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Abstract—Many complex systems in science and engineering are modeled as networks whose nodes and links depict the temporal
evolution of each system unit and the dynamic interaction between pairs of units, which are assessed respectively using measures of
auto- and cross-correlation or variants thereof. However, a growing body of work is documenting that this standard network represen-
tation can neglect potentially crucial information shared by three or more dynamic processes in the form of higher-order interactions
(HOIs). While several measures, mostly derived from information theory, are available to assess HOIs in network systems mapped by
multivariate time series, none of them is able to provide a compact yet detailed representation of higher-order interdependencies. In this
work, we fill this gap by introducing a framework for the assessment of HOIs in dynamic network systems at different levels of resolution.
The framework is grounded on the dynamic implementation of the O-information, a new measure assessing HOIs in dynamic networks,
which is here used together with its local counterpart and its gradient to quantify HOIs respectively for the network as a whole, for
each link, and for each node. The integration of these measures into the conventional network representation results in a tool for the
representation of HOIs as networks, which is defined formally using measures of information dynamics, implemented in its linear version
by using vector regression models and statistical validation techniques, illustrated in simulated network systems, and finally applied to
an illustrative example in the field of network physiology.

Index Terms—higher-order networks, synergy and redundancy, information theory, time series analysis, network physiology
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1 INTRODUCTION

COMPLEX systems consisting of many interacting units
are commonly depicted as networks, according to a

paradigm widely used to investigate the structure and dy-
namics of several real-world phenomena [1]. The classical
network representation of dynamic systems makes use of
nodes, associated to system units and possibly representing
temporal dependencies of the unit activity, and links, rep-
resenting functional dependencies between pairs of units.
This representation encoding so-called lower-order interac-
tions (LOIs) is ubiquitous in many fields of science and
engineering, as it applies to social systems [2], electronic
oscillators [3], ecosystems and climate systems [4], as well
as neuroscience and physiology [5], [6]. However, it has
now firmly established that in all these systems interactions
can occur in groups of three or more nodes, giving rise
to collective dynamics known as higher-order interactions
(HOIs) that cannot be fully accounted by single-node and
pairwise dynamic measures [7].

HOIs manifest themselves in complex network systems
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both at the level of mechanisms, through the presence of
higher-order terms in generative models of the dynamics
at each node, and at the level of behaviors, through the
emergence of higher-order correlations in the multivariate
dynamic processes mapping the system evolution [8]. Since
the dynamics of networks with HOI mechanisms differ
substantially to those generated solely by LOI mechanisms
[9], [10], it is evident that higher-order mechanisms shape
in a significant way the behavior of network systems.
Nevertheless, higher-order behaviors can emerge even in
systems without higher-order mechanisms [8]. It is therefore
imperative, to fully characterize the dynamic behavior of
complex network systems, to move from the use of standard
LOI measures to the adoption of frameworks able to depict
the various types of HOIs that emerge within the resulting
multivariate statistics.

The detection of HOIs from the behavior of network
systems embodies the statistical concepts of synergy and
redundancy, and is typically formalized into the frame of
partial information decomposition and its various devel-
opments [11], [12]. Information-theoretic tools play a main
role in this context, with the mutual information (MI) being
the primary measure to capture pairwise interactions and
its multivariate extensions serving as measures of higher-
order behaviors. Among the latter, the long-known measure
of interaction information (II) [13] quantifies HOIs in terms
of the synergy/redundancy balance among three random
variables. The II has been recently extended to an arbitrary
number of variables through the concept of O-information
(OI) [14], [15]. The MI, II, and OI are effective for describing
static networks represented by random variables, but they
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fall short in capturing the dynamics of networks that evolve
over time, which typically exhibit autocorrelations and time-
lagged cross-correlations. This limitation can be addressed
through the introduction of approaches measuring dynamic
information rates, rather than static information quantities,
for the analysis of higher-order behaviors [16], [17]; the
resulting measures, i.e. the MI rate (MIR), II rate (IIR),
and OI rate (OIR), extend the analysis of HOIs to dynamic
networks characterized by random processes.

In this context, the aim of the present study is to in-
troduce a framework for the comprehensive description
of different types of high-order behaviors in network sys-
tems mapped by multivariate time series. The framework
is grounded on the OIR and related measures, which are
formulated in this work to assess HOIs operating simul-
taneously across different levels of resolution: the entire
network, individual links, and specific nodes. We use the
OIR as a global, network-wise measure capturing HOIs
among all the analyzed processes. Further, as the OIR cannot
consider higher-order effects that are specific to certain parts
of the network (e.g., individual nodes or links), we introduce
into the framework two additional HOI descriptors: the
local OIR, quantifying the net information shared between
two processes and the rest of the network [18], here taken
as link-wise measure of HOIs; and the OIR-gradient [19],
quantifying the information shared between one process
and the rest of the network. This new framework allows to
capture different types of high-order behaviors simultane-
ously and in a compact way (i.e., through the use of a single
HOI measure for each node/link), so as to represent them
as networks investigated across different levels of resolution.

The rest of this paper is organized as follows. First,
we provide the theoretical formulation of OIR, local OIR
and OIR-gradient (Sect. 2.1), and derive a data-efficient
implementation of all measures based on linear vector au-
toregressive (VAR) models (Sect. 2.2), as well as methods
to estimate them from multivariate time series (Sect. 2.3)
and to assess their statistical significance (Sect. 2.4). Then,
the framework is illustrated in benchmark simulated net-
work systems, showing how the proposed dynamic HOI
measures can evidence collective behaviors not revealed by
LOI descriptors and depict them more reliably than baseline
HOI measures (Sect. 3). Finally, the framework is employed
to investigate both LOIs and HOIs in an application very
common in computational and network physiology [5],
[20], [21], i.e. the study of heart rate, arterial pressure and
vascular resistance time series measured on a beat-by-beat
basis from multiple biosignals (Sect. 4); the resulting cardio-
vascular networks are here investigated in healthy subjects
monitored in a resting state and during postural and mental
stress, to showcase the relevance of HOIs in the homeostatic
regulation analyzed across different physiological states.

2 METHODS

2.1 Framework to Assess Higher-Order Interactions at
Different Levels of Resolution
Let us consider a dynamic network system X composed
of N nodes, whose activity is described by N discrete-
time random processes X = {X1, . . . , XN}. The average
rate of information produced over time by the process Xi,

which maps the activity of the ith node of the network,
is quantified by its entropy rate (ER). The ER captures the
internal dynamics of the process, i.e., its self-interactions of
order one. For a stationary process Xi, the ER is [22]:

HXi
= lim

k→∞

1

k
H(Xi,n−k:n−1) = H(Xi,n|X−

i,n), (1)

where Xi,n, Xi,n−k:n−1, and X−
i,n = limk→∞ Xi,n−k:n−1

denote the random variables sampling Xi at the present
time n, over the past k lags, and over the whole past
history, respectively. The second equality in Eq. (1) expresses
the ER as a conditional entropy, evidencing the amount of
information contained in the present time of the process Xi

that cannot be explained by its past. As such, the ER serves
as a measure for assessing the complexity of the process
dynamics: if Xi is a fully random process, it produces
information at the maximum rate, resulting in the maximum
ER; if, on the contrary, Xi is a fully predictable process, it
does not produce new information and its ER is null.

The interactions of order two between the ith and jth

nodes of the analyzed network can be assessed by the
mutual information rate (MIR) of the processes Xi and
Xj . The MIR quantifies dynamic coupling measuring the
information shared by the processes per unit of time [23]:

IXi;Xj
= lim

k→∞

1

k
I(Xi,n−k:n−1;Xj,n−k:n−1), (2)

= HXi
+HXj

−HXi,Xj
, (3)

where HXi and HXj are the ERs of the processes Xi and
Xj , and HXi,Xj is the joint ER of the two processes.

The ER and MIR measures quantify the intensity of
lower-order interactions (LOIs) in the network system, i.e.
interactions within and between processes that are encoded
respectively by nodes and links in the standard network
representation (Fig. 1a). In this work, ER and MIR serve also
as building blocks for computing measures of higher-order
interactions (HOIs) in the analyzed dynamic network. Here,
using ER and MIR we introduce a comprehensive frame-
work for the evaluation of different types of interactions
beyond pairwise connections. The framework is grounded
on the so-called O-information rate (OIR), a measure cap-
turing the net information shared in network of random
processes [16]. Specifically, the OIR (Ω) of the N processes
grouped in X can be defined combining the entropy rates
of the processes as:

ΩX = (N − 2)HX +
N∑
j=1

[HXj
−HXj ], (4)

where Xj = X\{Xj} is the vector process including the
activity of all network nodes except Xj . The OIR quantifies
the collective interactions between all processes analyzed.
It can be also computed iteratively from the OIR of the
subset Xj including N−1 processes by summing a gradient
(∆) which quantifies the informational increment obtained
when Xj is added to Xj [16]:

ΩX = ΩXj +∆Xj ;Xj , (5)

∆Xj ;Xj =
N∑
i=1
i ̸=j

IXj ;Xij + (2−N)IXj ;Xj . (6)
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Note that the OIR is zero if N = 2, while for N =
3 it is equal to the OIR-gradient, which in turn corre-
sponds to the so-called interaction information rate (IIR), i.e.
ΩX = ∆Xj ;Xj = IXi;Xj ;Xk

= IXi;Xj
+ IXk;Xj

− IXi,Xk;Xj

(i ̸= j ̸= k ∈ {1, 2, 3}) [16]. Further, when networks
mapped by more than three random processes are analyzed,
the IIR can be generalized by focusing on two processes
Xi and Xj and collecting all other processes in the vector
Xij = X\{Xi, Xj}; the resulting measure is the dynamic
version of the local OI defined in [14], also denoted as net
information shared in [18]:

IXi;Xj ;Xij = IXi;Xj
+ IXi;Xij − IXi;Xi . (7)

Importantly, all the measures defined in Eqs. (4), (6), (7)
quantify HOIs by capturing the balance between redundancy
and synergy: they take positive values when redundant in-
teractions prevail over synergistic interactions, and negative
values in the opposite case. Here, the terms ”redundant”
and ”synergistic” applied to multivariate information mea-
sures refer respectively to information identically provided
by each of the multiple analyzed units, and to new informa-
tion that emerges when the units are considered together.
Building on these measures, our framework explores HOIs
within the observed network system across multiple levels
of spatial resolution. This spatially-resolved representation
of HOIs includes different descriptors (Fig. 1b):

• Node-wise, based on the OIR-gradient (Eq. 6) quantify-
ing the informational character (redundant or synergis-
tic) provided by the inclusion of the analyzed node into
the multiplet formed by all other network nodes;

• Link-wise, HOIs based on the local OIR (Eq. 7) quan-
tifying the net information shared between the two
analyzed nodes and the rest of the network;

• Network-wise, based on the OIR (Eq. 4) quantifying the
redundant/synergistic character of the overall dynamic
interactions among all the network nodes.

Collectively, these descriptors provide a representation of
HOIs as networks which guarantees lower computational
complexity compared to existing representations (e.g., [24]).
In fact, for a network of N nodes, our framework com-
putes N OIR-gradient values, N(N−1)

2 local-OIR values, and
one OIR value; this is a considerably smaller number of
HOI measures to be computed compared with standard
approaches for which such number grows exponentially
with the network size (e.g., the number of multiples of order
M in a network with N nodes scales factorially with the
binomial coefficient CN,M = N !

M !(N−M)! ).

2.2 Computation for Linear Systems

This section presents the implementation of the proposed
framework using linear vector autoregressive (VAR) models
[25]. Crucially, the use of VAR models induces a linear
representation of the analyzed process without forcing the
assumption that it must be linear, as any stationary process
can be decomposed into a linear model [26]. The VAR
representation of the zero-mean process X is given by:

Xn =

p∑
k=1

AkXn−k + Un, (8)

ER
MIR 

synergy redundancy

min 0 max

balance

OIR

OIR-gradient

local OIR

2

3

(a) LOIs (b) HOIs

2

3

1

complexity, coupling

0 max

5

4

53

2 4

3 5

2

1

Fig. 1. Exemplary illustration of a network system with five nodes show-
ing the network representation of lower-order interactions (LOIs) and
higher-order interactions (HOIs). (a) LOI measures quantify the infor-
mation produced at each node (entropy rate (ER), related to process
complexity) and the information shared per unit of time between any
two nodes (mutual information rate (MIR), related to coupling between
processes), which are coded respectively by the color of the nodes and
of the links. (b) HOI measures quantify the net information shared per
unit of time among all network nodes, reflecting higher-order behaviors
related to the synergy/redundancy balance evaluated at the level of the
whole network (O-information rate, OIR), single link (local OIR), and
single node (OIR-gradient), which are coded respectively by the color
of the external circle, of the links, and of the nodes. In the example, the
process X2 is involved in LOIs (a) showing the highest complexity (red
color of node 2), strong coupling with X4 (red link 2-4) and uncoupling
with X3 (white link 2-3), while it is involved in HOIs (b) providing synergy
if considered alone (blue node 2 and OIR-gradient hyperlink), providing
redundancy if considered with X3 (red link 2-3 and local-OIR hyperlink),
and participating to the collective synergy/redundancy balance (white
external circle and OIR hyperlink).

where p is the model order, Xn and Xn−k are the
N−dimensional variables sampling the process X at the
present time n and at k lags in the past, Ak are N × N
coefficient matrices encoding the causal relations from past
to present for each lag k, and U is an i.i.d. innovation process
with N ×N covariance matrix ΣU = E[UnU

⊺
n ].

Starting from the ubiquitous representation in Eq. (8),
developments of the theory of Granger causality have
shown that it is possible to define restricted models which
describe the dynamics of properly chosen subsets of pro-
cesses [27]. Specifically, the dynamics of the generic sub-
process Y ⊂ X collecting M scalar processes taken from X
(typically, M < N ) are described by the restricted model:

Yn =

q∑
k=1

BkYn−k +WY,n, (9)

where WY is the M -dimensional innovation process feeding
the restricted model to yield the analyzed sub-process Y ,
and Bk are the relevant M × M coefficient matrices; note
that the order of the restricted model q will generally tend
to infinity because a sub-process of a VAR process will have
a moving average component [28]. Importantly, under the
assumption of joint Gaussianity for the overall process X ,
the ER of the sub-process Y can be derived straightly based
on the generalized variance of the residuals of the restricted
model of Eq. (9) as follows [17]:

HY =
1

2
log(2πe)M |ΣWY

|, (10)
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where ΣWY
= E[WY,nW

⊺
Y,n] is the M × M covariance

matrix of the restricted innovation process WY . Moreover,
considering another sub-process Z ⊂ X disjoint from Y ,
and considering the joint process [Y Z] = Y ∪ Z , similar
formulations like in Eqs. (9) and (10) can be written and
combined to derive the MIR between Y and Z as follows:

IY ;Z =
1

2
log

|ΣWY
||ΣWZ

|
|ΣWY Z

|
. (11)

Eqs. (10) and (11) are the cornerstone for the computation
of information dynamic measures based on VAR models. In
fact, the ER of the scalar process Xi is obtained simply by
assuming Y = Xi in Eq. (10):

HXi
=

1

2
log 2πeΣWXi

; (12)

the MIR between the processes Xi and Xj is obtained
simply by assuming Y = Xi and Z = Xj in Eq. (11):

IXi;Xj
=

1

2
log

ΣWXi
ΣWXj

|ΣWXiXj
|
; (13)

and the local OIR between Xi and Xj given Xij is derived
applying Eq. (13) three times according to Eq. (7) to yield:

IXi;Xj ;Xij =
1

2
log

ΣWXi
ΣWXj

|ΣWXij ||ΣU |
|ΣWXij

||ΣWXj ||ΣWXi |
. (14)

With similar reasoning, the OIR among all processes in X
can be derived from Eq. (4) using the formulation of the ER
(Eq. 10), one time with Y = X and repeatedly with Y = Xj

and Y = Xj , and the OIR-gradient of the process Xj given
the other processes Xj can be derived from Eq. (6) using
the formulation of the MIR ( Eq. (11), one time with {Y =
Xj , Z = Xj} and repeatedly with {Y = Xj , Z = Xij}.

2.3 Estimation
The parameters of the restricted model (Eq. 9), i.e. the
coefficients Bk and the covariance of the residuals ΣWY

, can
be derived from the parameters of the full model (Eq. 8), Ak

and ΣU , through a two-step procedure which (i) derives the
time-lagged covariance structure of the full process X , and
(ii) reorganizes such structure to relate it to the covariance
of the sub-process Y [29].

The step (i) exploits the fact that the covariance of X ,
ΣX,k = E[XnX

⊺
n−k], is related to the VAR parameters via

the well-known Yule-Walker equations [25]:

ΣX,k =

p∑
l=1

AlΣX,k−l + δk0ΣU , (15)

where δk0 is the Kronecher delta function. To solve this
equation for k = 0, 1, . . . , p − 1, we first express Eq. (8)
in a compact form as Xp

n = ApXp
n−1 + Up

n , where

Xp
n =

[
X⊺

nX
⊺
n−1 · · ·X

⊺
n−p+1

]⊺
, (16a)

Ap =


A1 · · · Ap−1 Ap

I · · · 0 0
...

. . .
...

...
0 · · · I 0

 , (16b)

Up
n =

[
U⊺
n0

]⊺
. (16c)

Then, the covariance matrix of Xp
n, Σp

X = E[Xp
nX

p
n
⊺], which

has the form:

Σp
X =


ΣX ΣX,1 · · · ΣX,p−1

Σ⊺
X,1 ΣX · · · ΣX,p−2

...
...

. . .
...

Σ⊺
X,p−1 Σ⊺

X,p−2 · · · ΣX

 , (17)

can be expressed as:

Σp
X = ApΣp

X(Ap)⊺ +Σp
U, (18)

which is a discrete-time Lyapunov equation (Σp
U denotes

the covariance of Up
n , i.e., Σp

U = E[Up
nU

p
n
⊺]). The Lyapunov

equation can be solved for Σp
X , thus yielding the covariance

matrices ΣX ,ΣX,1, · · · ,ΣX,p−1. Then, the covariance can
be calculated recursively for any lag k ≥ p by applying Eq.
(15), so as to obtain ΣX,p,ΣX,p+1, · · · ,ΣX,q .

The step (ii) of the estimation procedure starts with
extracting, from the covariance matrices ΣX,k computed
for each lag k ∈ {0, 1, . . . , q}, only the covariance elements
relevant to the sub-process Y , which form the covariance
matrices ΣY,k = E[YnY

⊺
n−k]. These covariances are arranged

to obtain the covariance matrix of Y , ΣY = E[YnY
⊺
n ], the

covariance of the predictors of Eq. (9), Σq
Y = E[Y q

nY
q
n
⊺],

and the cross-covariance ΣYn;Y
q
n−1

= E[YnY
q⊺

n−1] (where
Y q
n−1 =

[
Y ⊺
n−1 · · ·Y

⊺
n−q

]⊺
). Finally, solving the Yule-Walker

equations, the coefficients of the restricted model are com-
puted as Bk = ΣYn;Y

q
n
Σq

Y
−1, and the covariance matrix of

the residuals is obtained as [29]:

ΣWY
= ΣY −ΣYn;Y

q
n
Σq

Y
−⊺

Σ⊺
Yn;Y

q
n
. (19)

The procedure described above starts from the VAR
parameters Ak and ΣU of the full model, which can be
easily estimated from realizations of the process X available
in the form of multivariate time series. While advanced
procedures exist to perform VAR model identification, e.g.
using penalized regression to derive sparse models in high-
dimensional settings [30] or using time-varying regression
to derive time-dependent parameters in non-stationary con-
ditions [31], the classical least squares approach was fol-
lowed in this work [25]. The order p of the full model is
typically estimated using information-theoretic criteria, like
the Akaike [32], or the Bayesian [33], while the order q of the
restricted models is set at high values to capture the decay
of the correlations at increasing lags [27], [29].

2.4 Statistical Significance
This section describes the approach followed to statistically
validate measures of the OIR-gradient, local OIR, and OIR,
i.e., to determine if an estimated value of any of these
measures can be regarded as significantly different from
zero, detecting the presence of net redundancy if positive
and of net synergy if negative. In this work, a procedure
based on the bootstrap technique [34] was implemented,
exploiting the fact that the HOI measures can take both
positive and negative values. Specifically, for any given mul-
tivariate time series, a VAR model was identified by the least
squares method, and bootstrap pseudo-series were created
by feeding the identified model with new realizations of
the innovations U obtained by repeatedly sampling with
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replacement from the estimated innovations. This procedure
ensures that the bootstrap series retain all characteristics
of the original process X , including causal relationships
and zero-lag correlations. Then, the OIR-gradient, local OIR
and OIR are computed from the bootstrap realizations. The
procedure is repeated several times to construct bootstrap
distributions of each HOI measure, whose confidence inter-
vals are finally used to assess the statistical significance of
each original estimate of the measure. Setting a significance
level α, if the zero level falls between the (100 · α/2)th and
(100 · (1 − α/2))th percentiles of the bootstrap distribution
of the HOI measure, the measure itself is considered as non-
significant; otherwise, it is deemed as significant [35].

As regards the statistical significance of the MIR esti-
mates, the bootstrap technique cannot be followed because
any MIR estimate takes only positive values. In this case,
the method of surrogate data was employed, generating
iterative amplitude-adjusted Fourier Transform surrogates
[36] of each set of original time series. While preserving the
individual properties (amplitude distribution, autocorrela-
tion structure) of each original time series, these surrogates
are fully uncoupled, thus adhering to the null hypothesis of
uncorrelated time series for which the MIR is absent. The
rejection of this null hypothesis occurs with significance α
when the MIR estimated on the original series exceeds the
(100 · (1− α))th percentile of the surrogate distribution.

3 VALIDATION ON SIMULATIONS

In this section, we illustrate the framework described above
in simulated dynamic networks whose activity is mapped
by a multivariate random process described by a VAR
model. Specifically, we first consider two simulation settings
in which the network measures are computed analytically
from the theoretical values imposed for the model parame-
ters; these simulations are designed to highlight the impor-
tance of assessing dynamic HOIs in multivariate processes
with temporal correlations (Sect. 3.1, comparison between
static and dynamic HOI measures), and the role of HOIs
beyond the standard LOI description (Sect. 3.2, comparison
between HOI and LOI measures). Then, in Sect. 3.3 the
dynamic HOI measures are estimated from simulated finite-
length realizations of the simulated network process, and
their statistical significance is assessed as a function of the
time series length.

In our simulations, we consider N = 5 processes in-
teracting in a star structure, where node 1 and nodes 2-5
act respectively as the hub and as leaves. The processes are
described by a VAR model fed by independent Gaussian
innovations with zero mean and unit variance, formulated
as in Eq. (8) with order p = 1. In the different simulation
settings, the VAR model is identified imposing values for
the time-lagged coefficients collected in the matrix A1 and
for the elements of the innovation covariance ΣU . In the
graphical network representations of Figs. 2-4, these param-
eter values are depicted with dashed lines when they refer
to zero-lag instantaneous effects (off-diagonal elements of
ΣU ), with green or orange arrows when they refer to time-
lagged causal effects originating from the hub or directed to
it (off-diagonal elements of A1), and with blue arrows when
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Fig. 2. Simulated networks of random processes connected via a hub
(node 1) communicating with four leaves (nodes 2-5), featuring exclu-
sive instantaneous interactions (a) and exclusive time-lagged interac-
tions with only causal effects (b) or with both causal effects and self-
dependencies (c). The higher-order networks mapping the theoretical
values of OI gradient, local OI and OI measuring static HOIs, as well as
the values of OIR gradient, local OIR and OIR measuring dynamic HOIs,
are shown in (d-f) for the three configurations; the values of OI/OIR gra-
dient, local OI/OIR and OI/OIR are encoded respectively by the nodes,
links and external circle, with a pseudo-color representation whereby
shades of blue denote synergy, shades of red denote redundancy and
white denotes synergy/redundancy balance or absence.

they refer to self-dependencies within a process (diagonal
elements of A1).

3.1 Comparison of Static and Dynamic HOIs Measures
First, to compare static and dynamic HOIs measures, we
analyze the three following configurations: (i) exclusive
instantaneous interactions between the hub and all leaves,
and between nodes 2-3 and 4-5 (Fig. 2a); (ii) exclusive time-
lagged causal interactions, with causal effects originating
from nodes 4,5, mediated by the hub and directed to nodes
2,3 (Fig. 2b); (iii) exclusive time-lagged interactions with
both causal and self-effects, with causal effects between
processes set as in (ii) and self-effects occurring in all pro-
cesses (Fig. 2c). The first configuration is obtained imposing
absence of time-lagged effects (A1 = 0), so as to simplify the
VAR model to a zero-lag process with covariance ΣX = ΣU

(non-zero elements of ΣX in Fig. 2a). The configurations (ii)
and (iii) realize VAR models without instantaneous effects
(ΣU = I; non-zero elements of A1 in Fig. 2b,c).

For all three configurations, we built HOI networks
comparing the proposed dynamic framework defined for
random processes with the static analysis of HOIs defined
for random variables. The dynamic analysis was performed
applying to the vector process X the OIR-gradient, local
OIR and OIR computed from the theoretical values of the
VAR parameters according to the procedures described in
Sect. 2.1-2.3. The static analysis was performed applying
baseline information measures like MI, II and OI [13], [37]
on the vector variable Xn sampling all the processes in X
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Fig. 3. Simulated network of random processes connected via a hub (node 1) communicating with four leaves (nodes 2-5), where the hub acts: as
a source of information to all leaves (a); as a sink of information from all leaves (b); as a mediator of the information received from nodes 4,5 and
sent to nodes 2,3 (c), or received from nodes 3,4,5 and sent to node 2 (d). The lower-order networks mapping the theoretical values of ER and MIR,
measuring complexity and coupling and encoded by nodes and links, as well as the higher-order networks mapping the values of OIR gradient,
local OIR and OIR, measuring the synergy/redundancy balance at different levels of spatial resolution and encoded by nodes, links and external
circle, are shown in (e)-(h) for the four configurations. Each LOIs or HOIs measure is represented using pseudo-colors: in the case of LOIs, the
scale ranges from white (zero) to different shades of red reflecting the measure’s strength, while for HOIs it encompasses different shades of blue,
white and red denoting respectively net synergy, balance and net redundancy.

at the same time n to compute measures of OI-gradient,
local OI and OI; details of the implementation of these static
measures starting from the VAR parameters are provided
in the Appendix. The comparison indicates that, when only
instantaneous interactions are simulated (Fig. 2a), the dy-
namic HOI description reduces to the static one (Fig. 2d),
yielding exactly the same values for OI and OIR, local OI
and local OIR, and OI-gradient and OIR gradient. Such
measures highlight a heterogeneous distribution of HOIs,
with nodes 1-2-3 and their links revealing synergy and
nodes 4-5 and their links with node 1 revealing redundancy,
as is expected for this type of static interactions [38]; the
overall HOIs investigated at the network level document
the dominance of sinergy (blue external circle).

When the simulated interactions are time-lagged (Fig.
2b,c), the static HOI description becomes unreliable and
only the dynamic description fully captures the nature of
high-order effects in the network. Indeed, depending on the
nature and extent of the temporal correlations within the
network, the HOI analysis based on the static descriptors
may either fail to capture any higher-order behavior (Fig.
2e, where the OI, local OI and OI gradient measures are all
identically null) or provide misleading information about
higher-order behaviors (Fig. 2f, where the OI gradient and
local OI suggest slightly redundant or balanced HOI). On
the contrary, the dynamic analysis indicates that in both
cases HOIs follow an heterogeneous spatial distribution,
with an overall prevalence of redundancy (positive values
of global OIR, and of OIR gradient and local OIR involving
nodes 2 and 3), but also an evident synergistic circuit (neg-
ative values of OIR gradient and local OIR related to how
nodes 4 and 5 interact with the hub). The heterogeneous
distribution of HOIs documented only by the dynamic

measures in Fig. 2e,f is compatible with the structure of
the interactions simulated in 2b,c. Such structure realizes
a so-called ”common driver” effect with the influence of
node 1 on nodes 2,3, and a ”common target” effect with
the influence of nodes 4,5 on node 1; these effects are
known to generate higher-order behaviors with dominance
of redundancy in the case of common driver, and dominance
of synergy in the case of common target [18].

3.2 Comparison of HOI and LOI Measures
Next, we investigate how dynamic HOIs arise from different
network topologies and compare them with the standard
LOI representation. To this end, we analyze the simulated
VAR processes connected through a star structure, consid-
ering four different configurations in which the hub (node
1) acts: as a source, sending information to all leaves (Fig.
3a); as a sink, receiving information from all leaves (Fig.
3b); and as a mediator, sending to nodes 2-3 the information
received from nodes 4-5 (Fig. 3c), or sending to node 2 the
information received from nodes 3-5 (Fig. 3d). The analysis
of dynamic LOIs and HOIs was performed computing the
ER and MIR at the node- and link-wise levels, as well as
the OIR-gradient, local OIR and OIR at the node-, link- and
network-wise levels, from the theoretical values of the VAR
parameters imposed for each network configuration.

The resulting LOI and HOI networks obtained for the
four configurations are shown in Fig. 3e-h. The analysis of
lower-order behaviors (Fig. 3e-h, upper panels) evidences
the presence of complex dynamics underlying the activity
at each network node, documented by the relatively high
values of the ER of the node dynamics, and of a fully
connected network with the hub coupled to each leaf,
documented by the significant values of the MIR between
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node 1 and nodes 2-5. As expected by the use of pairwise
interaction measures [18], the MIR detects the existing links
between the hub and each leaf but also several spurious
links between leaves originating from topological common
driver or cascade effects (e.g., Fig. 3e,g,h). The overall sim-
ilar connectivity patterns found consistently across the four
configurations suggest the limited capability of LOI analysis
to detect emergent dynamic behaviors distinctive of the
different network topologies.

On the other hand, the analysis of higher-order behav-
iors (Fig. 3e-h, lower panels) documents the capability of the
proposed framework to capture the informational character
of multivariate interactions among hub and leaves at differ-
ent levels of spatial resolution, distinguishing the different
network topologies underlying the various configurations
analyzed. Specifically, when the hub is a source of informa-
tion for all leaves, all HOI measures reveal the predomi-
nance of redundant interactions, induced by the simulation
of multiple common driver effects (Fig. 3e). When the hub is
a sink of information arriving from the leaves, all measures
reveal the synergistic character of HOIs at all levels of
resolution, arising from the presence of multiple common
target effects (Fig. 3f). In the two other configurations with
the hub acting as a mediator, the presence of common
driver, cascade and common target effects determines an
heterogeneous distribution of HOIs, with nodes 4-5 and
their connected links indicating synergy, and node 2 and
its connected links indicating redundancy (Fig. 3g,h).

The comparison between lower- and higher-order net-
works suggests that the balance between redundancy and
synergy captured by HOIs is related to the density of the
LOI networks: in highly connected LOI networks where
common driver and/or cascade effects induce spurious
links, HOI networks are mostly redundant (Fig. 3e,g); in
more sparse LOI networks where common target effects
highlight the true links only, HOI networks display synergy
(Fig. 3f,h). This spatially-resolved information about HOIs
is provided by the OIR gradient and the local OIR at the
level of nodes and links, while the global OIR captures the
overall net information shared which can be redundant (Fig.
3e), balanced (Fig. 3g) or synergistic (Fig. 3f,h).

3.3 Analysis on simulated time series

Here we report the practical analysis of the investigated
network process, realized in the configuration where the
hub acts as a mediator of information flow (Fig. 4a). The
time-lagged coefficients were set as indicated in Fig. 4a, with
the coefficient a31 varying between 0 and 0.3 to simulate
the transition from a network with an isolated node to the
network already analyzed in Fig. 3c; the theoretical values
of the HOI measures computed in the limit cases a31 = 0
and a31 = 0.3 are depicted in Fig. 4a, right.

The process was implemented by feeding the VAR model
of Eq. (8) with realizations of five independent Gaussian
white noises with unit variance. For each setting obtained
varying a31 from 0 to 0.3 in steps of 0.03, the simulation
was run 100 times changing the length of the generated
time series (N ∈ {250, 500, 1000}). For each realization, the
OIR-gradient, local OIR, and OIR measures were estimated
from the VAR parameters identified using least squares
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Fig. 4. Practical analysis of HOIs in a simulated network configured as
in (a), with the coefficient a31 modulated to move from a network with
an isolated node exhibiting net synergy to a fully connected network
exhibiting synergy/redundancy balance (a, right). When the HOI mea-
sures are computed from realizations of the network process varying the
time series length N and the coupling coefficient a31, the percentage
over 100 realizations of statistically significant estimates detected via
the bootstrap data analysis are shown in (b) for the OIR of the whole
network, in (c) for the local OIR of each link, and in (d) for the OIR-
gradient of each node.

estimation as described in Sect. 2.3 (order of the full model:
p = 1; order of the restricted models: q = 20 [27]). Then, the
statistical significance of each HOI measure was assessed
individually for each simulated time series using the boot-
strap method described in Sect. 2.4, implemented over 100
surrogates with significance level α = 0.05.

The HOI measures were estimated with minimal bias
(OIR-gradient: 0.03 for N = 250, 0.02 for N = 500, 0.01 for
N = 1000; local OIR: 0.02 for N = 250, 0.01 for N = 500,
0.01 for N = 1000; OIR: 0.05 for N = 250, 0.03 for N = 500,
0.02 for N = 1000; global average across nodes, links and
conditions) and with standard deviation decreasing with the
time series length (OIR-gradient: 0.04 for N = 250, 0.03 for
N = 500, 0.02 for N = 1000; local OIR: 0.03 for N = 250,
0.02 for N = 500, 0.01 for N = 1000; OIR: 0.07 for N = 250,
0.04 for N = 500, 0.03 for N = 1000; global average across
nodes, links and conditions).

The percentage of realizations for which the HOI mea-
sures were detected as statistically significant at varying
the coupling coefficient a31 is reported in Fig. 4b for the
OIR computed for the whole network, in Fig. 4c for the
local OIR computed across links, and in Fig. 4d for the
OIR-gradient computed across nodes. The variation of the
coefficient a31 leads to a gradual transition of the network
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structure from isolation of node 3 to its connection to node
1, which is associated with the rise of node-wise and link-
wise HOIs involving node 3, to the dampening of synergistic
node-wise HOIs involving node 1, and to the shift from
synergistic to balanced network-wise HOIs (see Fig. 4a,
right). These transitions were empirically supported by the
progressive increase of the percentage of OIR-gradient and
local OIR estimates involving node 3 that were identified as
statistically significant, rising from the nominal 5 % to 100
% (Fig. 4d,c), as well as by the progressive decrease of the
percentage of statistically significant global OIR estimates,
decreasing from 100% to 5% (Fig. 4b); these variations
were detected more rapidly for longer time series. On the
contrary, the node-wise and link-wise HOIs not involving
node 3 remained unaffected by these transitions, and their
redundant or synergistic nature was detected with 100%
sensitivity for all time series lengths.

4 APPLICATION TO DYNAMIC CARDIOVASCULAR
NETWORKS

This section presents the application of the proposed frame-
work to the physiological network related to the short-term
neural control of cardiovascular oscillations. The network
is analyzed in the resting state and during orthostatic and
mental stress, measuring the beat-to-beat variability series
representative of heart rate, arterial pressure, cardiac output
and peripheral vascular resistance [39]. We first describe
LOIs analyzing node activity and pairwise connectivity
through the ER and MIR measures, and then move to HOIs
assessed at different levels of resolution via the OIR, the lo-
cal OIR and the OIR-gradient. Our focus is on investigating
how different higher-order cardiovascular networks emerge
from lower-order dynamics across physiological states.

4.1 Data and Experimental Protocol

We re-analyze a dataset previously collected to study the
effects of postural stress and mental stress on cardiovascu-
lar regulation in healthy subjects [39]. While the original
work included a larger group, here we consider a sub-
set of participants for whom the physiological time series
of interest were successfully collected in all experimental
conditions. Specifically, five physiological time series were
measured on a beat-to-beat basis from the electrocardiogram
(ECG), finger arterial blood pressure (ABP), and impedance
cardiography (ICG) signals, recorded simultaneously in 26
paticipants and digitized at 1 KHz in the resting supine po-
sition (R), during postural stress induced by passive head-
up tilt at a 45◦ angle (T), and during mental stress induced
by performing arithmetic tests in the supine position (M).
The five analyzed series, constituting realizations of the
processes X = {X1, . . . , X5} describing the cardiovascular
network, were the heart period (HP, process X1 = H),
the systolic pressure (SP, process X2 = S), the diastolic
pressure (DP, process X3 = D), the cardiac output (CO,
process X4 = C), and the peripheral vascular resistance (PR,
process X5 = P ). These series were derived according to
a well-established measurement convention [21], [27], [39].
In detail, the nth sample (n = 1, . . . , 300) of each series
was obtained as follows: Hn was taken as the duration of
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Fig. 5. Lower-order interactions within and between the N = 5 pro-
cesses of heart period H, systolic pressure S, diastolic pressure D,
cardiac output C, and peripheral resistance P . (a) Color-coded maps
depicting the median values across subjects of the ER (node color) and
of the MIR (link color) computed in the resting state (R) and during stress
conditions induced by head-up tilt (T) and mental arithmetics (M). (b)
Statistically significant differences (blue boxes, decreasing values; red
boxes, increasing values) between median values of the ER and MIR
distributions (comparisons: R → T, R → M, T → M), assessed by the
Wilcoxon signed-rank test.

the interval between two consecutive R peaks of the ECG
signal; Sn was taken as the maximum value of the ABP
signal measured inside Hn; Dn was taken as the minimum
value of the ABP signal measured between the occurrence
times of Sn and Sn+1; Cn = 60 · (Vn/Hn−1), where Vn is
the stroke volume sequence obtained from the ICG signal
within Hn; and Pn = Mn/Cn, where Mn is the mean ABP
measured as the average ABP between the occurrence times
of Dn−1 and Dn. Further details about the protocol and the
measurement can be found in [18], [39].

4.2 Data Analysis and Results

For each subject and condition, each time series was normal-
ized by subtracting the mean and dividing by the standard
deviation. The analysis was then performed following the
procedure described in Sects. 2.2 and 2.3, optimizing the
order p of the full VAR model through the Bayesian criterion
[33] and using q = 20 lags to identify restricted VAR models
[18]. Statistical validation of MIR and OIR was performed
according to Sect. 2.4, generating 100 surrogate and boot-
strap time series and setting a significance level α = 0.05.

The networks of LOIs obtained computing the ER of
each cardiovascular process (H , D, S, C , P ) and the MIR
between each pair of processes in each physiological condi-
tion (R, T, M) are depicted in Fig. 5a as color-coded values
of nodes and links (median over 26 subjects), while the
statistically significant differences between pairs of condi-
tions are reported in Fig. 5b. The analysis of the individual
node dynamics performed by the ER measure documented a
statistically significant decrease from R to T and a significant
increase from T to M for each process, as well as significant
increase for PR, SP and DP from R to M. These findings
indicate reduced complexity (higher regularity) of all physi-
ological variability series during postural stress compared to
rest, which can be ascribed to the expected parasympathetic
control inhibition reflected mostly in heart period dynamics
and the sympathetic nervous activity activation related to
postural stress producing a rise of low-frequency regular os-
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Fig. 6. Higher-order interactions in the cardiovascular network mapped by the N = 5 processes of heart period H, systolic pressure S, diastolic
pressure D, cardiac output C, and peripheral resistance P , quantified at the level of nodes by the OIR-gradient (a), of links by the local OIR
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assessed with the Wilcoxon signed-rank test. (d) Color-coded maps depicting the median values across subjects of the OIR-gradient (node color),
local OIR (link color), and OIR (color of the external circle) computed in the R, T, and M conditions.

cillations [40], [41]. On the other hand, mental stress induced
higher complexity of arterial pressure and vascular resis-
tance series also if compared to the resting state, suggesting
higher involvement of sympathetic vascular control and a
decreased baroreflex buffering of blood pressure oscillations
mostly reflecting reflex parasympathetic control inhibition.
As regards the MIR, it was always detected as statistically
significant using the iAAFT surrogate procedure, revealing
a fully connected network of pairwise physiological interac-
tions. The strongest coupling in the network was detected
between PR and CO for each condition, resulting from the
tight inverse relation between these two processes [39]. The
MIR was high also for the links SP-HP, HP-DP and SP-DP,
reflecting typical mechanisms of cardiovascular coupling
like the baroreflex feedback (SP → HP) and the mechanical
feed-forward (HP → SP), the cardiac run-off (HP → DP),
and the close association between DP and neighboring
SP values (DP → SP and SP → DP) [20], [21], [42]. The
undirected coupling strength reflected by the MIR for these
links was rather stable across conditions, except for the link
HP-DP whose strength decreased during T and increased
during M; this suggests that postural stress and mental
stress have different impact on the dynamics resulting from

the cardiac run-off mechanism [21]. The remaining links, i.e.
those involving the variability of PR or CO together with the
other processes, were less strong, though still statistically
significant; for these links, the MIR decreased with mental
stress and the ER increased, documenting a case of higher
complexity associated with less coupled dynamics [43].

Fig. 6 depicts the results of the analysis of HOIs, report-
ing the distributions of OIR-gradient (a), local OIR (b) and
OIR (c), computed for each node, link and for the whole
network in the three conditions, as well as the HOI networks
depicted using color-coded maps of the median values of
each measure computed across subjects (d). The network-
wise analysis of HOIs suggests the presence of dominant
redundancy in the analyzed cardiovascular network, doc-
umented by the positive values of the OIR measure in all
conditions (Fig. 6c). The analysis performed with different
resolution reveals an heterogeneous distribution of HOIs
at the levels of nodes and links. Fig. 6 a, b show that: (i)
the OIR-gradient of HP and the local OIR of the related
links (i.e., HP-PR, HP-CO, HP-SP, HP-DP), as well as the
OIR-gradients of DP and SP and their related local OIR
(SP-DP), are consistently redundant and significant for the
majority of subjects; (ii) the OIR-gradient of PR and CO and
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the local OIR of the links PR-SP, PR-DP, CO-SP, CO-DP are
more balanced and significant in about half of the subjects;
(iii) the local OIR involving PR and CO displays evident
synergy, statistically significant in most subjects. The overall
redundancy observed in the analyzed network is likely
arising from the action of common physiological drivers
such as respiration or sympathetic activity that modulate
several processes simultaneously [18], [19], [44], [45]. On the
other hand, the observed heterogeneity in the distribution
of HOIs across the nodes of the physiological network is an
indicator of the coexistence of common drive mechanisms
like those related to respiration affecting both heart rate
and arterial pressure variability [45], [46], and of common
target mechanisms like those associated to the influence of
the dynamics of vascular resistance and stroke volume on
arterial pressure [18], [47]. Notably, these different mecha-
nisms associated respectively to local redundancy and local
synergy are detected in the presence of comparably strong
MIR values, thus pinpointing how HOI measures can detect
behaviors that remain hidden to LOI descriptors.

The transition from rest to stress determined a reconfig-
uration of the networks of HOIs, which exhibit a general
tendency towards lower net redundancy or the emergence
of net synergy. In particular, postural stress is associated
with a marked reduction of the OIR-gradient relevant to
HP and DP, as well as of the corresponding local OIR (HP-
DP). Similarly, mental stress results in a significant reduction
of the OIR-gradient relevant to PR and CO, as well as of
their local OIR (PR-CO). Moreover, the local OIR of the
links HP-PR and HP-CO decreased significantly with both
types of stressor. At the network-wise level, the values of net
redundancy were comparable at rest and during postural
stress, and significantly lower during mental stress (Fig. 6c,
d). Methodologically, a decrease of redundancy and/or an
increase in synergy occur when HOI measures like the OIR-
gradient or the local OIR are computed for nodes acting as
sources of information that is injected in the network when
their dynamics are considered (see simulations, Fig. 1e, f).
Our results show that this happens for HP and DP during
head-up tilt, and for PR and CO during the execution of
mental calculations. This suggests that synergistic mechani-
cal effects like the cardiovascular feedforward (HP → SAP)
[48] are strengthened by postural stress, and synergistic
autonomic effects like the sympathetic-driven modulation
of the contractility of heart and vessels influencing arterial
pressure (effects CO → SAP and PR → SAP) [49] are
strengthened by mental stress. These modulations induced
by stress on the OIR gradient and local OIR measures,
together with the variations observed for the ER and MIR
measures, support the view that a combined analysis of LOI
and HOI in cardiovascular networks is needed to provide a
clearer picture of the underlying physiology.

5 CONCLUSIONS AND PERSPECTIVES

This work introduces a framework for evaluating higher-
order statistical dependencies in dynamic network systems,
explicitly designed to explore different levels of resolution.
The framework incorporates dynamic implementations of
the O-information, its local counterpart, and its gradient,
which are intended to quantify HOIs respectively for the

network as a whole, for each link, and for each node.
As such, it allows not only to identify the emergent re-
dundant or synergistic character of a dynamic network
system, but also to assess how the synergy/redundancy
balance is distributed across links and nodes. The exist-
ing approaches proposed to assess spatially-resolved high-
order behaviors, which focus on computing HOI measures
on subsets of nodes (multiplets) of the network at hand
[15], [24], analyze each given multiplet ignoring the rest
of the network, and are impractical to implement as the
number of multiplets to analyze grows exponentially with
the network size. These drawbacks are overcame by our
framework, as it considers the dynamics of all nodes at
any level of resolution and it provides a HOI measure for
each level: the OIR of all processes as collective network-
wise measure, the local OIR between two processes and
the rest of the network as link-wise measure, and the OIR-
gradient between one process and the rest of the network
as node-wise measure. Ultimately, merging these different
types of information through the standard formalism of
network depiction allows to efficiently represent high-order
interactions as networks. This compact, yet comprehensive
approach keeps the complexity of the network representa-
tion low, thus favoring implementation and accessibility of
the proposed framework.

The potentiality of the new framework was first demon-
strated in theoretical examples of dynamic networks mod-
eled as VAR processes, for which exact calculations of
the HOIs measures were provided under different net-
work configurations. The analysis of simulated network
systems demonstrated the importance of using the dynamic
framework to fully capture HOIs when the analyzed pro-
cesses have non-trivial temporal statistical structure, while
in this case the standard static analysis computing HOIs
for random variables [14] may fail to detect higher-order
effects. Further, simulations emphasized that higher-order
measures not only provide additional information about
the emergent synergistic or redundant behaviors of network
systems compared to standard lower-order descriptors, but
also enable a clear distinction among the different under-
lying connectivity patterns. Indeed, we have shown how
higher-order behaviors of a network system, even as simple
as a first-order linear process, do not necessarily rely on
higher-order mechanisms [8]. In fact, simple pairwise linear
couplings between random processes can give rise either to
fully redundant HOIs related to common driver effects, to
fully synergistic HOIs related to common target effects, or to
mixed redundant and synergistic HOIs related to coexisting
common driver, cascade and common target effects [50]. The
latter situation, which is very common in complex networks
with intricate (though low-order) connections such as those
found in computational physiology [5], [18], [21], underlines
the importance to explore higher-order behaviors at differ-
ent levels of resolution. In particular, we have shown that
the coexistence of redundant and synergistic HOIs can be
often elicited only by going beyond the global assessment
provided by the OIR through the use of its link-wise or
node-wise versions (see, e.g., Fig. 3g, h). The implementa-
tion of the HOIs measures in short-length realizations of the
processes, complemented by the statistical validation based
on surrogate/bootstrap time series, have documented the
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feasibility of their estimation in practical contexts.
The proposed framework was then tested in a physiolog-

ical application, extending previous analyses that were lim-
ited to studying three-variate interactions [44], [45], [46] and
more recent implementations focused on network recon-
struction [18]. Our analysis showed how HOI networks can
offer additional and sometimes complementary information
compared to standard networks which exclusively depict
LOIs focusing on individual node activity and pairwise
functional connectivity. In the observed cardiovascular net-
works, we documented the existence of heterogeneous HOIs
among dynamic physiological processes monitored at rest
and during stress, identifying respectively the heart period
and the diastolic pressure, and the cardiac output and the
peripheral resistance, as the processes evoking lower net
redundancy during postural stress and higher net synergy
during mental stress, also identifying the putative neuro-
mechanical mechanisms associated with network reconfigu-
ration [10], [18], [20], [48], [49]. These results have physiolog-
ical relevance related to how physiological mechanisms can
be interpreted in terms of the high-order behaviors that they
produce in cardiovascular oscillations, but can also have
clinical importance related to the extraction of HOI-based
biomarkers reflecting system-wise pathological alterations
[51], as well as practical relevance thanks to the fact that
multivariate physiological time series are nowadays easy to
record in daily life settings and can be exploited to assess the
cardiovascular control in several contexts including stress
monitoring [52], aging [53], or exercise [54].

Importantly, thanks to its information-theoretic founda-
tion and to the data-driven implementation, our framework
is very general and can be applied virtually to any multi-
variate dataset featuring time series with temporal auto- and
cross-correlations. In fact, the applicability of our approach
for depicting HOI networks is broad and extends far beyond
the description of cardiovascular networks, encompassing
dynamic networks in fields where the node activity can
be represented by random processes, such as neuroscience,
electronics, climatology, social sciences, finance, and oth-
ers [10], [19], [55], [56], [57]. Moreover, the framework
is highly flexible and lends itself to extensions that will
further broaden its applicability, including its recent and
ongoing model-free [58], time-varying [31] and spectral [17]
formulations, that will allow to capture complex high-order
behaviors and dissect non-stationary and frequency-specific
HOIs that are relevant to a big variety of biological and
engineered networks.

APPENDIX

The computation of HOI measures for a network of ran-
dom variables relies on the classic information-theoretic
concept of entropy [22] and on the more recent concept
of O-information (OI) [14]. In particular, the OI of a vector
random variable V = {V1, . . . , VN} is defined as [14]:

Ω(V ) = (N − 2)H(V ) +
N∑
j=1

[H(Vj)−H(V j)], (20)

where V j = V \Vj and H(·) denotes entropy. Moreover, the
OI-gradient obtained including the variable Vj into the set
of remaining variables V j can be defined as [15]:

∆(Vj ;V
j) = Ω(V )− Ω(V j), (21)

while the local OI between the variables Vi and Vj , and the
remaining variables V ij [14] is an interaction information
[13] which can be expressed as:

I(Vi;Vj ;V
ij) = H(V ) +H(Vi) +H(Vj) +H(V ij)

−H(V i)−H(V j)−H(Vij),
(22)

with Vij = {Vi, Vj}. Remarkably, all measures in (20-
22) can be expressed as linear combinations of entropies
for variables of different dimension taken from V . In the
present work, these OI-based measures are computed to
assess static HOIs in the network of random processes
X = {X1, . . . , XN} simply by applying Eqs. (20-22) to the
vector variable sampling the processes at the same time n,
i.e. taking V = Xn. The practical computation of these static
measures from VAR processes is based on the assumption
of joint Gaussianity of V , according to which the entropy of
the generic d-dimensional variable W ⊆ V is given by:

H(W ) =
1

2
log(2πe)d|ΣW |, (23)

where W can be any of the variables appearing in (20-22)
and the covariance ΣW is a sub-matrix of the covariance
matrix of the process, ΣV = ΣX = E[XnX

⊺
n]; the latter

can be derived from the VAR parameters solving the Yule-
Walker equation (15) for k = 0.

SOFTWARE AVAILABILITY

The Matlab functions that perform the HOIs framework are
available for free download at:
https://github.com/mijatovicg/HOIs-as-networks.
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