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A B S T R A C T

Deterministic nonlinear differential equations are widely used in engineering to model the response of different 
mechanical systems. In most cases, exact analytical solutions are not available, and approximate techniques are 
therefore required. Deterministic linearization methods constitute a common class of approximate techniques. 
However, the development of methods that combine high accuracy with computational efficiency remains a 
challenging task.

In this paper, an innovative procedure based on a stochastic framework is proposed for solving deterministic 
nonlinear differential equations. The key idea is to replace the initial condition by a Gaussian random variable 
with small variance and mean equal to the deterministic initial value. This transformation turns the deterministic 
response into a stochastic process whose probability density function evolves according to the diffusion-free 
Fokker-Planck-Kolmogorov equation. Starting from this formulation, the evolution equation of the first-order 
statistics is derived, and an innovative numerical method, based on a step-by-step stochastic linearization, is 
introduced. The method is based on a subdivision of the mean value of the nonlinear term in different steps, so 
that within each step a closed-form linearized solution can be obtained together with the corresponding time 
instant. It is shown that, for sufficiently small variance of the initial condition, the mean value of the stochastic 
process coalesces with the solution of the original deterministic nonlinear equation.

The reliability of the proposed procedure is assessed through numerical applications to Kelvin-Voigt-type 
models with one and two nonlinear springs. The results demonstrate excellent agreement with both direct 
Runge-Kutta integration and quasi-linearization method, thereby confirming their accuracy and effectiveness. 
Additionally, it is worth highlighting the enhanced performance of the proposed procedure, as it strongly reduces 
computational time.

1. Introduction

In mechanical engineering applications, the equation of motion is 
often ruled by nonlinear differential equations [1–3]. Therefore, in 
general, no exact analytical solutions are available. Such an example, for 
a suspended cable loaded by a transversal load the equation of motion 
presents a nonlinear term kνxν(t) (with ν = 3). The latter represents the 
hardening behavior, that is modeled as a cubic spring. Another example 
is the experimental test of the steel, in which the behavior of the material 
is described through three different power laws of the kind kνxν. Spe
cifically, for moderate level of stress, the power law becomes linear (ν =

1). At the yield limit, the plastic behavior is described by a constant law 
(ν = 0), while the work-hardening behavior is described by a power law 
kνxν in which 0 < ν < 1. In biomechanics, the aorta has two different 

phases described by a power law: the hardening phase (ν > 1) and the 
softening phase (ν < 1). In any case, there is a maximum level of stress 
(or strain) in which the structure collapses. Further engineering appli
cations in which nonlinear differential equations are extensively 
employed include robotics [4,5], fluid-conveying pipes [6,7], vibration 
isolation [8,9], bridge dynamics [10], beam structures [11], and energy 
harvesting systems [12,13].

In order to obtain the solutions of the nonlinear differential equa
tions, approximations, numerical solutions, or both are usually needed. 
Among the approximation methods, linearization techniques are widely 
used. Initially, they were developed in a deterministic framework, and 
then they have been extended to the stochastic field.

Deterministic linearization methods can be broadly classified into 
three families: local tangent linearization, which is based on first-order 
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expansion around a reference state; equivalent or harmonic lineariza
tion, which replaces the nonlinear system by an amplitude-dependent 
linear oscillator; and iterative quasi-linearization, which solves a 
sequence of linear problems converging toward the nonlinear solution. 
These methods are conceptually different, but they share the same 
general objective: to exploit the analytical and computational simplicity 
of linear systems while retaining, at least approximately, the dominant 
effects of nonlinear dynamics.

The most direct deterministic approach is local or tangent lineari
zation. In this case, the nonlinear equations are expanded around an 
equilibrium configuration, a nominal trajectory, or a prescribed oper
ating point, and only the first-order terms of the Taylor expansion are 
retained. This approach is particularly useful for local stability analysis, 
control design, and small-amplitude perturbations around known con
figurations. However, its validity is intrinsically local. In fact, when the 
response amplitude increases, or when the system explores regions far 
from the linearization point, the accuracy of the tangent approximation 
may rapidly deteriorate.

A different and more global idea is provided by deterministic 
equivalent linearization. Rather than approximating the nonlinear 
function only in an infinitesimal neighborhood of a prescribed point, the 
method replaces the nonlinear system by an equivalent linear system 
whose parameters are selected according to an integral, energetic, har
monic, or residual-minimization criterion. The origin of this idea is 
commonly associated with the works of Krylov and Bogoliubov and with 
the asymptotic methods later systematized by Bogoliubov and Mitro
polsky [14,15]. For weakly nonlinear oscillations, these methods exploit 
the separation between fast oscillatory motion and slowly varying 
amplitude and phase variables, allowing the nonlinear dynamics to be 
approximated by an equivalent system.

For periodic and quasi-periodic motions, equivalent linearization is 
closely related to harmonic balance and describing-function methods. In 
harmonic balance, the nonlinear term is projected onto a finite set of 
harmonic components, and the governing nonlinear differential equa
tion is transformed into a set of algebraic equations for the unknown 
harmonic amplitudes. In the describing-function method, only the 
fundamental harmonic of the nonlinear response to a sinusoidal input is 
retained. Therefore, the nonlinear element is replaced by an amplitude- 
dependent complex gain, which provides an equivalent linear repre
sentation of the dominant harmonic behavior [16,17].

Another type of linearization is the quasi-linearization method. In 
this approach, the nonlinear problem is not replaced by a single equiv
alent linear system, but by a sequence of linear problems obtained 
through iterative linearization of the nonlinear terms. Bellman and 
Kalaba formalized quasi-linearization as a Newton-type procedure for 
nonlinear boundary-value problems, leading to successive linear ap
proximations that converge to the nonlinear solution under suitable 
conditions [18]. Compared with harmonic or equivalent-linear methods, 
quasi-linearization is more directly numerical and iterative. It is espe
cially useful when the objective is to solve a deterministic nonlinear 
problem accurately, rather than to construct a reduced equivalent model 
with explicit physical interpretation.

Although several deterministic linearization techniques have been 
proposed in the literature, developing methods that simultaneously 
ensure high accuracy and computational efficiency remains a nontrivial 
problem.

Over the past decades, deterministic linearization techniques have 
been extended to the stochastic field, and statistical linearization 
methods (SLM) [19] has emerged as one of the most widely adopted 
techniques. The central idea of SLM is to replace the nonlinear terms 
with statistically equivalent linear representations by minimizing the 
mean-square error between the original nonlinear function and its linear 
approximation. This transformation enables the application of 
well-established linear stochastic analysis techniques while preserving, 
to a reasonable extent, the essential statistical characteristics of the 
nonlinear response.

In this paper, an innovative procedure based upon a stochastic 
framework is proposed to find the response of deterministic nonlinear 
differential equations. It can be described as a stochastic reformulation 
of deterministic nonlinear ordinary differential equations through ran
domized initial conditions, followed by a moment-based statistical 
linearization strategy for time integration. Indeed, the initial condition 
is assumed as a random variable (RV) having Gaussian distribution with 
small variance and mean value corresponding to the deterministic initial 
condition. Consequently, the initial deterministic response becomes a 
stochastic process, fully characterized in a probabilistic framework by its 
probability density function. The time evolution of this PDF is governed 
by the drift term of the Fokker-Planck-Kolmogorov equation [20,21]. 
The solution of the FPK equation, including the contribution of the 
diffusion term, can be obtained using various methods available in the 
literature [22–36]. This formulation allows to reformulate the problem 
in probability space, where the FPK equation is linear both in time and 
space, while the nonlinear terms of the original dynamics appear as 
variable coefficients in the new space. Starting from the FPK equation, it 
is also possible to derive the differential equation governing the evolu
tion of the first-order statistics of the process. By exploiting the smallness 
of the variance of the initial condition, an innovative numerical method, 
based on stochastic linearization techniques, can then be employed to 
compute the solution.

To assess the reliability of the proposed procedure, two numerical 
applications were performed, showing that the results are in excellent 
agreement with those obtained by using a Runge-Kutta integration and 
the quasi-linearization method. Additionally, it is worth highlighting the 
enhanced performance of the proposed procedure, as it strongly reduces 
computational time.

2. Nonlinear deterministic equations handled by stochastic 
approach: Mathematical formulation

Consider a deterministic nonlinear differential equation 
{

ẋ(t) = f(x(t))
x(0) = x , (1) 

where x(t) represents the structural response in terms of displacement, 
ẋ(t) is the structural response in terms of velocity, x(0) = x is the initial 
condition in terms of displacement and f(x(t)) is any nonlinear function 
such that the system is stable.

In the proposed approach, the initial condition is replaced by a 
random variable (RV) X0, whose average is 

E[X0] =

∫∞

− ∞

x pX0 (x)dx= x, (2) 

being E[ ⋅] the stochastic average operator and pX0 (x) the assigned 
probability density function (PDF) of the RV X0. It is to be remarked that 
pX0 (x) must be symmetric with respect to the average E[X0], and that the 
variance of X0, denoted as σ2

X0
, must be sufficiently small. In this regard, 

Gaussian distributions or uniform distributions with low values of 
variance represent suitable choices.

By assuming that the initial condition is a RV, it follows that the 
structural response, in terms of displacement, is a stochastic process 
X(t), as well. Therefore, the governing equation of motion is expressed in 
the form 
{

Ẋ(t) = f(X(t))
X(0) = X0

(3) 

constrained by Eq. (2).
Further, the response process X(t) is fully described, in probabilistic 

setting, by the PDF pX(x, t), whose evolution in time is governed by the 
diffusion-free Fokker-Planck-Kolmogorov (FPK) equation as: 
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⎧
⎪⎨

⎪⎩

∂pX(x, t)
∂t

= −
∂

∂x
(f(x)pX(x, t))

pX(x,0) = pX0 (x)
. (4) 

In this form, Eq. (4) is also related to the main system at hand, given in 
Eq. (1). At first glance, it seems that Eq. (1) is simpler than Eq. (4). 
However, Eq. (1) is nonlinear for the presence of the nonlinear function 
f(x(t)), while Eq. (4) is a linear differential equation both in time and in 
terms of PDF response. Moreover, it is to be stressed that, in Eq. (4), f(x)
plays the role of variable coefficient in the probabilistic space.

Once that the solution of Eq. (4) has been evaluated, the solution of 
Eq. (1) is recovered as 

x(t)=E[X(t)] =
∫∞

− ∞

x pX(x, t)dx. (5) 

3. Test on the validity of the proposed approach

In order to check the validity of the proposed approach, a classical 
Kelvin-Voigt model is considered. The latter is obtained by connecting, 
in parallel, a purely elastic element (spring) and a purely viscous 
element (dashpot). The governing equation of motion is ruled by the 
linear differential equation 
{

cẋ(t) = − k x(t)
x(0) = x , (6) 

in which k is the stiffness of the spring, while c represents the damping 
coefficient of the dashpot. Dividing both members of Eq. (6) by c, Eq. (6) 
is rewritten as 
{

ẋ(t) = − k̃ x(t)
x(0) = x

, (7) 

being k̃ = k/c. First of all, the solution of Eq. (7) is given in the form 

x(t)= x e− k̃t. (8) 

Then, by considering f(X(t)) = − k̃ X(t), Eq. (3) can be particularized as 
{

Ẋ(t) = − k̃ X(t)
X(0) = X0

, (9) 

while Eq. (4) becomes 
⎧
⎪⎨

⎪⎩

∂pX(x, t)
∂t

= −
∂

∂x
( − k̃ x pX(x, t))

pX(x,0) = pX0 (x)
. (10) 

Consider a Gaussian distribution of X0 with a standard deviation σX0 , 
that is 

pX0 (x)=
1
̅̅̅̅̅̅̅̅̅̅̅̅
2πσ2

X0

√ exp

(

−
(x − x)2

2σ2
X0

)

. (11) 

Since Eq. (9) is linear, the system response is a Gaussian process. 
Consequently, its PDF is Gaussian and is also the solution of Eq. (10). 
Therefore, it can be expressed as 

pX(x, t)=
1
̅̅̅̅̅̅̅̅̅̅̅̅
2πσ2

X0

√ exp

(

k̃t −
(
x − x ek̃t

)2

2σ2
X0

)

. (12) 

By multiplying both sides of Eq. (12) by x dx and integrating between −
∞ and ∞, yields 

E[X(t)]=
1
̅̅̅̅̅̅̅̅̅̅̅̅
2πσ2

X0

√

∫∞

− ∞

x exp

(

k̃t −
(
x − x ek̃t

)2

2σ2
X0

)

dx= x e− k̃t , (13) 

that perfectly coincides with the solution of Eq. (7) reported in Eq. (8).
Once this result has been established, the solution of Eq. (1) can be 

obtained by determining the evolution equation for the mean, given 
below 
{

Ė[X(t)] = E[f(X(t))]
E[X(0)] = E[X0]

. (14) 

The latter equation has been obtained simply by taking the stochastic 
average E[ ⋅] of both sides of Eq. (3) and by commuting the expectation 
operator with the derivative, but it could also have been derived through 
the following steps.

Starting from Eq. (4) and multiplying both sides of Eq. (4) by x dx 
and integrating between − ∞ and ∞, 
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∫∞

− ∞

x
∂pX(x, t)

∂t
dx = −

∫∞

− ∞

x
∂

∂x
(f(x)pX(x, t))dx

∫∞

− ∞

xpX(x,0)dx =

∫∞

− ∞

xpX0 (x)dx

, (15) 

i.e. 

E[Ẋ(t)]= −

∫∞

− ∞

x
∂

∂x
(f(x)pX(x, t))dx (16) 

with initial condition 

E[X(0)] =E[X0]. (17) 

Integrating by parts the second member of Eq. (16), yields 

−

∫∞

− ∞

x
∂

∂x
(f(x)pX(x, t))dx= − [x f(x)pX(x, t)]∞− ∞ +

∫∞

− ∞

f(x)pX(x, t)dx.

(18) 

If 

lim
x→±∞

(x f(x)pX(x, t))=0, (19) 

then Eq. (18) becomes 

−

∫∞

− ∞

x
∂

∂x
(f(x)pX(x, t))dx=

∫∞

− ∞

f(x)pX(x, t)dx= E[f(X(t))]. (20) 

Through a direct comparison between Eq. (16) and Eq. (20), and 
commuting the expectation operator with the derivative, it leads to 
{

Ė[X(t)] = E[f(X(t))]
E[X(0)] = E[X0]

, (21) 

that coincides with Eq. (14).
Up to this point, a key result has been established: the solution of Eq. 

(1) is recovered from the solution of Eq. (14). This statement constitutes 
not only a significant theoretical result, but also provides the basis for an 
innovative numerical method, based on stochastic linearization tech
niques, as detailed in the next section.

4. Innovative numerical method

For the system under consideration, being stable and unexcited, the 
maximum value of the response coincides with the initial condition, 
namely E[X(0)] = E[X0]. The corresponding value E[f(X0)] is first 
approximated as f(E[X0]) and subsequently partitioned into n steps, not 
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necessarily constant.
At the i-th step, with i = 1,2,…,n, the values of E[f(Xi)] ≈ f(E[Xi]) and 

E[Xi] are known a priori from the adopted subdivision. Thus, only the 
time instant ti at which the event E[Xi] occurs is unknown, to be 
determined.

To this end, Eq. (14) is replaced, over the time interval t ∈ [ti− 1,ti], by 
the locally linearized problem 
{

Ė[X(t)] = − k(i)
eqE[X(t)]

E[X(ti− 1)] = E[Xi− 1]
; t ∈ [ti− 1, ti]. (22) 

The equivalent coefficient k(i)
eq is identified by direct comparison be

tween Eq. (14) and Eq. (22), which yields 

E[f(X(t))]= − k(i)
eqE[X(t)]. (23) 

By imposing t = ti− 1, the equivalent coefficient k(i)eq is evaluated as 

k(i)
eq = −

E[f(Xi− 1)]

E[Xi− 1]
≈ −

f(E[Xi− 1])

E[Xi− 1]
. (24) 

Further, the solution of Eq. (22), characterized at the time instant t =

ti, is expressed in the form 

E[Xi] = E[Xi− 1] e− k(i)eq Δti , (25) 

from which the i-th time step Δti is computed as 

Δti = −
1

k(i)
eq

ln
[

E[Xi]

E[Xi− 1]

]

=
E[Xi− 1]

E[f(Xi− 1)]
ln
[

E[Xi]

E[Xi− 1]

]

. (26) 

Finally, the time instant ti corresponding to the value E[Xi] is obtained by 

ti = ti− 1 + Δti. (27) 

It should be emphasized that, in order to obtain a discrepancy be
tween E[f(X0)] and f(E[X0]) lower than a prescribed value, denoted by 
d%, the value of σ2

X0 
must be chosen such that 

σ2
X0

< (d% /50)(f(x) /|f ʹ́ (x)|). Moreover, since σ2
Xi

, at each step, decays 
faster than E[Xi], this choice also ensures that the discrepancy between 
E[f(Xi)] and f(E[Xi]) remains below the aforementioned value.

5. Numerical applications

In order to both assess the reliability of the proposed approach and 
its computational efficiency, in this section, numerical simulations on 
two different mechanical systems are reported.

5.1. Numerical application: Kelvin-Voigt model with nonlinear spring

Consider the Kelvin-Voigt model in which the linear spring is 
replaced by a nonlinear spring, depicted in Fig. 1, and whose motion is 

governed by 
{

cẋ(t) = − kν xν(t)
x(0) = x , (28) 

where kν is the coefficient of the nonlinear spring, while the exponent ν 
defines the softening behavior (0 < ν < 1), the linear behavior (ν = 1) 
or the hardening (ν > 1) behavior. It is to be stressed that the physical 
dimension of kν depends on the exponent ν.

Dividing both members of Eq.(28) by c, 
{

ẋ(t) = − k̃ν xν(t)
x(0) = x

, (29) 

k̃ν = kν/c is introduced.
To obtain the solution of Eq. (29), the proposed procedure was used. 

Specifically, the initial condition has been replaced by a Gaussian RV X0. 
Therefore, the differential equation that rules the mean of the response 
process X(t) can be written in the form 
{

Ė[X(t)] = − k̃νE[Xν(t)]
E[X(0)] = E[X0]

. (30) 

For the first numerical application, the three different cases reported 
in Table 1 have been considered.

For the RV X0, the selected mean value is E[X0] = x = 3 m. The 
variance of X0 has been chosen by imposing d% equal to 0.5 %. Conse
quently, for the first case σ2

X0
≤ 0.015 m2, for the second case any pos

itive finite value can be selected, since the problem is linear. Finally, for 
the third case σ2

X0
≤ 0.36 m2. Therefore, σ2

X0
= 0.01 m2 has been selected 

for all three cases. It is worth noting that the selection of σ2
X0 

does not 
affect the computational time, but only the accuracy of the approxi
mations in Eq. (24).

For the discretization of the nonlinear function, first it has been 
subdivided into 100 equally spaced intervals between its maximum 
value (f(E[X0])) and a minimum value set equal to f

(
E
[
5 × 10− 3X0

])
. 

Each interval was then refined using a reference grid of 105 points. 
Starting from two points for each interval, i.e. the initial and final point, 
the number of points within each interval is progressively doubled until 
the mean percentage discrepancy between the piecewise-linear 
approximation and the refined nonlinear curve becomes smaller than 
0.1 %.

In Figs. 2–4, the solution of Eq. (30) for the cases reported in Table 1
is compared with the solutions obtained from both a Runge-Kutta inte
gration of Eq. (28) and the quasi-linearization method. In order to 
ensure a consistent comparison, the time vector obtained from the 
proposed procedure has been used for both the Runge-Kutta integration 
and the quasi-linearization method.

From Figs. 2–4, it can be observed that the results obtained by using 
the proposed procedure perfectly coincide with those obtained by a 
Runge-Kutta integration of Eq. (28) and those obtained from the quasi- 
linearization method.

In Table 2, the computational time (CT) required by the proposed 
procedure is compared with the corresponding times required by the 
Runge–Kutta integration and the quasi-linearization method. The table 
also reports the corresponding reduction in computational time, evalu
ated with respect to the Runge–Kutta integration (RED(PP− RK)

% ) and to the 

Fig. 1. – Kelvin-Voigt model with nonlinear spring.

Table 1 
– Cases considered for the first numerical application.

Case Parameters of the model

ν kν c

1 0.5 100 kg m0.5s− 2 200 kg s− 1

2 1.0 50 kg s− 2 100 kg s− 1

3 3.0 10 kg m− 2s− 2 20 kg s− 1
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quasi-linearization method (RED(PP− QL)
% ) as 

RED(PP− RK)
% =100

(

1 −
CT(PP)

CT(RK)

)

(31a) 

and 

RED(PP− QL)
% =100

(

1 −
CT(PP)

CT(QL)

)

, (31b) 

respectively. In Eqs. (31a and 31b), CT(PP) denotes the computational 
time required by the proposed procedure, CT(RK) represents the 

Fig. 2. – Comparison between the results obtained by using the proposed procedure (circular marker), the results obtained by performing a Runge-Kutta integration 
of the deterministic nonlinear differential equation (continuous line), and the results obtained from the quasi-linearization method (hexagonal marker): Case 
1 (ν = 0.5).

Fig. 3. – Comparison between the results obtained by using the proposed procedure (circular marker), the results obtained by performing a Runge-Kutta integration 
of the deterministic nonlinear differential equation (continuous line), and the results obtained from the quasi-linearization method (hexagonal marker): Case 
2 (ν = 1.0).

Fig. 4. – Comparison between the results obtained by using the proposed procedure (circular marker), the results obtained by performing a Runge-Kutta integration 
of the deterministic nonlinear differential equation (continuous line), and the results obtained from the quasi-linearization method (hexagonal marker): Case 
3 (ν = 3.0).
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computational time required by the Runge-Kutta integration, and CT(QL)

is the computational time required by the quasi-linearization method.
From Tables 2 and it can be noted that the proposed procedure re

quires substantially less computational time than the other methods.

5.2. Numerical application: Kelvin-Voigt model with two nonlinear 
springs

Consider the Kelvin-Voigt model in which the linear spring is 
replaced by two nonlinear springs, depicted in Fig. 5, and whose motion 
is governed by 
{

cẋ(t) = − kν1 xν1 (t) − kν2 xν2 (t)
x(0) = x , (32) 

where kν1 and kν2 are the coefficients of the nonlinear springs.
Dividing both members of Eq.(32) by c, 

{
ẋ(t) = − k̃ν1 xν1 (t) − k̃ν2 xν2 (t)
x(0) = x

, (33) 

k̃ν1 = kν1/c and k̃ν2 = kν2/c are introduced.
To obtain the solution of Eq. (33), the proposed procedure was used. 

Specifically, the initial condition has been replaced by a Gaussian RV X0. 
Therefore, the differential equation that rules the mean of the response 
process X(t) can be written in the form 
{

Ė[X(t)] = − k̃ν1 E[Xν1 (t)] − k̃ν2 E[Xν2 (t)]
E[X(0)] = E[X0]

. (34) 

For the second numerical application, the three different cases re
ported in Table 3 have been considered.

For the RV X0, the selected mean value is E[X0] = x = 3 m. The 
variance of X0 has been chosen by imposing d% equal to 0.5 %. 

Consequently, for the first case σ2
X0

≤ 0.016 m2, for the second case σ2
X0

≤

0.049 while, for the third case σ2
X0

≤ 1.92 m2. Therefore, σ2
X0

= 0.01 m2 

has been selected for all three cases.
For the discretization of the nonlinear function, the same procedure 

adopted in the numerical application reported in Section 4.1 has been 
used.

In Figs. 6–8, the solution of Eq. (34) for the cases reported in Table 3
is compared with the solutions obtained from both a Runge-Kutta inte
gration of Eq. (32) and the quasi-linearization method. In order to 
ensure a consistent comparison, the time vector obtained from the 
proposed procedure has been used for both the Runge-Kutta integration 
and the quasi-linearization method.

From Figs. 6–8, it can be observed that the results obtained by using 
the proposed procedure perfectly coincide with those obtained by a 
Runge-Kutta integration of Eq. (32) and those obtained from the quasi- 
linearization method.

In Table 4, the computational time (CT) required by the proposed 
procedure is compared with those required by the Runge–Kutta inte
gration and the quasi-linearization method, together with the corre
sponding reductions in computational time computed according to Eqs. 
(31a and 31b).

From Tables 4 and it can be noted that, once again, the proposed 
procedure requires substantially lower computational times than the 
other methods.

6. Concluding remarks

In this paper, an innovative procedure for solving deterministic 
nonlinear differential equations via stochastic approach has been pro
posed. The initial step is to substitute the deterministic initial condition 
by a Gaussian random variable with small variance and mean equal to 
the deterministic initial value. This transformation allows the response 
to be described in probabilistic terms through the diffusion-free Fokker- 
Planck-Kolmogorov equation, while the deterministic solution is 
recovered from the first-order statistics of the associated stochastic 
process.

The main theoretical result is that, for a small variance of the initial 
condition, the mean response of the stochastic process coalesces with the 
solution of the original deterministic nonlinear equation. On this basis, 
an innovative numerical method has been developed. The method does 
not rely on a conventional discretization of the time axis. Rather, it 
constructs the solution by subdividing the range of the mean nonlinear 
term and solving in closed form, within each interval, a linearized 
problem associated with an equivalent coefficient and a corresponding 
time instant.

The numerical applications to Kelvin-Voigt-type models with one 
and two nonlinear springs, including softening, linear, and hardening 

Table 2 
– Comparison between the computational time required by the proposed procedure, the computational time required by a Runge-Kutta integration and that required by 
the quasi-linearization method.

Case CT(PP) CT(RK) CT(QL) RED(PP− RK)
% RED(PP− QL)

%

1 5.27 × 10− 4 s 7.68 × 10− 3 s 3.06 × 10− 3 s 93.13 % 82.78 %
2 5.55 × 10− 4 s 2.15 × 10− 3 s 8.16 × 10− 3 s 74.22 % 93.20 %
3 1.24 × 10− 3 s 6.61 × 10− 2 s 1.28 × 10− 1 s 98.13 % 99.04 %

Fig. 5. – Kelvin-Voigt model with two nonlinear springs.

Table 3 
– Cases considered for the second numerical application.

Case Parameters of the model

ν1 ν2 kν1 kν2 c

1 3.0 1.0 25 kg m− 2s− 2 10 kg s− 2 50 kg s− 1

2 2.0 0.5 50 kg m− 1s− 2 20 kg m0.5s− 2 100 kg s− 1

3 1.0 0.5 100 kg s− 2 40 kg m0.5s− 2 200 kg s− 1
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behaviors, have shown that the proposed procedure not only reproduces 
with excellent agreement the solutions obtained by both a Runge-Kutta 
integration and a quasi-linearization method, but also strongly reduces 
the computational time. Therefore, the proposed procedure can be 
considered a reliable and computationally efficient approach that opens 

a different perspective for the treatment of deterministic nonlinear 
problems, showing that stochastic tools can be employed even in the 
absence of external randomness.

Future developments may include extending the proposed approach 
to multi-degree-of-freedom systems and to systems characterized by 

Fig. 6. – Comparison between the results obtained by using the proposed procedure (circular marker), the results obtained by performing a Runge-Kutta integration 
of the deterministic nonlinear differential equation (continuous line), and the results obtained from the quasi-linearization method (hexagonal marker): Case 1 
(ν1 = 3.0; ν2 = 1.0).

Fig. 7. – Comparison between the results obtained by using the proposed procedure (circular marker), the results obtained by performing a Runge-Kutta integration 
of the deterministic nonlinear differential equation (continuous line), and the results obtained from the quasi-linearization method (hexagonal marker): Case 2 
(ν1 = 2.0; ν2 = 0.5).

Fig. 8. – Comparison between the results obtained by using the proposed procedure (circular marker), the results obtained by performing a Runge-Kutta integration 
of the deterministic nonlinear differential equation (continuous line), and the results obtained from the quasi-linearization method (hexagonal marker): Case 3 
(ν1 = 1.0; ν2 = 0.5).
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more complex nonlinearities.
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