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Understanding the characteristics of the rainfall drop size distribution (DSD) at the land surface is crucial for
elucidating the mechanisms of precipitation that affect soil erosion processes. This study aims to both apply the
Weibull distribution to more than 47,000 DSDs detected at Palermo (Italy) and El Teularet (Spain) experimental
sites and deduce theoretically relationships for estimating the rainfall kinetic power and momentum of a DSD
distributed as Weibull law having known parameters. The study confirms that the theoretical Weibull distri-
bution can accurately reproduce measured DSDs, with highly consistent fitting results using the moment method
(MM) for estimating its parameters. The results indicate that rainfall kinetic power and momentum are closely
related to the characteristics of the DSD. No statistically significant correlation between the parameters of the
Weibull distribution and rainfall intensity is detected. Moreover, the analysis highlights that the 5 parameter
turns out to be related to the coefficient of variation of the DSD, and the parameter Ny represents the total
number of drops, making the Weibull distribution physically based. Furthermore, a comparison between the
Weibull and Ulbrich distributions allows for the conclusion that, although both models exhibit similar perfor-
mance in terms of fitting and reliability when describing rainfall kinetic power and momentum, the Weibull
distribution offers advantages related to parameter estimation. Specifically, its parameters, unlike those of
Ulbrich, possess a physical, and not merely statistical, significance. The study concludes that the Weibull dis-
tribution is highly reliable for characterizing rainfall kinetic power and momentum in two experimental sites
located in the Mediterranean region, and rainfall intensity cannot serve as a variable to comprehensively
represent the characteristics of precipitation.
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obtained by the DSD, play a role in rainfall erosivity (Parsons and
Gadian, 2000; Salles et al., 2002; Carollo et al., 2016b; Carollo et al.,
2018; Serio et al. 2019a, b).

1. Introduction

In soil erosion processes precipitation plays a fundamental role in

soil particle detachment and transport (Pampalone et al., 2023). The
rainfall intensity and the rainfall depth are the most relevant and
commonly used variables for a climatic characterization of an investi-
gated area. Furthermore, the drop size distribution (DSD), which refers
to the frequency distribution of drops reaching a unit horizontal area
within a unit time, is also considered a suitable indicator for charac-
terizing precipitation, particularly when the study of soil erosion effects
is required (Waldvogel, 1974; Uijlenhoet and Stricker, 1999; Carollo
et al., 2016a, b; Serio et al., 2019a).

During the years, measurements carried out in different climate
contexts demonstrated that the rainfall intensity is not fully represen-
tative of the rainfall energy as other rainfall characteristics, that could be
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Serio et al. (2019a) and Carollo et al. (2023) using DSD measure-
ments performing in three sites, characterized by similar climatic and
geographic conditions, and with the same optical disdrometer, tested
the empirical relationship proposed by Wischmeier and Smith (1978) to
estimate the rainfall kinetic power, i.e. kinetic energy referred to unit
time and area, P, (J m’zh’l), that is the most widely used relationship
for quantifying the rainfall erosivity in soil erosion models. This rela-
tionship, which was originally deduced using data recorded in Missouri,
Iowa e Wisconsin (Laflen and Moldenhauer, 2003) and was positively
tested in different sites in the United States (Wischmeier, 1959), has the
following expression:
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in which I is the rainfall intensity (mm/h), I; is the intensity threshold
value that according to Wischmeier and Smith (1978) is equal to 76 mm/
h. Eq. (1) establishes that the ratio P,/I, which represents the kinetic
power per unit volume of rainfall, increases for rainfall intensity value
less than I, while it becomes constant for rainfall intensity greater than or
equal to I,. Wischmeier and Smith (1978) justified this threshold value
suggesting that the median volume diameter, Dy, which is the drop
diameter that divides the DSD into two parts of equal volume, does not
continue to increase when rainfall intensities exceed 76 mm/h. Some
authors, i.e. Lim et al. (2015), Angulo-Martinez et al. (2016), Carollo
et al. (2016b), carrying out an analysis on P, by raindrop size distribu-
tion, DSD, detected in different climatic contests confirmed the existence
of a site-specific rainfall intensity threshold value.

Carollo et al. (2023), considering DSDs detected in two Sicilian
experimental sites (Palermo and Sparacia), demonstrated that for a fixed
rainfall intensity, especially for I < 100 mm/h, both the DSDs and the
values of rainfall kinetic power, P, (J mh™Y), are different, and that the
P,-I relation, as Eq. (1), is site dependent (Carollo et al., 2016a; Serio
et al., 2019a, b). Furthermore, in agreement with Van Dijk et al. (2002),
Salles et al. (2002), Meshesha et al. (2014), the applicability of the most
used empirical Pp-I relationships to geographical regions different to
those of their original deduction can be limited and often requires
calibration based on specific datasets (Rosewell 1986; Angulo-Martinez
et al., 2016; Serio et al. 2019a; Carollo et al., 2023). To date no device,
enabling to a direct and accurate measurement of the rainfall kinetic
energy exists. Some authors (Waldvogel, 1974; Uijlenhoet and Stricker,
1999; Cevasco et al., 2015; Meshesha et al., 2019; Carollo et al., 2023)
stated that the DSD is more suitable for characterizing the precipitation
when the soil erosion effects must be studied.

To date the DSD formation is not fully understood, because of the
random and complex nature of the physical phenomena that govern the
aggregation and disaggregation of the raindrops (Falkovich et al., 2002).
Villermaux and Bossa (2009) stated that the rain reaching the ground is
the product of rupture and coalescence phenomena between colliding
drops and furtherly the result of the breakup of individual large drops.
This last phenomenon comes from the rapid fragmentation of single
large drops due to aerodynamic instability and surface tension.

The knowledge of DSD enables to (i) understand how the rainfall is
constituted of different drop sizes, (ii) compute the rainfall kinetic
power, P, (J m'zh’l), and momentum, M (N m’z), in addition to rainfall
intensity, I (mm/h), to characterize the precipitation from an energetic
point of view, and (iii) understand how soil sealing and erosion pro-
cesses are affected by the climatic forcing (Mualem and Assouline,
1989).

Over the years, several analytical forms of raindrop size parameter-
ization have been proposed, such as lognormal (Feingold and Levin,
1986), Weibull (Sekine and Lind, 1982), exponential (Marshall and
Palmer, 1948), and gamma (Ulbrich, 1983) distributions. The compar-
ison between these commonly used distributions was carried out only
for meteorological studies (Abas et al., 2014; Assouline, 2020), for
determining the risk, uncertainty and money loss (Tao et al., 2002) and
the best-fit distribution for the annual rainfall data (Kumar and
Jahangeer, 2017; Olivera and Heard, 2019). However, to the best of our
knowledge, for meteorological and soil erosion purposes, the skewed
gamma distribution is the theoretical probability law most widely
applied to measured DSDs, although the statistical parameters of the
probability distribution have no physical meaning (Khrgian et al. 1952;
Levin, 1963; Sulakvelidze, 1969; Sulakvelidze and Dadali, 1971;
Ulbrich, 1983; Uijlenhoet and Stricker, 1999, Tokay et al., 2001; Salles
et al., 2002; Bringi et al., 2003; Zhang et al., 2003; Carollo and Ferro,
2015; Carollo et al., 2016a, b; Seela et al., 2018; Serio et al. 2019a;
Carollo et al., 2023). The wide applicability of the gamma distribution is
attributed to its high adaptability to measured DSDs, irrespective of the
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specific parameter estimation technique employed.

The Weibull distribution was for the first time introduced by the
Swedish physicist Weibull (Weibull, 1951) and, over the years, has been
applied in many different scientific fields (like material science, engi-
neering, physics, meteorology, medicine, economics, and quality con-
trol) and a few times for describing the raindrop size distribution.

For meteorological purposes, Sekine and Lind (1982) proposed the
Weibull distribution for the first time in the following form:

-1
N(D)dD = Nyl (9)” exp {f (9)”](10 @
0 \O o

in which N(D) is the number of drops within the range (D, D + dD), Ny is
a parameter which Sekine and Lind (1982) assumed constant and equal
to 1000 m ™3, n is the dimensionless shape parameter, and ¢ (cm) is the
scale parameter of the Weibull distribution. For  equal to 1, the Weibull
distribution is identical to the exponential distribution proposed by
Marshall and Palmer (1948) (Sekine and Lind, 1982); for 5 equal to 2,
the Weibull distribution reduces to Rayleigh distribution (Cohen, 1965).
In other words, the Weibull distribution has also the merit to accept as
specific cases other theoretical probability distributions. Eq. (2) is the
scientific basis of the theoretical analysis which will be developed in this
study and presented in the Materials and Methods section of this paper.

Considering the raindrop size distributions detected by Laws and
Parsons (1943), Sander (1975), and Wickerts (1982), Sekine and Lind
(1982) found that both  and ¢ parameters are related to the rainfall
intensity according to a power low relationship while Nj is equal to
1000 m~3, but these empirical results does not provide any information
about the physical meaning of the Weibull distribution. Furthermore,
this distribution presents a peak and shifts to large raindrop diameters
with increasing rainfall intensity (Jiang et al., 1997).

Liu and Hallett (1998) stated that variations in thermodynamic and
dynamic parameters, such as temperature and vertical velocity, induce
fluctuations in cloud droplet size distributions (Ackerman, 1967;
Baumgardner et al., 1993). This variability implies that such distribu-
tions are characterized by multiplicity rather than uniqueness of DSDs.
Under the assumption of an ideal system with conserved mass, Liu and
Hallett (1998) derived that the maximum likelihood distribution cor-
responds to a Weibull distribution.

To date, the Weibull distribution has been used and tested above all
for meteorological purposes and scarcely for hydrological ones. For
example, some Authors (Sekine et al., 1987; Sekine et al., 1988; Jiang
et al., 1996, 1997; Kumar and Jahangeer, 2017) considered this distri-
bution for microwave applications, such as rain attenuation, and for
cases in which drizzle, widespread and shower rain occurred and for
studying the extreme rainfall events (Olivera and Heard, 2019).

Jiang et al. (1997) carried out a comparison between the most used
frequency distributions (i.e. exponential, gamma, and Weibull) using
DSD measurements obtained in Tokyo. They concluded that the expo-
nential distribution better fits the experimental data for low rainfall
intensity values (I = 1.88 mm/h), instead, for high rainfall intensity
values (I > 20 mm/h), the gamma (Ulbrich, 1983) and Weibull distri-
butions give better agreement with experimental data than the expo-
nential one.

Alonge and Afullo (2012), carrying out an analysis to estimate the
Weibull parameters using the third, fourth, and sixth moments of the
momentum method, positively tested the Weibull distribution using
DSD data collected by an RD-80 disdrometer installed at the Durban area
(South Africa). They stated that the accuracy of the fit, and thus of the
Weibull parameters estimates, decreases as rainfall intensity increases,
probably due to the low sample size.

Assouline and Mualem (1989), considering the Weibull distribution,
suggested a new approach for studying the mechanism of the forces that
shape the raindrop size distribution through coalescence and breakup
processes along their pathway from the cloud to the soil surface. The
Authors stated that the hypothesis of uniform random raindrop
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fragmentation yielded to consider the measured DSD identical to the
Weibull distribution since the probability for a drop break up is pro-
portional to its relative volume, i.e. the Weibull distribution has the
merit to be physically based. Then they suggested a new probability
distribution function, named “universal distribution”, which is indepen-
dent of both the rainfall intensity and the site where precipitation occurs
(Assouline and Mualem, 1989). Assouline and Mualem (1989) and
Assouline (2009) positively tested this approach using DSD measure-
ments carried out in different experimental areas (Rhodesia by Hudson
(1965); Baton Rouge and Holly Springs by Carter et al. (1974); Princeton
(New Jersey) by Smith et al. (2009)).

More recently, Carollo and Ferro (2015), for the first time, theoret-
ically deduced a relationship to estimate kinetic power (see below the
paragraph 2.3 of the section “Materials and Methods) considering the
raindrop size distribution proposed by Ulbrich (1983) and the terminal
falling drop velocity V(D) (m/s), estimated using the empirical rela-
tionship proposed by Ferro (2001), according to which for natural pre-
cipitation the terminal velocity depends only on the raindrop diameter.

According to the relationship of Carollo and Ferro (2015), the kinetic
power per unit volume of rainfall is only a function of the shape and
scale parameters of the Ulbrich distribution. Carollo et al. (2016b),
Carollo et al. (2018), Serio et al. (2019a, b) and Carollo et al. (2023)
using DSDs measurements carried out using the same optical dis-
drometer at Palermo (Italy), Sparacia (Italy) and El Teularet (Spain)
experimental areas, at fist positively tested the Gamma distribution.
Then P, relationship, theoretically deduced by Ulbrich distribution,
resulted to be reliable for having a good estimation of the rainfall kinetic
power in the Mediterranean environment, concluding that for energet-
ically characterizing the precipitation it is enough to know how the
rainfall is made up.

To date, at the best of our knowledge, no closed-form equation to
estimate P, has been theoretically deduced by Weibull distribution, and
only some theoretical distributions can be associated with a specific
relationship for the estimation of the raindrop terminal velocity to
obtain theoretical closed-form relationships to estimate P, and M.
Furthermore, for an investigated area the estimate of rainfall erosivity is
often carried out by applying empirical relationships linking kinetic
power P, with rainfall intensity I, as Eq. (1) by Wischmeier and Smith
(1978), (Van Dijk et al., 2002). From a practical standpoint, these
empirical relationships are site-specific (Carollo et al., 2016a; Serio
et al., 2019a, b), do not consider the variability of DSD with rainfall
intensity and need to be recalibrated. In addition, currently, no devices
are available to measure P,/I directly. Therefore, to obtain accurate
estimates of P,/I, it is necessary to know the DSD and determine its
distribution parameters.

In this paper, the reliability of the Weibull distribution to reproduce
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rainfall DSDs measured in two sites located in the Mediterranean basin is
firstly presented. Then a theoretical analysis is carried out to prove that
the Weibull law is a physically based distribution and to develop rainfall
kinetic power and momentum relationships of a DSD distributed by this
law. Finally, disdrometric measurements of raindrop size distribution
are used to fitting of Weibull and Ulbrich distributions and their reli-
ability for describing rainfall kinetic power and momentum.

2. Materials and methods
2.1. Experimental sites and raindrop size distribution measurements

Drop size distribution measurements were carried out using the same
optical disdrometer placed, in different periods, at the Palermo, and El
Teularet experimental areas (Fig. 1). In particular, the former is located
at the Department of Agricultural, Food and Forest Sciences of the
University of Palermo, at 40 m a.s.l. (Fig. 1a), with a Mediterranean
temperate climate (Koppen's Csa type), characterized by dry and hot
summer and mild and rainy winter. The average annual temperatures
range between 15 °C and 22 °C, while rainfalls, mainly concentrated in
autumn and winter, show mean annual value of 654 mm. El Teularet
experimental site is located at Sierra de Enguera, 100 km southwest of
Valencia, at 760 m a.s.l. (Fig. 1b). Climate is Typical Mediterranean with
3-5 months of summer drought, usually from late June to September.
Mean annual rainfall at the study area range from 479 mm at the
Enguera-Las Arenas meteorological station to 590 mm at the Enguera
Confederacién Hidrografica del Jucar (CHJ) meteorological station.
Rainfall is distributed homogenously among spring, autumn and winter,
while the summer is extremely dry due to high temperatures and lack of
rainfall (Garcia-Orenes et al., 2009). Mean annual temperature ranges
from 12.7 °C at the Enguera-Las Arenas meteorological station to 14.2 °C
at the Enguera Confederacién Hidrografica del Jucar (CH) meteorolog-
ical station (Garcia-Orenes et al., 2009).

Further details on these experimental installations are reported in
previous papers (Bagarello and Ferro, 1998; Bagarello et al., 2013;
Carollo et al., 2018). The two investigated locations are fully represen-
tative of Mediterranean climatic conditions, and the time span of
collected measurements is long enough to cover rainfall events occur-
ring under different climatic conditions and representative of severe soil
erosion processes.

For each rainy minute, the optical disdrometer (model ODM 470
made by Eigenbrodt) (Fig. 2) measured drop diameters in the range of
0.05-0.6 cm. Each drop was separately measured and registered into
classes of about 0.005 cm in width. The disdrometer divides the diam-
eter range into 128 classes and gives the number of drops belonging to a
particular class for each recording minute. The disdrometer measures, at

800 km

Fig. 1. View of Palermo (a) and El Teularet (b) experimental stations.
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baffles, 6) sensitive volume, 7) achromatic collector lens, 8) optical
blend, 9) ocular, 10) photo diode, and 11) electronics compartment.

Fig. 2. Vertical section of the optical disdrometer (model ODM 470 made
by Eigenbrodt).

1-minute time intervals, the number of drops in each class and the
corresponding rainfall intensity. Grossklaus et al. (1998) proves that the
disdrometer tends to underestimate the concentration of small droplets
due to aerodynamic effects and the specific constraints related to the
purposes for which it is designed (i.e., shipborne installation under high-
wind conditions). Small droplets, characterized by low inertia, tend to
follow the streamlines of the airflow around the instrument housing,
thereby bypassing the sensitive volume (Grossklaus et al., 1998).
Additionally, mechanical vibrations inherent to shipboard operations
can generate electronic noise signals that mimic the signature of small
droplets. Consequently, to prevent false positives, the instrument is
configured to discard signals corresponding to droplets smaller than 0.4
mm (Grossklaus et al., 1998). Moreover, the disdrometer does not ac-
count for the oblateness of large hydrometeors, leading to a slight un-
derestimation of the drop volume (Lempio et al., 2007).

Further details on the DSD measuring technique are reported in
previous papers (Carollo et al., 2016a; Carollo et al., 2018; Serio et al.,
2019b).

2.2. Data collection and selection criteria

The disdrometer monitored 544 rainy days in the period June 2006
— April 2014 and 50 rainy days in the period October 2016- January
2017 at the Palermo experimental site, and 79 rainy days at the El
Teularet experimental site in the period July 2015 — May 2016.

For each rainfall recording minute, the DSDs for which the rainfall
intensity was greater than 0.5 mm/h and the measured diameter classes
were at least 20 were considered (Carollo et al., 2016; Carollo et al.,
2018; Serio et al., 2019a). This choice enables to exclude both rainfall
having low erosive power (I < 0.5 mm/h) and DSDs having a small
simple size (DSD constituted by a number of diameter class less than 20).

Therefore, the dataset considered in this investigation is constituted
by 47,860 DSDs, recorded in each rainy minute.

2.3. Fitting and statistical analysis of Weibull and Ulbrich distributions
For the Weibull distribution the probability P(D) that the raindrop

diameter is less than D can be calculated, integrating Eq. (2), by the
following relationship:

PD)=1-¢ @ | ®)

Eq. (3) underlines that the probability P(D) only depends on ¢ and 7
parameters. The mean m(D), the standard deviation s(D), and the
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median diameter Ds5q of the Weibull distribution are related to the ¢ and
n parameters, as follows:

m(D) = %r G) C)
a-2fo() ()

D50 = 6(1082)'17 (6)
being I' the Gamma function and log the decimal logarithm.

The two distribution parameters, ¢ and 7, of the Weibull distribution
(Eq. (2)), were estimated using the Momentum Method (MM) setting the
values of Dsp and Dy, calculated by Egs. (6) and (19), presented in 3.1
section, equal to the measured ones.

Instead, to employ the Maximum Likelihood method (ML) for esti-
mating Weibull parameters, at first the logarithm function was applied
to Eq. (3) for obtaining a linear relationship as:

In [ln %P(D)} =7 {ln(D) +In (%) } @)

being Ln the natural logarithm. Eq. (7), been a linear function, allows for
estimating the Weibull parameters, o and 7, easy using the Ordinary Last
Squared method (Aydi and Alduais, 2022). In this paper, the latter will
not be considered as parameter estimate method.

Concerning the gamma distribution, named Ulbrich distribution, the
probability P(D) that the raindrop diameter is less than or equal to D can
be calculated by as:

4+p y
P(D) — % / Drexp(— AD)dD )

where I" is the gamma function. The median raindrop diameter, D5y, and
the median volume drop diameter, Dy, can be calculated as a function of
two parameters, y and A, as:

0.67 +

D5y = Tﬂ (C)]
3.67 +

Do == (10)

Considering the Ulbrich distribution, Carollo and Ferro (2015) and
Carollo et al. (2018) theoretically deduced the following relationships to
estimate kinetic power, Py, and rainfall momentum M:

9.5? 1 2 1
P, =10°="pA* - I 11
n = N T e T2 A an
A4+u
M=26410"°1-———|I 12)
(6+A)""

where p is the water density (kg m ). Eq. (11) and (12) suggest that
rainfall kinetic power and momentum are function of the rainfall in-
tensity and y and A parameters of the DSD.

To verify and thus to quantify the reliability of these theoretical
distributions to reproduce the DSDs and the energetic characteristics of
the precipitation, the following statistic indices have been considered. In
particular, the values of the mean relative error (MRE) (%) and the mean
absolute error (MAE) (%), are calculated as follows:

100 Npsp (xcalculated - xmeasured)
MRE = y [ e —meawed 13)
N; DSD =0 Xmeasured

Xcalculated — Xmeasured

MAE — 100 ZNDSD

14
Npgp =0 as

Xmeasured
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in which Xcqicuiated @and Xmeasured are the generical name of the calcu-
lated and measured considered variables, respectively. Moreover, to
evaluate the reliability of Egs. (3) and (8) to reproduce the DSDs
detected at Palermo and El Teularet experimental site, the coefficient of
determination, R?, is calculated as:

R2=1 _M (15)
Z (P(D)i - P(D)mean)

where P(p); is the measured probability that the raindrop diameter is less
than D, P(p, is the probability calculated by Eq. (3) and Ppymean is the
mean value of the P(p;.

In conclusion, the mean relative error (MRE) and mean absolute
error (MAE) allow for estimating the accuracy of the theoretical re-
lationships proposed to estimate the rainfall kinetic power and mo-
mentum while the coefficient of determination, R?, is used to quantify
the difference between the predicted DSD using Weibull distribution and
the actual measured value. These statistics helps to evaluate the accu-
racy of the model and determine its feasibility in practical applications.

3. Results and discussion

3.1. Testing of the reliability of the Weibull distribution in the
Mediterranean area

To test the suitability of the Weibull distribution to reproduce the
measured DSDs, the raindrop size distributions detected at Palermo and
El Teularet have been considered.

Considering that the integral function, F(D), of the Weibull distri-
bution (Eq. (2)) is given by

o -]

the total number of droplets, N, can be calculated as follows

N:/ONN(D)dD:/OmNOZ (g)nilexp{— (g)ﬂ]dD:No 17)

Eq. (17) demonstrates that, in contrast with Sekine and Lind (1982),
N is not a constant parameter but it has a physical meaning as is equal
to the total number of the raindrops that reach the unit soil surface in the
unit time.

Considering that the raindrop volume distribution, Vol(D), is calcu-
lated by the following relationship:
Vol(D) = g(D)BN(D)dD (18)

Substituting Eq. (2) in Eq. (18) and considering that the median
volume diameter, Dy, is the median diameter of the raindrop volume
distribution Vol(D), the following relationship is deduced:

1
3 n
Do = 6(; + 0.67) ! (19)

Eq. (19) highlights that Dy is only a function of the ¢ and  parameters of
the Weibull distribution.

The Weibull distribution (Eq. (2)) was fitted to the 47,860 considered
DSDs. The two distribution parameters, ¢ and 7, were estimated using
the Momentum Method (MM) as described in 2.3 section.

Fig. 3 shows, as an example, for different rainfall intensity values, the
fits of Eq. (3) to DSDs detected at Palermo and El Teularet. In particular,
this figure highlights that the MM gives similar accuracy for reproducing
the DSDs in both sites, registering a mean value of R?, calculated by Eq.
(15), equal to 0.9525 (Palermo) and 0.9615 (El Teularet). To assess the
influence of rainfall intensity on the reliability of the Weibull distribu-
tion to reproduce the DSDs, for each experimental site the raindrop size
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Fig. 3. Examples of fitting of Weibull’s distribution at Palermo and El Teularet
experimental sites.

distributions have been aggregated into rainfall intensity classes having
an amplitude of 5 mm/h. For each class the R? and I values have been
calculated as the mean value of the R% (mean R%) and I (Inean) of the DSDs
falling in each class of I. For each experimental site, Fig. 4 shows the
comparison between mean R? versus Imean. Fig. 4 highlights, in agree-
ment with Alonge and Afullo (2012), a decreasing trend of mean R? with
Inean, until a threshold value of Ieq, equal to 40 mm/h, after which no
appreciable trend of the mean R? with Ineqn has been observed. For both
sites the decreasing accuracy of the fit, and thus of the Weibull param-
eters estimates, with the increase of the mean value of rainfall intensity
could be due to the short sample size of the rainfall intensity classes
(Table 1), making the mean value of the R? less robust. For each
experimental site (Palermo, El-Teluaret), the single DSDs with R? less
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Fig. 4. Relationship between the mean R? and Ieqn, for each experimental site.

than 0.8 and with a rainfall intensity greater than 40 mm/h are listed in
Table 2.
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indicates that although the fitting performance of the Weibull distribu-
tion decreases under high rainfall intensity conditions, it still maintains
a high level of reliability overall.

Thus, this analysis demonstrated (i) the reliability of the Weibull
distribution to reproduce the measured raindrop size distributions
considered in the present investigation; (ii) for Ipeq, > 40 mm/h a
decreasing trend of mean R? with Ipeqn is observed, which may be
influenced by the limited sample size, and this trend is independent of
the considered experimental site.

For each experimental site, Fig. 5 shows the relationship between the
two parameters estimated using MM method highlighting a very weak
correlation between ¢ and 7.

Fig. 6 shows, the comparison between the pairs (o, I) and (y; I)
referred to Palermo and El Teularet. This analysis demonstrated that, the
pairs (6; ) and (; I) are overlapped and resulted to be poorly correlated
with rainfall intensity. Therefore, since for a fixed rainfall intensity DSDs
having different values of shape and scale parameters occurred, I could
not be considered a variable enabling to synthesize rainfall character-
istics. This finding is inconsistent with the previous study of Sekine and
Lind (1982), which suggested that the parameters of the Weibull

Table 2
Number of DSDs, for each experimental site, characterized by given ranges of R*

The analysis highlights that when the fit is least accurate the number MM
of DSDs that meet the criteria of R? < 0.8 and rainfall intensity I > 40 Experimental DSDs DSDs with DSDs with DSDs with R? < 0.8
mm/h at the Palermo and El Teularet sites are 29 and 15, respectively. In site tot R’>08 R* <08 and I > 40 mm/h
terms of proportion, such DSDs account for only 0.07% of all measured Z ;ﬂ;r";" ;55179 ‘5‘;’;;8 42121 fz
distributions at the Palermo site, and 0.27% at the El Teularet site. This eutaret
Table 1
Mean values of the coefficient of determination arranged for rainfall intensity classes.

Palermo El Teularet

Range of I Imean MeanR? (MM) Number of DSDs falling in each I class Imean MeanR? Number of DSDs falling in each I class

[5 mm/h] [mm/h] [mm/h] (MM)

0.50 5.50 2.20 0.953 34,529 2.16 0.968 3764
5.50 10.50 7.35 0.957 4998 7.73 0.958 966
10.50 15.50 12.54 0.953 1347 12.55 0.951 396
15.50 20.50 17.63 0.947 541 17.73 0.938 155
20.50 25.50 22.85 0.936 306 22.96 0.929 99
25.50 30.50 27.79 0.933 148 27.77 0.916 45
30.50 35.50 32.71 0.923 104 32.32 0.908 31
35.50 40.50 37.88 0.904 78 38.15 0.895 28
40.50 45.50 42.92 0.909 59 42.81 0.897 16
45.50 50.50 47.47 0.914 36 47.85 0.956 8
50.50 55.50 52.94 0.919 23 52.58 0.884 9
55.50 60.50 57.84 0.926 20 57.30 0.893 9
60.50 65.50 62.49 0.865 11 63.05 0.928 7
65.50 70.50 67.50 0.844 13 67.58 0.830 3
70.50 75.50 73.57 0.810 5 75.28 0.843 2
75.50 80.50 78.03 0.895 7 77.02 0.891 4
80.50 85.50 82.42 0.914 7 83.56 0.947 4
85.50 90.50 88.27 0.914 6 87.51 0.973 2
90.50 95.50 94.03 0.955 2 92.50 0.805 3
95.50 100.50 98.46 0.943 8 96.18 0.937 2
100.50 105.50 102.33 0.925 4 102.79 0.891 3
105.50 110.50 108.11 0.890 1 108.77 0.935 3
110.50 115.50 113.16 0.886 7 114.38 0.943 4
115.50 120.50 118.51 0.901 2 124.38 0.960 2
120.50 125.50 122.71 0.940 3 130.05 0.977 1
125.50 130.50 129.98 0.917 2 133.65 0.936 2
130.50 135.50 132.11 0.885 1 140.82 0.974 1
135.50 140.50 138.42 0.621 1 149.64 0.956 1
140.50 145.50 144.11 0.858 3 155.74 0.974 1
150.50 155.50 150.66 0.978 1 161.75 0.958 2
155.50 160.50 159.66 0.939 1 167.47 0.968 2
160.50 165.50 165.17 0.950 1 177.68 0.967 2
165.50 170.50 166.65 0.881 1 187.78 0.926 3
180.50 185.50 182.54 0.934 1 208.93 0.976 1
185.50 190.50 187.10 0.911 1
200.50 205.50 203.33 0.932 1
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Fig. 5. Plot of the (o, 1) pairs for each experimental site.

distribution are related to rainfall intensity through a power-law rela-
tionship. These authors analyzed DSDs detected by Laws and Parsons
(1943), Sander (1975), and Wickerts (1982), in geographical sites
different from those of the present investigation, and the lack of an
analysis supporting the choice of a power low relationship does not
allow for the comparison with the results of the present investigation.
Nevertheless, Fig. 6 suggests that for Palermo and El Teularet data, the
rainfall intensity cannot be used as a variable to comprehensively
characterize rainfall features as it is not able to univocally determine the
parameters of the Weibull distribution (¢ and 7).

3.2. A theoretical approach to determine rainfall kinetic power and
momentum by Weibull distribution

Considering the Weibull distribution of Eq. (2), equal to the drop size
distribution that reaches a unit horizontal area during a unit time, N(D),
the following theoretical analysis has been developed.

Rainfall intensity I (mm/h) can be calculated from the following
expression (Salles et al., 2002; Carollo and Ferro, 2015):
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I= 3.6% / " D*N(D)dD (20)
0

in which D is expressed in cm and N(D)dD in m2sL, Substituting Eq. (2)
in Eq. (20) and solving the integral, Eq. (20) becomes:

I=3.62N,o°T <§+ 1) 21)
6 n

being I" the gamma function.

Eq. (21) links the DSD parameters to rainfall intensity and allows for
calculating the Ny parameter as a function of I and of the other two
Weibull parameters:

I
3.6g53r(§]+ 1)

The kinetic power, P, (J m>h™Y), is calculated by adding the
contribution of each drop that composes precipitation, once their ter-
minal velocity and DSD are known, as:

No = (22)

P, = 10727 / [V(D) *D*N(D)dD 23)
0

in which p is the water density, equal to 1000 kg/m3, and V(D) is the

raindrop terminal velocity (m/s) of the droplet having a diameter D

(cm). Considering the equation proposed by Atlas and Ulbrich (1977) to

estimate V(D) as a function of D:

V(D) = 17.67D*%” 24)
and Eq. (2), Eq. (23) can be rewritten as:

3
P, = 10’6%17.672N064'34F (% + 1) (25)

Substituting the Ny given by Eq. (22), Eq. (25) becomes
)
n
(i)
n

Eq. (26) enables to calculate P, when the rainfall intensity I, and the
o and 5 parameters of the Weibull distribution are known. In other
words, the kinetic power per unit volume of rainfall, P,,/I (J /m?/mm), is
only a function of the two parameters of the Weibull distribution.
Furthermore, according to Eq. (26), the ratio P,/I only depends on the
intrinsic characteristics of the precipitation, i.e. the scale (¢) and shape
() parameters of the Weibull raindrop size distribution.

The momentum per unit area and time, M (N m’z), is expressed by
the following relationship (Carollo et al., 2018):

P, = 6.273510 °ps'3* I (26)

=)

M= 10*"’%’r / V(D)D*N(D)dD @7)
0

Using the relationship proposed by Atlas and Ulbrich (1977) to es-
timate the falling velocity and Eq. (2), Eq. (27) can be rewritten as:

F<3.67 + l)
n
M=10°" 176729/ (28)
3. 3
)

According to Eq. (28), the rainfall momentum depends on the rainfall
intensity and the scale and shape parameters of the Weibull distribution.
For each DSD, the measured values of kinetic power, named
measured P,, and of rainfall momentum, named measured M, were
determined by associating each raindrop diameter with the corre-
sponding terminal velocity calculated by Eq. (24). Fig. 7 shows the
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comparison between the measured P, values and those calculated by Eq.
(26), named calculated Py, considering MM to estimate ¢ and 7. Despite
the dispersion of the points around the line of perfect agreement, the
analysis confirms the reliability of Eq. (26) to estimate P, at Palermo and
El Teularet, although a slight underestimation of the rainfall kinetic
power is detected (Table 3).

The reliability of Eq. (1) to reproduce the rainfall kinetic power by
rainfall intensity was also tested. The comparison between the measured
P, values and those calculated by Eq. (1) (Fig. 7) confirms, in agreement
with Carollo et al. (2023), that for both dataset Eq. (1) allows for
overestimating the P, values, producing a MRE equal to 31.10% and
68.14% for Palermo and El Teularet site, respectively. In addition, the
low percentage of measurements with absolute errors (AE) less than
20%, that resulted to be equal to 24.23% for El Teularet and 36.00% for
Palermo (Table 3), suggests the limited accuracy of Eq. (1) to charac-
terize rainfall erosivity in Mediterranean environment and confirmed its
site-specificity. Eq. (1) is an empirical relation, whose mathematical
form derives from the interpolation of data. Thus, it requires both to be
calibrated, and this type of relationship could also be unsuitable for the
considered data. On the other hand, Eq. (26) was deduced theoretically
and requires the estimation of the two parameters of Weibull distribu-
tion using measured DSD. These results also confirm that rainfall in-
tensity is not able synthesize rainfall erosivity characteristics (Serio
et al., 2019a, b).

Moreover, the new proposed relationship (Eq. (26)), that considered
P, as function of the rainfall intensity and of the two parameters of the
Weibull distribution, gives a more reliable characterization of rainfall
kinetic energy for the investigated experimental sites.

For both datasets, the comparison between the measured M values
and those calculated by Eq. (26), named calculated M (N rn’z), consid-
ering MM to estimate ¢ and #, is reported in Fig. 8. The analysis confirms
the reliability of Eq. (28) to estimate M at Palermo and El Teularet,
although a weak underestimation the rainfall momentum (Table 3).
Nevertheless, for both datasets more than 98% for MM of the mea-
surements present an absolute error less than 20% (Table 3). Further-
more, for Palermo DSDs with I > 40 mm/h and characterized by AE <
20% occur for a percentage greater than 79% and equal to 99%
respectively, for P, and M (Table 4). For El Teularet this percentage is
greater than 68% for Py, while for M estimate, all data with I > 40 mm/h
present an Absolute Error less than 20% (Table 4).

These results confirm that, to calculate the rainfall kinetic power and
the rainfall momentum is more important to adequately estimate Dsg
and Dy than to reproduce the entire DSD, since that these two statistics
allowed to know the shape and the scale parameters of the Weibull
distribution. This result can be probably justified because the use of the
MM method involves the coincidence of the measured values of D5 and
Dy with those calculated by the Weibull distribution. Therefore, in
agreement with previous studies (Carollo et al., 2016b; Carollo et al.,
2018; Serio et al. 2019a, b) Dsp and Dy represent two statistics of the
DSDs that enable to synthesize the raindrop size distribution and to
characterize energetically the precipitation.

Moreover, in agreement with Carollo et al. (2018) and Serio et al.

Table 3
Reliability of Egs. (1), (26) to estimate P, and (28) to M estimate at Palermo and
El Teularet sites.

Palermo El Teularet
P, M P, M
@m?hh (N @m?h N
m’z) m’z)
MM Eq. MM MM Eq. MM
(€))] (€9]
MRE (%) -3.09 31.10 —1.05 —4.43 68.14 -1.76
MAE (%) 8.83 38.93 3.83 12.41 78.54 5.26
Percentage of data 93.01 36.00 99.25 80.70 24.23 98.16

with AE < 20%
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Table 4
Number of DSDs with I > 40 mm/h, for each experimental site, characterized by
a P, (Eq. (26)) and M (Eq. (28)) AE value lower than 20%.

Experimental site Palermo El Teularet
Method MM MM

DSDs tot. 42,279 5581

DSDs with I > 40 mm/h 234 105
Percentage of DSDs with AE (Pn) < 20% 89 78
Percentage of DSDs with AE (M) < 20% 99 100

(2019a), these findings also confirm that the rainfall kinetic power and
rainfall momentum are variables able to represent the aggressiveness of
precipitation in Mediterranean environments. Nevertheless, for both
sites, the measurements highlight that the best estimates are obtained
considering the rainfall momentum. This result is consistent with Car-
ollo et al. (2018) that, testing P, and M relationships theoretically



F.G. Carollo et al.

deduced by the Ulbrich distribution to DSDs, considered also in the
present investigation, suggested the opportunity to develop a new
rainfall erosivity index that includes the rainfall momentum rather than
rainfall kinetic power.

3.3. Sensitivity analysis of P,/I and M/I to Weibull parameters

To assess how changes in ¢ parameter affect P,/I and M/I calculated
by Egs (26) and (28), the following first derivatives were calculated:

Py

dé = c1.34¢°% (29)
am
dT; =¢10.6767°% (30)
where c and c; are expressed by the following relationships
(2

n

¢ =6.273510"p — % 3D
i
n
6 /) ( )

¢ =10 17 67 (32)

)

Fig. 9 shows, for a fixed 5 value (as an example, minimum,
maximum, and median of the present investigation), the patterns of

ds ¥ . . .
<= and 3L against o across its experimental range (0.04-0.30 cm). The
former (Fig. 9a) increases as ¢ increases and assumes higher values for

the minimum value of n (0.75). Specifically, in this case %varies be-
tween 0.40 and 0.78, whereas is less than or equal to 0.071 and 0.0095
for the median (1.93) and the maximum (17.17) value of 7, respectively.

..M . . . .
The derivative ;I decreases for increasing o values and it relation

. . ak au
with » mirrors that detected for ZI. However, the I values are

noticeably lower than % ones, since they are less than 0.039, resulting
M/I less sensitive to ¢ than P,/I (Fig. 9).

To perform the sensitivity analysis of P,/I and M/I with respect to 7,
Egs (26) and (28) were applied by imposing a fixed variation in # (for
example An = £1%, +5% and + 10%) and computing the consequent
variations in P,/I, AP,/I (Fig. 10a) and M/I, AM/I (Fig. 10b). Due to the
functional relationships between P,/I and ¢ (Eq. (26)), and M/I and ¢
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(Eq. (28)), both AP,/I and AM/I are independent of 6, and therefore, the
results depicted in Fig. 10 are valid for any c. The sign of AP,/I and AM/I
is opposed to the sign of the variation in 5 and their magnitude is directly
related to that of Ay. Similar patterns are detected for all cases, with a
reduction of the variations in P,/I and M/I for increasing 5 values within
the experimental range. These variations tend to vanish for # approxi-
mately equal to 5. Similarly to the sensitivity analysis with respect to o,
this analysis points out that M/I is less sensitive to 5 than P,/I.

3.4. A new approach to determine the physical and statistical meaning of
the Weibull distribution parameters

Sekine and Lind (1982) stated that the parameters # and o are,
respectively, the shape and the scale parameters of the Weibull distri-
bution. Moreover, the raindrop size distributions detected by Laws and
Parsons (1943), Sander (1975), and Wickerts (1982), Sekine and Lind
(1982) found that both  and ¢ parameters are related to the rainfall
intensity, according to a power low relationship, but these empirical
results are not confirmed in this investigation. Therefore, the following
theoretical analysis is presented for understanding the existence of the
physical meaning of the Weibull parameters, that, at the best of our
knowledge, is not suggested in literature.

As 1 is the shape parameter of Weibull distribution, it depends on the
coefficient of variation of the DSD, CV, equal to the ratio between the
standard deviation s(D) and the average m(D) of the diameters of the
distribution. Therefore, considering Eq. (5) and (6) the coefficient of
variation, CV can be calculated as:

s(D) _ [an(%> e (5”05

CV = D] F<l

(33)

according to which, the theoretical CV is only dependent on the »
parameter, and thus the latter is the primary factor determining the
shape of the DSD.

Fig. 11 highlights that in the investigated experimental range (0.3,
17.17) of n, which includes all the expected values, Eq. (33) is a
monotonous decreasing function and can be well approximated by the

following relationship:
n=1.06CV 1% (€D))

From a physical point of view, the variation in CV depends on several
climatic variables, such as air density, temperature, and aerodynamic
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drag. According to Villermaux and Bossa (2009), the latter, acting in
concert with raindrop surface tension, is the primary driver for the
fragmentation of large single drops into smaller droplets, determining,
thus, the shape of the DSD.

Therefore, considering Eq. (26) and Eq. (28), and knowing the values
of by Eq. (34) and of I, the scale parameter, o, is obtained as:

o — kP, (35)

and
o= KM (36)

where k and k" are function of # and I as

11

1

r (w) 1.34
[
——1
()
n

o1
F(ﬁ+l) 0.67
K=|10L21767 " I

36 F(%-‘rl)

This analysis leads us to demonstrate that, based on the modalities
with which the precipitation occurs (), a direct relationship exists be-
tween the scale parameter (6) and both the rainfall kinetic power (Py)
(Eq. (35)) and momentum (M) (Eq. (36)). Consequently, this establishes
a link between the precipitation’s energetic characteristics and the
Weibull’s scale parameter, conferring upon it a physical significance
beyond the statistical one. Specifically, an increase in the value of ¢
parameter corresponds to a rise in the number of drops with larger di-
ameters within the DSD, which results in a concomitant increase in the
values of P, and M at the soil surface.

k= ]6.273510"%p 37)

(38)

3.5. Reliability of Weibull and Ulbrich distributions for estimating the
energetic characteristics of rainfall

At first, the Ulbrich (Eq. (8)) distribution was fitted to each DSDs
detected at Palermo and El Teularet experimental sites, and the pa-
rameters were estimated using the Momentum Method (MM), setting the
values of Dsp and Dy, calculated by Egs. (9) and (10), equal to the
measured values.

To evaluate the reliability of Eq. (8) to reproduce the DSDs detected
at Palermo and El Teularet experimental site, for each DSD, the coeffi-
cient of determination, RZ, was calculated by Eq. (15).

The comparison between the fittings of the two distributions high-
lights that the Weibull distribution resulted as reliable as the Ulbrich one
to reproduce the DSDs at Palermo and El Teularet sites, registering no
significative differences between the performances corresponding to the
two experimental sites (Table 5). Indeed, the percentage of DSDs with a
R? greater than 0.8 is equal to 99.5% and 99.3% for Weibull and Ulbrich
distribution, respectively, for Palermo dataset and a R? value of about
92.2%, equal for both distributions, is registered for El Teularet exper-
imental site (Table 5). In other words, these results confirm the same
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Table 5

Journal of Hydrology 675 (2026) 135619

Percentage of DSDs, for each distribution and experimental site, characterized by given ranges of R*

Ulbrich distribution Weibull distribution
DSDs DSDs with R? > DSDs with R < DSDs with R? < 0.8 and I > 40 DSDs with R? > DSDs with R < DSDs with R? < 0.8 and I > 40
tot. 0.8 0.8 mm/h 0.8 0.8 mm/h
Palermo 42,279 99.3% 0.7% 0.19% 99.5% 0.5% 0.1%
El 5581 92.2% 7.8% 0.5% 99.2% 0.8% 0.3%
Teularet

capability of the two distributions to describe more 47,800 measured
DSDs considered in the present investigation.

Figs. 12 and 13 show for both datasets the comparison between the
measured P, values and those calculated by Eq. (26) and Eq. (11)
(Fig. 12), and between the measured M values and those calculated by
Eq. (28) and Eq. (12) (Fig. 13). The analysis suggests that for both
datasets, slight underestimations of P, and M are generally observed
considering Egs. (26) and (28), and a systematic slight overestimation of
P, and M by Egs. (11) and (12) (Table 6). However, both distributions
provide good estimations of P, and M for P, > 0.6 Jm?h~! and M > 0.1
N m’z, that are the most interesting for soil erosion research, even if in
this investigation they are very few (Table 6). Nevertheless, Fig. 13 and
Table 6 highlighted that both theoretical distributions have similar
capability to estimate M since more than 97.80% of DSDs have an ab-
solute error value less than 20%.

Therefore, taking into account the degree of fitting of the theoretical
laws to the measured DSDs and the reliability of Eq. (28) and Eq. (12) to
M estimate, this analysis suggests that the accuracy and the predictive
capabilities of the Ulbrich and Weibull distributions are essentially
similar for the investigated datasets.

Nevertheless, the Weibull distribution could be preferred both for its
capability to P, and M estimate, and as the parameters of the distribution
have also a physical meaning. This allows us to state that there is a direct
link between the scale parameter of the distribution, o, and the energetic
characteristics of the precipitation. In other words, the use of the Wei-
bull distribution allowed us to analytically demonstrate that P, and M
depend not only on the intensity of precipitation but also on the dis-
drometric characteristics of the rainfall reaching the soil.
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4. Conclusions

Rainfall erosivity can be assessed by rainfall kinetic power and mo-
mentum, which are determined by DSD and raindrop terminal velocity.
In this paper, at first, a theoretical analysis was carried out using the
Weibull distribution and new relationships to estimate kinetic power
and momentum were theoretically deduced.

Through rainfall DSD measurements at two sites in the Mediterra-
nean area, the reliability of these newly proposed theoretical relation-
ships was verified, demonstrating their effectiveness in reflecting the
erosive power of rainfall in the Mediterranean environment. Our
research indicates that the accurate estimation of the median diameter
(Dsp) and the median volume diameter (Dy) of raindrop size distribu-
tions is important. These parameters are integral to capturing the
characteristics of rainfall that drive soil erosion processes.

The comparison between the Weibull and the Ulbrich distributions
highlighted that, although both distributions yield similar accuracy in
terms of DSD fitting, instead for estimating P, and M, the Weibull model
could be favoured as its parameters have also a physical meaning.
Moreover, the direct relationship between the scale parameter and the
energy characteristics of the precipitation, confirm that P, and M de-
pend not only on rainfall intensity but also on the properties of the
precipitation impacting on the soil surface.

Therefore, the development of a new method and a device able to
give a measure of these variables is important to give reliable measures
of both P, and M and thus of the soil loss prediction. Moreover, the re-
sults suggest that incorporating rainfall momentum into soil erosion
models may offer a more accurate representation than the traditional
reliance on kinetic power. However, these conclusions are based on data
detected in two sites of the Mediterranean basin and may not be uni-
versally applicable to other regions with distinct rainfall characteristics.
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Fig. 12. Comparison between the measured values of P, and those calculated by Eq. (11), deduced using the Ulbrich distribution, and Eq. (26) deduced using the

Weibull distribution.
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Table 6
Reliability of Egs. (26) and (11) to estimate P, and Egs. (28) and (12) to estimate
M at Palermo and El Teularet sites.

Experimental site Palermo El Teularet
Distribution Weibull Ulbrich ~ Weibull Ulbrich
Number of DSDs 42,279 5581
P, MRE —-3.14% 19.87% —4.43% 14.60%
Percentage of DSDs 93.1% 43.48% 80.76% 49.22%
with AE < 20%
M MRE —1.04% 10.05% -1.76% 7.48%
Percentage of DSDs 99.23% 98.44% 98.23% 97.80%
with AE < 20%
P,>0.6  Number of DSDs 62 50
Jm MRE 4.91% 0.65% 3.52% 0.33%
2p1 Percentage of DSDs 90.3% 85.48%  70.00% 76.00%
with AE > 20%
M > 0.1  Number of DSDs 137 76
N MRE 1.00% 0.41% 2.13% 0.48%
m~2 Percentage of DSDs 100.00% 98.54% 100.00% 100.00%

with AE > 20%

Further research and validation in diverse environmental contexts are
necessary to fully assess the generalizability and applicability of these
findings.
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