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Abstract

A computational framework for high-fidelity static aeroelastic analysis is presented. Aeroelastic

analysis traditionally employs a beam stick representation for the structure and potential, invis-

cid and irrotational flow assumptions for the aerodynamics. The unique contribution of this work

is the introduction of a high-order structural formulation coupled with a high-fidelity method for

the aerodynamics. In more details, the Carrera Unified Formulation coupled with the Finite Ele-

ment Method is implemented to model geometrically complex composite, laminated structures as

equivalent bi-dimensional plates. The open-source software SU2 is then used for the solution of

the aerodynamic fields. The in-house fluid-structure coupling algorithm is based on the Moving

Least Square technique. The paper contains a thorough validation of each disciplinary solver of the

aeroelastic framework, and provides a few application test cases. For an unswept, untapered and

isotropic wing, it was found that the method provides results in agreement with predictions from

models based on potential flow theory for moderate freestream velocities. Departures were reported

for very low speed and in the high-subsonic regime, alerting the need of adopting high-fidelity flow

solutions at these flow conditions. The computational framework was then applied to the static

aeroelastic tailoring of a composite wing. The paper concludes providing an overview of future

implementation steps towards a tool for the seamless analysis of composite structures subject to

different flow conditions, from low to high speed.
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1. Introduction

Fluid-structure interaction is relevant to any engineering system exposed to a flow, from indus-

trial high risers, bridges and wind turbines to aircraft, propeller and wind turbine blades [1, 2, 3, 4].

In the context of aeronautics, the study of fluid-structure interaction is commonly referred to as

aeroelasticity. The objectives of aeroelastic analysis and design are the assessment of the load re-5

distribution due to the coupling between structural deformation and aerodynamic loads and the

prevention of static and dynamic aeroelastic phenomena, such as divergence and flutter, respec-

tively [5, 6, 7]. These activities are critical from the very early stages of the design process until

the detailed design. The present work is devoted to the development of a high-order/high-fidelity

computational tool for static aeroelastic analysis of composite structures.10

The use of composite materials and structures has become increasingly attractive, especially

in the aerospace sector, because of their remarkable stiffness/strength-to-weight ratios, fatigue

resistance, environmental and chemical stability, and the wide design space they offer, which is

reflected in a remarkable flexibility of structural applications [8, 9]; in the aircraft and aerospace

sectors, Aeroelastic Tailoring [10] is one of the most attractive possibilities offered by composite15

materials, from the traditional Constant Stiffness Composite Laminates (CSCLs) to the more recent

Variable Angle Tow (VAT) composites, which allow concentrating strength and specific properties in

predetermined directions where these are required (such as bending strength in bending dominated

regions or traction strength in traction dominated ones). The state-of-the-art in aeroelastic tailoring

is discussed in [11] and some examples about aeroelastic tailoring of composite wings can be found20

in [12, 13].

To fully exploit the potential advantage of a wide design space, the use of suitable, reliable and

robust analytical, numerical and computational tools for structural analysis [14] is highly desirable.

This would also limit the need, and particularly the cost, of contingent experimental campaigns.

In general, composites are modelled employing Equivalent Single Layer (ESL) or Layer-Wise (LW)25

models, according to the need to recover less or more accurately the transverse mechanical fields.

To perform the aeroelastic analysis of a structural component, a suitable aerodynamic model and

an algorithm to couple the two fields – the structural and the aerodynamic field – are needed.

For aeroelastic analysis and design performed at the conceptual/preliminary phase, composite

wings are investigated employing either beam [15] or plate [16] structural models. The Finite30

Element Method (FEM) [17] is often adopted for the discretization of the structural equations
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and typically provides a set of structural matrices modelling the elastic, damping and inertial

features of the considered components, with a number of degrees of freedom (DOFs) depending

on the kinematic assumptions and thus on the required level of prediction accuracy. Recently,

the Carrera Unified Formulation (CUF) [18] has emerged as a powerful general framework for the35

automatic generation of structural theories of variable order for the analysis of either homogeneous

or laminated structures. In CUFs, the order of expansion of the kinematic model appears as an

input parameter, so that the adequacy and accuracy of structural theories of different orders can

be cross-assessed with respect to specific applications.

Both one-dimensional (1D) and two-dimensional (2D) CUFs have been developed for aeroelastic40

analysis, with 1D (beam) models based on the use of 2D cross-section functions Fk (ξ, η), express-

ing the assumed behaviour of the unknown fields over the transverse section [19], as opposed to

through-the-thickness 1D functions Fk (ξ) adopted for analogous purposes in 2D models. In such

formulations, the integration over variable thickness structures is reminiscent of the techniques em-

ployed in Equivalent Plate Modelling, obtained for example by the application of the Ritz method45

as in Ref.[20]. In this work, a 2D CUF is developed for the analysis of wings exhibiting airfoil

sections and complex structural layout.

From the aerodynamic point of view, beam and plate models are often coupled with low fidelity

aerodynamic theories, which favour simplicity and low computational costs over accuracy and result

adequate for conceptual design purposes. The Vortex Lattice Method (VLM) and the Doublet50

Lattice Method (DLM) employed, respectively, for steady and unsteady problems, see e.g. Ref.[21],

provide remarkable examples in this sense: they yield an approximate distribution of fluid velocity

and pressure over the analysed structure, that is then transferred to the structural model through

Spline Methods [22] or other Fluid-Structure Interaction (FSI) strategies [23], providing results at

low computational cost with engineering accuracy.55

A large body of work has been devoted to the analysis of beams and plates under aerodynamic

loads calcolated using low-fidelity models for static and dynamic problems. Beam models of different

orders for high-aspect ratio wings in both static and dynamic regimes have been developed employ-

ing either VLM or DLM [24, 25, 26, 27]. In beam models, complex and possibly three-dimensional

structural effects, encountered for example in low aspect-ratio wings with complex cross sections,60

may be investigated employing a subdivision of the cross sections in subdomains and enriching the

discretization through additional cross-section functions Fk(ξ, η), often provided by Lagrange poly-
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nomials or hierarchical Legendre functions, see e.g. Ref.[28]. In such cases, plate models [29, 30]

offer a valid structural alternative and may become competitive, in terms of number of structural

degrees of freedom, with respect to beam models with highly refined kinematic assumptions. A65

further advantage of plate models is provided by simpler through-the-thickness integration proce-

dures for the computation of the stiffness terms. Equivalent Plate Models have been employed to

analyze multi-plate models with the Ritz method and penalty function techniques [31] or with the

finite elements method (FEM) [32]. A recent plate wing application can be found in Ref.[33] for

aeroelastic design, and in Ref.[34], where FEM with Reduced Order Models (ROMs) are employed70

for a staggered static aeroelastic analysis.

An example of advanced aeroelastic analysis based on Computational Fluids Dynamics (CFD)

is provided in Ref.[35], where aerodynamic uncertainties of RANS equations are reflected in possible

aeroelastic deficiencies in the design process of an Unmanned Combat Air Vehicle (UCAV). The

coupling between the aerodynamic and structural models is ensured by a scheme based on a Moving-75

Least Square (MLS) patches technique, as presented in Ref.[23]: the mesh-free approach allows

managing easily the coupling issue, guaranteeing the conservation of momentum and energy transfer

between the two domains, according to the Principle of Virtual Displacements (PVD).

In general, low-fidelity aerodynamic models, such as VLM and DLM, are unable to capture

viscous effects that are present at both low-velocity and high-velocity flight, as well as high angles80

of attack. They also show limitations in very low-velocity aerodynamic ranges, where the Reynolds

number becomes too low and viscosity effects cease to be negligible, as well as in the analysis of

blunt geometries [21]. From the literature survey, it emerges that CUF beam or plate formulations,

which represent a class of higher-order structural models, have generally been used in conjunction

with simplified aerodynamic models, but there are no examples of coupling with high-fidelity CFD,85

that could be useful to investigate either high or very low-velocity aerodynamic regimes.

The use of high-fidelity CFD in aeroelastic modelling generally requires the adoption of stag-

gered approaches, in which the aerodynamic problem and the structural problem are sequentially

solved and information is passed from the aerodynamics to the structure, in terms of loading,

and from the structure to the aerodynamics, in terms of updated boundary geometry, through90

deformation and updated displacements, for the updating of the sequential solution steps, until

aerodynamics/structural convergence is reached. In general, since the aerodynamic influence coef-

ficient (AIC) matrices are not readily available, the eigenvalue solution to the divergence or flutter
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problems are not possible, and the instability conditions must be explicitly searched. Although

such staggered approaches are generally more costly in terms of computational resources, they have95

been recently successfully adopted [36, 37]. On the other hand, if flexible CFD and fluid-structure

coupling routines are adopted, staggered approaches can be straightforwardly extended to the study

of general aerodynamic regimes, either in the very low-velocity or transonic/supersonic regime, or

cases involving flow separations, e.g. at high angles of attack.

The present work focuses on the development of an aeroelastic framework that employs a high-100

order structural model and a high-fidelity aerodynamic model. In particular, a higher-order Equiv-

alent Plate Model (EPM) is built employing generalized CUF kinematic assumptions, whose order

may be enriched exploiting the generality of the CUF, and solved through FEM; the aerodynamics

is modelled employing the open-source suite SU2 [38], a collection of C++ based software tools for

Partial Differential Equation (PDE) analysis and PDE-constrained optimization problems, mainly105

designed for CFD and aerodynamic shape optimization. The interface between the structural and

aerodynamic models is built using a Moving-Least Square (MLS) patches technique, as presented in

Ref.[23]. The proposed CUF/FEM/EPM/CFD aeroelastic tool aims, in the long term, at achieving

a high level of generality in terms of structural configurations that are modelled (low to high aspect

ratio wings, homogeneous and composite, with and without internal stiffening elements) and of the110

aerodynamic regime that is analysed.

The work is organised as follows. Section 2 describes in detail the development of the structural

model, introduces the SU2 suite, reviews the main CFD assumptions and discusses the adopted fluid-

structure coupling routines. Section 3 validates the developed model against available reference data

and presents the results of an aeroelastic tailoring analysis. Section 4 critically discusses some aspect115

of the developed tool and highlight future steps of investigation, before Conclusions are drawn.

2. Aeroelastic formulation

In the literature, the aeroelastic response of composite structures is often studied employing fast

but simplified aerodynamic models, e.g. VLM or DLM, coupled with more or less sophisticated

structural models [39, 36, 6]. In this work, a high-order structural model [40] is coupled with a120

high-fidelity aerodynamic description for the static aeroelastic analysis of homogeneous and com-

posite structures. This section provides a description of the disciplinary software tools employed in

this work. First, the structural model, formed using a CUF-FEM based variable-order equivalent
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plate formulation, is described in detail. Then, the open-source aerodynamic solver, SU2, is briefly

overviewed. The structural and aerodynamic solvers are coupled by a dedicated interface, whose125

description concludes the section. The eager reader is referred to references contained herein for

in-depth details.

2.1. Structural model

The structural model is based on generalized kinematic assumptions and on the finite element

discretization of the resulting equations, built starting from the weak formulation of the structural130

problem obtained from the principle of virtual displacements. The generalized stiffness contributions

are computed by suitable integration over regions with variable material/geometry distribution,

which eventually generate the equivalent plate model.

2.1.1. Kinematics assumptions

A generic three-dimensional (3D) structure, for example a wing, occupying the volume V̂ ∈ R3
135

is considered: such a structure is enclosed by a well defined external surface S and may contain

internal stiffening elements such as stringers or ribs.

The first essential item of the formulation is the adoption of a general variable-order kinematic

assumption written with reference to a flat modelling domain Ω̂ ∈ R2, identified as a reference

domain for the whole structure; in the case of a wing, Ω̂ could lay, for example, within the plane140

perpendicular to the aircraft symmetry plane containing the wing root section chord and its bound-

ary Γ̂ ≡ ∂Ω̂ could be identified by the projection of the structure along the direction normal

to such plane itself. In this scenario, the i-th component of displacement for the generic point

x̂ ≡ (x̂1, x̂2, x̂3) ∈ V is expressed as

ui (x̂1, x̂2, x̂3) =

Nui∑
α=0

uiα (x̂1, x̂2) fα (x̂3) i = 1, 2, 3 (1)

where (x̂1, x̂2) ∈ Ω̂, x3 identifies the direction normal to the flat modelling domain Ω̂, fα (x̂3) rep-145

resents known through-the-thickness functions, uiα (x̂1, x̂2) are unknown generalized displacement

functions and Nui
+ 1 is the order of expansion associated with the displacement component ui.

Eq.(1) can also be recast in a more compact matrix form, suitable for computer implementation, as

u (x̂) = F (x̂3)U (x̂1, x̂2) (2)
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where F (x̂3) is a 3×(3 +Nu1 +Nu2 +Nu3) matrix depending only on x̂3, while U (x̂1, x̂2) contains

all the unknown generalized functions.150

Various structural theories may be obtained selecting the appropriate functions fα (x̂3) and

orders of expansion for different displacement components. The First order Shear Deformation

Theory (FSDT) [41, 42] is retrieved, for example, by setting fα (x̂3) = x̂α
3 , Nu1 = Nu2 = 1 and

Nu3
= 0. Higher-Order Shear Deformation Theories are obtained increasing Nu1

, Nu2
and penaliz-

ing Nu3
, as shown for example in [43], where the in-plane warping of fibers in composite laminates155

is investigated. Higher-order theories (HOT) can be obtained increasing the order of expansion for

all the displacement components.

Strains εij and stresses σij are associated with the displacements given by Eq.(1) by the standard

strain-displacements relationship and constitutive equations

εij =
1

2
(ui,j + uj,i) , σij = Cijklεkl, (3)

which may also be expressed in matrix format as160

ε = Du = IkF
∂U

∂x̂k
+ I3

dF

dx̂3
U , σ = Cε, (4)

where ε and σ are 6× 1 vectors containing the components of the strain and stress tensors in Voigt

notation and the strain-displacement linear differential operator D has been written as

D = I1
∂ (·)
∂x̂1

+ I2
∂ (·)
∂x̂2

+ I3
∂ (·)
∂x̂3

= Ik
∂ (·)
∂x̂k

+ I3
∂ (·)
∂x̂3

, (5)

where the Einstein implicit summation convention over k = 1, 2 is adopted at the right hand side

and the matrices I1, I2 and I3 are 6× 3 matrices containing zeros and ones, so to fulfill the identity

in Eq.(5).165

2.2. Discrete structural equations

Once the kinematic model in Eq.(1) or Eq.(2) is adopted, the discrete solving equations are

written by invoking a suitable variational statement, e.g. the Principle of Virtual Displacements

(PVD) for static problems, and introducing a suitable finite elements discretization of the analysis

domain. In matrix format, the PVD reads170

δLint =

∫
V̂

δε⊺σ dV =

∫
Ŝ

δu⊺t dS = δLext (6)

7



where the volume forces have been neglected and t = D⊺
nσ ∀x ∈ S, with the discrete operator

obtained from the differential strain-displacement operator D by replacing ∂ (·) /∂xi with ni, i.e.

the i-th component of the unit outward normal vector in x.

Introducing Eq.(2) into the expression of the virtual internal work, yields

δLint =

∫
V

(
∂δU⊺

∂x̂i
F⊺CijF

∂U

∂x̂j
+ 2δU⊺ dF

⊺

dx̂3
C3iF

∂U

∂x̂i
+ δU⊺ dF

⊺

dx̂3
C33

dF

dx̂3
U

)
dV (7)

where Cij = I⊺i CIj and the implicit summation is assumed over the subscripts i, j = 1, 2. After175

discretizing the domain Ω̂ into a collection of non-overlapping elements Ω̂e ∈ ω ∈ R2, according to

classical FE procedures, introducing over each element the coordinate transformation x̂i = x̂i (ξ, η),

i = 1, 2, and the expression of the generalized variables U in terms of shape functions N (ξ, η) and

nodal values Ûe, the integral in Eq.(7) can be written as

δLint =

Ne∑
e=1

δÛ⊺
e Ke Ûe (8)

where180

Ke =

∫
Ωe

∫
t

(
∂N⊺

∂x̂i
F⊺CijF

∂N

∂x̂j
+ 2N⊺ dF

⊺

dx̂3
C3iF

∂N

∂x̂i
+N⊺ dF

⊺

dx̂3
C33

dF

dx̂3
N

)
dx̂3 dΩ̂, (9)

is a 3×Ne
n×(1 +Nu) matrix, assuming that Ne

n is the number of nodes associated with the element e

and that the same expansion order Nu has been assumed for the three components of displacements

in Eq.(1), and t = t (x̂1, x̂2) indicates the integration interval in the thickness direction, which in

general depends on the specific location over the domain Ω̂. The above expression can be further

simplified observing that only F and, potentially, C depend on x̂3, thus yielding185

Ke =

∫
Ωe

(
∂N⊺

∂x̂i
F̃ij

∂N

∂x̂j
+ 2N⊺F̃′

3i

∂N

∂x̂i
+N⊺F̃′′

33N

)
dΩ, (10)

where F̃ij (x̂1, x̂2), F̃′
3i (x̂1, x̂2) F̃

′′
33 (x̂1, x̂2) are defined by

F̃ij =

∫
t

F⊺CijF dx̂3 F̃′
3i =

∫
t

dF⊺

dx̂3
C3iF dx̂3 F̃′′

33 =

∫
t

dF⊺

dx̂3
C33

dF

dx̂3
dx̂3. (11)

The structure of the through-the-thickness expansion matrix F (x3) and of the shape functions

matrix N (ξ, η) allow expressing Eqs.(10)-(11) in a form particularly suitable for matrix implemen-

tation. It may be shown for example that

F̃ij =

∫
t

(ϕ⊺ ⊗Cij ⊗ ϕ) dx̂3 (12)
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and that190 ∫
Ωe

(
∂N⊺

∂x̂i
F̃ij

∂N

∂x̂j

)
dΩ =

∫
Ω̂e

(
∂ψ⊺

∂x̂i
⊗ F̃ij ⊗

∂ψ

∂x̂j

)
dΩ̂ (13)

where the symbol ⊗ indicates the Kronecker product, ϕ (x̂3) = (f0, f1, . . . , fN ) is a 1 × (1 +N)

vector collecting the through-the-thickness expansion functions appearing in Eq.(1), ψ (ξ, η) =(
N1, N2, . . . , NNe

n

)
is a 1×Ne

n vector collecting the shape functions Nk (ξ, η) employed to describe

the fields over the considered element. As a consequence, it may be observed that the matrix in

Eq.(13) is assembled by 3× 3 matrix blocks of the generic form195

Bkl
αβ =

∫ +1

−1

∫ +1

−1

∂Nk

∂x̂i

[∫
t

(fαCijfβ) dx̂3

]
∂Nl

∂x̂j
J (ξ, η) dξdη, (14)

where J (ξ, η) is the Jacobian of the trasnformation x̂i = x̂i (ξ, η), i = 1, 2, suitably collocated

within Ke, according with the subscripts (α, β), related with the through-the-thickness expansion

order, and (k, l), related with the shape functions.

Analogous generic relationships may be built also for the other terms appearing in Eq.(10); due

to the explicit dependence on the order of the expansion of the kinematic model, such fundamental200

blocks allow generalizing the formulation to variable-order kinematics. It is worth observing that

further simplifications are possible if the analyzed structure is made of a single homogeneous mate-

rial and in regions where the through-the-thickness integration interval t is constant, i.e. does not

depend on (x̂1, x̂2), see e.g. Ref.[44].

Similarly, employing Eq.(1), the virtual external work can be written205

δLext =

Ne∑
e=1

δÛ⊺
efe (15)

with

fe =

∫
Se

N⊺F⊺t (x̂) dS =

∫
Se

(ψ⊺ ⊗ ϕ⊺ ⊗ t) dS (16)

where t (x̂) is the surface load, in general due to both pressure and frictional contributions, provided

by the computational aerodynamic tool, see Section 2.3. The above expression can be explicitly

computed, for upper and lower structural surfaces admitting a regular parametric representation

with respect to Ω̂e, assembling elementary 3× 1 blocks of the form210

fe =

∫ +1

−1

∫ +1

−1

Nk (ξ, η) fα [x̂3 (ξ, η)] t [x̂ (ξ, η)]JS (ξ, η) dξdη (17)

where the Jacobian JS (ξ, η), different from J (ξ, η) appearing in Eq.(14), is defined by dS =

JS (ξ, η) dξdη. Other specialized expressions should be used for walls vertical with respect to Ωe.
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Considering Eq.(10) and Eq.(15), the method leads, for static problems, to a system of the

classical form

KÛ = F. (18)

The assembly procedure for the matrix K and vector F consists of a hierarchical distribution/215

superposition of fundamental blocks of the form given in Eq.(14) or Eq.(17), first in nodal, then in

elemental and thus in global stiffness matrices and nodal force vectors.

For laminated composite plates, treated within the ESL framework, each lamina is computed

and then node-wisely superimposed to the others. In thin plates the Poisson locking [17] could in-

troduce a non-negligible solution error, because of an overestimation of the shear stiffness terms. To220

solve this issue, selective reduced integration is often employed [45]: the terms of the element stiff-

ness matrix are obtained summing up in-plane and out-of-plane components, separately integrated

considering just one quadrature point for out-of-plane components and four quadrature points for

the in-plane components.

For more complex structures, see e.g. Fig.(1), the stiffness matrix is computed considering the225

material distribution along x3, so that the contribution of spars, ribs, skin or other generic com-

ponents can be included in the model integrating the through-the-thickness terms of the integrand

functions in Eq.(14) or Eq.(17) over the real physical configuration of the solid, and then adding

such contributions as discussed e.g. in Ref.[46]. Of course, when the integration of wing configu-

rations with aerodynamically shaped transverse sections is addressed, care must be devoted to the230

implementation of robust integration routines, to avoid inaccuracies at the leading or trailing edges,

which generally exhibit high curvature or other specific morphological features.

2.3. Aerodynamic Model

Herein, CFD is used as source of the aerodynamic loads that are applied to the flexible structure.

The flow is analysed within a discretised 3D control volume. The growth of the surface mesh on the235

control volume depends on the value of y+ [47], a non-dimensional measure of the viscous sublayer

which is directly proportional to the friction velocity uτ and the dimensional distance from the wall

y, and inversely proportional to kinematic viscosity ν:

y+ =
yuτ

ν
(19)

Convergence tests need to be carried out to ensure independence of the results on the value of

y+, the extension of the farfield from the model geometry and the growth rate of the volume mesh240
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δℒint = δℒext

Variational statement - PVD

K Û = F

fe = ∫
+1

−1 ∫
+1

−1
Nk fα ( ̂x3) t (x̂)JSd ξd η

Bkl
αβ = ∫

+1

−1 ∫
+1

−1
∂Nk
∂ ̂xi [∫t

(fαCij fβ) d ̂x3] ∂Nl
∂ ̂xj

Jd ξd η

Integration along the thickness - EPM

u (x̂) = F ( ̂x3) U ( ̂x1, ̂x2)
Variable-order kinematic model - CUF

Ue [x̂(ξ, η)] = N(ξ, η) Ûe

Element-wise discretisation

Displacements approximation


FEM - Shape functions - Nodal values Stiffness integration along variable 

material/thickness distribution  

3D structure

̂x1

̂x2
̂x3

Equivalent Plate 
Model

Surface loads integrations 

Figure 1: Schematic representation of the structural model: the generalized kinematic model, compounded with stan-

dard FE approximations, leads to the Equivalent Plate Model through integration of the stiffness matrix contributions

over regions with variable material/geometry distribution.
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within the viscous sublayer. General guidelines can be found, for example, in Ref.[48]. Herein,

convergence tests were run on three grids of different spatial discretisation (see Section 3.2).

Aerodynamic predictions are obtained using SU2 [49]. In this work, the laminar model and

the Spalart-Allmaras (SA) turbulence model [50] were used. The SA model provides an additional

equation for the transport of turbulent viscosity. Other models, such as k − ω [51], were used245

initially for the validation study presented in Section 3.2.

In the CFD framework, a surface Ω̌ ∈ R2 is defined as the boundary wall of the model geometry,

placed inside the volume domain V̌ ∈ R3. The reference system x̌ = (x̌1, x̌2, x̌3) represents the

local orientation for the volume V̌. The Finite Volume Method is employed to solve the governing

equations in V̌ through Jameson–Schmidt–Turkel (JST) convective scheme [52] for the convective250

fluxes through the element edges, with the second and fourth order dissipation coefficients of 0.2 and

0.05, respectively. A residual convergence criteria is adopted, with a Flexible Generalized Minimum

Residual (FGMRES) method as linear solver [53]. When turbulence models are introduced, a

general scalar upwind method is chosen as convective scheme.

The term t (x̂), mentioned in Section 2.1, represents the surface loads applied onto the structural255

mesh points. It comes from SU2 output as cp, cfx̌1
and cfx̌2

values which are, respectively, the pres-

sure coefficient and the skin friction coefficients. These coefficients are associated to the reference

system x̌, and are given node-wisely on the CFD geometrical mesh that discretizes the Ω̌ surface.

The skin friction is calculated after having established precise assumptions for the viscosity model.

In this work, Sutherland law [54] is adopted to define the dependency of the viscosity from the260

temperature. Once defined the main thermodynamic properties of the fluid, such as ρ∞ and V∞,

respectively, freestream density and freestream velocity of the flow, the CFD simulation is launched.

In the output produced by SU2 the coefficients are node-wisely listed, and are thus employed as in

Eq. (20) to reconstruct the loading traction components in the CFD reference system x̌:

t (x̌) =
1

2
ρ∞V∞c (x̌)n (x̌) (20)

where c (x̌) contains the vectors cp, cf,x̌1 and cf,x̌2 ordered according to the numeration of265

the aerodynamic mesh, and n (x̌) is the vector containing the components of every normal vector

ordered consistently with the numeration of the aerodynamic mesh.

The subsequent step involves the transfer of t (x̌) in the structural mesh defined in the x̂ reference

system. This process follows the sequence of steps outlined in Section 2.4.
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2.4. Fluid-structure Interaction270

The coupling between two general-purpose solvers for the structural and aerodynamics fields

require a dedicated fluid-structure interaction (FSI) algorithm to facilitate the exchange of infor-

mation between the two fields. The FSI algorithm ensures that the transfer of load and displacement

fields from one domain to the other is conservative in terms of momentum and energy, without in-

troducing spurious energy or any dissipation. Herein, the Moving-Least Square (MLS) patches275

technique [23] is used. It is a suitable approach for heterogeneous fluid-structure strategies. The

quality of the MLS approximation is determined by the definition of radial basis functions (RBF)

that establish the kind of interpolation made among points of different discretised domains [35].

The FSI matrix, often denoted H in the literature, allows calculating the equivalent variable

field of a domain in another domain. This equivalence is made possible by defining an equivalence280

of the Virtual Works from the two domains, Eq.(21a), and the minimisation of a mean least square

error calculated on two displacement fields of the two distinct domains weighted on the RBFs,

Eq.(21b).

N̂∑
k=1

Fk ·
(
δÛ

)
k
= −

∫
Ω̌

t (x̌) ·
Ň∑

m=1

Si

N̂∑
k=1

hij

(
δÛ

)
m

dA

Minimize
∫
Γ

χ
(
Tr

(
δǓ

)
|Γ − Tr

(
δÛ

)
|Γ
)2

dA

(21)

In Eq.(21a) N̂ is the number of structural mesh nodes, Ň is the number of the CFD mesh nodes

on the boundary walls, Si are base functions in the aerodynamic domain surface approximation, hij285

is the single term of the interpolation matrix H and m is the index for the node of CFD mesh. In

Eq.(21b) χ is the weight RBF function and Γ is the virtual surface on which the traces of δÛ and

δǓ are, respectively, projected. For a comprehensive estimation of χ, please refer to [23], [55]. From

a computational point of view, the calculation of the RBF requires the definition of the number

of points on which the interpolation must be evaluated, the order of the weight functions and the290

extension of the influence radius. These are all user’s input.

The static aeroelastic analysis is provided through a linear staggered iterative process ([36, 37]).

First, the aerodynamic loads are calculated on the initial, undeformed configuration at each grid

point of the CFD surface mesh. These loads are then converted to loads applied onto the grid

points of the structural model through H. The deformed geometry is calculated with those loads,295
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computed around the previous geometry, whether initial or deformed. The conversion can be seen

in Eq.(22):

Ǔ = HÛ (22)

where Ǔ and Û are, respectively, nodal displacements on the fluid mesh and on the structural

mesh. It is important mentioning that, being studied with a 2D framework, every structural node

will be interested by a load in the loading vector, and the specific coordinate of application is300

demanded to the fα term in Eq.(15). Once the structure is deformed, the deformation is mapped

back onto the CFD surface mesh using the HT . Finally, the loads are re-computed on the latest

deformed geometry.

The consequent loadings are re-applied on the same undeformed structure (K is implemented

once too), with a consequent new deformed configuration. The displacement fields of these two305

steps are compared through the mean square error (MSE) [56]. If this error is not under a given

tolerance, the process is repeated until the desired inequality between the tolerance and the MSE

is reached. The process can be visualized in Fig. 2. An important step in this scheme is the

propagation onto the 3D mesh of the discretised volume V̌ of the displacements of the structure. To

obtain this deformation, a set of linear elastic equations for an elasticity equivalence are employed310

[57], defining the elastic constants to be used. All features are implemented in SU2: the aerodynamic

solution for every configuration (deformed and undeformed) is computed running the code SU2 CFD,

that reads all the inputs given in a configuration .cfg file. The deformation of the 3D CFD domain

is obtained through the code SU2 DEF, and it requires a configuration file and a text file with the

values of displacement for every single boundary mesh node (i.e. the node of the wing); it provides315

the new deformed 3D mesh as output.

3. Methods validation, calibration and applications

The paper work proceeds with an initial validation and calibration of the disciplinary solvers

against available literature data and then presents the application to two test cases. This allows

highlighting the potential, flexibility and robustness of the framework herein discussed. The struc-320

tural solver model is assessed in Section 3.1, whilst the aerodynamic calibration is performed in

Section 3.2. The structural test cases are selected to demonstrate the robustness of the combina-

tion of CUF, FEM and EPM in representing both the bending and twist of aerodynamic structural
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Figure 2: Schematic representation of the developed staggered linear static aeroelastic framework: at each iteration

the structural solution provides the input for updating the aerodynamic grid, until convergence between two subse-

quent solutions is attained.
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components, which are crucial for capturing aeroelastic phenomena. The aerodynamic calibration,

mainly in terms of mesh convergence within SU2, is instrumental to the automation of the staggered325

iterative procedure presented in Section 3.3- 3.4. The last three sections present applications to

various wing configurations. The first is a static aeroelastic analysis of a homogeneous plate subject

to an aerodynamic flow in three different low subsonic regimes; the second is a static aeroelastic

analysis of an isotropic wing with NACA 2415 airfoil and two spars, subject to a low subsonic

aerodynamic regime as well. Both of them confirm the accuracy of the solution against available330

literature results and also highlighting the potentially problematic presence of phenomena that only

high-fidelity aerodynamic tools may capture. Section 3.5 reports several results for the aeroelastic

analysis of the same wing, considering the employment of composite laminated material for the

wing skin. Overall, the aeroelastic cases are selected to assess the performance of the proposed

combination of higher-order CUF/FEM/EPM structural models and high-fidelity CFD; from this335

point of view, it is worth mentioning that, in the literature, for aeroelastic analysis, CUFs have

been employed in conjunction with low-fidelity aerodynamic formulations, e.g. VLM or DLM, but

no conjoined use of CUFs and CFD has been reported, to the best of the Authors’ knowledge.

In the following, if not otherwise specified, AOA denotes the geometrical angle of attack AOAg,

defined between the aerodynamic chord and the velocity direction. If relevant, this angle is different340

from the zero-lift angle of attack AOAZL, defined for any NACA airfoil, and the absolute angle of

attack AOAa = AOAg −AOAZL, defined between the zero-lift line and the velocity direction.

3.1. Structural model validation

The structural model has been preliminarily assessed for the static analysis of composite lami-

nated plates with different stacking sequences, validating the code implementation and confirming345

the accuracy of the method.

Figure 3 reports the convergence analysis, with respect to a reference finite element solution, of

two laminated plates of size a × a × t with a = 25mm and t = 1mm, clamped on the four sides

and subject to a uniform load q = 0.01N/mm2. Two different stacking sequences are examined,

namely [0/90]s and [0/75/90], and the individual plies exhibit the material properties of graphite-350

epoxy T300/N5208, as reported in Ref.[58] and summarized in Table 1. Three orders of expansion

Nu = Nu1 = Nu2 = Nu3 are considered in the CUF kinematic approximation, see Eq.(1), for

the through-the-thickness variation of the displacements and four Gauss points are used for the
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quadrature of the stiffness contributions. The percentage error e% is evaluated against ABAQUS,

considering the maximum plate vertical displacement.355

Property Value

E1 127.56GPa

E2, E3 13.03GPa

G23, G31, G12 6.41GPa

ν23, ν31, ν12, 0.3

ρ 1.535×10−6kg/mm3

Table 1: Material properties for graphite-epoxy T300/N5208 from Ref.[58].

After validating the implementation with composite laminated plates, the use of the model for

the analysis of more complex structures of aeronautical interest has been assessed in the framework

of higher-order equivalent plate modelling as a tool for aeroelastic analysis. As discussed in Section

2.1, the Equivalent Plate Model is built starting from the kinematic model, applying the PVD and

integrating over the thickness of the structure, measured from a reference structural plane over360

which the fields are interpolated using classical shape functions. The contributions to the discrete

structural stiffness matrix are computed by evaluating the fundamental nuclei appearing in Eq.(14)

and Eq.(17) where, in case of Taylor-like expansion along the thickness, the integrals along x3 can be

straightforwardly determined analytically. In the procedure, the reference plane x1x2 is discretized

into finite elements by considering the structural material distribution along x3, so that regions365

underlying the external skins of the structure are discretized with different elements with respect

to those employed in regions interested by spars and webs.

Several tests have been performed to assess the accuracy and robustness of the developed com-

putational tool. As a benchmark, the results of the static structural analysis of a finite 3D wing

are reported and compared against a fully 3D FE benchmark obtained through ABAQUS.370

The finite wing is the same as that examined in Ref.[59]. It is a rectangular wing with half-

wingspan b = 5m, NACA 2415 airfoil with chord c = 1m; the structure presents two spars at 0.25c,

thickness ts1 = 0.1h, and 0.75c, ts2 = 0.07h and the thickness of the skin is tskin = 0.04h = 6mm,

where h = 0.15c denotes the height of the airfoil. The skin and the spars are made of a laminated

[0/90] composite, with the material properties of the individual plies given in Table 1. A sketch375
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(a) [0/90/90/0] (b) [0/75/0]

Figure 3: Convergence with respect to reference FE solutions for the linear analysis of composite laminated plates:

percentage error e% versus number of elements used in the analysis for the maximum vertical displacement of the

plates. Reported results refer to square a × a × t plates, with a = 25mm and t = 1mm, clamped on the four

sides and loaded by a uniform transverse load q = 0.01N/mm2; the lay-ups are a) [0/90/90/0] and b) [0/75/90]

and the individual plies are in graphite-epoxy T300/N5208. The reference solution is computed with ABAQUS using

(250× 250) linear quadrilateral 3D shell elements.

of the transverse section is shown in Fig.(4). The finite wing and the load cases considered for

structural validation are shown in Fig.(5a).

A parametric study on the discretization was conducted to examine the influence of the distri-

bution of elements induced by the features of the geometry: for the wing section taken in exam,

Fig.(4), the curvature at the leading edge and the presence of the three enclosed regions require380

a suitable element spacing along the x1 direction. In other words, the mesh has to be adapted to

the geometry. The structural behaviour is assessed by considering separately a bending-dominated

and a twist-dominated load case. The validation is done through the comparison with software

ABAQUS solution, for which a study on the influence of the mesh has been done, up to a very fine

configuration of 105 shell elements.385

The bending-dominated case is provided by applying a uniformly distributed upwards load

qb = 1N/mm2 on the lower surface of the wing, as shown in Fig.(5b). Fig.(6) reports the percentage

error e% related to the computed maximum displacement uz along the wingspan, recorded at the

trailing edge of the tip section of the wing, with respect to the reference FE solution value, computed

with ABAQUS. It is observed that, in the present case, the order of expansion of the kinematic model390
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ts1 = 0.1h ts2 = 0.07h

h = 0.15c

tskin = 0.04h

0.25c0.25c

c

Figure 4: Sketch of the wing transverse section with a NACA 2415 airfoil: c = 1m; the 0◦ layer is oriented so that

the fibers lay on the drawing plane, while fibers are orthogonal to it for the 90◦ layer.

and the discretization along the wingspan have a higher effect on the convergence with respect to

the number of elements along the chord.

A similar parametric study has been conducted for a twist-dominated load case, obtained by

loading the wing as shown in Fig.(5c), where qt = 100N/mm2. Fig.(7) reports the maximum

displacement uz,max and the quantity ∆uz,tip = uz(0, b, 0)−uz(c, b, 0), representative of the twist, in395

terms of percentage error with respect to the FE reference solution; the obtained results, computed

using 13 nodes along the chord, show that the twist-dominated case is more sensitive to the order of

expansion of the kinematic model with respect to the bending-dominated one, and thus highlights

the convenience of higher-order computational tools for the structural analysis of complex load

cases.400

3.2. Setting Best Practice for CFD

Preliminary studies were carried out to set the best practice to obtain good CFD data, with

attention to mesh generation and grid convergence, as the quality of the initial CFD grid is critical to

maintain a good grid quality during the iterative process of mesh deformation and warping, Fig.2.

The match between the results obtained by the performed computations and some benchmark405

experimental and computational results was assessed at this stage.

An asymmetric airfoil (NACA 4415) has been analyzed. Navier-Stokes equations with laminar

flow hypothesis are used for the CFD simulation. The mesh is generated after a validation made

changing the mesh characteristics, so to validate their influence on the results: in particular, different

values of farfield extension, in a range between 30c and 100c (being the aerodynamic chord c = 1m),410
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̂x2
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qb

qt
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Figure 5: EPM Validation test: a) ABAQUS discretization and boundary conditions for the analysed reference wing;

b) bending-dominated load case: the distributed load qb = 1N/mm2 is applied over the lower wing surface and it is

aligned with the x̂3 axis; c) torsion-dominated load case: the distributed load qt = 100N/mm2 is applied over the

lower wing surface forward of the first spar, and over the upper wing surface aft of the second spar, and the loads

are aligned with the x̂3 axis.

Figure 6: EPM Validation - 13 and 17 nodes along the chord - Convergence studies and validation for bending with

composite material from Tab.1. Reference data from ABAQUS software: 127500 linear quad elements (approximate

global size = 0.01), shell elements.
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(a) uz,max (b) ∆uz,tip

Figure 7: EPM Validation - 13 nodes along the chord - Convergence studies and validation for torsion with 0/90-

laminated material. Reference data from ABAQUS software: 127500 linear quad elements (approximate global size =

0.01), shell elements

have been tested, along with three different values of y+ (0.75, 0.9 and 1). This process has been

adopted to observe flow calculations over the two-dimensional NACA 4415 airfoil, studied in a O-

type domain. The flow is standard air at sea level, Re = 106 and V∞ = 29.22m/s. A comparison

of the results (CL and CD, respectively, the lift coefficient and the drag coefficient, and AOA, the

angle of attack) with the ones proposed by [60] is shown in Fig.8. The increase of CL error can415

be visualized with the increase of AOA; CD stays within the range of reference values even with

the increase of AOA. The differences between present results and reference, located mainly in the

region of critical AOA = 12◦, can be addressed to the use of a O-type domain instead of a C-type

one, as well as to the use of the software ANSYS FLUENT for the reference results against the use

of SU2 in the present one, and to the use of structured mesh on the wing surface in the present420

study against the unstructured mesh of the reference one. Moreover, the present grid employs lower

values of y+ than the ones employed in the reference, where a distribution of y+ (x̌1) between 15

and 40 is adopted. The choices of the present grid properties are made in compatibility with the

choices made for the subsequent CFD analysis in the next sections. In both present and reference

analysis a fully turbulent flow has been considered. The reference denotes the over-prediction of its425

CFD k−ω CL results with respect to the experimental results, coming from Ohio State University

(OSU) [61] and XFOIL software (XFOIL) [62], and it is worth noticing that both OSU and XFOIL

give different results; in CL the under-prediction of present SU2 results (still in critical AOA region)
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gives back anyway a lower error than the reference results with respect to OSU values, which are the

main benchmark to consider; in CD comparison, present SA results show a more accurate output430

than the reference SA one, and OSU reference is well reproduced by present results (both SA and

k − ω) at least until the reach of the critical AOA value.

In Fig.9 the extended domain (radius of the farfield rf = 100c, y+ = 0.9) employed for the CFD

simulation is visualized. The refinement of the mesh near the leading edge and the traling edge can

be easily observed: it is caused by the increase of curvature of the wall, thus the increase in the435

variation of the fluid dynamics variables. 100 nodes are used for both the upper and lower part of

the airfoil, with 48,400 2D elements (triangles, quadrilaterals) in the entire domain.

Figure 8: CL and CD vs. AOA [°]: present results - SU2 with Spalart-Allmaras and K-ω turbulence models - against

Ref.[60] - computational results and experimental (OSU) data - for a NACA 4415 airfoil (Re = 106, V∞ = 29.22m/s,

rf = 100c, y+ = 0.9, 200 linear nodes on the airfoil and 48400 2D elements in the domain)

A further investigation of the CFD tool adopted for this research was conducted on a 3D wing

with a NACA 0012 airfoil, subject to a low subsonic freestream. The present results are compared

with two benchmarks coming from [63] in terms of Cp profile at the mid-semi-span: experimental440

data (SAAB FP) and IRPHE CFD analysis. The wing has chord c = 0.48m and span b = 1.783c;

Reynolds and Mach numbers are, respectively, 106 and 0.18; in Fig.10 a comparison between the

benchmark CFD results and SU2 results is presented for an angle of attack AOA = 12◦ at Mach

M∞ = 0.18. For the SU2 results, 80 linear nodes are used on the chord direction, and 150 linear

nodes are used in the span direction; after the selection of y+ = 0.25 and rf = 50c, a total of about445

two million elements (tetrahedrals, hexahedrals, prisms and pyramids) has been reached. The CFD

IRPHE results are obtained with a C-type domain of 200× 50× 50 3D elements, obtained from the
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(a) Control Volume 2D (b) Detail of the airfoil

Figure 9: NACA 4415 - CFD 2D domain

extrusion of a C-type 2D domain for a NACA 0012 airfoil analysis, and they confirm the quality of

the selected 3D CFD grid.

SU2 outputs show to be in good agreement with the results coming from the reference, in450

particular with SAAB FP computational results that are used in the reference as benchmark of

IRPHE experiments results and employs a full potential solver for the flow.

3.3. Static aeroelastic analysis - Rectangular wing

The first validation test case of a static aeroelastic analysis is performed for a clamped, rectan-

gular Aluminium plate. The plate has a span b = 5m, chord c = 1m and thickness t = 20mm. The455

freestream angle of attack is AOA = 1◦, and three flow velocities, V∞ = 10, 30, and 50m/s, are

considered. In Ref.[59], this configuration was studied employing the VLM [21], the Spline Method

[22] and 20 B4 structural mesh elements. The maximum vertical displacement at the leading edge

of the tip section was chosen to assess convergence and accuracy of the results. In that work, results

were compared to the response provided by NASTRAN sol 144.460

Herein, the structural equivalent plate model is combined with the CFD solver [64] through

the MLS patch technique. After some preliminary evaluations, a structural 2D mesh comprised of

1,036 in-plane linear elements has been selected. The chosen distribution of elements follow the
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Figure 10: Pressure coefficient Cp distribution around NACA 0012 airfoil (mid-span) at M∞ = 0.18 and AOA = 12◦;

"IRPHE - 3D Measurement (mid-span)": CFD data from Ref. [63], "SAAB FP" computational data coming from

Ref. [63], "Present": SU2 data using Spalart-Allmaras equations with laminar flow (Re = 106, y+ = 0.25, rf = 50c,

80 nodes on the chord direction, 150 nodes on the span direction, 1854555 3D elements in the domain)

consideration given in Section 3.1. Navier-Stokes equations with a laminar hypothesis have been

employed for the fluid analysis in SU2.465

First, some convergence considerations are addressed for the proposed framework. In Ref.[59],

the present test is addressed giving some emphasis to the difference between the static structural

analysis (SSA), where the aerodynamic loads are computed around the initial, underformed ge-

ometry only, and the static aeroelastic analysis (SAA), where the fully coupled fluid-structure

interaction procedure is carried out until convergence. In this framework, a staggered iterative ap-470

proach is employed for computing the SAA, while the SSA is taken at the first step of the staggered

procedure. Fig.(11) reports the vertical displacement of the leading edge wing tip. The comparison

of the SAA is made against NASTRAN, as reported in Ref.[59]. The solution of the SAA was deemed

converged when the percent error

e (∆uk) =

[
(uk − uk−1)

⊺
(uk − uk−1)

u⊺
k−1uk−1

] 1
2

, (23)

met the set tolerance of ε = 0.001%. Here, uk−1 and uk indicate the displacements at two sub-475

sequent iterations. The convergence trend changes according to the selected V∞, decreasing the
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height of the wave in the evolution with the increase of V∞. This is likely due to the role of viscosity

and its relevance in the CFD results. The evaluation of the comparison with NASTRAN, reported in

the figure, should keep in account that NASTRAN employs FSDT theory for the structural analysis

and VLM for the aerodynamic analysis.480

The actual deformed configuration for V∞ = 50m/s and Nu = Nu1 = Nu2 = Nu3 = 3 is shown

in Fig.(12). The initial geometry is reported in light grey colour, the first iteration of the staggered

procedure that is equivalent to SSA is depicted in light green, and the SAA geometry (after 7

iterations) in dark green. Note the displacement is rescaled for plotting purposes.

Fig.(13) shows the evolution of the flow solver for the case V∞ = 10m/s and Nu = 3. At each485

main iteration of the staggered analysis, the flow solver converges in about 600 inner iterations,

setting a convergence tolerance of 10−5 and a Courier-Friedrichs-Levy (CFL) number of CFL = 5.

For validation, accuracy was preferred over time optimization.

In Table 2 the results obtained from the developed approach are compared with those reported

in Ref.[59]. With Nu = 3, the model provides results in good agreement with those provided by490

NASTRAN for the V∞ = 30m/s and 50m/s. However, in the case V∞ = 10m/s a larger error with

respect to the reference solution is found. This is attributed to the viscous effects that are more

prominent at the lower velocity test case. The reference NASTRAN solution was obtained using DLM,

which is an inviscid potential panel method neglecting any viscosity. However, the apparent non-

linearity in the flow can be observed in Fig.(14) where the streamlines identified by the components495

of the skin friction coefficient on the wing surface are drawn. The visible non-linear behaviour,

implying the role of viscosity, can not be detected by DLM. Further details about the structure of

the flow for the three different freestream velocities are reported in Fig.(15), which shows the value

of low pressure in the separation region on the upper surface of the plate, present in all three cases,

although less evident for the lower velocity. For V∞ = 30m/s and V∞ = 50m/s, it is somewhat500

fortunate to have the VLM provide mediocre predictions, by chance rather than intention as it

lacks any mechanism to capture the physics of the flow, most evident at the lowest velocity of

V∞ = 10m/s. This example demonstrates how, even for such simple configuration, low-velocity

freestream regimes may give rise to non-linear fluid phenomena that may become influential in

applications such as energy harvesting through highly-flexible micro wind devices [65], for which505

the developed framework, suitably extended, could provide a valuable virtual testing tool.

The computational cost required for the analyses is approximately 134 CPU hours for V∞ = 10
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(a) LE tip displacement (mm) for 10m/s (b) Error for 10m/s

(c) LE tip displacement (mm) for 30m/s (d) Error for 30m/s

(e) LE tip displacement (mm) for 50m/s (f) Error for 50m/s

Figure 11: Rectangular wing - Convergence for displacement (mm) and error in staggered iterative method (Navier-

Stokes equations, AOA = 1◦); percentage comparisons against NASTRAN results from [59] are reported
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̂x3

̂x1 ̂x2

Figure 12: Deformed configurations for the rectangular wing at different staggered steps: the difference between SSA

and SAA (7th step) is highlighted with respect to the undeformed configuration. The displacements and the axes

proportions are altered for visualization purposes, but it is observed that the difference of maximum displacement

between SSA and SAA is of the order of the plate thickness. Data: b = 5m, c = 1m, V∞ = 50m/s, Nu = 3.

Figure 13: Residuals for the test case V∞ = 10m/s, Nu = 3: ρ is the residual on the mass equation; ρU, ρV and ρW

are referred to the three directions momentum equations; ρE indicates the residual on the energy equation.
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Model Nu V = 10m/s V = 30m/s V = 50m/s

0 - Beam 7.6272 68.611 190.40

1 - Beam 7.6275 68.622 190.48

2 - Beam 7.0244 68.236 190.48

3 - Beam 7.4966 73.241 224.45

4 - Beam 7.5126 73.797 243.94

NASTRAN 7.5446 73.731 245.49

1 - Plate 5.1555 64.828 214.44

3 - Plate 5.8113 73.268 241.90

Table 2: Vertical displacements (SAA) at the tip section LE [mm] for the rectangular wing with AOA = 1◦. The

figure 0 stands for the Euler-Bernoulli beam model, whilst the other figures indicate the used order of expansion

Nu; the beam model reference values are taken from Ref.[59], while the plate solutions are those provided by the

developed model.

m/s, 318 CPU hours for V∞ = 30 m/s, and 180 CPU hours for V∞ = 50 m/s.

3.4. Static aeroelastic analysis - Wing with NACA 2415 Airfoil

An unswept, untapered and isotropic wing with a NACA 2415 airfoil section is analysed in this510

Section. The wing has the same planform as that of the rectangular wing previously examined,

i.e. wingspan b = 5m and chord c = 1m, and its transverse section has the same dimensions as

those given in Fig.(4), although in the first application it is studied as isotropic and not laminated.

The same configuration has also been analysed in Ref.[59], which is used as benchmark. The wing

is subject to a freestream velocity with V∞ = 50m/s with an absolute angle of attack AOAa =515

3◦, corresponding to a geometric angle of attack AOAg = 0.98◦ (CFD zero-lift angle AOAZL =

−2.02◦). The CFD analysis is performed adopting SA turbulence model. The fluid-structure

coupling strategies are the same as those previously discussed. About 280 CPU hours were needed

for computing a converged solution.

Fig.(16) reports the convergence of the displacement of the tip section leading edge and of the520

quantity e (∆uk), Eq.(23), for Nu = 1 and Nu = 3. In Fig. 17 the evolution of the residuals on the

different CFD variables is reported.

Differently from what has been observed for the rectangular wing, the employment of the airfoil,
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Figure 14: Skin friction coefficient patch and streamlines near leading edge in proximity of the tip section for the

SSA response; Rectangular wing, V∞ = 50m/s, AOA = 0.98◦.

x̌1

x̌2
x̌3

a b c

Figure 15: 3D patch of the low pressure region, with selected values of pressure p, with Nu = 3: a) V∞ = 10m/s,

p = 101 294Pa; b) V∞ = 30m/s, p = 100 997Pa; c) V∞ = 50m/s, p = 100 553Pa. The reported configurations are

those computed for the SAA, as can be noted e.g. from the deformation in the case (c).
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Figure 16: Convergence for maximum displacement [mm] and error in staggered iterative method for wing with

NACA 2415 airfoil (V∞ = 50m/s, Nu = 1, 3, AOA = 0.98◦).

Figure 17: Residuals for the wing NACA 2415 test case V∞ = 50m/s Nu = 3; ρ is the residual on the mass equation;

ρU, ρV and ρW are referred to the three directions momentum equations; ρE indicates the residual on the energy

equation; ν indicates the residual on the viscosity term.
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in the mentioned aerodynamic regimes, prevents flow separation; the absence of relevant non-linear

phenomena thus promotes a quicker convergence of the overall scheme. The maximum displacement525

is located at the trailing edge of the tip section, as in [59], due to the combination of wing twist and

bending. The increase of the order of expansion Nu of the structural model leads to a more accurate

description of the torsion at the tip. However, with Nu = 3, the reference point displacement

converges to 9.46mm versus the value 8.84mm reported in Ref.[59]: the 7% difference is likely due

to the difference between the aerodynamic models employed in the two cases, capturing different530

physics of the flow; in particular, it has been observed that, in the performed tests, CFD and VLM

provide two different estimates of the zero-lift angle of attack for the overall wing. Fig.(18a) reports

the distribution of the iso-surfaces for two pre-selected Cp values, which thus identify regions of low

and high pressure; in Fig.(18b) the x̌1-velocity streamlines are shown, in confirmation of the overall

linear behavior of the fluid for this wing test case.535

(a) (b)

̂x3
̂x1

̂x2

Figure 18: Rectangular wing with NACA 2415 airfoil, b = 5m, c = 1m, V∞ = 50m/s, Nu = 3, AOA = 0.98◦: (a)

Isosurfaces for pressure coefficient values Cp = 0.19 and Cp = −0.38 in the SAA CFD simulation; (b) Visualization

of x̌1-velocity streamlines for the SAA CFD simulation.

3.5. Preliminary aeroelastic tailoring of a composite wing with a NACA 2415 airfoil

The developed framework can be employed to investigate the effect of the structural layout on

the aeroelastic response. In this section, analogously to what done in Ref.[59], upon adopting a
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composite configuration, the effect of the fibers orientation on the aeroelastic response of the NACA

2415 wing is analysed. The geometry of the wing is the same as that considered in the previous540

section, while the skin and spars are comprised by a single composite layer whose orientation is

varied in the different analyses. The composite material properties are reported in Table 3.

Property Value

E1 20.5GPa

E2, E3 10GPa

G23, G31, G12 5GPa

ν23, ν31, ν12, 0.25

Table 3: Material properties for the single-layer composite material as from Ref.[59].

The fiber orientation is defined with respect to the freestream direction, so that ±90◦ identify

fibers directed along the wingspan, see Fig.(19). Moreover, it is important to note that the fiber

orientation is defined independently for the top and bottom wing surfaces; in other words, the545

wing skin is not obtained by folding a single composite layer, but two layers with the same fiber

orientation are employed for them. In this way, 45◦ in the geometry from Fig.(19) describes the

case in which the fibers travel from the leading to the trailing edge getting progressively further

from the root section and closer to the tip section, for both the lower and upper wing surfaces; if

the skin were obtained by folding a single composite sheet, when the upper surface fibers would550

have a 45◦ orientation, the lower surface fibers would be oriented as −45◦. The fiber orientation

over the spars is described considering them as an upper surface region with the normal directed

along the freestream direction.

The results are reported in terms of maximum vertical displacement at the tip wing section

and in terms of tip section twist versus fibers orientation angle in Fig.(20) and versus freestream555

velocity in Fig.(21).

The description adopted for the fiber orientation explains the π-periodic distribution of the

results observed in Fig.(20). It is worth mentioning that the 3D CFD mesh employed for the flow

solution under varying freestream conditions is adapted according to the velocity in Fig.(21).

The preliminary aeroelastic tailoring suggests that a trade-off should be made between the560

configuration that minimises the tip displacement, −40◦, and that minimising the wing twist,
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Figure 19: Schematic orientation of the fibers over the upper wing surface: the fibers are directed along the 1-axis

and, the depicted case corresponds to −90◦.

Figure 20: Vertical tip displacement (mm) and tip section twist (mm) for the NACA 2415 wing vs. the angle ply

orientation [°]. a) uz,tip,max; b) ∆uz,tip (V∞ = 50m/s, Nu = 3, AOA = 0.98◦, RANS SA equations)

−10◦, if the absolute value is considered. The study solves an optimization problem with respect

to the fiber orientation. It is found that the wing twist is one order of magnitude lower than the

displacement. This motivated our selection of the ±90◦ fiber orientation for the analysis reported in

Fig.(21), where the differences between SSA and SAA solutions for increasing values of freestream565

velocity are illustrated.

The proposed CFD-based method does not allow a direct calculation of the divergence velocity,

which is a drawback; however, this is counterbalanced by the possibility of assessing higher velocity
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Figure 21: Vertical tip displacement (mm) and tip section twist (mm) for the NACA 2415 wing vs. the freestream

velocity (m/s). ±90◦ single ply angle. a) uz,tip,max; b) ∆uz,tip (Nu = 3, AOA = 0.98◦, RANS SA equations)

regimes, as shown in Fig.(21), where the wing response is shown for Mach numbers in the range

M∞ = 0.03 to M∞ = 0.67. The developed tool can be used also to investigate the transonic regime.570

4. Discussion and further developments

Results herein presented show the potential of the developed CUF/FEM/EPM/CFD frame-

work. The unique contribution of this work is the implementation of a static aeroelastic framework

based on a high-order representation for the structure, based on CUF/FEM/EPM, and high-fidelity

for the aerodynamics, based on CFD. This work goes beyond the state-of-the-art in CUF/EPM,575

generally coupled with potential flow solvers. Indeed, the model couples a variable-order structural

formulation with a high-fidelity CFD solver, thus allowing the possibility of seamlessly analysing

complex non-linear fluid regimes, e.g. either very low-speed cases dominated by viscosity effects or

high-subsonic and transonic regimes where the effects of compressibility play an important role. The

use of the CUF structural formulation, of the open-source flow solver SU2 and the fluid-structure580

Python interface allow appreciable flexibility in terms of structural theories, fluid dynamics gov-

erning equations, and fluid-structure coupling rules to be embedded. Featuring more advanced

disciplinary tools than traditionally employed in an aeroelastic analysis, the current framework

may incorporate the physical representation of higher-order structural responses, and viscosity and

compressibility effects in the fluid response. The former is relevant for the analysis of complex585

geometry/material distributions, while the latter provides a single physical interpretation of both
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low and high flight speeds.

Several aspects deserve some additional considerations, which also identify directions of further

investigation. In its current implementation, the framework addresses the static aeroelastic response

of structures undergoing small deformations.590

First, the model could be extended to address large-strains kinematics: indeed, CUF has been

successfully employed for implementing refined geometrically non-linear plate theories and investi-

gating large-deflection bending and post-buckling response of homogeneous and laminated plates

under different boundary conditions [66, 67]. The main difference compared to the current imple-

mentation is the updating of the stiffness matrix within the aeroelastic loop, due to the dependence595

of the geometrically non-linear terms on the deformation. Endowing the framework with such

capability will make it suitable for investigating the static aeroelastic response of highly-flexible

structural components typical of MALE/HALE aircraft [68].

Another interesting development involves the implementation of a dynamic aeroelastic analysis

capability: from this point of view, being the use of CUF for structural dynamics already successfully600

demonstrated [69, 70], the main source of computational costs lie in the CFD run. To overcome the

large computational costs associated with time marching the underlying equations, reduced order

models for the fluid are a promising alternative. There is a plethora of different techniques, generally

classified in data-driven and equations-based methods [71]. The availability of an open-source

high-order structural model coupled with a ROM high-fidelity CFD solver for dynamic aeroelastic605

analysis of flexible structures, able to address both homogeneous and laminated configurations,

would provide a tool useful not only for aerospace applications but also for the analysis and design

of other applications that are attracting increasing interest, such as energy harvesting from fluid-

structure interaction [72, 73]. Dynamic aeroelastic analysis requires nested iterations within the

multi-disciplinary analysis tool, so that the coupled system can converge at each time step. This610

would cause an important increase in the computational burden.

The framework has not been employed for the prediction of static divergence. The static di-

vergence speed could indeed be identified by analysing the incremental response of the structure

to increasing freestream velocity, until a loss of solution convergence would numerically signal the

attainment of a critical condition. A more effective procedure would require the extraction of the615

aeroelastic coupling matrix from the flow solver SU2, which is not immediate but identifies an

interesting direction for further development.
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5. Conclusions

A CUF/FEM/EPM/CFD framework was developed, implemented and applied to several static

aeroelastic problems using composite structures. The use of a CUF generalized kinematic model620

allows the adoption of structural theories of different orders. The structural model was coupled

with the CFD open-source aerodynamic solver SU2 via a dedicated fluid-structure algorithm. The

validation of each disciplinary solver of the framework was discussed and results compared to those

available in the literature, provided by potential-based aerodynamic formulations. A plate, a homo-

geneous wing with a NACA 2415 airfoil cross section and a composite wing with the same airfoil were625

the test cases. Results showed good agreement with reference medium freestream velocities, whilst

expected departures are recorded for either very low-speed or high subsonic regimes, signalling and

justifying the use of high-fidelity aerodynamics for such cases. Directions of further research for the

development of a flexible tool for seamless aeroelastic analysis of a variety structural configurations

and aerodynamic regimes are eventually identified and briefly discussed.630
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