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Abstract

Entanglement percolation aims at generating maximal entanglement between any two nodes of a
quantum network (QN) by utilizing strategies based solely on local operations and classical com-
munication between the nodes. As it happens in classical percolation theory, the topology of the
network is crucial, but also the entanglement shared between the nodes of the network. In a net-
work of identically partially entangled states, the network topology determines the minimum
entanglement needed for percolation. In this work, we generalize the protocol to scenarios where
the initial entanglement shared between any two nodes of the network is not the same but has
some randomness. In such cases, we find that for classical entanglement percolation, only the aver-
age initial entanglement is relevant. In contrast, the quantum entanglement percolation protocol
(within the q-swap framework) degrades under these more realistic conditions as the width of the
distribution increases, suggesting that random classical entanglement percolation may become the
optimal LOCC strategy in sufficiently heterogeneous QNs.

1. Introduction

Despite major advances in quantum technologies, achieving reliable and efficient entanglement distribu-
tion across distant nodes of a quantum network (QN) remains one of the most challenging tasks today.
Nevertheless, several real-world implementations of QNs have recently been demonstrated on various
scales [1-5].

Establishing distributed entanglement is a crucial ingredient for the future quantum internet [6,

7], as well as for protocols involving conference key agreement (CKA) [8], quantum federated learning
[9], quantum cryptography [10, 11], superdense coding [12], secure quantum key distribution [13] and
quantum teleportation [14]. However, due to unavoidable environmental decoherence, the creation of
reliable pairwise entanglement at large distances remains a difficult experimental endeavor [15, 16].

To overcome these limitations, inherent to quantum channels, quantum repeaters have been pro-
posed as a way to achieve perfect pairwise entanglement distribution in one dimensional topologies [17—
19]. In quantum repeaters, a chain of intermediate nodes act as repeaters of maximally entangled states
by applying entanglement swapping [20, 21]. Another protocol to achieve maximal entanglement is the
so-called entanglement distillation [22-25], where multiple copies of a partially entangled state are dis-
tilled into a smaller number of maximally entangled states. Both methods, however, show fundamental
limitations [26, 27], regarding the action of noise or fidelity. Recently, multiplexing entanglement sharing
has also been developed as a way to distribute entanglement [28].

Here, we will focus on an alternative approach based on percolation on QNs called entanglement
percolation [29-36]. A QN consists of a set of nodes (users) capable of performing local operations, and
the edges (or links) correspond to partially entangled pairs shared between the nodes [37]. The goal of
entanglement percolation is to establish a maximally entangled state between two arbitrary nodes of
a network, when the nodes are connected with partially entangled states. The entanglement transport
(percolation) on the network depends non-trivially on the network topology (degree of connectivity

© 2026 The Author(s). Published by IOP Publishing Ltd


https://doi.org/10.1088/2058-9565/ae5fca
https://crossmark.crossref.org/dialog/?doi=10.1088/2058-9565/ae5fca&domain=pdf&date_stamp=2026-4-24
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://orcid.org/0009-0004-2812-6251
https://orcid.org/0009-0007-2287-8446
https://orcid.org/0000-0001-7009-4573
https://orcid.org/0000-0002-8970-6127
mailto:alessandro.romancino@unipa.it

10P Publishing

Quantum Sci. Technol. 11 (2026) 025044 A Romancino et al

of the nodes), the robustness of its architecture [38] and the amount of initial entanglement, typically
assumed to be homogeneous across all links.

We briefly review the classical and quantum entanglement percolation (QEP) protocols, which are
the crucial concepts regarding percolation in QNs. The classical entanglement percolation (CEP) pro-
tocol starts from a QN whose edges consist of identical partially entangled bipartite states’. The strategy
is then to ‘gamble with entanglement’ by applying stochastic local operations and classical communic-
ation (SLOCC). The effect of SLOCC is that each edge connecting a pair of nodes is converted into a
maximally entangled pair with probability p; otherwise, the edge is removed from the network with
probability 1 — p. This procedure maps the problem onto the classical percolation model familiar from
statistical physics [39]. Every lattice then exhibits a corresponding percolation threshold.

A more efficient protocol is the so-called QEP one. In this case, each node of the network is prepro-
cessed using some quantum operations, for instance performing entanglement swapping via ‘g-swaps’
operations [30]. In doing so, the original lattice structure is transformed into some other lattice for
which the percolation threshold is lower [29]. The change in network topology results in an efficiency
bound that can be much better than the original CEP [30, 40]. However, the optimal protocol for QEP
on a given network still remains an open question [33], and heuristics can be used to optimize it in
some capacity [41].

To the best of our knowledge, entanglement percolation has been explored using pure bipart-
ite qubits [29], mixed states [42, 43], multipartite entangled states [44, 45], noisy channels [46],
continuous-variable Gaussian states [47].

While in all the above cases the initial entanglement is typically assumed to be homogeneous across
all links, realistic quantum communication frameworks exhibit inherent heterogeneity. Physical edges
possess varying lengths, leading to distance-dependent exponential photon loss in optical fibers, which
yields unequal entanglement fidelities across the network [7]. Additionally, the integration of distributed
quantum memories [48] subjects the stored quantum states to variable, link-dependent coherence times
and fluctuating operational efficiencies. Furthermore, the presence of disorder in interaction-driven net-
work Hamiltonians inherently generates heterogeneous entanglement distributions across the lattice [49].

These physical constraints dictate that the shared entanglement across all edges follows a statistical
distribution rather than a uniform constant. Here, we focus on the efficiency of entanglement percola-
tion for the more realistic scenario in which the degree of entanglement corresponding to the edges is
randomly distributed.

The structure of the article is as follows: in section 2, we introduce the main concepts underlying
the entanglement percolation protocol as originally proposed in Acin. [29]. We then review the basis
of the CEP protocol and the QEP protocol. In section 3, we extend the previous analysis to networks
with nonidentical shared initial states. We present our results for CEP in section 3.1 and for QEP in
section 3.2. In section 4, we summarize our findings and open questions. For completeness, a brief over-
view of classical percolation theory is presented in appendix A while some formulas and results from
LOCC theory are outlined in appendix B.

2. Entanglement percolation in QNs

A QN can be modeled as a graph G = (V,E), where the vertices V represent nodes (users) capable of
local quantum operations, and the edges E represent bipartite quantum states shared between pairs of
nodes. Each edge is associated with a partially entangled two qubit state. In figure 1, a network whose
edges consist of partially entangled two-qubit states, |w), is shown. Users are allowed to use local opera-
tions and classical communication (LOCC) to achieve singlets | U~ ), between two arbitrary nodes of the
QN. Using the Schmidt decomposition of a shared bipartite pure state |w) = /A [00) + /A [11) (with
Ay < AY), together with stochastic majorization [50], it can be shown that any such state can be trans-
formed into a singlet (or equivalently into any maximally entangled Bell state) by means of LOCC with
the singlet conversion probability (SCP) p,, = min{1,2A$'}. See appendix B for the derivation details.

To achieve entanglement distribution, one makes use of only two types of LOCC protocols, namely
SLOCC purification and entanglement swapping.

4 In the original paper [29], the term ‘classical’ is used purely as an analogy with classical percolation theory; the protocol itself is not
classical.
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Figure 1. Example of a quantum network consisting of identical copies of state |w) with singlet conversion probability (SCP)
Pw = 2)¥. Nodes i and j are highlighted.

A R B
&—Dq bg——o
a b

o nin{p,p)} —Fe,

Figure 2. Representation of an entanglement swapping procedure, where a joint Bell measurement is performed on systems R,
and R,.

e SLOCC purification: nodes i and j are connected by a partially entangled state |w>l] (like in figure 1).
The optimal SLOCC purification protocol is applied on the qubits of nodes i and j. This operation, as
explained in appendix B, converts the state |w>,] into the singlet |¥ ) ; with finite probability p,, or, if
unsuccessful, into a product state with probability 1 — p,,,.

e Entanglement swapping: as shown in figure 2, two nodes A and B are connected by an intermediate
node R, sharing states |a),, and [3),, . Then, a joint Bell measurement is performed on node R by
measuring systems r; and r,. This creates a new entangled state between A and B, while the node R
is removed. Considering that the singlet conversion probabilities (SCPs) are p, and pg respectively,
one ends up with a state with an SCP of pyyap = min{p,,ps}, also called ‘entanglement of single pair
purification’ [21, 51]. In this section we consider just the case where p, = pg = p for all the links.
However, as we will see, the role of different p; will, instead, be crucial in section 3.2.

2.1. CEP
The CEP protocol [29] consists of the following procedure:

(i) The optimal SLOCC purification operation is applied to each link in the network. The links are
either successfully converted into a singlet with probability p,, or removed from the network
(figure 3(a)). To perform this LOCC operation the nodes must have local knowledge of the exact
Schmidt coefficients of the state they share (see appendix B).

(ii) If the initial SCP is high enough, a chain of singlets connecting the desired nodes is created.
Identifying this path requires classical communication across the whole network to determine which

3
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purifications. highlighted.
Figure 3. A single (successful) run of a classical entanglement percolation protocol. The final singlet is created between node 0
and node 3 after applying entanglement swapping on nodes 2 and 5.

links were successfully converted. Once the path is established, entanglement swapping is applied in
the intermediate nodes, generating the final desired singlet, as shown in figure 3(b).

The classical theory of percolation states that if the initial p,, is high enough, a giant connected com-
ponent emerges. Consequently there exists a strictly positive probability of finding a path connecting two
arbitrarily chosen nodes. This means that for entanglement percolation to be successful, it is required
for the initial states to have an initial SCP p,, > p., where p, is the percolation threshold of the original
network [29, 30].

This threshold is called CEP, in analogy with the classical theory of percolation [31-34]. For example,
a square lattice QN will require states with p,, > p**" = 1/2 [52], that is, pip . = 1/2. The percolation
threshold depends only on the network topology, and different types of complex networks can show very
significant differences in the percolation threshold as shown in [30, 39, 40, 53].

2.2. QEP
It has been shown that the CEP protocol is not optimal for many QNs [29, 30]. In those cases, a bet-
ter performance can be achieved with the QEP protocol. The starting setup for this protocol consists
of a ‘multigraph QN, that is, a QN where each pair of nodes can share multiple bipartite states (see
appendix C for a detailed explanation) and implement a procedure called ‘g-swap’. It consists of apply-
ing entanglement swapping operations in nodes at the center of a star subgraph S, transforming it into a
C,4 cycle, as can be seen in figure 4. These operations change the topology of the network, modifying the
percolation threshold drastically [30, 54].

Therefore, in the QEP protocol, first the network is preprocessed by applying appropriate g-swaps,
and then the CEP protocol is applied on the new network.

As a paradigmatic example [29], starting with a double-bond honeycomb lattice, as shown in

figure 5, by applying the CEP protocol, knowing that p?exagon =1—2sin(m/18) [55], one obtains

1 T
CEP :
=2|1— — -+ sin (7) ~ 0.358. 1
p [ 2 . 18 ] ( )

If, instead, we apply the QEP protocol, one initially performs 3-swaps and ends up with the triangular
lattice, as shown in figure 5, which has pI*"8' = 2sin(7/18) [55]. This means that

P = Pliangle = 25in (7/18) ~ 0.347. (2)

In the case here illustrated, the difference between CEP and QEP is small, but the QEP protocol can
yield much better improvements in complex QNs [30, 54].

It is also known that QEP is not optimal. Given an arbitrary network, the order of the entanglement
swapping and stochastic purification process can be tailored to the specific network, going beyond the
QEP performance. It is still unknown if, given any QN, there exists a lower bound for initial entangle-
ment below which it is impossible to entangle two distant qubits using only LOCC [33].

4
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(a) Initial start graph Ss. (b) After applying the 5-swap.

Figure 4. An example of a 5-swap operation. (a) Initial star graph Ss with a central node 0 connected with two identical states |w)
with each of the other nodes. (b) End result after performing the 5-swap between the 0 node and all other nodes. This creates new
entangled states between the external nodes and erases node 0 from the network.

VAV,
\VAVAVE

(a) Starting network. (b) After the 3-swaps.

Figure 5. Representation of the initial and final networks after applying the QEP protocol to a double-bond honeycomb lattice.

3. Entanglement percolation in random QNs

Entanglement percolation protocols have been extended to networks of multipartite states [44] and

to networks of mixed states [42]. Here, we analyze a still unexplored but highly relevant and realistic
scenario: a random QN (RQN). In this setting, we relax the usual assumption that all initially shared
quantum states are identical and instead assume a statistical distribution of the initial SCPs. Such statist-
ical distributions naturally emerge in physical systems, for example, through spatially correlated disorder
driven by unitary evolution under disordered network Hamiltonians [49].

Let the k-th edge state be |1)k), the SCP of the k-th edge will be py = 2)\3”‘ where )\g”‘ is the smallest
Schmidt coefficient of the state |¢k). In the following, we assume that py are randomly distributed, as
illustrated in figure 6(a). We stress here that such a situation represents a more generic case than just
considering Haar-random pure states of two qubits [56, 57]. Notice that Haar states are associated with
a unique distribution of Schmidt coefficients [58, 59], meaning that Haar distributed states are just one
particular example of all possible distributions of Schmidt coefficients.

In particular, the distribution shown in figure 6(b) of the smallest Schmidt coefficients, \;, of a Haar
random state of a pair of qubits, is

p(N) =6(1-2))° (3)

which leads to ()\;) = g. This means that the average SCP of a random Haar state is (Prigar) = ;-

5
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(a) Example of a random state (b) Distribution of the Ay of random
network. Haar states of two qubits.

Figure 6. Examples for a random state network. The Haar random states make up a particular distribution from all the possible
ones.

3.1. CEP in RQN

The implementation of the CEP protocol in these new RQNs is straightforward: the optimal SLOCC is
applied to each edge (each of which will now have a different probability of success) and then, if the ini-
tial amount of entanglement is high enough, a giant cluster of singlets emerges, establishing connectivity
at distance.

It is assumed that the realized link SCPs py are known locally by the two nodes sharing the respect-
ive edge, as this information is strictly necessary for the optimal SLOCC protocol (as shown for the
Procrustean method in appendix B).

As an example, a uniform distribution for the SCPs has been assumed

1 fi <p<b
X(P)Z{”“ orasp (@)

0 elsewhere

with average value of (p) = %b and width w = b —a with 0 <a < b < 1. Several RQN CEPs have
been simulated, with the width w and the average value (p) serving as control parameters within their
respective admissible bounds. For each parameter set, multiple realizations of the same network—
specifically, a 100 x 100 square lattice—were generated and simulated. Because the edge probabilities
are assigned as independent and identically distributed (IID) random variables, each realization of the
network corresponds to a different random assignment of SCP values to the edges. Accordingly, the per-
colation strength P, (i.e. the probability that a randomly chosen node belongs to the largest connected
cluster; see appendix A) was estimated by averaging over many independent realizations of the network.
As shown in figure 7, the results obtained for the different simulations are identical width-wise. This
implies that only the average value of the distribution is relevant for CEP, or, in other words, that only
the average initial entanglement is important. We will call this new CEP threshold, random CEP (RCEP)

P ({pi}) = ((p)) = pe. (5)

Therefore, for a sufficiently large system, if the average initial SCP is above the classical percolation
threshold p, then the system percolates, otherwise it does not. An analytical demonstration of this is
present in appendix E.

3.2. QEP in RQN

In this section, we compare the efficiency of the QEP protocol and the CEP protocol in RQNs.
Nevertheless, the g-swap defined in section 2.2 has to be generalized before proceeding with the pro-
tocols comparison. A known result is that entanglement swapping between two states with SCPs py, and
Pk, yields a new state with an SCP equal to min{py,,pr, } [21]. This means that, in the RQN scenario,
the g-swaps not only modify the topology of the network, but also degrade the distribution of the SCPs
[60], as shown in figure 8.
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Figure 7. Simulation for the entanglement percolation in a random quantum network. The percolation strength is shown as
the order parameter for the transition by changing the SLOCC success probability (p) = %” The simulation was done in a
100 x 100 square lattice, the percolation threshold p;®**" = 0.5 is shown as a black vertical line. The simulation was done for

w=0,0.2,0.4,0.6,0.8. Note that the plotted domain for each curve is restricted to its mathematically admissible parameter
range w/2 < (p) < 1 — w/2; for instance, the data points for w = 0.8 are strictly confined to (p) € [0.4,0.6].

? min{pg,p,1} E !
p3

°\ °/ min{p;, p2}
D5 s P2
Do pl“ min{l’s»ﬁﬁ}
P
7 bs
0/ :Pg

°\ mi“{l’!)-, Po }
min{p7, Ds }\e

(a) Before applying the 5-swap. (b) After applying the 5-swap.

Figure 8. A 5-swap applied to a random state network with random multiedges. Because each swap utilizes distinct edges from
the initial multigraph, the new edges created after the g-swap remain statistically independent random variables.

In the new RQN after the g-swaps operations the distribution of the SCPs corresponds to the distri-
bution of the minimum of two IID variables. It is important to note that since the initial setup assumes
a multigraph (such as the double-bond honeycomb), each entanglement swapping operation within the
g-swap utilizes distinct, independent edges from the initial multiedges. Consequently, the newly created
edges in the transformed lattice remain strictly independent random variables.

This concept of the ‘distribution of the minimum’ is common in the field of extreme value theory
[61]. In particular, given Y= min{X;,X,} and using the cumulative distribution function (CDF) Fp,

Fiin (x) = P(Y<x) =P(min{X;, X} <x) =1—P(X; > x,X; > x) (6)

due to the fact that only one X; < x is required. However, the X; are IIDs and, therefore, P(X; > x,X, >
x) = [1 — F(x)]* where F(x) = P(X; < x). This leads to a formula for the probability density function

fimin (x) = 2f(x) [1 = F(x)].. (7)

For example, consider two IID variables drawn from the uniform distribution in equation (4). Using
equation (7), we obtain the following distribution

2 p—a
1—- fa <p<
Xmin (P) = b—a( b—a) oraspsb
0 elsewhere

(8)
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Figure 9. Honeycomb to triangular lattice transformation obtained after applying the g-swaps in the nodes highlighted in red.
The edges in the newly formed triangular lattice have the SCP following the distribution of the minimum (shown as dotted line
in the figure).

with average value

(Pmin) = (p) — w/6. %)

This is a reasonable result. The wider the uniform distribution is, the more skewed to the left the distri-
bution of the minimum will be, yielding a lower average.

We now analyze the example of a double-bond honeycomb network (like the one in section 2.2,
hexagon

shown in figure 9) with uniformly distributed SCPs. Combining equation (5) and (py,ok,) = p-
appendix D for more details), the RCEP for this network becomes

(see

PREEP = pCEP ((p)) ~ 0.358. (10)

Applying instead the random QEP (RQEP) protocol, i.e. transforming the double-bond honeycomb lat-

tice into a triangular lattice with the distribution of the minimum, we obtain that (pyn) = pzmngle

equation (9), it can be seen that

. Using

pRQEP:pQEP(@>)+%%0.347+% (11)

which now depends on the width of the distribution.

Equation (11) shows that increasing the width worsens the performance of the RQEP protocol,
whereas the RCEP threshold does not depend on the width. This means that, for this lattice and dis-
tribution, there exists a threshold w* after which pREP < pRREP For instance, for w < w* ~ 0.067 the
RQEP protocol is more efficient than RCEP for the studied lattice while for w > w* the protocol is
instead disadvantageous.

We note that this behavior is actually quite general. For any continuous distribution with mean
w1 and CDF F(p), the expected value of the minimum of two independent draws Y = min{X;,X,} is
given by

W=~ [ FEL-Fp)d. (12
— 00
We now consider distributions belonging to a location-scale family. For these distributions, the shape is
fixed and we just shift the mean or stretch the width. The CDF can be written as F(p) = G (2%, where
G(z) is the standard baseline shape, p is the mean, and o is proportional to the standard deviation.
If we plug this F(p) into our integral and do a simple change of variables z= £~ (which means
dp = 0dz), we get

(o) == [ T 6@ Gla)d (13)

— 00

8
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Since G(z) is a valid CDF, the integral over all space just evaluates to a strictly positive constant C that
depends only on the standard shape of the distribution, completely independent of p and o. Mapping
back to our average SCP (p), we end up with

(Pmin) = (p) — Co. (14)

This means that if the network’s randomness can be modeled by stretching a standard distribution
shape, the drop in the expected minimum scales perfectly linearly with the standard deviation.

Therefore, for this general class of distributions, while RCEP is invariant under changes in the width
of the distribution, the expected minimum entering the RQEP protocol strictly degrades as a linear
function of o. Hence, whenever the (non-random) QEP advantage is finite and the admissible range of
widths is sufficiently large, a crossover variance exists beyond which RCEP outperforms RQEP.

For this reason, we conjecture that RCEP is the optimal LOCC protocol for entanglement distribu-
tion when the variance of the input SCP distribution is sufficiently large.

4. Conclusions

We have generalized the entanglement percolation protocol in QNs to the more realistic scenario in
which the degree of entanglement between nodes is randomly distributed. Assuming a distribution of
states with random Schmidt coefficients, we have found that only the average value of the initial entan-
glement is important for RCEP, mapping again the problem to the classical percolation transition. By
applying, instead, the QEP protocol we found that RQNs yield different results than before. We have
shown that, in this realistic scenario (RQEP), the efficiency of quantum local operations degrades as the
width of the input SCP distribution increases, while RCEP depends only on the mean SCP. As a con-
sequence, for sufficiently broad distributions, RCEP can outperform the corresponding RQEP protocol.
We conjecture that, in sufficiently high-variance RQNs, RCEP is the optimal LOCC protocol for entan-
glement distribution.

Applying this framework to the multipartite case might be promising, as the non-random model
shows a big improvement over the bipartite case. This is done by mapping the hypergraph represent-
ation into a bipartite graph and then analyzing node percolation of the said graph [44]. A true full
hypergraph percolation theory is still being investigated [62]. Another approach, called concurrence (and
negativity [63]) percolation [64—67] has also been showing promising results and this generalization can
be applied to that framework as well. Still, whether there exists a minimum amount of initial entangle-
ment needed in order to achieve a perfect long-distance entanglement is still unknown.
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Figure A1. The plot shows an edge percolation simulation performed on a 100 x 100 square lattice. Three snapshots of an
example of a simulation on a smaller lattice are shown for probabilities 0.15,0.5,0.85. The percolation transition is highlighted
with p*¢ = 1/2 [52, 72].

Appendix A. Basic concepts of networks and percolation

Network theory provides a single theoretical and mathematical framework to describe a broad set of
complex systems, ranging from biological networks of neurons in our brain to the network of social
interaction or infrastructure networks like the power grid or the internet [69-71].

A network is described by a graph G = (V,E), a mathematical structure consisting of two sets: V, the
set of vertices in the graph, called ‘nodes’ and E, the set of ‘edges’ connecting pair of nodes [39, 53].

The transport properties within a network or a lattice can be characterized using the mathematical
framework of percolation theory [73]. In ‘edge percolation’, a coin is tossed for each of the edges of a
network and with probability p the edge is kept, while with probability 1 — p the edge is removed. For
small p, the majority of edges are eliminated, whereas for p close to 1, most edges are left intact. The
system is said to ‘percolate’ if a path of edges connecting opposite sides of the network exists [74].

A critical probability, known as the percolation threshold (p.), defines a second order phase trans-
ition. For p > p,, the system percolates, meaning that a giant connected component emerges, whereas
for p < p. the system consists only of finite disjoint clusters. This transition is sharp for infinite net-
works (such as infinite lattices) while for finite systems you can study finite size effects at the transition
point [75].

Defining percolation as connecting opposite sides of a network may be suitable for lattices, but it
is non-trivial for more complex networks where it is not obvious what is a ‘side’ Because of that, one
can use different order parameters. For example, one can utilize the probability II(p) that a giant span-
ning cluster exists. In an infinite network, II(p) = 0 for p < p,, and it sharply transitions to II(p) =1
for p > p..

In this article, as the order parameter, we have utilized the percolation strength P, which is defined
as the probability that a node belongs to the largest connected component (i.e. the cluster containing
the largest amount of nodes in the network). As shown in figure Al, below the transition, the network
consists only of small finite clusters, yielding P, (p) = 0. Above the percolation transition (p > p), the
giant component emerges, but the network is generally not fully connected and small isolated clusters
still exist. After the transition P, (p) grows continuously from 0 to 1 following the law P, (p) o (p —
p.)? where >0 is the critical exponent (for example, 3 = 5/36 for a 2D lattice).

While P, (p) characterizes the macroscopic size of the connected component, understanding trans-
port efficiency within these structures requires analyzing the internal distances between nodes. To this
end, recent advances in classical network theory have generalized these foundational concepts to path-
based metrics, such as shortest-path percolation on random networks [76].
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Appendix B. Entanglement manipulation

Consider two distant laboratories A (Alice) and B (Bob). Both are allowed to perform local quantum
operations in their respective systems, and can also communicate classical information to each other.
Everything that can be decomposed only with these two actions falls under the umbrella of local opera-
tions and classical communication (LOCC) [77]. LOCCs are the free operations that use entanglement as
a resource, they cannot increase entanglement but they can transform it in various ways [78, 79].

In 1999 Nielsen [80] demonstrated a necessary and sufficient condition to convert deterministically a
bipartite entangled state [¢)) into a bipartite entangled state |¢) under LOCC.

The theorem states the following [80]: given a state with Schmidt decomposition |¢)) =

Zle \/ A 1i), @ i), where the Schmidt coefficients are placed in decreasing order, i.e. AV > ... > \Y. It

is possible to transform [¢) into another bipartite state |¢) using LOCC iff \¥ = (¥, .. .,)\Zf) is ‘major-
ized’ by \?, i.e. \Y < \?, where [81-83]

k k
A< N = ZA?SZ)\? foreachk=1,...,d. (B.1)
i=1 i=1

Nielsen theorem tells us that entanglement transformation is possible in a deterministic way using
LOCC, but also that entanglement cannot be increased in this way.

For example, an operation that is allowed is entanglement distillation [84], which starts with N
partially entangled states |1/)*". These are distilled into a single, but more entangled state |¢) ° using
LOCC as long as AN e,

Now, let us say we want to convert a single bipartite state 1)) to a more entangled state |¢), in this
case A¥ £ \? and we cannot achieve this deterministically using LOCC [77].

However, this can be achieved probabilistically using Stochastic LOCC (SLOCC) (also called
‘gambling with the entanglement’). In 1999 Vidal [50] generalized Nielsen theorem deriving the max-
imum probability to convert |i)) — |¢) with the optimal SLOCC protocol

D D P\
P — @)=  in SG (B.2)

When |¢) = |¥~) is a maximally entangled state of two qubits [85], the Schmidt coefficients are A} =
AY" =1/2 and the SCP, that is, the probability to convert a generic 2-qubit state [1) — [¥~)

P (N
p(w%W_):min{W,/\f}:min{l,Z)\g’}. (B.3)
2 2 2

The conversion of |¢)) into a maximally entangled Bell state (equivalently, into [¥~) up to local
transformations) can be implemented using the so-called ‘Procrustean method’ [23]. Starting with
the state [¢)) = /A1 [00) + /A, |11) the method can be implemented with the following generalized

measurement [34]
A2 )\2
— 0 1-— 0
M= |\ M, = ¥ : (B.4)

0 1 0 0

Which satisfy MIMl —I—M;[Mz = 1. The POVM outcomes are

1) = (M ®@1)[¢) —|o*)
Yl (Ml o1) ot o))
(M9 1) [v) B
|1h2) = =00).
Jl (Mlot) oo )

3 to be precise they are distilled into |¢) @N_," |77:) where |;) are product states we can ignore.
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With probabilities

dh)) =2

p(ot)) =2x e
p(]00)) =1—2X,.

Here, the state |®T) = %(\Om +|11)) is locally equivalent to |¥'~). The SCP p,; is then defined as

p(|®)) =p(|¥~)). With probability p(|00)) = 1 — py, instead, we are left with no entanglement at all.
This SCP can also be understood as an entanglement measure: maximally entangled states have an
SCP of 1 while separable states have an SCP of 0.

Appendix C. Multigraph quantum networks (QNs)

The initial setup to implement the g-swap operation described in section 2.2 is a network sharing mul-
tiple bipartite entangled states between users, i.e. a ‘Multigraph quantum network’ [39].

A B
a9 b2
[ Po @
al‘ Po bl
A B
% (e o2
o? °b,

Figure C2. An example of a successful SLOCC protocol for a multiedge. Here, two identical states |w) are converted into a single
maximally entangled state, the remaining state is just a product state.

Starting with two identical states |w) one can apply the SLOCC purification method like in figure C2
in multiple ways:

e One can convert the two initial states separately and ask what is the probability that at least one is
successful. Then we will have that pe, =1 — (1 —py,)* = 2p,, — p% [31].

e We can implement the optimal SCP from equation (B.2), with probability

2

Pwew—T7)=2 (1 - (/\‘;’)2) =2 (1 —( 7/\5)2) =2p., — PZ—“’. (C.1)

We will call this 2-state distillation SCP p,,:. This result is generalized to the case of N-state distilla-
tion as p,ev = 2(1— (AY)N).

For example, if we want to calculate the CEP for a double-bond network then we will have that p_ e =
pe- So, we get that the minimum amount of entanglement for each copy of the initial state is

pZCElthwork =2- M (CZ)

This, as expected, is always lower than the CEP for a single network which is just p{t2 ' =p_ (less
initial entanglement per state is needed).

Appendix D. Multigraph random QNs

As in the case of entanglement percolation in standard networks, we are still allowed to have mul-
tiple states from one node to another as in equation (C.1). We will now have a ‘Multigraph Random
quantum network’. With this new model we have to distinguish two possible cases:

12



10P Publishing Quantum Sci. Technol. 11 (2026) 025044 A Romancino et al

A B A B
bl DPr — o— Dk, —o
L Pk ® ® Pk, 0

(a) Equal random multiedge. (b) Independent random multiedge.

Figure D3. Examples of a multiedge in a random state network. Here, two edges connect node A with node B. (a) For ‘equal mul-
tiedge’ we will have that only one probability py is drawn from the distribution and assigned to all the edges inside a multiedge.
(b) For ‘independent multiedge’” we have that all the edges inside a multiedge are drawn from the distribution.

e Equal multiedge: all the (random) edges connecting the same two users are equal, as shown in
figure D3(a). Here, the SLOCC purification probability will be

p (P —T7) _pk®z_min{l,2[1_ (Xf’k)z]}' (D.1)

o Independent multiedge: all the edges are independently drawn from the distribution of the SCPs, as
shown in figure D3(b). The SLOCC probability in this case is

p (e @k — ) = prook, = min{l,Z (1 ENG )\;%) } (D.2)

We can write both these equations as a function of the SCP py = 2)@“‘ in the following way

2

Dre2 :2Pk_&
2 pep (D.3)
pk1®kz :pkl +pk2 - %

We can then average these results out to obtain

(o) = 2(p) — &2

2
2

(prn) = 20p) L
We will always have (p?) > (p)? so at the end we conclude that

2
<pk1®kz> z <Pk®2>- (D.5)

The average SLOCC probability of having the multiple states all randomly distributed is always higher
than the case of repeated multiedges. Therefore, we conclude that the random multiedge is always better
than the repeated multiedge.

(D.4)

Appendix E. RCEP is the CEP of the average

The results in section 3.1 were also obtained for different initial network topologies (Erdos—Rényi,
Barabési—Albert and Watts—Strogatz networks) and for different distributions of the SCPs (truncated
Gaussian and bimodal distributions). Moreover, this result is consistent with recent findings in dynam-
ical entanglement percolation where in the absence of spatial correlations, the macroscopic order para-
meter collapses onto that of uniform bond percolation [49].

Theoretically, one can prove equation (5) in the following way:

e For standard percolation one starts with a network of n edges, with probability p for each edge. The
edges are either empty or occupied, with w; = 0 indicating a removed edge, while w; = 1 indicates an
edge that is kept intact.

A percolation trial leaves the network with r remaining edges where r = )" wj, constituting a specific
microstate w. The probability of getting this specific microstate is the same as independent Bernoulli
trials:

Pw)=p (1—-p)"". (E.1)
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e For random percolation each edge i now has a probability p;, in general, drawn from a distribution

f(p). Given the probabilities, the probability to get a specific microstate is

Pl {p}) = [t (1—p)' .

i=1

We can then average out over the distribution of probabilities to get

W=/O /0 [Ip i =p)" = | T]f(0r) dp1 .. dps

i=1 i=1

=11/ o= sto

i=1

= HI(wi).

i=1

We can then calculate the integral for the case when the edge is kept or removed

100) = / (1= p) f(p)dpi = 1 — {p)
101) = / Pif(p3) dps = ().

Which means that, in general, the integral is

I(w) = {p)* (1= (p))' ™"

By using the fact that r =", w; we then can get that

P(w)=(p)" (1= ()"

(E.2)

(E.3)

(E4)

(E.5)

(E.6)

This means that, because both models (RCEP and CEP of the average) generate the same configurations
with the same probabilities, their macroscopic topological features must be identical, hence, percolation
properties are the same.
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