux problem [18,19]
is obtained neglecting both the upstream velocity head (i.e., the upstream energy head is
equal to h) and the energy losses between the cross-section upstream the weir where h is
measured and the cross-section within the crest length in which the critical flow condition
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occurs. In other words, the upstream energy head, assumed to be coincident with h, is
equal to the energy head E of the critical flow within the crest length. This theoretical
solution (E = h) must be adjusted to consider the difference between the theoretical outflow
velocity and the measured one. To this aim, the concepts of vena contracta [19] and the
measured discharge coefficient Cd, less than the unit, are used [20]. Many authors [3,21,22]
studied the discharge coefficient, which includes all the effects neglected in the deriva-
tion (viscosity, surface tension, velocity head in the approach channel, flow turbulence,
non-uniform velocity profile, and streamline curvature due to weir contraction) of the
stage–discharge equation.

The triangular broad-crested weir (Figure 1) combines the advantages of a triangu-
lar weir, which can be used to measure accurately small flows and is also capable of
conveying large discharge without a high increase in the upstream water depth, with
those of a broad-crested weir which is unaffected by downstream submergence up to
critical water depth [23]. Notwithstanding the described advantages of this type of weir,
few investigations on triangular broad-crested weir with crest height p have been carried
out [23–26].

Figure 1. Scheme of the triangular broad-crested weir placed in a rectangular channel.

Smith and Liang [23] carried out some experimental runs by a 90◦ V-notch broad-
crested weir with four different values of the weir length. Other authors determined the
stage–discharge relationship using an energy approach [11,17] coupled with the condition
that the critical depth k for a triangular channel is 4/5 of its critical energy head E.

For the critical cross-section inside the broad-crested triangular weir having an apex
angle θ (Figure 1), if the upstream velocity head and the head loss between the cross-section
upstream the weir where h is measured and the critical section (E = h) are neglected, the
discharge Q is given by

Q = k2 tan
(

θ

2

) √
2g(h− k) =

(
4
5

h
)2
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(

θ

2

) √
2g
(
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Equation (1) can be rearranged obtaining the following stage–discharge relationship:

Q =

[(
4
5

)2 ( 2
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)1/2
]

tan
(
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)
h2
√

2g h = 0.286
√

2g m h5/2 (2)

in which m = tan (θ/2).
For a 90◦ V-notch broad-crested weir (m = 1), Equation (2) becomes

Q = 0.286
√

2g h5/2 (3)
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which is strictly applicable if the following four conditions are satisfied: (i) the head loss
between the cross-section where h is measured, and the critical section is negligible; (ii) flow
over the weir crest occurs with parallel streamlines and a hydrostatic pressure distribution;
(iii) the velocity distribution is uniform; and (iv) submergence effects do not affect the
stage–discharge relationship (free-flow condition). Smith and Liang [23] suggested using a
stage–discharge relationship with the same mathematical shape of Equation (3) Q = C h5/2,
in which C is a weir coefficient which was experimentally determined, and which adjusts
the deviations from the four listed conditions to be satisfied.

Boiten and Pitlo [24] carried out measurements with a V-shaped broad-crested weir
with apex angles of 90◦, 120◦, 150◦ and 180◦ for free and submerged flow conditions. The
theoretical derived stage–discharge relationship for the free-flow condition was corrected
introducing a characteristic discharge coefficient obtained by a large collection of laboratory
data. This study demonstrated that the discharge coefficient is affected by boundary layer
effects (crest roughness, lateral pressure gradients upstream and downstream of the critical
cross-section, and lateral contraction upstream of the critical cross-section). For each apex
angle, a relationship between the discharge coefficient and the h/Ld ratio was plotted.

Hoseini [25] experimentally studied the discharge coefficient of triangular broad-
crested weirs having p = 0.2 m and three different values of the apex angle. These authors
established a relationship between the discharge coefficient Cd, the ratio h/Ld, and the
flow Froude number. The proposed relationship was calibrated by the measurements of
all investigated apex angles, and this choice could justify the limited agreement between
the calculated and measured discharge coefficient values. Furthermore, the proposed
relationship involves the Froude number, which is generally unknown when a flowmeter
problem has to be solved.

Lately, Achour and Amara [21] investigated a triangular broad-crested weir with p = 0
with a self-cleaning and semi-modular hydraulic behavior. The primary objective of their
investigation was theoretically deriving the Q-h equation and Cd considering the influence
of the approach flow velocity. The theoretical stage–discharge relationship suggested by
these authors takes into account the geometrical characteristics of both the device and the
approach channel. This stage–discharge relationship is characterized by a low systematic
underestimation (−0.57%) of the measured discharge.

Recently, Ferro [8,26] analyzed the outflow process of weirs characterized by different
geometrical shapes (triangular, Bazin, etc.), and applied the dimensional analysis and
the self-similarity theory [27,28] to theoretically deduce the stage–discharge equation.
Equation (2) can be rearranged to obtain the stage–discharge relationship as follows:

Q
B5/2g1/2 = 0.286

√
2 m

(
h
B

)5/2
(4)

in which B is the channel width.
For a triangular broad-crested device without crest height, Nicosia and Ferro [29]

proposed the following theoretical stage–discharge relationship:

Q
B5/2g1/2 = 0.3685 m1.0348

(
h
B

)2.53
= 0.2602

√
2 m1.0348

(
h
B

)2.53
(5)

which was calibrated and tested using the experimental data of Achour and Amara [21]. This
new stage–discharge relationship is characterized by errors in the estimate Er, which are not
systematic and are very low (ranging from −0.60% to 0.55%) and are normally distributed.

In the present paper, the stage–discharge equation for triangular broad-crested weirs
was theoretically deduced applying Buckingham’s theorem and the self-similarity theory.
The experimental data by Delft Hydraulics Laboratory [30], Boiten and Pitlo [24], and
Achour and Amara [21] were used to estimate the coefficients of the new stage–discharge
relationship. The main aim of this analysis is considering, in the obtained equation, the
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effects of the dimensionless height of the weir crest, differently from that conducted by
Nicosia and Ferro [29].

2. Deduction of the Theoretical Stage–Discharge Relationship for Triangular
Broad-Crested Weirs

For triangular broad-crested weir (Figure 1), the following functional equation can
represent the Q-h relationship:

F(h, Q, g, ρ, µ, σ, B, Ld, p, m) = 0 (6)

in which F is a functional symbol, h is the upstream water depth, which is less than or equal
to the height H of the triangular weir (Figure 1) and ρ, µ, and σ are respectively the density,
viscosity, and surface tension of water.

Since Equation (6) expresses a physical phenomenon that is independent of the choice
of measurement units, according to the Π-theorem [27,28], it can be rewritten in a dimen-
sionless form as follows:

φ (Π1, Π2, Π3, Π4, Π5, Π6, Π7) = 0 (7)

in which φ is a functional symbol and Π1, Π2, Π3, Π4, Π5, Π6, and Π7 are dimensionless groups.
Introducing B, g, and ρ as dimensional independent variables, the following dimen-

sionless groups are obtained [28]:

Π1 =
h
B

(8)

Π2 =
Q

B5/2 g1/2 (9)

Π3 =
Ld
B

(10)

Π4 =
p
B

(11)

Π5 =
µ

B3/2 g1/2 ρ
(12)

Π6 =
σ

B2 g ρ
(13)

Coupling Equations (9) and (12), a new dimensionless group can be obtained:

Π5,2 =
Π2

Π5
=

Q
B5/2 g1/2

B3/2 g1/2 ρ

µ
=

ρ Q
µ B

= Re (14)

where Re is the Reynolds number.
From Π1 and Π6, the following dimensionless group can be deduced:

Π6,1 =
Π2

1
Π6

=
h2

B2
B2 g ρ

σ
=

$ g h2

σ
= We (15)

where We is the Weber number.
The dimensionless group Π7 is

Π7 = m (16)

Considering that some groups were coupled to obtain other dimensionless groups,
which are common in hydraulics, Equation (7) assumes the following form:

f (Π1, Π2, Π3, Π4, Π5,2, Π6,1, Π7 ) = 0 (17)

in which f is a functional symbol.
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Considering the above-derived expression of each dimensionless group, Equation (17)
can be rewritten as

f
(

h
B

,
Q

B5/2 g1/2 ,
Ld
B

,
p
B

, Re, We, m
)
= 0 (18)

Since for triangular broad-crested weirs, the Reynolds and Weber numbers have
negligible influence, except for very low values of h [31–34], Equation (18) becomes

f
(

h
B

,
Q

B5/2 g1/2 ,
Ld
B

,
p
B

, m
)
= 0 (19)

Considering that the influence of Ld is not significant if the ratio h/Ld satisfies the
broad-crested criteria [14,15], the functional relationship (19) becomes

ω

(
h
B

,
Q

B5/2 g1/2 ,
p
B

, m
)
= 0 (20)

Applying the self-similarity condition [28] and replacing the dimensionless group Π4
with the ratio 1−p/B, which is a simple transformation of the dimensionless group Π4 [28],
Equation (20) assumes the following form:

Q
B5/2 g1/2 = a

(
h
B

)b(
1− p

B

)c
md (21)

where a, b, c, and d are numerical constants to be determined experimentally. Equation (4)
can be obtained as a particular case of Equation (21) with a = 0.286

√
2, b = 2.5, c = 0, and

d = 1, and Equation (5) can be obtained from Equation (21) with a = 0.2602
√

2, b = 2.53,
c = 0, and d = 1.0348.

3. Experimental Data

The theoretical stage–discharge relationship (21) was calibrated using all the available
literature measurements carried out assuming a free-flow condition by Delft Hydraulics
Laboratory [30], Boiten and Pitlo [24], and Achour and Amara [21].

The experimental runs of the Delft Hydraulics Laboratory [30] were performed using V-
shaped broad-crested weirs, with apex angles of 90◦, 120◦ and 150◦, installed in a calibration
flume with a width B = 0.80 m. All the weirs were made of P.V.C., and variations were
carried out in crest length Ld (0.45 and 0.90 m), with three values of the ratio p/B (0.3125,
0.3812, 0.45), and in each of the runs, a wide range of the h/ Ld ratio was covered by
changing the discharge. The available measurements correspond to 209 (h, Q) pairs, with
3.3≤ h≤ 39.7 cm and 0.47≤ Q≤ 128.4 L s−1. The discharge was measured by a volumetric
calibration, while water levels were measured by a point gauge.

The experimental runs by Boiten and Pitlo [24] correspond to 22 (h, Q) pairs measured
in the same flume of the Delft Hydraulics Laboratory using a weir with an apex angle of
90◦, a crest length Ld = 0.90 m and a p/B ratio of 0.3125. Additionally, in this case, the
discharge was measured by a volumetric calibration, while water levels were measured by
a point gauge.

Achour and Amara [21] performed experiments in a horizontal rectangular flume
(length 12 m, width 0.40 m, and depth 0.485 m), using four values of the apex angle (20◦,
25◦, 30◦, and 43◦) of the triangular broad-crested device, characterized by Ld = 0.25 m and
p = 0. For this database, the top width of the weir is less than the approach channel width B
(Figure 2). The authors [21] ensured the correct hydraulic behavior of the device since the
used Ld allowed the occurrence of a control section inside the device. A double-precision
Vernier point gauge was used to measure h, whereas an ultrasonic flowmeter was used to
measure Q, for a total of 159 measurements.
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Figure 2. Scheme of the triangular broad-crested weir placed in a rectangular channel used by Achour
and Amara [21].

For the whole original database, all the runs for which h ≤ H (flows within the tri-
angular weir) were considered, and the available measurements (Table 1) were split into
calibrating (196 data) and testing (194 data) datasets, selecting alternatively one experimen-
tal run for the calibrating dataset and one for the testing one.

Table 1. Characteristic data of the examined available database.

Authors Runs p
(m) p/B m H

(m)
h

(m)

Delft Hydraulics
Laboratory [30] 132 0.25 0.3125 1 0.4 0.044–0.396

Delft Hydraulics
Laboratory [30] 49 0.305 0.3812 1.73 0.231 0.044–0.227

Delft Hydraulics
Laboratory [30] 28 0.36 0.45 3.73 0.107 0.033–0.1

Boiten and Pitlo [24] 22 0.25 0.45 1 0.4 0.047–0.367
Achour and Amara [21] 39 0 0 0.18 n.a. 0.109–0.375
Achour and Amara [21] 40 0 0 0.22 n.a. 0.087–0.3
Achour and Amara [21] 40 0 0 0.27 n.a. 0.088–0.25
Achour and Amara [21] 40 0 0 0.39 n.a. 0.07–0.205

n.a. = not available.

4. Results and Discussion

Since the stage–discharge relationship of a triangular broad-crested weir can be as-
sumed as a function of the upstream water depth, the weir height, and the apex angle,
Equation (21) can be applied. Firstly, this stage–discharge relationship was calibrated using
the 196 experimental (h, Q) pairs, corresponding to different p/B (0, 0.3125, 0.3812, 0.45)
and apex angles (20◦, 25◦, 30◦, 43◦, 90◦, 120◦, and 150◦) obtaining the following equation:

Q
B5/2 g1/2 = 0.3452

(
h
B

)2.5269(
1− p

B

)−0.3801
m0.9869 (22)

which is characterized by a determination coefficient of 0.9998 and a mean square error
equal to 2.41 × 10−7. For the investigated broad-crested weirs, characterized by different
p/B values, Figure 3 shows the comparison between the measured Q

B5/2 g1/2 values and
those calculated by Equation (22) for the calibrating dataset. This figure shows a good
agreement between the measured and calculated values.
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Figure 3. Comparison between the measured Q
B5/2 g1/2 values and those calculated by Equation (22)

for calibrating dataset.

For the investigated weirs, Figure 4a demonstrates that the errors in discharge estimate
Er = 100 (Qc −Qm)/Qm, in which Qm is the measured discharge and Qc is the one calculated
by Equation (22), range from −5.4% to 6.9%. In particular, the errors Er are less than or
equal to ±5% for 97.9% of the cases and less than or equal to ±2.5% for 87.7% of cases.
Figure 4a also demonstrates that the errors Er are normally distributed, and this result was
verified by the Kolmogorov–Smirnov test with a significance level of 5%. This circumstance
assures that the applied (Equation (22)) is a complete model, and no other dimensionless
group should be considered.

Figure 4. Frequency distribution of the errors in discharge estimate Er for calibrating (a) and testing
(b) datasets.

The calibrated stage–discharge relationship (Equation (22)) was also tested using other
194 experimental (h, Q) pairs, corresponding to different p/B (0, 0.3125, 0.3812, 0.45) and
apex angles (20◦, 25◦, 30◦, 43◦, 90◦, 120◦, and 150◦).

For the independent testing dataset, Figure 5 shows the comparison between the 194
measured Q

B5/2 g1/2 values and those calculated by Equation (22) and demonstrates good
agreement between measured and calculated values, which is characterized by a mean
square error equal to 1.93 × 10−7.
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Figure 5. Comparison between the measured Q
B5/2 g1/2 values and those calculated by Equation (22)

for testing dataset.

For the dataset used for testing Equation (22), Figure 4b demonstrates that the errors
in discharge estimate Er are low and range from −10.1% to 6.1%. In particular, the errors
in discharge estimate Er are less than or equal to ±5% for 97.9% of the cases and less
than or equal to ±2.5% for 83.0% of cases. Figure 4b also highlights that the errors Er are
normally distributed, and this result was verified by the Kolmogorov–Smirnov test with
a significance level of 5%. This result confirms that for the testing dataset, the applied
Equation (22) is a complete model, and no other dimensionless group should be considered.

Figure 6 shows the relationships between the errors Er in the discharge estimate ob-
tained by Equation (22) and the main characteristics of the investigated data Q/B5/2 g1/2 (a),
h/B (b), and p/B (c). This figure clearly shows that for the variables Q/B5/2 g1/2 (Figure 6a)
and h/B (Figure 6b), there is a weak linear trend with the errors, which is more evident for
the highest values of each variable. Instead, Figure 6c clearly highlights that the frequency
distribution of the errors in the estimate shifts rightward for increasing p/B values. In par-
ticular, the errors in the estimate range from −6 to +6.1 for p/B = 0.3125, from −10.2 to +3.2
for p/B = 0.38125, and from 1.3 to +5.9 for p/B = 0.45.

Figure 6. Relationships between the errors Er in the discharge estimate obtained by Equation (22)
and the main characteristics of the investigated data Q/B5/2 g1/2 (a), h/B (b), and p/B (c).

In conclusion, the calibrated Equation (22) allows to obtain an accurate estimate of
the flow discharge for both calibrating and testing datasets, considering all the variables
involved in the flow motion over triangular broad-crested weirs, even if the errors in the
estimate are dependent on p/B.
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Considering that Equation (5) is applicable for the condition p/B = 0, the stage–
discharge relationship for a triangular broad-crested weir with p/B > 0 can be expressed by

Q
B5/2g1/2 = Fc

[
0.3685 m1.0348

(
h
B

)2.53
]

(23)

in which Fc is a correction factor, which modifies the Q
B5/2 g1/2 values calculated by Equation (5),

for taking into account the effect of the ratio p/B and for considering that the measurements
by Achour and Amara [21] are characterized by a ratio between the top weir width and
B less than 1. The Equation (23) results are coincident with Equation (5) assuming Fc = 1
when p/B = 0. Using the 116 experimental data of the calibrating dataset corresponding to
0.3125 ≤ p/B ≤ 0.45, Equation (23) allows to detect a low variability of Fc and to estimate
a mean value 1.1027 for p/B = 0.3125, 1.0860 for p/B = 0.3812 and 1.0741 for p/B = 0.45.
These mean Fc values can be estimated by the following empirical equation:

Fc = 1.1511
(

1− p
B

)0.1173
(24)

which is characterized by a coefficient of determination of 0.984 and is applicable exclusively
in the range 0.3125 ≤ p/B ≤ 0.45.

Combining Equation (23) and Equation (24), a stage–discharge relationship, having
the same mathematical shape of Equation (21) with a = 0.4242, b = 2.53, c = 0.1173 and
d = 1.0348, is obtained. The range of applicability of this stage–discharge relationship is
related to the measurements which are currently available to estimate a, b, c, and d.

For the investigated broad-crested weirs with p/B > 0, Figure 7 shows the comparison
between the measured Q

B5/2 g1/2 values and those calculated by Equations (23) and (24)
for the calibrating dataset. The agreement between measured and calculated values is
characterized by errors in discharge estimate Er, which range from −3.69% to 3.22%
(Figure 8a). In particular, these errors Er are always less than ±5% and less than or equal
to ±2.5% for 91.4% of cases.

Figure 7. Comparison between the measured Q
B5/2 g1/2 values and those calculated by Equations (23)

and (24) for the calibrating dataset.
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Figure 8. Frequency distribution of the errors in discharge estimate Er applying
Equations (23) and (24) for calibrating (a) and testing (b) datasets.

Figure 8a demonstrates that the errors Er are normally distributed, and this result was
verified by the Kolmogorov–Smirnov test with a significance level of 5%. This circumstance
assures that the applied Equation (23), joined with Equation (24), is a complete model, and
no other dimensionless group should be considered.

Then the calibrated stage–discharge relationship Equation (23) was tested using the
115 experimental pairs (h, Q) of the independent testing dataset. Figure 9 shows good
agreement between the measured and calculated Q

B5/2 g1/2 values, which are also character-
ized by errors in discharge estimate Er ranging from −11.5% to 7.42%. In particular, the
errors in discharge estimate Er are less than or equal to ±5% for 97.4% of the cases and
less than or equal to ±2.5% for 89.6% of cases. Figure 8b also demonstrates that the errors
Er are normally distributed, and this result was verified by the Kolmogorov–Smirnov test
with a significance level of 5%. This result confirms that, for the testing dataset, the applied
Equation (23) is a complete model.

Figure 9. Comparison between the measured Q
B5/2 g1/2 values and those calculated by

Equations (23) and (24) for the testing dataset.

Figure 10 shows the relationships between errors Er in the discharge estimate obtained
by Equation (23) and the main dimensionless group characteristic of the investigated
runs Q/B5/2 g1/2 (a), h/B (b), and p/B (c). This figure clearly shows that, in this case
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Equation (23), there is no trend between the errors and the main dimensionless group
characteristic. In particular, Figure 10c highlights that the errors in the estimate, neglecting
a single value, range from −4.2 to 7.4 for the investigated p/B values.

Figure 10. Relationships between the errors Er in the discharge estimate obtained by Equation (23)
and the main characteristics of the investigated data Q/B5/2 g1/2 (a), h/B (b), and p/B (c).

In conclusion, Equation (23) allows reducing, in comparison with Equation (22), the
errors in the estimate of the discharge for triangular broad-crested weirs with p/B > 0 and
for Equation (23), the errors are independent of the main characteristics (Q/B5/2 g1/2, h/B,
and p/B).

5. Conclusions

In this paper, the dimensional analysis and the incomplete self-similarity theory were
used to investigate the outflow process of triangular broad-crested weirs and deduce the
stage–discharge relationship.

The developed analysis allowed concluding that a power equation, Equation (21), in
which the influence of the weir height and the apex angle are included, can be used to
establish the stage–discharge relationship.

The new stage–discharge equation was calibrated and tested by two independent sets
of measurements and is characterized by very low errors in the discharge estimate (less than
or equal to ±5% for 97.9% of the cases). The developed analysis also verified that the errors
are normally distributed, and this circumstance assures that the applied Equation (21) is a
complete model, and no other dimensionless group should be considered.

Further analysis was developed for the triangular broad-crested weirs with p/B > 0
and demonstrated that the discharge estimate can be improved by a specific stage–discharge
relationship, which can be also applicable for p/B = 0.
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Notation List
B channel width (m)
Cd discharge coefficient
h upstream water depth measured from the horizontal plane localized at the weir crest (m)
E specific energy (m)
Er errors in the discharge estimate
Fc correction factor
g gravitational acceleration (m s−2)
H height of the triangular weir (m)
k critical depth (m)
Ld crest length (m)
m tan (θ/2)
p crest height (m)
Q flow discharge (m3 s−1)
θ apex angle of the weir (rad)
µ water viscosity (kg s m−2)
ρ water density (kg s2 m−4)
σ surface tension of water (N m−1)
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