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Controlling and maintaining quantum properties of an open quantum system along its evolution is essential for
both fundamental and technological aims. We assess the capability of a frequency-modulated qubit embedded
in a leaky cavity to exhibit enhancement of its dynamical quantum features. The qubit transition frequency
is sinusoidally modulated by an external driving field. We show that a properly optimized quantum witness
effectively identifies quantum coherence protection due to frequency modulation while a standard quantum
witness fails. We also find an evolution speedup of the qubit through proper manipulation of the modulation
parameters of the driving field. Importantly, by introducing a new figure of merit Rg, we discover that the
relation between Quantum Speed Limit Time (QSLT) and non-Markovianity depends on the system initial state,
which generalizes previous connections between these two dynamical features. The frequency-modulated qubit
model thus manifests insightful dynamical properties with potential utilization against decoherence.

I. INTRODUCTION

The coherent superposition of quantum states is termed
quantum coherence and is regarded as the main distinguish-
ing feature of the quantum world which has no classical coun-
terpart. Many quantum-enhanced technologies are founded
on this feature [1–3]. Tomographic methods are usually em-
ployed to detect quantum coherence by reconstructing the
density matrix of quantum systems. Albeit the implementa-
tion of such a strategy poses a technical challenge as to the
measurement settings of the experiment [4, 5]. To overcome
the complexity of detection in the experiment, Leggett-Garg
inequality [6] and quantum witness [7, 8] have been intro-
duced as quantum indicators to quantify the nonclassicality
of a system. Quantum witness is based on the classical no-
signaling-in-time assumption, according to which a prior ex-
periment does not disturb the statistical outcome of the sub-
sequent experiment [7–9]. Hence, in recent years, finding a
standard quantum witness has been extensively studied in a
wide variety of physical systems [10–22]. Nonetheless, newly
a pitfall is emerged in the standard quantum witness which
demonstrates this indicator fails to detect the maximal viola-
tions of classicality of a moving qubit in a dissipative cav-
ity. Therefore, in order to remove the shortcoming, the op-
timized quantum witness [17] with the suitable intermediate
blind measurement has been put forward which can reach the
maximum violation of its amplitude, coinciding with the co-
herence monotone.

Since a realistic quantum system inevitably interacts with
the environment, such interactions consequently give rise to
coherence loss. Usually, the bath is considered to play a
destructive role in quantum coherence, with the well-known
phenomenon of decoherence [23]. As a result of decoher-
ence, time constraint is imposed on quantum tasks. Therefore,
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various strategies have been devised to control and maintain
quantum resources (such as coherence and entanglement) in-
cluding dynamical decoupling [24–31], decoherence-free sub-
spaces [32, 33], error correction [34–38], topological proper-
ties [39, 40], structured quantum and classical environments
[41–60], and indistinguishability-based protection [61–65]. In
fact, optimizing such quantum techniques paves the way for
the realization of quantum information applications.

The minimal time during which a quantum system evolves
between two extinguishable states is recognized as the quan-
tum speed limit time (QSLT). This interval determines
the maximal rate of evolution that a quantum system can
reach. Regarding the literature, Leonid Mandelstam and Igor
Tammthe had a pioneering role in formulating the QSLT
concept by means of time-energy uncertainty relation which
bounded the speed of evolution reads as MT bound [66].
Later, Norman Margolus and Lev Levitin refined this relation
and derived a more rigorous relation (ML bound) according
to which the speed of evolution cannot exceed the mean en-
ergy [67, 68]. The MT and ML bounds had been applicable
for closed quantum systems, despite the fact that the realistic
quantum systems are not isolated. It was of crucial importance
to generalize the notion of QSLT to open quantum systems.
Hence, Deffner and Lutz [68] filled this gap by introducing a
unified quantum speed limit time. On the other hand, since
in the open quantum systems the environmental effects cannot
be ignored, this question is posed that how non-Markovianity
can affect the QSLT. Although the early studies suggested that
non-Markovianity can speed up the quantum evolution [68],
the recent reports indicate the existence of a direct relation-
ship between the QSLT and memory effect is still open to
debate for the most general dynamics of open quantum sys-
tems. Thus, increasing the non-Markovianity, quantified by
the backflow of information [69], does not necessarily lead to
the speedup in the evolution [70]. This minimum bound also
determines the maximum rate of quantum information [71],
computation [72], entropy production [73], the ultimate pre-
cision in quantum sensing [74], and scrambling the spectral
form factor [75]. Moreover, the QSLT serves as the inherent

ar
X

iv
:2

20
6.

07
14

7v
1 

 [
qu

an
t-

ph
] 

 1
4 

Ju
n 

20
22

mailto:mortezapour@guilan.ac.ir
mailto:rosario.lofranco@unipa.it


2

limitations of quantum optimal control algorithms [76].

Recent studies show that modulating the transition fre-
quency of a qubit provides the foundation for the observa-
tion of a wide variety of novel phenomena, such as the for-
mation of sidebands transitions [77, 78] the coherent de-
struction of tunneling [79], dynamic Stark effect [80], Lan-
dau–Zener–Stückelberg-interference [81], modifying fluores-
cence spectrum [82], and the enhancement of the degree of
non-Markovianity [83]. Moreover, this scheme allows observ-
ing topological transitions [84] and population trapping [85].
On the other hand, one can employ the frequency modula-
tion method to decouple a qubit system from its environment
[86–88] and consequently protect quantum resources from un-
wanted environmental noise [89, 90]. In addition, frequency
modulation of the qubit can be harnessed to create fast two-
qubit gates for quantum information processing [78, 91]. It is
noteworthy that exertion of an external off-resonant field can
be employed as a tactic to perform a frequency modulation in
an atomic qubit [92, 93]. Moreover, regarding the most recent
reports, the realization of the frequency modulation in super-
conducting qubits is feasible with the aid of state-of-the-art
experimental techniques [94–98].

In the present work, we consider a frequency-modulated
qubit inside a leaky cavity for pursuing two goals: (i) checking
the consistency between the standard quantum witness (SQW)
and coherence monotone, motivated by the results introduced
in Ref. [17]; (ii) studying the role of frequency modulation
in the speedup evolution, addressing the relationship between
QSLT and non-Markovianity as a highly controversial issue
which depends on the different initial states. Concerning the
first goal, the results suggest that SQW largely fails to indicate
the non-classicality of the system, certifying previous results
[17]. Moreover, it is revealed that SQW either lags behind or
exceeds the coherence monotone. Differently, the optimized
quantum witness (OQW) [17] exhibits maximum values per-
fectly coinciding with the coherence monotone for optimal pa-
rameters of modulation (frequency and amplitude): this fea-
ture stresses the requirement of optimization to get a reliable
quantum indicator. Regarding the second goal, we demon-
strate that the system can reach a high evolution speedup for
optimal modulation parameters. The achieved results indicate
that the former conception of the relation between QSLT and
non-Markovianity needs to be amended by introducing a new
parameter, that we name Rg, which is interestingly related to
the ratio between non-Markovianity and the population of the
excited state.

The paper is organized as follows: In Sec. II, we present
the Hamiltonian of a single frequency-modulated qubit and
discuss the state evolution of the system. In Sec. III, we give a
basis for assessing the quantum witness and its optimization.
This section is followed by providing results that demonstrate
the efficiency of OQW in measuring the quantumness of the
frequency-modulated qubit. Sec. IV is devoted to the discus-
sion about the QSLT of the system and its connection to non-
Markovianity. Finally, we present an outline of the main con-
clusions and prospects in Sec. V.

FIG. 1: Sketch of the single driven qubit system. A qubit (two-level
atom) is embedded inside a structured leaky cavity. The qubit transi-
tion frequency ω0 is sinusoidally modulated via an external applied
field with a modulation amplitude δ and a modulation frequency Ω.
The qubit interacts with vacuum modes.

II. MODEL AND SYSTEM

The system under consideration is a qubit (two-level sys-
tem) coupled to a zero-temperature reservoir which is com-
prised of the quantized modes of a high-Q cavity. It is as-
sumed that the transition frequency of the qubit is modulated
sinusoidally by an external driving field, as depicted in Fig. 1.
By utilizing the electric-dipole and rotating-wave approxima-
tions, the Hamiltonian of the system can be written as (} = 1):

Ĥ =
∑

k

ωkb̂†k b̂k +
1
2

[ω0 + δ cos(Ωt)]σ̂z

+
∑

k

{gkσ̂+b̂k + g∗kσ̂−b̂†k}. (1)

where σ̂z = |e〉 〈e| − |g〉 〈g| is a Pauli operator for the qubit, σ̂±
represent the raising and lowering operators of the qubit, b̂†k
and b̂k are respectively the creation and the annihilation op-
erators for a photon of mode k with the frequency ωk and gk
being the coupling strength for this mode to the qubit. Further-
more, ω0 characterizes the transition frequency of the qubit
(see Fig. 1) in the absence of modulation, while δ denotes the
modulation amplitude with frequency Ω. After switching to a
non-uniformly rotating frame (interaction picture) by the uni-
tary transformation

Û = exp

−i

∑
k

ωkb̂†k b̂kt + [ω0t + (δ/Ω) sin(Ωt)]σ̂z/2


 . (2)
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One can obtain the effective hamiltonian Ĥeff = Û†ĤÛ +

i(∂Û†/∂t)Û as

Ĥeff =
∑

k

gkσ̂+b̂ke−i(ωk−ω0)tei(δ/Ω) sin(Ωt)

+
∑

k

g∗kb̂†kσ̂−ei(ωk−ω0)te−i(δ/Ω) sin(Ωt) . (3)

Note that the exponential factors on the right-hand side of
Eq. (3) are periodic therefore, they can be rewritten as below
with making use of the Jacobi-Anger expansion.

e±i(δ/Ω) sin(Ωt) = J0

(
δ

Ω

)
+ 2

∞∑
n=1

(±i)nJn

(
δ

Ω

)
cos(nΩt), (4)

where Jn

(
δ
Ω

)
is the Bessel function of the first kind

with order n. Starting from the initial state |Ψ(0)〉 =

cos( θ2 ) |e〉 + sin( θ2 )eiφ |g〉 |0〉, where |0〉 is the vacuum state of
the cavity, the conservation of the number of excitations gives
the following time evolution of the whole system:

|Ψ(t)〉 = cos(θ/2)C(t)|e〉|0〉 + sin(θ/2)eiφ|g〉|0〉

+
∑

k

Ck(t)|g〉|1k〉, (5)

where |1k〉 describes a single photon in mode k of the reser-
voir and Ck(t) represents its probability amplitude. Solving
the Schrödinger equation for the total system results in the
following differential equations for the probability amplitudes
C(t) and Ck(t)

Ċ(t) = −i(i/α) exp[i(δ/Ω) sin(Ωt)]
∑

k

gke−i(ωk−ω0)tCk(t), (6)

Ċk(t) = −iα exp[−i(δ/Ω) sin(Ωt)]g∗kei(ωk−ω0)tC(t). (7)

Successively solving Eq. 7 formally and substituting the
achieved result into Eq. 6, yields

Ċ(t) +

∫ t

0
dt′F(t, t′)C(t′) = 0, (8)

where the kernel F(t, t′) is the correlation function defined in
terms of continuous limits of the environment frequency

F(t, t′) = exp[i(δ/Ω){sin(Ωt) − sin(Ωt′)}]

×

∫ ∞

0
J(ωk)e−i(ωk−ω0)(t−t′)dωk. (9)

Here J(ωk) indicates the spectral density of reservoir modes.
Since we consider the case in which the qubit resonantly in-
teracts with the cavity modes, possessing Lorentzian spectral
distribution, J(ωk) adopts the following form [99, 100]:

J(ω) =
1

2π
γλ2

[(ω0 − ωk)2 + λ2]
, (10)

with λ the decay rate and γ the spectral width of the coupling
[99]. Making use of the Lorentzian spectral density, the kernel
F(t, t′) can be acquired as follows:

F(t, t′) =
γλ

2
e−λ(t−t′)e[i(δ/Ω){sin(Ωt)−sin(Ωt′)}]. (11)

By substituting it into Eq. (7), one gets

Ċ(t) +
γλ

2
e[i(δ/Ω) sin(Ωt)]

×

∫ t

0
dt′e[−i(δ/Ω) sin(Ωt′)]e−λ(t−t′)C(t′) = 0. (12)

the probability amplitude C(t) can be obtained by numerically
solving the above equation. Then, the reduced density matrix
of the qubit in the atomic basis {|e〉 , |g〉} can be expressed as

ρq(t) =

(
cos2( θ2 ) |C(t)|2 1

2 sin(θ)e−iφC(t)
1
2 sin(θ)eiφC∗(t) 1 − cos2( θ2 ) |C(t)|2

)
. (13)

With the evolved reduced density matrix above we can
carry on our analysis, as reported in the following sections.

III. STANDARD AND OPTIMIZED QUANTUM WITNESS

In this section, we apply the quantum witness as a criterion
of nonclassicality to quantify the quantumness of a frequency-
modulated qubit inside a leaky cavity. Our general aim is to
demonstrate that SQW is no longer a reliable quantum indica-
tor for non-isolated systems and needs to be refined as the
Optimized Quantum Witness (OQW). Hence, the proposed
scheme best exemplifies the pitfall associated with SQW and
highlights the importance of such refinement one more time
as it has already been reported in ref [17]. Let us mention that
the attributed calculations are performed considering the no-
signaling-in-time condition and the results suggest that SQW
fails to detect the non-classicality of a frequency-modulated
qubit in a dissipative cavity.

A. Standard Quantum Witness

In the present subsection, we intend to analyze the nonclas-
sicality of the frequency-modulated qubit by employing the
SQW which is defined as

Wq(t) =
∣∣∣Pm(t) − P′m(t)

∣∣∣ . (14)

where Pm(t) denotes the quantum probability of finding the
system in the state m at time t without performing any prior
measurement, while P′m(t) =

∑d
n=1 P(m, t|n, t0)Pn(t0) repre-

sents the classical probability of finding the system in state
m at time t before which an intermediate nonselective mea-
surement of the state n has been performed at time t0. Ac-
cording to the classical no-signaling-in-time assumption, the
prior measurement at time t0 is noninvasive and does not per-
turb the statistical outcome of the subsequent measurement at
time t, thus Pm(t) = P′m(t), [Wq = 0] and the system acts as
a classical one. However, inequality of these two probabil-
ities namely nonzero values of W(t) violate this assumption
and signify the nonclassicality of the system state at time t.
Also, the upper bound of the standard quantum witness [10]
is Wmax

q (τ) = 1 − 1/d where d is the system dimension and
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describes the number of possible outcomes of a blind mea-
surement. Before proceeding to calculate the quantum wit-
ness, it is convenient to initially find a propagator for the re-
duced density matrix of the qubit owing to the fact that the
quantum and classical probabilities are acquired by averag-
ing projection operators on the system state at time t. One
can obtain the propagator ℵ using Lindblad-type evolution
for an operator X̂ in the Heisenberg picture dX̂/dt = L[X̂]
[12, 99]. For a dissipative system-environment model, the
integro-differential equation reads as

X̂(t) +

∫ t

0
dt′Kt[X̂(t′)] = 0, (15)

where

Kt[X(t′)] = F(t, t′)(σ+σ−X(t′) + X(t′)σ+σ−

− 2σ+X̂(t′)σ−).
(16)

Let us recall that the function F(t, t′) has already defined in
Eq. (11). Considering the evolution of the basis of Pauli oper-
ators {I, σx, σy, σz},

σx(t)
σy(t)
σz(t)
I(t)

 = ℵ(t, 0)


σx(0)
σy(0)
σz(0)
I(0)

 , (17)

where

ℵ(t, 0) =
1
2 (C(t) + C∗(t)) −i

2 (C(t) −C∗(t)) 0 0
1
2 (C(t) −C∗(t)) i

2 (C(t) + C∗(t)) 0 0
0 0 |C(t)|2 |C(t)|2 − 1
0 0 0 1

 . (18)

Then, finding the average values of the Pauli operators at a
time t, such that 〈σi(t)〉 = ℵ(t, 0) 〈σi(0)〉 , (i = x, y, z), the qubit
density matrix at time t is obtained as

P(t) =
1
2

(
I + 〈σx(t)〉σx +

〈
σy(t)

〉
σy + 〈σz(t)〉σz

)
. (19)

The quantum probability P± of finding the state |±〉 at time τ
in the absence of the intermediate nonselective measurement
is given by

P±(τ) = 〈Π±(τ)〉 = Tr (P(τ)Π±(τ)) . (20)

where P(τ) is the evolved reduced density matrix of the qubit.
We let Πx

± = (I ± σx) /2 [12], be the intermediate nonselec-
tive projections operators and assume the qubit is initially in a
coherent superposition |Ψ(0)〉 = cos( θ2 ) |e〉 + sin( θ2 )eiφ |g〉 |0〉.
Hence, the quantum and classical probabilities P±(τ), P′±(τ)
can be used to calculate the SQW according to

Wq(τ) =
∣∣∣P+(τ) − P′+(τ)

∣∣∣
= 1

4

∣∣∣∣sin(θ)
(
C(τ) + C∗(τ) − 1

2 (C(τ/2) + C∗(τ/2))2
)∣∣∣∣. (21)
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FIG. 2: Standard Quantum witness W(τ), Optimized quantum wit-
ness W ′(τ), and Coherence monotone C(τ)/2, as a function of the di-
mensionless time interval γτ for different values of modulation fre-
quency Ω and a fixed modulation amplitude δ = 5 γ. The panel
(a) corresponds to the unmodulated condition δ = 0, Ω = 0, (b)
Ω = 0.1γ, (c) Ω = 0.5γ and (d) Ω = 5γ. Other parameters are
λ = 0.1γ, θ = π/2 and φ = 0.
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FIG. 3: Standard Quantum witness W(τ), Optimized quantum wit-
ness W ′(τ), and Coherence monotone C(τ)/2, as a function of the
dimensionless time interval γτ with various values of the modulation
frequency and amplitude: (a) δ = 2.40483Ω [J0(2.40483) = 0], (b)
δ = 3.83170Ω [J1(3.83170) = 0], (c) δ = 5.13562Ω [J2(5.13562) =

0], (d) δ = 6.38016Ω [J3(6.38016 = 0]. Other parameters are
λ = 0.1γ, θ = π/2 and φ = 0.

B. Optimized Quantum Witness

It has been demonstrated that the SQW of an isolated sys-
tem can reach its maximum value equivalent to the coherence
monotone Wmax

q (τ) = C(τ)/2 in which C(τ) is the envelope of
quantum coherence. One can simply obtain C(τ) by employ-
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ing the `1− norm of coherence C`1 (ρ) =
∑

i, j | 〈i|ρ| j〉 | [101].
The same maximal value of quantum witness has been also
validated for a damped qubit in a Markovian thermal reser-
voir. Namely the envelope of the quantum witness, defined
by means of the usual intermediate and final measurements
Πx
± of Eq. (20), perfectly matches the coherence monotone

[10]. However, the most recent study concerning quantum
witness poses a challenging question whether for a generic
nonisolated quantum system in which the non-Markovian be-
havior appears it is guaranteed that quantum witness coincides
with the coherence monotone. Their results suggest that inter-
mediate blind measurement matters in determining the upper
bound of SQW and they optimize the quantum witness by sub-
stituting Πz

± = 1
2 (I ± σz) for the conventional blind measure-

ment i.e., Πx
± = 1

2 (I ± σx) [17]. The proposed system once
again testifies that such optimization is crucially required. In
this context, for the proposed dissipative system following the
`1− norm of coherence we simply obtain C`1 = |sin(θ)C(t)|
from the qubit reduced density matrix of Eq. (13). More-
over, we apply the operator Γ(ρ(τ/2)) =

∑
i |i〉 〈i| ρ(τ/2) |i〉 〈i|,

to classicalize the system which preserves the diagonal en-
tries of the system state and discard the off-diagonal ones
[102]. One can rewrite the Eq. (20) by employing the opti-
mal nonselective projections. The operations effectively make
the perturbed intermediate state classical, so that any incoher-
ent channel remains classical for the rest of the evolution. It
is analogous to maximizing the distance between the state of
the system at t = τ and its perturbed counterpart. Calculating
these new blind measurements and having the perturbed state
ρ′(τ/2) for the subsequent evolution at the time leads to the
qubit state at t = τ

ρ′(τ) =

(
cos2 ( θ2 )|C(τ)|4 0

0 1 − cos2 ( θ2 )|C(τ)|4

)
, (22)

where ρ′(τ) is the reduced density matrix of the qubit af-
ter measuring the probability amplitude C(τ). Accordingly,
the quantum and classical probabilities are obtained with the
usual final measurement set by projector Πx,+. The optimized
quantum witness of the system under a well-defined blind
measurement is

W ′(τ) =
1
4
|sin(θ)(C(τ)) + C∗(τ))| =

1
2
|sin(θ)Re[C(τ)]|. (23)

The optimization procedure on the standard quantum witness
Wq(τ) of Eq. (21) coincides with the real part of the off-
diagonal term of the evolved qubit density matrix. In order
to draw a comparison among the dynamic behavior of the
SQW (Wq(τ)), the OQW (W ′q(τ)) and the coherence mono-
tone with respect to the amplitude and frequency modulation
parameters (respectively, δ and Ω), we plot them simultane-
ously in Fig. 2 as a function of the dimensionless time interval
γτ. The time evolution of the system is compared to the case
where the external driving is off (δ = 0,Ω = 0) (see Fig. 2(a)),
for which coherence monotone monotonically decreases, and
both Wq(τ) and W ′q(τ) manifest this behavior well. Such be-
havior is also observed in panel (d) when the modulation fre-
quency is high. However, panels (b) and (c) reveal the in-
consistency between the pattern of the behavior of SQW and

the coherence monotone. So that, the SQW curve is unable
to touch the coherence monotone however, the OQW curve
keeps up with the coherence monotone. Such inconsistency is
abundantly clear in panel (c), for the optimal value of the fre-
quency modulation, in which SQW approximately possesses
the constant zero value whereas OQW perfectly matches the
coherence monotone.

In order to gain a far better understanding of the dynamic of
the system, we subsequently aim to compare SQW and OQW
when the ratio of amplitude and frequency of modulation pa-
rameter (δ/Ω) is intentionally tuned to the first zero of the n-th
Bessel function Jn in Fig. 3. By taking a sweeping glance at all
the panels, one would notice that SQW either lags behind or
exceeds (when the ratio δ/Ω is adjusted to the first zero of the
third Bessel function) the coherence monotone. Whereas, the
OQW amplitude reaches its upper limit, being exactly equal
to the coherence monotone. Regarding such glaring incon-
sistency between the behavior of SQW and coherence mono-
tone, one can easily deduce that the SQW is truly incapable
of detecting the behavior of the generic quantum systems in
which non-Markovian environmental effect appears. Simulta-
neously, it is proved that the adaptive blind measurement Πz

±

is a faithful measure to classify quantum from classical be-
havior in the experiment. Moreover, the proposed model not
only certifies the violation of SQW [102] but, in contrast to the
previous reports in which SQW could not reach the coherence
monotone, it also reveals the SQW can exceed the coherence
monotone. The disclosure of such serious shortcomings in
SQW stresses the crucial requirement of optimization.

IV. INTERPLAY BETWEEN QSLT AND
NON-MARKOVIANITY OF A FREQUENCY-MODULATED

QUBIT

The primary purpose of this section is to assess the impact
of frequency modulation on the speedup evolution of a qubit
embedded in a leaky cavity. Meanwhile, two questions im-
mediately arise: (a) What is the connection between QSLT
and non-Markovianity in the modulated quantum system? (b)
Would non-Markovianity be the sole factor in speeding up
the rate of evolution of the frequency-modulated system or do
other contributing factors participate? To address these ques-
tions, quantum speed limit time (QSLT) can be employed to
analyze the maximal speed of the evolution of the frequency-
modulated qubit. Initially, it is required to provide prelim-
inary explanations concerning QSLT. The QSLT determines
the minimal time required by the system to completely evolve
between two distinguishable states [66, 103]. It consequently
constrains the maximum speed of evolution that the system
can reach. For a generic driven open quantum system, this pa-
rameter is defined as a unified expression based on the Schat-
ten p norm by Deffner and Lutz [68]:

τQSLT = max
{

1
Λ

op
τ

,
1

Λtr
τ

,
1

Λhs
τ

}
sin2(L(ρ(0), ρ(τ))), (24)

L(ρ(0), ρ(τ)) = arccos
√
〈ψ0|ρ(τ)|ψ0〉 is the so-called Bures

angle between initial pure state ρ(0) = |ψ0〉〈ψ0| and its evolved
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state ρ(τ), governed by the time-dependent master equation
ρ̇(t) = Ltρ(0) (Lt is a super-operator). Therefore, we have
sin2(arccos

√
〈ψ0|ρ(τ)|ψ0〉 = 1−〈ψ0|ρ(τ)|ψ0〉. It is worth men-

tioning that the Bures angle above is a measure of the distance
between a pure state and a mixed state. The denominator in
Eq. (24) indicates the average of ρ̇(t) over actual driving time
duration τ, i.e., Λn

τ = 1
τ

∫ τ

0 dt‖ρ̇(t)‖n (n = op, tr, hs), with
op, tr and hs denoting the operator, trace and Hilbert-Schmidt
norms, respectively. It has been shown that the operator norm
‖ρ̇(t)‖op = max

i
{si} always maximizes Eq. (24), where si is the

singular value of evolved density matrix ρ̇(t) [104, 105]. Thus,
the QSLT in Eq. (24) can be simplified as

τQSLT =
1 − 〈ψ0|ρ(τ)|ψ0〉

1
τ

∫ τ

0 dt max
i
{si}

. (25)

The QSLT has the merit of evaluating the speed of quan-
tum evolution for two regions: speedup and no speedup. The
time-scaled notation of QSLT (τQSLT/τ) divides the evolution
into two regions, speedup and no speedup respectively for
τQSLT/τ < 1 and τQSLT/τ = 1. For the speedup region, it
is revealed that as τQSLT/τ decreases, the process exhibits ac-
celeration. However, the growth of τQSLT/τ results in the de-
celeration of the process. Regarding this significant result and
with the aim of shedding light on the relationship between
QSLT and non-Markovianity, we study the QSLT and non-
Markovianity of a frequency-modulated qubit. Two scenarios
have been considered depending on the initial state, first, the
initial state is assumed to be an excited state, and second, it is
a coherent superposition of ground and excited states.

A. First scenario: Initial excited state

We prepare the driven qubit initially in the excited state
ρ1(0) = |e〉〈e| by taking parameters θ = φ = 0 and substitute
in Eq. (25), thus the QSLT reduces to

τQSLT

τ
=

1 − |C(τ)|2

2N(τ) + 1 − |C(τ)|2
, (26)

whereN(τ) = 1
2

( ∫ τ

0 |∂t |C(t)|2|dt + |C(τ)|2 − 1
)

is the BLP non-

Markovianity measure and |C(τ)|2 characterizes the popula-
tion of the excited state. As can be seen Eq. (26) indicates
an analytical relationship between the QSLT and backflow of
information. For the Markovian process N(τ) = 0 and con-
sequently τQSLT/τ = 1, which means the controlled quantum
evolution has reached the highest possible speed and cannot
speed the evolution further. However, for the non-Markovian
case N(τ) > 0 then τQSLT/τ < 1, which signifies the accelera-
tion is possible so that, the smaller τQSLT/τ, the larger poten-
tial capacity for speedup [106].

In Fig. 4, we plot the ratio of the QSLT to the actual driving
time (τQSLT/τ) and non-Markovianity N(τ) in terms of driv-
ing time for the coupling constant γ = 0.1 and λ = 1. It can
be seen that the system initially remains in no speedup region
and Markovian regime and then switches to speedup region
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FIG. 4: Ratio of the QSLT to the actual driving time (τQSLT/τ) and
non-Markovianity N(τ) as function of actual driving time τ for dif-
ferent modulations parameters: Ω = 0 and δ = 0 (blue solid line),
Ω = 5 and δ = 10 (red dash line), and Ω = 5 and δ = 2.40483Ω

(green dash-dot line). The excited state ρ1(0) = |e〉〈e| is considered
as the initial state, and other parameters are γ = 0.1 and λ = 1.
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FIG. 5: τQSLT/τ and non-Markovianity N(τ) as a function of γ/λ
for different values of actual driving times τ = 0.4 (blue solid line),
τ = 0.6 (red dash line), and τ = 0.8 (green dash-dot line) with λ = 1.
The excited state ρ1(0) = |e〉〈e| is considered as the initial state.

and non-Markovian regime. It is noteworthy that when δ/Ω
is tuned to the zero of the Bessel function J0, it not only ap-
preciably accelerates the speedup process, but it increases the
non-Markovianity as well. The results indicate that the fre-
quency modulation parameters (δ and Ω) have a key role in
the speedup process.

To gain more detailed information concerning the link be-
tween QSLT and non-Markovianity, we plot τQSLT/τ and non-
Markovianity as a function of γ/λ for different values of driv-
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FIG. 6: Derivatives of τQSLT/τ (solid blue line) and Rg (dash-dotted
red line) as a function of γ/λ for different actual driving time τ and
λ = 1. Dashed gray line is y = 0. The excited state ρ1(0) = |e〉〈e| is
considered as the initial state.

ing time τ under different modulation frequencies Ω and am-
plitudes δ in Fig. 5. As it is evidently displayed, there are spe-
cific values of the γ/λ for which the system makes the tran-
sition from no speedup to speedup regions. Moreover, it is
surprisingly disclosed that the switching point from Marko-
vian to non-Markovian regimes perfectly matches the transi-
tion point, albeit such switching would occur regardless of the
initial state. Since the excited state population appears in the
Eq. (26), we wonder how this parameter affects the QSLT. It is
speculated that the QSLT is affected by an interplay between
non-Markovianity and the population of the excited state dur-
ing the evolution. Hence, we introduce a new parameter Rg
which illustrates this interplay as

Rg :=
N(τ)

1 − 〈ψ0|ρτ|ψ0〉
=

N(τ)
1 − |C(τ)|2

. (27)

As this ratio suggests, it is far better to discuss the collective
effect of the non-Markovianity and population of the excited
state on the QSLT to find an explicit relationship. In order to
support this claim, we plot derivatives of Rg and τQSLT/τ as
a function of γ/λ for different values of actual driving time
τ under different values of modulation amplitudes δ and fre-
quencies Ω in Fig. 6. As the curves illustrate, there is approx-
imately mirror symmetry between the derivations of Rg and
τQSLT/τ conveying this message that an increase in the ratio
Rg can always lead to the speedup in the quantum evolution.

B. Second scenario: Initial coherent superposition state

We resume the process considering the second scenario ac-
cording to which the system starts from a coherent superposi-
tion |ψ(0)〉 = 1

√
2

(|e〉 + |g〉) by taking parameters θ = π/2, φ =

0. To carry out a comparative study, we proceed with the par-
allel trend with the previous subsection. Thus, from Eq. (25),
the QSLT is given by

τQS L

τ
=

1 − Re(C(τ))∫ τ

0 dt
∣∣∣∣∣ √|∂tC(t)|2 + |∂t |C(t)|2|2

∣∣∣∣∣ . (28)

As is clear, no explicit expression is found for τQSLT/τ in terms
of non-Markovianity. The dynamic behavior of τQSLT/τ and
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FIG. 7: τQSLT/τ and non-Markovianity N(τ) as a function driving
time τ for different modulations parameters: Ω = 0 and δ = 0 (blue
solid line), Ω = 5 and δ = 10 (red dash line), and Ω = 5 and δ =

2.40483Ω (green dash-dot line). The excited state ρ1(0) = |e〉〈e| is
considered as the initial state, and other parameters are γ = 1 and
λ = 3.
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FIG. 8: τQSLT/τ and non-Markovianity N(τ) as a function of γ/λ
for different values of actual driving time τ = 0.4 (blue solid line),
τ = 0.6 (red dash line), and τ = 0.8 (green dash-dot line) with λ = 1.
The coherent superposition |ψ(0)〉 = 1

√
2

(|e〉 + |g〉) is considered as
the initial state.

non-Markovianity versus actual driving time is respectively
depicted in Fig. 7 (a) and (b). It is revealed that, by ini-
tially preparing the system in a coherent superposition state,
the evolution of system is already laid in the speedup region
whether the qubit is frequency modulated or not. Nonetheless,
for the case qubit is unmodulated, τQSLT/τ plummets down
initially and then gradually increases which indicates deceler-
ation. However, for the frequency-modulated qubit, τQSLT/τ at
first sharply decreases, and after a short while with the com-
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FIG. 9: Derivatives of τQSLT/τ (solid blue line) and Rg (dash-dotted
red line) as a function of γ/λ for actual driving time τ = 1 with δ = 5,
Ω = 5, and λ = 1. Solid gray line is y = 0. The superposition state
ρ2(0) = 1

2 (|e〉〈e| + |e〉〈g| + |g〉〈e| + |g〉〈g|) is considered as the initial
state.

mencement of non-Markovian behavior, falls one more step
and then incessantly fluctuates implying constant acceleration
and deceleration. Fig. 8 exhibits the behavior of τQSLT/τ and
non-Markovianity N(τ) as a function of γ/λ for different val-
ues of actual driving time τ under different modulation fre-
quencies Ω and amplitudes δ. As it is manifest, the dynamic
of the system for all values of γ/λ is laid in the speedup re-
gion regardless of the modulation process. However, mod-
ulation exerts an influence on the non-Markovian behavior.
Nevertheless, one can notice that as the system switches from
the Markovian to the non-Markovian regimes, the curves of
τQSLT/τ experience a declining trend signifying acceleration.
Moreover, as it is evident, the modulation process gives rise
to a marked shift in the initial value of τQSLT/τ for τ = 8 the
same as the case where the system is initially prepared in the
excited state. As a final investigation, we plot the derivatives
of Rg and τQSLT/τ versus γ/λ in Fig. 9. As it is crystal clear,
when the system is initially prepared in the coherent superpo-
sition state, there is no significant relationship betweenRg and
speedup process.

V. CONCLUSION

In this work, we have carried out a thorough study of
the quantumness and speedup limit time of a frequency-
modulated qubit embedded in a leaky cavity. The validity
of the standard quantum witness as a quantum indicator is
checked for the proposed system in comparison to the cer-
tain criterion of quantumness namely, coherence monotone.
The proposed model best exemplifies that SQW fails to truly
describe the non-classicality of a generic non-isolated sys-
tem (including non-Markovian environmental effect) certify-
ing the result of ref [17]. Moreover, the results indicate that, in
contrast to the previous reports in which SQW could not reach
the coherence monotone, the SQW can exceed the coherence
monotone as well. Such glaring inconsistency between the be-
haviors of SQW and coherence monotone leads us to employ
the optimization method, introduced in Ref. [17], by choosing
the appropriate blind measurement and proceeding according
to the optimal quantum witness. We have demonstrated that

OQW keeps up with the coherence monotone and its maxi-
mum values perfectly coincide with the coherence monotone
for the different values of modulation parameters.

We have then assessed the impact of the frequency mod-
ulation on the speedup evolution and shed light on the rela-
tionship between QSLT and non-Markovianity, by consider-
ing two cases depending on the initial state. Surprisingly, it
has emerged that the non-Markovianity is not the sole influ-
ential factor in speeding up the rate of evolution but the pop-
ulation of the excited state also participates as a contributing
factor. Hence, we have introduced a new parameter Rg, de-
fined as the ratio of non-Markovianity to the population of the
excited state, for exploring its relationship with the usual ratio
of QSLT to the actual driving time. The findings indicate that
the interplay of modulation parameters δ and Ω has a key role
in the speedup process.

For the case when the initial state is the excited state, we
have observed that the transition point from no speedup to
speedup regions perfectly matches to switching point from
Markovian to non-Markovian regimes. We have also found
that the relationship between Rg and τQSLT/τ conforms to a
meaningful pattern so that as the Rg increases, the ratio of
τQSLT/τ decreases implying the acceleration of speedup pro-
cess. However, when the initial state is assumed to be a co-
herent superposition of the ground and excited states, the evo-
lution of system is already laid in the speedup region whether
the process is Markovian or non-Markovian and there is no
significant relationship between Rg and τQSLT/τ. Therefore,
all together the achieved results verify our intuition about the
effect of the excited state population on the QSLT. Also, as
a common result for both cases regardless of the initial state,
non-Markovianity induces fluctuation of the speedup process
implying periodic acceleration and deceleration.

As a prospect, the optimal quantum witness can be poten-
tially applied to the complex quantum systems such as the
flux qubit [107] and IBM quantum computer [18], for which
the implementation of quantum tomographic methods is prob-
lematic to indicate quantum coherence. Moreover, frequency
modulation can be employed as a simple but effective tech-
nique to accelerate the process of performing quantum tasks.
As a matter of fact, experimentalists have recently utilized this
technique to fabricate and control quantum circuit devices in
superconducting Josephson qubits (artificial atoms) [93–97],
enabling progress in the building blocks of current quantum
computer prototypes [98]. Hence, qubits with optimal transi-
tion frequency modulation are good candidates for quantum
gates owing to the fact that they can perform fast quantum
operations.
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