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Abstract. In this paper we continue the discussion started in [12] con-
cerning a bifurcation phenomenon for radial solutions of the following
nonlinear eigenvalue problem:

⎧
⎪⎨

⎪⎩

Δpu(x) + λK(|x|) u(x) |u(x)|q−2 = 0 ,

u(x) > 0 , |x| < 1 ,

u(x) = 0 , |x| = 1 ,

where q = np
n−p

is the critical exponent and x ∈ R
n. Our main purpose

is to remove the restriction in the range of parameters, i.e. 2n
n+2

≤ p ≤ 2,
and to consider the whole range p > 1. The proofs rely on a dynamical
systems approach and the main technical contribution is the construction
of an unstable manifold in a non-smooth context.
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1. Introduction

In this paper we continue the discussion started in [12] concerning positive
radial solutions for the following problem

⎧
⎪⎪⎨

⎪⎪⎩

Δpu(x) + K(|x|)|x|δu(x)q−1 = 0 ,

u(x) > 0 , |x| < R ,

u(x) = 0 , |x| = R ,

(1)
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where Δpu = div(∇u|∇u|p−2) denotes the p-Laplace operator, x ∈ R
n, 1 <

p < n, δ > −p and q is the Hardy-Sobolev critical exponent

q = p∗(δ) = p
n + δ

n − p
. (2)

Further, K : [0,+∞[→ ]0,+∞[ is C1 in ]0,+∞[, and satisfies the following
assumption that will play a key role in our analysis:

(H�) there are some constants A0, B0, � > 0 such that

K(r) = A0 + B0r
� + h(r) and lim

r→0

|h(r)| + r|h′(r)|
r�

= 0 .

In some of the main results we assume one of the following additional hypothe-
ses:
(H↑) the function K is increasing for any r ≥ 0, strictly in some interval;
(Ws) K = sup{K(r) | r ≥ 0} < ∞;
(Bl) there is ρ1 > 0 such that K(r) ≥ K(ρ1) for any r ≥ ρ1.

In [12] the authors showed how the existence and the multiplicity of
radial solutions of (1) vary with the length of the radius R, and depicted some
bifurcation diagrams depending on the flatness order � in (H�).

In fact, with a standard rescaling argument, the results concerning prob-
lem (1) can be restated to address the following equivalent nonlinear eigenvalue
problem ⎧

⎪⎪⎨

⎪⎪⎩

Δpu(x) + λK(|x|)|x|δu(x)q−1 = 0 ,

u(x) > 0 , |x| < 1,

u(x) = 0 , |x| = 1 .

(3)

Consequently, the existence and the multiplicity of radial solutions of (3) vary
with λ > 0, and undergo a bifurcation scenario depending on �.

We emphasize that, due to technical reasons, in [12] condition (Ws) was
strengthened into the following stronger condition:

(W′
s) The function K(et) is uniformly continuous in [0,+∞[ and there are

K > K > 0 such that K < K(et) < K for any t ∈ R.

In [12] we restricted to the motivating case δ = 0, so that q = p∗ is
the Sobolev critical exponent; further we also required the simplifying but
technical assumption 2n

n+2 ≤ p ≤ 2. The purpose of this paper is to extend the
results of [12] to the case δ > −p and, mainly, to remove the restriction on p,
so that p > 1 is allowed.

Similar non-linear eigenvalue problems are nowadays a classical topic, see
e.g. the papers [1,5,22], involving critical Sobolev exponents, and [6,13,14,23,
29], where the reaction term K(r)uq−1 is replaced by a sum of a linear term,
and a term supercritical with respect to the Sobolev exponent. We address
the interested reader to the introduction of [13,14] for a discussion of several
possible diagrams, appearing as different reaction terms are considered.

The critical problem (1) subject to condition (H�) has been already in-
vestigated in the early 1990s by Bianchi and Egnell in [4], and Lin and Lin in
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[28], who determined the existence of the flatness order’s threshold �∗
2 = n − 2

in the Laplacian setting p = 2, when δ = 0.
In fact, Bianchi and Egnell, and Lin and Lin have been able to prove

that, when � < n − 2, problem (1) admits a radial solution for every R > 0,
but, when � ≥ n − 2, there exists a sufficiently small constant r0 > 0 such
that problem (1) does not admit any radial solution for R < r0. Further, if
n − 2 ≤ � < n, there is at least one solution of (1) provided that R > 0 is
sufficiently large.

Recently, in [12], we have completed their study in the following direc-
tions. Firstly, we generalized their results to the p-Laplace setting, assuming
2n

n+2 ≤ p ≤ 2: in this case the critical flatness order becomes

�∗
p =

n − p

p − 1
. (4)

Secondly, we observed the presence of a second solution in the supercritical
case for R large. Finally, we have shown that the restriction � < n can be
weakened in � ≤ n

p−1 , and might be neglected if K is monotonically increasing
for any r > 0.

We now recall the main results found in [12].

Theorem A. ([12]) Assume that K satisfies (H�), δ = 0, and 2n
n+2 ≤ p ≤ 2.

If � < �∗
p, then problem (1) admits a radial solution for every R > 0.

If � ≥ �∗
p, then there exists R0 > 0 such that problem (1) does not admit

any radial solution when R < R0.

Theorem B. ([12]) Assume that K satisfies (H�) and (H↑). Further, assume
δ = 0, and 2n

n+2 ≤ p ≤ 2.

If � = �∗
p, then there exists R0 > 0 such that problem (1)

• does not admit any radial solution when R < R0;
• admits at least a radial solution when R > R0.

If � > �∗
p, then there exists R0 > 0 such that problem (1)

• does not admit any radial solution when R < R0;
• admits at least a radial solution when R = R0;
• admits at least 2 radial solutions when R > R0.

If the global condition (H↑) is dropped, the result of Theorem B holds
true by restricting the interval in which � varies, and by imposing some further
weak asymptotic conditions on K(r) for r large.

Theorem C. ([12]) Assume that K satisfies (H�) with �∗
p ≤ � ≤ n+δ

p−1 , and that
either (W′

s) or (Bl) holds. Further, suppose δ = 0 and 2n
n+2 ≤ p ≤ 2, then we

get the same conclusion as in Theorem B.

Since we just consider radial solutions, we can rewrite the differential
equation in (1) as a singular ordinary differential equation of the form

(
rn−1u′(r)|u′(r)|p−2

)′
+ rn−1K(r)rδ u |u|q−2 = 0 , (5)
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where “ ′ ” denotes the differentiation with respect to r = |x|, and, with a
slight abuse of notation, u(r) = u(x).

According to [12], we adopt the standard change of variables

w(s) = u(r), s =
r

λ
1

δ+p

, (6)

and K (s) = K(s λ
1

δ+p ), to convert (5) to the eigenvalue equation
(
sn−1w′(s)|w′(s)|p−2

)′
+ λsn−1 K (s) sδ w|w|q−2 = 0. (7)

Note that u solves equation (5) if and only if w solves (7), and w(1) = 0 if and
only if u(R) = 0, where R := λ

1
δ+p . In particular, Theorems A, B, and C can

be rewritten as follows.

Corollary D. ([12]) Assume that K satisfies (H�), δ = 0 and 2n
n+2 ≤ p ≤ 2.

If � < �∗
p, then problem (3) admits a radial solution for every λ > 0.

If � ≥ �∗
p, then there exists λ0 > 0 such that problem (3) does not admit

any radial solution when λ < λ0.

Corollary E. ([12]) Assume that K satisfies (H�) and (H↑). Further, assume
δ = 0 and 2n

n+2 ≤ p ≤ 2.
If � = �∗

p, then there exists λ0 > 0 such that problem (3)
• does not admit any radial solution when λ < λ0;
• admits at least a radial solution when λ > λ0.

If � > �∗
p, then there exists λ0 > 0 such that problem (3)

• does not admit any radial solution when λ < λ0;
• admits at least a radial solution when λ = λ0;
• admits at least two radial solutions when λ > λ0.

Corollary F. ([12]) Assume that K satisfies (H�) with �∗
p ≤ � ≤ n+δ

p−1 , and that
either (W′

s) or (Bl) holds. Further, suppose δ = 0 and 2n
n+2 ≤ p ≤ 2, then we

get the same conclusions as in Corollary E.

The main result of the present paper is the following.

Theorem 1. Theorems A, B, C, and Corollaries D, E, F hold in the general
case δ > −p and p > 1. Further, assumption (W′

s) can be replaced by (Ws)
in Theorem C and in Corollary F.

Notice that the value �∗
p in (4) does not depend on the choice of δ.

Existence results, under the flatness condition (H�) in absence of upper-
bounds on � for a scalar curvature problem (with p = 2) on four dimensional
manifolds, can be found in [8]. We address the reader to [12] for a more detailed
discussion of the literature on the topic, and the applications of the results.

For a comparison with [12], we refer to the end of this section, where we
highlight the main differences with our previous paper.

A solution u(r) of (5) is called regular if limr→0 u(r) = d > 0 for a suitable
d > 0: in this case it will be denoted by u(r; d).



NoDEA A bifurcation phenomenon for the critical Laplace. . . Page 5 of 40   127 

Remark 2. If u(r) is regular, then u′(r)r− δ+1
p−1 converges to a negative constant

as r → 0. In particular, u(r) is decreasing for r small, and u′(r)r
n
p → 0 as

r → 0.

Let us now recall that local existence and uniqueness of regular solutions
u(r; d), and their continuous dependence on d are ensured for any p > 1 (see
also [20, Proposition A4]), while the smoothness follows from the proof of
Theorem 1.3 in [27].

Lemma 3. ([21, Proposition A.2], [27, Section 5]) For any d > 0 there exists a
unique regular solution u(r; d) of (5). Further, u(r; d) and u′(r; d) are C1 in
r and d as long as u(r; d) is positive.

Again, from [21, Section 2], we also find the following standard fact.

Remark 4. Any regular solution u(r; d) is decreasing as long as it is positive.

We call crossing solution a regular solution of (5) which has a positive
zero. We set

J = {d > 0 | u(r; d) is a crossing solution}, (8)
and denote by R(d) the first zero of u(r; d). The proofs of our results rely on a
study of the properties of the function R : J → ]0,+∞[ , and, in particular, on
the asymptotic estimates of R(d) for d large. In fact, under suitable assump-
tions, e.g. (H↑), we are able to show the following bifurcation phenomenon:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

lim
d→+∞

R(d) = 0 , if 0 < � < �∗
p ,

lim inf
d→+∞

R(d) > 0 , if � = �∗
p ,

lim
d→+∞

R(d) = +∞ , if � > �∗
p .

(9)

See §2 for an overview of the properties of the function R.

Remark 5. When � = �∗
p the information available on (9) is less sharp, conse-

quently in Theorem B we are not able to say if there is a solution for R = R0.

Main techniques and differences with [12]. To obtain the estimates on R(d)
we follow the way paved by [25] and developed later by [2,3,18]: we rely on a
change of variables, known as Fowler transformation, which allows us to pass
from the singular differential equation (5) to a planar Hamiltonian system
from which the singularity is removed, see (14) below. In this way the term rδ

disappears, so that our results are immediately extended to the case where
δ > −p.

We see that regular solutions u(r; d) of (5) correspond to trajectories φ(t)
converging to the origin as t → −∞: the asymptotic estimates (9) are then
proved through phase plane analysis and dynamical system techniques.

Since the nonlinearity in (14) below is given by the couple
(y |y|

2−p
p−1 ,−K(et)x|x|q−2), the main technical issue we face in this paper is

that, when p > 2, the term y|y|
2−p
p−1 is not locally Lipschitz and the same hap-

pens to x|x|q−2 when 1 < p < 2n
n+2+δ : hence, local uniqueness of the solutions
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leaving from the coordinate axes is not ensured. In particular, we cannot rely
anymore on the results of invariant manifolds theory and integral manifolds,
available from the classical theory of non-autonomous dynamical systems, see
[9], which have been crucial in [12].

Therefore, we need to borrow some ideas from [15,16], and [10]: we fix
τ ≤ 0 and we construct via Ważewski principle the compact and connected
set Ŵu(τ), then we show a bijective correspondence between the points Q ∈
Ŵu(τ) and the values u(eτ ; d) of the regular solutions, thus leading us to
parametrize Ŵu(τ) by d > 0. Then, we need to prove a sort of continuous
dependence of Ŵu(τ) on τ using some box arguments, while in [12] it was
guaranteed by classical tools of invariant manifold theory.

We wish to mention that an alternative approach to overcome regularity
issues for radial solutions ruled by p-Laplace equations was developed in a
different context by Itakura et al. in [24].
Plan of the paper. The paper is divided as follows; in §2 we enumerate the
properties of R(d) used to draw Figures 1, 2, and we prove Theorem 1; however
the proofs concerning R(d) are postponed to §5. In §3 we introduce the Fowler
transformation, whereby we turn to consider a dynamical system, and the
Hamiltonian H, which is the dynamical transposition of the Pohozaev function.
In §4 we face the main technical issues: we first construct the unstable sets
M̂u(τ) and Ŵu(τ) in a non-smooth context using some adaptation of the
Ważewski’s principle, then we show that they correspond to regular solutions
u(r; d) of (5) and that they can be parametrized by d. More precisely, in §4.1
we construct a small branch, i.e. M̃u(τ), for any τ ≤ 0, then in §4.2 we build a
larger one, W̃u(τ), for τ � 0. Finally, in §5 we adapt the argument of [12] to
prove the asymptotic properties of R(d): in §5.1 we consider the case � < �∗

p,
in §5.2 the simpler case where � ≥ �∗

p and (H↑) holds, in §5.3 the case where
� ≥ �∗

p and either (Ws) or (Bl) holds, which involves the construction of the
stable set M̃s(τ). At the beginning of §2 the reader can find a table (Table 1)
where the most used notation concerning the construction of the unstable and
stable sets is collected.

2. Proof of the main results

In this section, following the scheme introduced in [12], we first illustrate the
main properties of the function R(d), with a special focus on the relative as-
ymptotic estimates, and, finally, we show that our main result follows straight-
forwardly from them. We postpone all the proofs concerning the behaviour of
R(d) to §5, since they involve the use of the Fowler transformation, and the
dynamical system techniques introduced and developed in the next two sec-
tions.

From a standard transversality argument, we easily get the following.

Lemma 6. The set J is open and R : J → [0,+∞[ is continuous.
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Table 1. Most frequently used notations in the paper. The
Section column indicates where each item is defined; in the
Figure column, we refer to the figure that illustrates it

The framework is clearer when (H↑) holds: in this case it is well known
that J = ]0,+∞[ , cf. [21] and [12, Proposition 43]. Then, it is not difficult to
show that

lim
d→0

R(d) = +∞ , (10)

see, e.g., [26, Proposition 2.4]. In absence of condition (H↑), it is still possible
to deduce that, cf. [12, Proposition 24], for every accumulation point D∗ for J
with D∗ /∈ J , then

lim
d→D∗
d∈J

R(d) = +∞. (11)

The bifurcation phenomena depend on the asymptotic behavior of R(d)
for d large, which, in turn, depends crucially on the parameter �, see e.g. (9):
these relations are our main contribution and the core of the paper.

More precisely, in the �-subcritical case we generalize [12, Proposition 37]
and [7, Remark 4.1], showing that R(d) is infinitesimal for large d.

Proposition 7. Assume (H�) and � < �∗
p, then there exists D∗ ≥ 0 such that

]D∗,+∞[⊂ J and limd→+∞ R(d) = 0.

We stress that in Proposition 7, whose proof is postponed to §5.1, hy-
pothesis (H↑) is dropped through a truncation argument.
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R(d)

d

�
p

R0

R(d)

d

= �
p

R0

R(d)

d

�
p

Figure 1. A sketch of the graph of the function R(d), when
(H↑) and (H�) are assumed

Actually, assumption (H↑) is needed just to ensure that J = ]0,+∞[. In
absence of condition (H↑), we can define

R̃(d) =

{
R(d) if d ∈ J ,

+∞ if d /∈ J
(12)

to obtain the following �-critical and supercritical result, proved in §5.2, ex-
tending [12, Proposition 44] to the non-smooth case.

Proposition 8. Assume (H�) with � ≥ �∗
p, then there is R0 > 0 such that

R̃(d) ≥ R0 > 0 for any d ≥ 0.

Further, if � > �∗
p, we get a more precise estimate by imposing an extra

assumption, as, e.g., (H↑).

Proposition 9. Assume (H↑) and (H�) with � > �∗
p. Then, J = ]0,+∞[ and

lim
d→+∞

R(d) = +∞.

The proof is postponed to §5.2 and contributes to extend [12, Proposition
43] to the non-smooth case.

Summing up, when (H↑) holds, we are able to prove the asymptotic
estimate (9). So, we can draw the graph of R(d), see Figure 1, and prove
Theorems A and B when δ > −p and p > 1.

Remark 10. The interested reader may get some information on the ‖ · ‖∞
norm of the solutions of (1) and (3), since according to Remark 4 one has
d = ‖u(r; d)‖∞. In particular, in the supercritical case � > �∗

p, when λ is large
enough we have two solutions of (3), one whose L∞ norm is going to zero and
the other whose L∞ norm is going to infinity as λ → +∞.

Proof of Theorem A in the general setting of Theorem 1. If � < �∗
p, Proposi-

tion 7, (10)-(11) lead to limd→D∗ R(d) = +∞. From the continuity of R(d),
we conclude that R(J) = ]0,+∞[ . Thus, for every R > 0 there is d ∈ J such
that R(d) = R, i.e. u(·; d) solves problem (1).

On the other hand, if � ≥ �∗
p, the second assertion follows immediately

from Proposition 8. �

Proof of Theorem B in the general setting of Theorem 1. The proof takes ad-
vantage of (10) combined with Propositions 8 and 9.
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D�

R(d)

d

�
p

D�

R0

R(d)

d

= �
p

D�

R0

R(d)

d

�
p

Figure 2. A sketch of the graph of the function R(d), in the
setting of Theorem C

If � = �∗
p, we distinguish two alternatives: either R( ]0,+∞[ ) = [R0,+∞[

where R0 is an internal minimum of R, or R( ]0,+∞[ ) = ]R0,+∞[ since R0 =
lim infd→+∞ R(d) > 0: the theorem is proved in both the cases.

On the other hand, if � > �∗
p, from limd→0 R(d) = limd→+∞ R(d) = +∞,

we deduce that the function R has an internal minimum R0, and the pre-
image R−1(R) has at least two elements for every R > R0, thus giving the
multiplicity result. �

Following [12], we are able to drop the global assumption (H↑) by restrict-
ing the range of �, i.e. strengthening the local assumption. More precisely, we
find the following two results, which generalize [12, Lemma 45 and Proposi-
tion 46], whose proofs rely again on dynamical systems tools adapted for a
non-smooth context.

Lemma 11. Assume that K satisfies (H�) with � ≤ n+δ
p−1 , and that either (Ws)

or (Bl) holds. Then, there is D∗ ≥ 0 such that ]D∗,+∞[⊂ J .

Proposition 12. Assume that K satisfies (H�), and that either (Ws) or (Bl)
holds.

• If � = �∗
p, then lim inf

d→+∞
R(d) > 0.

• If �∗
p < � ≤ n+δ

p−1 , then lim
d→+∞

R(d) = +∞.

For the proofs of Lemma 11 and Proposition 12 we refer to §5.3.
Now, we are ready to draw Figure 2 and prove Theorem C.

Proof of Theorem C in the general setting of Theorem 1. Lemma 11, together
with (10)-(11), leads to limd→D∗ R(d) = +∞. Then, we use Proposition 12 to
complete the proof. �

Remark 13. We think it is worthwhile to emphasize that in the setting of
Theorem C we may have D∗ > 0 such that ]D∗,+∞[⊂ J and D∗ �∈ J : it is
easy to show that in this case u(r;D∗) is a ground state, i.e. u(r;D∗) > 0 for
any r > 0 and limr→+∞ u(r;D∗) = 0.

Corollaries D, E, F in the general setting of Theorem 1 follow from The-
orems A, B, C proved in the general context p > 1, δ > −p, combined with
the change of variable (6). The proof of Theorem 1 is so completed.
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3. Fowler transformation

In this section, we repeat some constructions borrowed from [12], for conve-
nience of the reader. Firstly, we introduce the change of variables known as
Fowler transformation:

α =
n − p

p
, β =

n(p − 1)
p

,

x = u(r)rα, y = u′(r)|u′(r)|p−2rβ , r = et. (13)

According to (13), we can rewrite (5) as the following dynamical system:
(

ẋ

ẏ

)

=

(
α 0

0 −α

) (
x

y

)

+

(
y |y|

2−p
p−1

−K(t)x|x|q−2

)

, (14)

where K(t) = K(et), q = p∗(δ) = p n+δ
n−p as in (2), and “ · ” denotes the differ-

entiation with respect to t.

Remark 14. Note that system (14) is C1 if and only if 2n
2+n+δ ≤ p ≤ 2, i.e. if

p ≤ 2 ≤ q.

Following [12], for any τ ∈ R and any Q ∈ R
2 we denote by

φ(t; τ,Q) =
(
x(t; τ,Q), y(t; τ,Q)

)
(15)

the trajectory of (14) such that φ(τ ; τ,Q) = Q, when it is uniquely defined. We
focus our attention on the dynamics in the set {x > 0, y < 0}, so the notation
will be consistent as long as the trajectory remains in this set. Similarly, also
continuous dependence on initial data is implicitly guaranteed there.

Let φ(t; d) denote the trajectory of (14) corresponding to the regular
solution u(r; d) of (5). Notice that limr→0 u(r) = d and limr→0(u′(r))p−1rβ =
0, see Remark 2, so limt→−∞ φ(t; d) = (0, 0).

The Hamiltonian function

H(x, y; t) := αxy +
p − 1

p
|y|

p
p−1 + K(t)

|x|q
q

(16)

satisfies
d

dt
H

(
x(t), y(t); t

)
= K̇(t)

|x(t)|q
q

(17)

along the solutions (x(t), y(t)) of (14).
We also need to consider the autonomous system obtained by freezing

the t-dependence of K(·). In particular, fixed 
 > 0, we consider the frozen
autonomous system:

(
ẋ

ẏ

)

=

(
α 0

0 −α

) (
x

y

)

+

(
y |y|

2−p
p−1

−
 x|x|q−2

)

. (18)

Let us fix 
 > 0 in (18), let τ ∈ R, and Q ∈ R
2; we denote by

φ� (t; τ,Q) =
(
x�(t; τ,Q), y�(t; τ,Q)

)
(19)

the trajectory of (18) such that φ� (τ ; τ,Q) = Q.
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System (18) exhibits an equilibrium point in {x > 0, y < 0} of coordinates

E(
) = (Ex(
), Ey(
)) =
(

(
αp

�

) 1
q−p , −

(
αq

�

) p−1
q−p

)

. (20)

When 2n
2+n+δ ≤ p ≤ 2, the origin is a saddle. We will see that we have a

geometrically similar situation in the general case p > 1. Notice that, for any

 > 0, E(
) is a centre and it lies in the interior of an homoclinic orbit lying
in the fourth quadrant

Γ(
) = {(x, y) | H�(x, y) = 0, x > 0}, where (21)

H�(x, y) := αxy + p−1
p |y|

p
p−1 + 
 |x|q

q . (22)

From a direct computation, we get the following useful scaling result.

Remark 15. For every trajectory φ1(t) = (x1(t), y1(t)) of (18) with 
 = 1,
the function

φc(t) = (c
1

p−q x1(t), c
p−1
p−q y1(t))

is a trajectory of (18) with 
 = c > 0.
Further, restricting φ1 and φc to the half-plane {x > 0}, both the points

φ1(t0) and φc(t0) lie in the same parabola y = −m(t0)xp−1, where m(t0) =
|y1(t0)|

|x1(t0)|p−1 .

It is also well known (see, among others, [17]), that all the regular so-
lutions u�(r; d) of (5) with K(r) ≡ 
 correspond to trajectories φ�(t; d) =
(x�(t; d), y�(t; d)) of (18) which are homoclinic to the origin. In fact (see,
among others, [31, §1], [16, Eq. (2.3)]) we also know their exact expression, in
particular

x�(t; d) = d
{[

e−t p+δ
p + C e

p+δ
p(p−1) t]

}− n−p
p+δ

, (23)

where

C = C(
, d) = c

1

p−1 d
p(p+δ)

(n−p)(p−1) with c = p−1
n−p (n + δ)− 1

p−1 .

Notice that φ�(t; d) has always the same image for any d > 0, indeed we find
Γ(
) = {φ�(t; d) | t ∈ R}.

Remark 16. The following estimates hold:

x�(t; d) = deαt + o(eαt) ,

y�(t; d) = −ζ1(
, d) eα(q−1)t + o(eα(q−1)t) ,
as t → −∞,

x�(t; d) = ζ2(
, d) e− α
p−1 t + o(e− α

p−1 t) ,

y�(t; d) = −ζ3(
, d) e−αt + o(e−αt) ,
as t → +∞,

where we have introduced the constants (which, however, are not our primary
focus here)

ζ1(
, d) = (n + δ)−1 
 dq−1 ,

ζ2(
, d) = c− n−p
p+δ 
− n−p

(p+δ)(p−1) d− 1
p−1 ,
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ζ3(
, d) = (n + δ)
n−p
p+δ

(
p−1
n−p

)− n+δ
p+δ (p−1)


− n−p
p+δ d−1 .

Let Ω ⊂ ]0,+∞[ be a compact interval, and denote with Γ+(
) the subset of
Γ(
) lying in ẋ ≥ 0. Then, there exists a constant c+ = c+(Ω) > 0 such that,
for h = α min{1, q − 1},

sup{‖φ� (θ; 0,Q)‖e−hθ | 
 ∈ Ω, θ ≤ 0, Q ∈ Γ+(
)} ≤ c+ , (24)

sup{‖φ̇� (θ; 0,Q)‖e−hθ | 
 ∈ Ω, θ ≤ 0, Q ∈ Γ+(
)} ≤ c+. (25)

The results can be easily deduced from the explicit formula (23) and from (18).

In particular, rephrasing Lemma 2.9 in [10], we obtain the following re-
mark.

Remark 17. The set Γ(
) can be parametrized by d > 0. Namely, let
Q(d;
) := φ� (0; d), then the function Q(·;
) : [0,+∞) → Γ(
) is bijective
and C1, providing a smooth parametrization of Γ(
). Indeed, Q(0;
) = (0, 0),
and Q(d;
) enters ẋ > 0 as d increases, then it rotates clockwise around the
critical point E(
) and converges back to the origin as d → +∞.

We note that from [10] we just find the continuity in d, while the smooth-
ness is ensured by Lemma 3, which relies on [27].

Let us now list some immediate consequences of assumption (H↑).

Remark 18. Assume (H↑). Then, the homoclinic orbit Γ(K(τ2)) belongs to
the region enclosed by Γ(K(τ1)), whenever τ2 > τ1.

Lemma 19. Assume (H↑) and K(r) > K(0) for every r > 0. If u(r; d) is a
regular solution, then the corresponding trajectory φ(·; d) = (x(·; d), y(·; d)) of
system (14) satisfies lim

t→−∞
H(φ(t; d); t) = 0, and

H(φ(t; d); t) > 0 for every t ≤ T (d) ,

where T (d) := sup{τ ∈ R : x(t; d) > 0,∀t ≤ τ} is the first zero of x(·; d).
Moreover,

HK(τ)(φ(t; d)) = H(φ(t; d); τ) ≥ H(φ(t; d); t) > 0 for every t ≤ min{τ, T (d)} ,

where the equality occurs only when K(t) = K(τ) holds.

Lemma 20. Assume (H↑) and K(r) > K(0) for every r > 0. Then, the tra-
jectory φ(t; d) of system (14) lies in the exterior of the region enclosed by
Γ(K(τ)) for every t ≤ min{τ, T (d)}.

4. Construction of the unstable set

In the whole section we assume the existence of the limit limτ→−∞ K(τ) =
A0 > 0, which is satisfied if (H�) holds. We fix an arbitrary continuous in-
creasing function σ : R → ]0, 1

2 ] satisfying limT →−∞ σ(T ) = 0. Fix T ∈ R and
set

K(T ) :=(1 − σ(T )) inf{K(t) | t ≤ T } ,

K(T ) :=(1 + σ(T )) sup{K(t) | t ≤ T } ;
(26)
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hence K(T ) < K(t) < K(T ) for any t ≤ T and

lim
τ→−∞

K(τ) = lim
τ→−∞

K(τ) = lim
τ→−∞

K(τ) = A0 .

Our construction of the unstable set is based on a comparison between
the non-autonomous system (14), and the frozen autonomous systems (18)
with 
 ≡ K(T ) and 
 ≡ K(T ). Hence, in this section, we underline all the
sets and quantities of (18) with 
 ≡ K(T ), and we overline all the sets and
quantities of (18) with 
 ≡ K(T ), bracketing the time dependence T . E.g.,
we denote by E(T ) and E(T ) the critical points of (18) where 
 ≡ K(T ) and

 ≡ K(T ), respectively.

By definition, K(·) is decreasing and K(·) is increasing, and, from Re-
mark 18, the homoclinic orbit Γ(T2) belongs to the region enclosed by Γ(T1),
whenever T2 ≥ T1. Moreover, Γ(T ) belongs to the region enclosed by Γ(T ) for
every T ∈ R.

Set xo = Ex(0), fix T ≤ 0, and focus on the half-line x = xo contained in
ẋ > 0 , see Figure 3. The half-line intersects transversely the path Γ(T ) in a
point, say P (T ), and then the path Γ(T ) in another point, say P (T ). Notice
that P (T ) lies above P (T ).

Definition 21. We denote by ∂F↓(T ) the branch of Γ(T ) between the origin
and P (T ), by ∂F↑(T ) the branch of Γ(T ) between the origin and P (T ), by
f(T ) the vertical segment between P (T ) and P (T ). Then, we denote by F(T )
the compact set enclosed by ∂F↓(T ), ∂F↑(T ) and by f(T ), see Figure 3.

Let us now set

HT (x, y) := αxy + p−1
p |y|

p
p−1 + K(T ) |x|q

q ,

HT (x, y) := αxy + p−1
p |y|

p
p−1 + K(T ) |x|q

q .
(27)

We emphasize that if φ(t) = (x(t), y(t)) is a trajectory of (14), we find

d
dtHT (φ(t)) =

(
K(T ) − K(t)

)
|x(t)|q−2 x(t) ẋ(t) ,

d
dtHT (φ(t)) =

(
K(T ) − K(t)

)
|x(t)|q−2 x(t) ẋ(t) .

(28)

So, we easily get the following.

Lemma 22. Fix T ≤ 0. If Q ∈ [(∂F↑(T )∪∂F↓(T ))\{(0, 0)}] and T ≤ T , then
there is μ > 0 such that the trajectory φ(t;T,Q) �∈ F(T ) for any t ∈ ]T −μ, T [ .
Moreover, the flow on f(τ) is transversal and it aims towards the exterior of
F(τ).

Proof. By construction, if P is in the interior of F(T ), then HT (P ) > 0 >
HT (P ); further ẋ(t;T,Q) > 0 as long as φ(t;T,Q) is in F(T )\{(0, 0)}. Hence,
the lemma easily follows from (28) and an analysis of the phase portrait, cf.
Figure 3. �
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Figure 3. The construction of the sets M̃u(T ) ⊂ F(T ). The
arrows suggest the direction of the vector fields of the dynam-
ical system (14) along the boundary of F(T ). We can draw
M̃u(T ) and its connected component M̂u(T )

Lemma 23. Fix T ≤ 0. Let φ(t; T ,Q) be such that limt→−∞φ(t; T ,Q) = (0, 0)
and x(t; T ,Q) > 0 for t � 0, then there is S0 = S0(T ,Q), S0 ≤ T such that
φ(t; T ,Q) ∈ F(S0) ⊆ F(T ) for any t ≤ S0. Further we can choose S0 as

S0 := max{s ∈] − ∞, T ] : 0 < x(t; T ,Q) ≤ xo ∀ t ∈] − ∞, s]}. (29)

Proof. Let φ(t; T ,Q) be as in the statement, then there is S ≤ T such that
0 < x(t; T ,Q) ≤ xo for any t ∈] − ∞, S]: we claim that

ẋ(t; T ,Q) > 0 when t ≤ S, (30)

possibly choosing a smaller S. Assume by contradiction that there is a sequence
tk → −∞ such that ẋ(tk; T ,Q) ≤ 0: possibly redefining the sequence, we can
assume that ẋ(tk; T ,Q) = 0 for any k and that x(tk; T ,Q) is a local maximum
for k even, and a minimum for k odd. Then,

ẍ(t2j ; T ,Q)=
|y(t2j ; T ,Q)|(2−p)/(p−1)

p − 1
ẏ(t2j ; T ,Q)≤0 =⇒ ẏ(t2j ; T ,Q)≤0.

However, since at t = t2j we have ẋ = 0, x > 0, and ẏ ≤ 0, recall-
ing (20) we deduce that x(t2j ; T ,Q) ≥ Ex(K(t2j)). Hence, for j large, we
have x(t2j ; T ,Q) > Ex(A0)/2, which contradicts x(t2j ; T ,Q) → 0 and proves
the claim. Then, using (30) and (28), and recalling that both HS(φ(t)) and
HS(φ(t)) converge to 0 as t → −∞, we conclude that φ(t; T ,Q) ∈ F(S) for
any t ≤ S.
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In particular, φ(t; T ,Q) ∈ F(T ) for any t ≤ S. Combining Lemma 22
with the fact that ẋ(t; T ,Q) > 0 as long as φ(t; T ,Q) ∈ F(T ), from the
argument of the first part of the proof we infer that φ(t; T ,Q) ∈ F(T ) for any
t ≤ S0, where S0 is defined in (29). �

Let us define the unstable set

M̃u(T ) := {Q | φ(t; T ,Q) ∈ F(T ) , for any t ≤ T } ⊂ F(T ) . (31)

Note that lim
t→−∞

φ(t; T ,Q) = (0, 0) for every Q ∈ M̃u(T ).

Now, we state some results (Lemma 24, Propositions 25, 27, and Lemma
32 below) whose proofs are rather technical in this non-smooth context, so
they are developed in Section 4.1.

The following lemma states that the trajectories φ(t; T ,Q) with Q ∈
M̃u(T ) correspond to regular solutions of (5). The result is in fact known,
see [11,15,16]; however, we will sketch its proof in Section 4.1 to be more
self-contained.

Lemma 24. Fix T ≤ 0, then M̃u(T ) is compact. Let u(r) be a solution of (5)
and let φ(t; T ,Q) be the corresponding trajectory of (14).

If Q ∈ M̃u(T ), then u(r) is a regular solution, i.e. there is d =
dM (Q, T ) ≥ 0 such that limr→0 u(r) = d. Further, d = 0 if and only if
Q = (0, 0). So, we can define the homeomorphism

dM (·, T ) : M̃u(T ) → IM (T ) ,

where IM (T ) ⊂ R is a suitable, possibly disconnected, compact set, whose
minimum is 0 and whose positive maximum is denoted by D̃M (T ). Conversely,
if u(r) is a regular solution, there is T (T � 0) such that Q ∈ M̃u(T ).

The next step is to show that M̃u(T ) contains a connected set, denoted
by M̂u(T ), intersecting f(T ) and containing the origin. We also get a C1

parametrization of M̂u(T ). The proofs of the following two propositions are
postponed to Section 4.1.

Proposition 25. Fix T ≤ 0. Then, there is a compact connected set M̂u(T ) ⊂
M̃u(T ) such that (0, 0) ∈ M̂u(T ) and M̂u(T ) ∩ f(T ) = {ξ̂(T )} is a singleton.

Further, there is D̂M (T ) ≤ D̃M (T ) such that the restriction

dM (·, T ) : M̂u(T ) → [0, D̂M (T )]

is a homeomorphism.

Remark 26. The functions D̂M (·) and D̃M (·) may be discontinuous, so their
ranges, say Ĵ and J̃ , may be disconnected.

Proposition 27. The functions D̂M (T ) and D̃M (T ) are both strictly decreas-
ing and D̃M (T ) ≥ D̂M (T ) → +∞ as T → −∞. Hence, their respective
inverses, τ̂M : Ĵ →] − ∞, 0] and τ̃M : J̃ →] − ∞, 0], satisfy

lim
d→+∞

τ̂M (d) = −∞, lim
d→+∞

τ̃M (d) = −∞ . (32)
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Remark 28. Let φ(t; d) be the trajectory of (14) corresponding to the solution
u(r; d) of (5) and let T (d) be as in Lemma 19. Then, using Lemma 3 we see
that the function

φ(t; d) : {(t, d) | d > 0, t < T (d)} → R
2

is C1 and φ(t; ·) is one to one in its domain.

We define
Ξ̃M (T ) := M̃u(T ) ∩ f(T ), (33)

and we observe that ξ̂(T ) = φ(T ; D̂M (T )) and ξ̃(T ) := φ(T ; D̃M (T )), cf.
Figure 3.

Remark 29. In the smooth case analyzed in [12] we have D̂M (T ) = D̃M (T ),
so that ξ̂(T ) = ξ̃(T ) when T � 0; further, in the smooth case ξ̂(T ) is C1. In
the setting of this paper this is no longer ensured, so ξ̂(T ) and ξ̃(T ) may be
different and discontinuous.

Lemma 30. Let d ≥ D̃M (0), then there is a unique τ = τM (d) ≤ 0 such that
φ(τ ; d) ∈ Ξ̃M (τ).

Proof. Let d > D̃M (0), and consider the trajectory φ(t; d) of (14) correspond-
ing to the solution u(r; d) of (5). From Lemma 23, we see that there is S ≤ 0
such that φ(t; d) ∈ F(S) ⊆ F(0) for any t ≤ S.

To prove the existence of τM (d) we argue by contradiction, and we assume
that there is no τ ≤ 0 such that φ(τ ; d) ∈ Ξ̃M (τ). Then, φ(t; d) does not
intersect the half-line x = xo for any t ≤ 0. Hence, φ(t; d) ∈ F(0) for any
t ≤ 0 or, equivalently, φ(0; d) ∈ M̃u(0). So, d ∈ IM (0) and d ≤ D̃M (0), a
contradiction, and the existence of τM (d) is proved.

Now, we address the uniqueness. Firstly, we observe that, once fixed
d ≥ D̃M (0), the function φ(t; d) is uniquely defined; then, from Lemma 22, we
see that the time t = τM (d) at which φ(t; d) crosses f(τ) in Ξ̃M (τ) is unique.

�

Lemma 31. The function τM (d) of Lemma 30 satisfies limd→+∞ τM (d) = −∞.

Proof. Let us consider a sequence dn → +∞ with dn ≥ D̃M (0). By definition
of τM (·), we find that φ(τM (dn); dn) ∈ Ξ̃M (τM (dn)) ⊂ M̃u(τM (dn)). Setting
d̃n := D̃M (τM (dn)), we note that dn ≤ d̃n and τM (dn) = τ̃M (d̃n). Then, from
Proposition 27, we find

lim
n→+∞

τM (dn) = lim
n→+∞

τ̃M (d̃n) = −∞,

and the lemma is proved. �

Let us recall that K(0) = limt→−∞K(t) = A0 > 0. Denote by ξ̂(−∞) the
transversal intersection between Γ(A0) and the half-line x = xo contained in
ẋ > 0.
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Lemma 32. According to the notation in (15) and (19), we have

lim
τ→−∞

sup
θ≤0

(∥
∥
∥φ

(
θ + τ ; τ, ξ

)
− φA0

(
θ; 0, ξ̂(−∞)

)∥∥
∥ e−hθ

)
= 0 , (34)

with h = α min{1, q − 1}, whenever ξ ∈ Ξ̃M (τ).

The proof is postponed to the end of Section 4.1.

4.1. Proof of Lemmas 24, 32 and of Propositions 25, 27

The argument of this section is modeled on [15] and [16], where the unstable
set M̂u(T ) is proved to be just a compact connected set joining the origin
and f(T ). The novelty here consists in showing that M̂u(T ) is the image of a
continuous curve parametrized by d ∈ [0, D̂M (T )], where d > 0 is the initial
condition of the regular solution u(r; d) of (5); further D̃M (T ) ≥ D̂M (T ) > 0
are decreasing functions which diverge to infinity as T → −∞.

Recalling the definition of M̃u(T ) in (31), for every point Q ∈ F(T ) \
M̃u(T ) the trajectory φ(·; T ,Q) must exit F(T ) in the past. In particular, we
can define a backward exit point function as follows.

Lemma 33. For any Q ∈ F(T ) \ M̃u(T ) there is T = T (Q) ≤ T such that
φ(t; T ,Q) ∈ F(T ) for every t ∈ [T (Q), T ], and φ(t; T ,Q) �∈ F(T ) when
t ∈ ]T (Q) − μ, T (Q)[ for a suitable μ > 0. Moreover, the function ψ : [F(T ) \
M̃u(T )] → ∂F↑(T )∪∂F↓(T ) defined by ψ(Q) = φ(T (Q); T ,Q) is continuous.

Proof. The first assertion is an immediate consequence of Lemma 22.
We now show the continuity of the function T (·) : [F(T ) \ M̃u(T )] →

]−∞, T ]. Let Q ∈ F(T ) \ M̃u(T ), using the continuous dependence of the
flow of (14) on initial data when it is restricted to F(T ) \ {(0, 0)}, we deduce
the existence of σ = σ(Q, μ) > 0 such that φ(T (Q) − μ/2; T ,P ) �∈ F(T ) for
any P ∈ F(T ) with |P − Q| < σ; so P �∈ M̃u(T ). Hence, there is T (P ) ∈
]T (Q)−μ/2, T ] such that φ(t; T ,P ) ∈ F(T ) when t ∈ [T (P ), T ] and it crosses
transversely its border at t = T (P ). Then, the continuity of T (P ) follows from
the transversality of the crossing and continuous dependence on initial data.
The continuity of ψ is an immediate consequence. �

Remark 34. Observe that if Q ∈ M̃u(T ), then there is no t0 < T such that
φ(t0; T ,Q) = (0, 0). This is obvious if (14) is C1, but it holds in a non-smooth
context too: in fact assume, by contradiction, that such a t0 exists and let
u(r) be the solution of (5) corresponding to φ(t; T ,Q), then u(et0) = 0 and
u′(r) < 0 < u(r) in a right neighborhood of r = et0 , a contradiction.
Further, ψ(Q) �= (0, 0), whenever Q ∈ F(T ) \ M̃u(T ).

Now, we can continuously extend ψ to the whole set F(T ).

Lemma 35. The function ψ̃ : F(T ) → ∂F↑(T ) ∪ ∂F↓(T ) defined as

ψ̃(Q) =
{

ψ(Q) if Q �∈ M̃u(T ) ,

(0, 0) if Q ∈ M̃u(T )

is continuous.
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Proof. Consider Qn �∈ M̃u(T ) and Q ∈ M̃u(T ) with Qn → Q. We claim that
T (Qn ) → −∞. In fact, according to Lemma 22 and Remark 34, φ(t; T ,Q) ∈
F(T ) \ [∂F↑(T ) ∪ ∂F↓(T )] for any t ≤ T , hence the claim easily follows by a
contradiction argument combined with the continuous dependence of (14) on
initial data.

For any ε > 0, we can find μ ∈ ]0, ε[ such that

P ∈ {(x, y) ∈ F(T ) | 0 ≤ x ≤ μ} ⇒ |P | ≤ ε . (35)

Once fixed such a μ, recalling that limt→−∞ φ(t; T ,Q) = (0, 0), we can choose
M > 0 so that 0 < x(t; T ,Q) < μ/2, whenever t ≤ −M . Moreover, we
can choose N ∈ N with the following property: if n ≥ N , then T (Qn ) <
−M and, again by continuous dependence on initial data, |x(−M ; T ,Qn ) −
x(−M ; T ,Q)| < μ/2. Hence, we get |x(−M ; T ,Qn )| < μ. Since ẋ > 0 in
F(T ) \ {(0, 0)}, we see that φ(t; T ,Qn ) ∈ {(x, y) ∈ F(T ) | 0 ≤ x ≤ μ} for any
t ∈ [T (Qn ),−M ]. Thus, from (35), |φ(t; T ,Qn )| ≤ ε for any t ∈ [T (Qn ),−M ].
In particular, |ψ(Qn )| = |φ(T (Qn ); T ,Qn )| ≤ ε, so for the arbitrariness of ε,
the lemma is proved. �

Let us define the counterimages

Ω↑(T ) = ψ̃−1[∂F↑(T ) \ {(0, 0)}] and Ω↓(T ) = ψ̃−1[∂F↓(T ) \ {(0, 0)}] .

Notice that M̃u(T ) = ψ̃−1[{(0, 0)}], by Remark 34. From the continuity of ψ̃,
we have the following.

Remark 36. The sets Ω↑(T ) and Ω↓(T ) are relatively open in F(T ), while
M̃u(T ) is a non-empty, compact set, for any T ∈ R.

Now, we need the following topological Lemma, borrowed from [30,
Lemma 4], see also [15, Lemma 3.2] or [16, Lemma 3.3].

Lemma 37. Let R be a closed set homeomorphic to a full triangle. We call O,
A and B the vertices and o, a, b the edges which are opposite to the respective
vertex. Let S ⊂ R be a closed set such that γ ∩ S �= ∅, for any path γ ⊂ R
joining a \ {O} with b \ {O}. Then, S contains a closed connected set which
contains O and at least one point of o.

Now, we are ready to show the existence of an unstable connected set
M̂u(T ).

Proposition 38. The compact set M̃u(T ) contains a compact connected set,
denoted by M̂u(T ), containing the origin and intersecting f(T ).

Proof. We want to apply Lemma 37 where R = F(T ), o = f(T ), a = ∂F↓(T ),
b = ∂F↑(T ) and S = M̃u(T ). We already know that M̃u(T ) is closed. So, let
γ be a generic continuous path such that γ : [0, 1] → F(T ) satisfies γ(0) ∈
∂F↓(T ) \ {(0, 0)} and γ(1) ∈ ∂F↑(T ) \ {(0, 0)}. In order to apply Lemma 37,
we claim that there is s̄ ∈ ]0, 1[ such that γ(s̄) ∈ M̃u(T ).

Now, we prove the claim; so, let us define

Aγ := {s ∈ [0, 1] | γ(s) ∈ Ω↓(T )} ,

Bγ := {s ∈ [0, 1] | γ(s) ∈ Ω↑(T )}.
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The sets Aγ and Bγ are relatively open in [0, 1], since γ is continuous and
Ω↓(T ) and Ω↑(T ) are relatively open in F(T ). Further, according to Lemma
22, 0 ∈ Aγ and 1 ∈ Bγ . Since [0, 1] is connected, we deduce the existence
of s̄ ∈ ]0, 1[ with s̄ �∈ (Aγ ∪ Bγ). Therefore, γ(s̄) ∈ M̃u(T ), and the claim is
proved. Then, Proposition 38 follows from Lemma 37. �
Proof of Lemma 24. In this proof we will use some notation introduced at the
beginning of Section 4. Fix T ≤ 0 and Q = (Qx, Qy) ∈ M̃u(T ) \ {(0, 0)}. Let
us denote by Q↑ and Q↓ the intersections of the line x = Qx with ∂F↑(T )
and ∂F↓(T ), respectively, see Figure 4.

Then, consider the trajectories φT (t; T ,Q↑) and φT (t; T ,Q↓) of the
autonomous system (18) frozen at 
 ≡ K(T ) and at 
 ≡ K(T ), respectively.
We set for short

φ↑(t) = (x↑(t), y↑(t)) = φT (t; T ,Q↑) and

φ↓(t) = (x↓(t), y↓(t)) = φT (t; T ,Q↓) .
(36)

Moreover, let u↑(r) and u↓(r) be the corresponding solutions of the frozen
equation (5) with K(·) ≡ K(T ) and K(·) ≡ K(T ), respectively. Let u(r) be the
solution of the original equation (5) corresponding to the trajectory φ(t; T ,Q)
of the non-autonomous system.

We first claim that

x↑(t) < x(t; T ,Q) < x↓(t) , for any t < T . (37)

In fact, by construction, see (14), we have ẋ↓(t) < ẋ(t; T ,Q) < ẋ↑(t) at
t = T . So, let us define

T = inf{τ ∈ R | x↑(t) < x(t; T ,Q) < x↓(t) , for any t ∈ ]τ, T [ }.

Thus, T is well defined and T < T . Assume, by contradiction, that T ∈ R,
then either x↑(T ) = x(T ; T ,Q) or x(T ; T ,Q) = x↓(T ); assume the former,
the latter being analogous. By construction, cf. Figure 4, we find y↑(T ) >
y(T ; T ,Q); hence ẋ↑(T ) > ẋ(T ; T ,Q) which gives x↑(t) > x(t; T ,Q) in a right
neighborhood of T , but this is a contradiction with the definition of T , so the
claim in (37) is proved.

From Remark 17, we know that there are d↑
Qx

(T ), d↓
Qx

(T ) > 0 such that
u↑(0) = d↑

Qx
(T ) and u↓(0) = d↓

Qx
(T ). So, from (37), we see that 0 < d↑

Qx
(T ) ≤

d↓
Qx

(T ). Further, again from (37), we see that u↑(r) < u(r) < u↓(r) for any
0 < r < eT . According to (13), note that u′(r) < 0 when 0 < r < eT , so the
limit lim

r→0
u(r) = d exists and

d↑
Qx

(T ) ≤ d ≤ d↓
Qx

(T ) . (38)

So, we have defined a one to one function dM (·, T ) : M̃u(T ) → [0,+∞[.
Notice that dM (·, T ) is the inverse of the restriction to IM (T ) :=

dM (M̃u(T ), T ) of the continuous function φ(T ; ·) defined in Remark 28. Ob-
serve that M̃u(T ) is closed, so IM (T ) = [φ(T ; ·)]−1[M̃u(T )] is closed too.
Further, if d ∈ IM (T ), then d ≤ d↓

xo
(T ), so IM (T ) is compact. Hence,
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y
x

φ� (t)

φ(t; T ,Q)

φ�(t)

Q�

Q�

Q

Figure 4. A sketch of the first part of the proof of Lemma
24. The trajectories φ↑,φ(·; T ,Q),φ↓, cf. (36), have, in the
order, increasing horizontal speed, as suggested by the arrows.
Hence, going backward in time, we expect to have the validity
of (37)

dM (·, T ) : M̃u(T ) → IM (T ) is continuous, since it is the inverse of a con-
tinuous function defined on a compact set.

Conversely, assume that u(r) is a regular solution, then from Remark
4 we see that u(r) is decreasing for r > 0 small. Thus, the corresponding
trajectory φ(t) = (x(t), y(t)) lies in the 4th quadrant when t � 0, satisfies
limt→−∞φ(t) = (0, 0) and ẋ(t) > 0 when t � 0; so from Lemma 23 we
deduce the existence of T ≤ 0 such that φ(t) ∈ F(T ) for any t ≤ T ; hence
φ(T ) = Q ∈ M̃u(T ). �

Using the rescaling in Remark 15, it is possible to find a relation between
the trajectories introduced in (36).

Lemma 39. Let T ≤ 0, Q = (Qx, Qy) ∈ M̃u(T ) and let φ↑(t), φ↓(t) be as in
(36), then there is TQx

0 (T ) > 0 such that

x↑(t) < x↓(t) = [K(T )/K(T )]
1

q−p x↑(t + TQx

0 (T )) ,

|y↑(t)| < |y↓(t)| = [K(T )/K(T )]
p−1
q−p |y↑(t + TQx

0 (T ))|
(39)

for any t < T . Further, TQx

0 (T ) → 0 as T → −∞ uniformly when Qx ∈ [0, xo].

Proof. The inequalities in (39) follow from (37). From Remark 15, we see that

φ�(t) = (x
(t), y
(t)) :=
(
[K(T )/K(T )]

1
q−p x↓(t), [K(T )/K(T )]

p−1
q−p y↓(t)

)

is a solution of (18) where 
 = K(T ). In particular, x
(T ) =
[K(T )/K(T )]

1
q−p Qx > Qx = x↑(T ). Then, from the invariance of (18)

for t-translations, we easily get the existence of TQx

0 (T ) > 0 such that
φ�(t) ≡ φ↑(t + TQx

0 (T )) for any t ∈ R. Then, we immediately find (39).
Finally, the fact that TQx

0 (T ) → 0 as T → −∞ easily follows from
(23). �

From the previous argument, we also find the following result.
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Remark 40. Fix T ≤ 0 and Q = (Qx, Qy) ∈ M̃u(T ) \ {(0, 0)}. Using the
notation of the proof of Lemma 24, cf. (38), we see that

d↑
Qx

(T ) ≤ dM (Q, T ) ≤ d↓
Qx

(T ) (40)

and, as a consequence of Lemma 39, d↑
Qx

(T ) − d↓
Qx

(T ) → 0 as T → −∞,
uniformly with respect to Qx. In particular, setting d↑

M (T ) = d↑
xo

(T ) and
d↓

M (T ) = d↓
xo

(T ), for any Q ∈ Ξ̃M (T ), we find

d↑
M (T ) ≤ D̂M (T ) ≤ dM (Q, T ) ≤ D̃M (T ) ≤ d↓

M (T ) , for any T ≤ 0 ,

d↓
M (T ) ≥ dM (Q, T ) ≥ d↑

M (T ) → +∞ as T → −∞ .
(41)

Proof of Proposition 25. The existence of the set M̂u(T ) is proved in Propo-
sition 38. Since M̂u(T ) is compact and connected, its image via dM (·, T ) is a
compact interval, say ÎM (T ). Let

D̂M (T ) := min{d ∈ ÎM (T ) | d = dM (Q, T ) ∈ f(T )},

so that 0 < D̂M (T ) ≤ D̃M (T ). According to Lemma 24, it is not restrictive
to redefine M̂u(T ) := d−1

M ([0, D̂M (T )], T ) ⊆ d−1
M (ÎM (T ), T ). Notice that the

revised definition may yield a smaller set than the original one. In this setting,
dM (·, T ) : M̂u(T ) → [0, D̂M (T )] is a homeomorphism. Then, we denote by
ξ̂(T ) the unique point in M̂u(T ) ∩ f(T ) so that dM (ξ̂(T ), T ) = D̂M (T ). �

Proof of Proposition 27. First, we show that D̃M (T ) and D̂M (T ) are both
strictly decreasing. Observe first that we have the following characterization

D̂M (T ) = min{d > 0 | φ(T ; d) ∈ Ξ̃M (T )} ,

D̃M (T ) = max{d > 0 | φ(T ; d) ∈ M̃u(T )} .
(42)

Since ẋ > 0 on f(T ), there is μ > 0 (independent of T ) such that
x(t; D̂M (T )) = x(t; T , ξ̂(T )) > xo whenever t ∈ ]T , T + μ[, hence R(t) =
φ(t; D̂M (T )) �∈ F(t) for any t ∈ ]T , T +μ[. So, R(t) �∈ M̃u(t) and, consequently,
R(t) �∈ M̂u(t) for any t ∈ ]T , T +μ[. It follows that D̂M (T ) �∈ [0, D̂M (t)] when
t ∈ ]T , T + μ[, that is D̂M (T ) > D̂M (t) whenever t ∈ ]T , T + μ[ : so D̂M (t) is
strictly decreasing in t.

Now let τ1 < τ2 ≤ 0 and fix any d > D̃M (τ1). From (42), we deduce
φ(τ1; d) /∈ M̃u(τ1) and so, recalling (31), there is t0 ≤ τ1 such that φ(t0; d) /∈
F(τ1).

By Lemmas 22, 23, we see that there is S0 = S0(τ1,φ(τ1; d)), S0 < t0 ≤
τ1, such that φ(t; d) ∈ F(S0) for any t ≤ S0 and it leaves F(S0) at t = S0

crossing transversely x = xo. So, by (31), we get φ(τ2; d) /∈ M̃u(τ2).
We have thus proved that φ(τ2; d) �∈ M̃u(τ2) for every d > D̃M (τ1).

Hence, we deduce from (42) that D̃M (τ2) ≤ D̃M (τ1) for every τ1 < τ2. Since
the flow on f(τ1) is transversal, we deduce that D̃M cannot be constant on any
interval, so it is strictly monotone decreasing.
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Now, since D̂M (t) and D̃M (t) are strictly monotone, we can define their
respective inverse functions τ̂M (d) and τ̃M (d). Further, from (41) we know that
D̃M (T ) ≥ D̂M (T ) → +∞ as T → −∞, so (32) follows. �

Remark 41. If 2n
n+2+δ ≤ p ≤ 2, i.e. if (14) is C1, then M̂u(T ) is a branch of

the unstable leaf, so it is a C1 embedded manifold. Notice, further, that in
the smooth case we can find a sufficiently large N > 0 such that M̃u(T ) is
connected and intersects f(T ) in a singleton, for every T < −N , using [12,
Remark 14]; hence M̃u(T ) = M̂u(T ) when T < −N .

However, for a generic T ≤ 0, even if the flow of (14) on f(T ) is always
transversal, M̃u(T ) may have tangencies on f(T ): so M̃u(T ) ∩ f(T ) may not
be a singleton and M̃u(T ) may be disconnected also in the smooth case.

We believe that using the techniques of [10, Appendix], or of [24] it might
be possible to prove that M̂u(τ) is a C1 manifold in the general non-smooth
case p > 1, but this result is not needed for the present paper.

We are now ready to prove Lemma 32. We recall that limt→−∞K(t) =
A0 > 0 and the notation ξ̂(−∞) for the transversal intersection between Γ(A0)
and the half-line x = xo contained in ẋ > 0.

Proof of Lemma 32. Let us keep the notation introduced in the proof of
Lemma 24, cf. (36). Let ξ ∈ Ξ̃M (τ) = M̃u(τ) ∩ f(τ), then from (37) and
Lemma 39 we see that there is T xo

0 (τ) > 0 such that

x↑(t) < x(t; τ, ξ) < x↓(t) < x↑(t + T xo
0 (τ)) ,

|y↑(t)| < |y(t; τ, ξ)| < |y↓(t)| < |y↑(t + T xo
0 (τ))| ,

for every t < τ . Analogously, we also find that, for every t < τ ,

x↑(t) < xA0(t; τ, ξ̂(−∞)) < x↓(t) < x↑(t + T xo
0 (τ)) ,

|y↑(t)| < |yA0(t; τ, ξ̂(−∞))| < |y↓(t)| < |y↑(t + T xo
0 (τ))| .

Hence, for every θ ≤ 0, we get

‖φ(θ + τ ; τ, ξ) − φA0(θ; 0, ξ̂(−∞))‖ =

= ‖φ(θ + τ ; τ, ξ) − φA0(θ + τ ; τ, ξ̂(−∞))‖ ≤
≤ ‖φ↑(θ + τ + T xo

0 (τ)) − φ↑(θ + τ)‖ ≤

≤ T xo
0 (τ) max

σ∈[0,T xo
0 (τ)]

‖φ̇
↑
(θ + τ + σ)‖ .

Now, let 
 = K(τ), τ̂ = τ + T xo
0 (τ), Rτ = φ↑(τ̂), and recall the definition of

P (τ) given at the beginning of Section 4. Then, from (36), we obtain

φ↑(θ + τ + σ) = φ� (θ + τ + σ; τ,P (τ)) = φ� (θ + τ + σ; τ̂ ,Rτ ) =

= φ� (θ + τ̂ − T xo
0 (τ) + σ; τ̂ ,Rτ ) =

= φ� (θ + σ − T xo
0 (τ); 0,Rτ ) .
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Figure 5. The construction of the set G(T ) for suitable T �
0. The arrows suggest the direction of the vector fields of the
dynamical system (14) along the boundary of G(T )

Further, T xo
0 (τ) → 0 and 
 → A0 as τ → −∞, see Lemma 39; hence, from

(25), for every θ ≤ 0 we deduce the existence of c > 0 such that

‖φ(θ + τ ; τ, ξ) − φA0(θ; 0, ξ̂(−∞))‖e−hθ ≤
≤ T xo

0 (τ) max
s∈[−T xo

0 (τ),0]
‖φ̇� (θ + s; 0,Rτ )‖e−hθ ≤ c T xo

0 (τ) → 0,

as τ → −∞. So, (34) is proved and the proof is concluded. �

4.2. From the unstable set close to the origin to a larger one.

We denote by M̂u(−∞) the branch of Γ(A0) between the origin and ξ̂(−∞).
Further, if we let τ → −∞, then the whole set F(τ) shrinks to M̂u(−∞).

Now, following [19], we can use the continuous dependence on initial data
of the flow of (14) to extend the unstable set M̂u(T ) outside F(T ). However,
the argument works as long as the trajectories do not cross the coordinate axes
(since afterwards uniqueness of the solutions is not ensured anymore).

Following [12], for any fixed a > 0, we denote by L(a) the segment of
y = −a lying between the negative y semi-axis and the isocline ẋ = 0 of
system (14), i.e.

L(a) = {(s,−a) | 0 ≤ s ≤ X̃(a)}, where X̃(a) := 1
α a

1
p−1 . (43)

Recalling the definition of equilibrium point E(A0) given in (20), we observe
that for any 0 < a < |Ey(A0)| the homoclinic orbit Γ(A0) intersects L(a)
transversely in a point, say Q(−∞, a).

Now, we aim to construct an unstable curve Ŵu(τ) joining the origin and
L(a).

Firstly, we introduce some sets sketched in Figure 5. Let us fix τ ≤ 0
and denote by Xout(τ) and X in(τ) the intersections of the isocline ẋ = 0 with
Γ(τ) and Γ(τ), respectively. Since ‖Xout(τ) − X in(τ)‖ → 0 as τ → −∞, we
can find T0 such that X in(τ) lies on the right of E(τ) for any τ ≤ T0.
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Then, we denote by Aout(τ) and by Ain(τ), respectively, the paths of
Γ(τ) and of Γ(τ) lying in ẋ ≥ 0, so that Aout(τ) connects the origin with
Xout(τ), while Ain(τ) connects the origin with X in(τ), for any τ ≤ T0.

Remark 42. Recalling (26) and (27), we have H+(τ) := Hτ (Xout(τ)) > 0,
while H−(τ) := Hτ (X in(τ)) < 0. Further, lim

τ→−∞
H+(τ) = lim

τ→−∞
H−(τ) = 0.

Let us focus on the semiplane x > 0; the level set Hτ (·) = H−(τ) inter-
sects the isocline ẋ = 0 in X in(τ) and in a second point, say C in(τ), while the
level set Hτ (·) = H+(τ) intersects the isocline ẋ = 0 just in Xout(τ), and then
it intersects the y negative semi-axis in a point, say Cout(τ) = (0,−a0(τ)).

Notice further that both C in(τ) and Cout(τ) converge to the origin as
τ → −∞, so, possibly choosing a smaller T0, we can assume that both Cout(τ)
and C in(τ) lie above E(A0) for any τ ≤ T0.

Remark 43. Let ā0 := min{a0(T0),
|Ey(T0)|

2 }; then for any 0 < a ≤ ā0 we can
find N1(a) ≥ |T0| > 0 large enough so that, for any τ ≤ −N1(a), the level sets
Hτ (·) = H−(τ) and Hτ (·) = H+(τ) intersect the segment L(a) transversely
in points denoted by Bin(τ) and Bout(τ), respectively.

We denote by Bin(τ) the branch of the level set Hτ (·) = H−(τ) between
X in(τ) and Bin(τ) and by Bout(τ) the branch of the level set Hτ (·) = H+(τ)
between Xout(τ) and Bout(τ) (both lying in ẋ ≤ 0).

Definition 44. We denote by ∂Gout(τ) = Aout(τ) ∪ Bout(τ), by ∂Gin(τ) =
Ain(τ) ∪ Bin(τ) and by ∂G(τ) = ∂Gout(τ) ∪ ∂Gin(τ). We denote by g(τ, a)
the horizontal segment between Bout(τ) and Bin(τ). Let G(τ) be the compact
set enclosed by ∂G(τ) and g(τ, a), see Figure 5.

Recalling that Q(−∞, a) was defined as the unique intersection between
Γ(A0) and the segment L(a), we have the following.

Remark 45. The segment g(τ, a) shrinks to Q(−∞, a) as τ → −∞ and to the
origin as a → 0 (and, consequently, τ → −∞).

Now, we need some observations concerning the flow of (14) on the border
of G(τ).

Remark 46. Fix a ∈ ]0, ā0] and, then, τ ≤ −N1(a).
The flow of (14) on ∂G(τ) \ {(0, 0),X in(τ),Xout(τ),Bin(τ),Bout(τ)}

points towards the interior of G(τ). The flow on g(τ, a) points towards the
exterior of G(τ), i.e. upwards: this follows from the assumption a < |Ey(T0)|
and an analysis of the isocline ẏ = 0.

Lemma 47. Fix 0 < a ≤ ā0 and τ ≤ −N1(a); let Q ∈ ∂G(τ) \
{(0, 0),Bin(τ),Bout(τ)} and T < τ ; then there is μ > 0 such that φ(t;T,Q)
is in the exterior of G(τ) for any t ∈ [T − μ, T [ and it is the interior of G(τ)
for any t ∈ ]T, T + μ].
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Proof. The part of the Lemma concerning ∂G(τ)\{(0, 0),X in, out(τ),Bin, out(τ)}
immediately follows from Remark 46. So, we turn to consider φ(t;T,Xout(τ)).
By construction and using (28), we get

Hτ (Xout) = 0 ,
dHτ

dt
(φ(t;T,Xout))�t=T = 0 ,

Hτ (Xout) = H+(τ) ,
dHτ

dt
(φ(t;T,Xout))�t=T = 0 .

Now, let us set for brevity φ(t) = (x(t), y(t)) for φ(t;T,Xout). Using the fact
that ẏ(T ) < 0 = ẋ(T ), we find

ẍ(T ) = αẋ(T ) +
|y(T )|

2−p
p−1

p − 1
ẏ(T ) =

|y(T )|
2−p
p−1

p − 1
ẏ(T ) < 0.

Hence, if t1 < T < t2 and t2 − t1 is small enough, we have ẋ(t1) > 0 > ẋ(t2),
and so

φ(t1) ∈ {(x, y) | αx + y|y|
2−p
p−1 > 0},

φ(t2) ∈ {(x, y) | αx + y|y|
2−p
p−1 < 0}.

(44)

Further,

d2

dt2
Hτ (φ(t))�t=T = [K(τ) − K(T )]xq−1(T )ẍ(T ) > 0 ,

d2

dt2
Hτ (φ(t))�t=T = [K(τ) − K(T )]xq−1(T )ẍ(T ) < 0.

So, using a second order Taylor expansion, we see that Hτ (φ(t1)) > 0 and
Hτ (φ(t2)) < H+(τ) for t2 − t1 small enough. Since in a neighborhood U of
Xout(τ) the set G(τ) can be described as

G(τ) ∩ U = {(x, y) ∈ U | αx + y|y|
2−p
p−1 ≥ 0 and Hτ (x, y) ≤ 0

or αx + y|y|
2−p
p−1 ≤ 0 and Hτ (x, y) ≤ H+(τ)},

recalling (44), the claim concerning Xout(τ) follows.
The proof for X in(τ) is analogous and it is omitted. �

Now, arguing as in the proof of Lemma 38 we obtain the following.

Lemma 48. Let a ∈ ]0, ā0] and N1(a) > 0 be as in Remark 43. Then, for any
τ ≤ −N1(a) the set

W̃u(τ) := {Q | φ(t; τ,Q) ∈ G(τ) for any t ≤ τ}
is non-empty and compact, and it intersects g(τ, a).

The following proposition rephrases the content of Lemma 24 and Propo-
sition 25 for the set W̃u(τ).

Proposition 49. Let a ∈ ]0, ā0] and N1(a) > 0 be as in Remark 43. Then, for
any τ ≤ −N1(a), there is a compact connected set Ŵu(τ) ⊂ W̃u(τ) which
contains the origin and intersects g(τ, a) in a singleton, say {Qu (τ, a)}.
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For any fixed τ ≤ −N1(a), we can define the homeomorphism

dW (·, τ) : W̃u(τ) → IW (τ) ,

where IW (τ) is a suitable compact set whose positive maximum is denoted by
D̃W (τ).

Further, there is D̂W (τ) ≤ D̃W (τ) such that the restriction

dW (·, τ) : Ŵu(τ) → [0, D̂W (τ)]

is a homeomorphism.

Proof. Fix τ ≤ −N1(a). The construction of Ŵu(τ) ⊂ W̃u(τ) is obtained prof-
iting from Lemma 37, combined with Remark 46 and Lemma 47. Observe that
M̃u(τ) ⊂ W̃u(τ). Using continuous dependence on initial data and Lemma 23,
we can find T (a) ≥ 0 such that φ(τ − T (a); τ,Q) ∈ M̃u(τ − T (a)) for any
Q ∈ W̃u(τ); further, we can choose T (a) independent of Q.

Hence, we can set dW (Q, τ) := dM (φ(τ − T (a); τ,Q), τ − T (a)) so that

φ(t; dW (Q, τ)) ≡ φ(t; dM (φ(τ − T (a); τ,Q), τ − T (a))) ≡ φ(t; τ,Q)

for any t ≤ τ .
Notice that, by construction, dW (·, τ) is continuous, cf. Lemma 24. So,

as in the proof of Proposition 25, we set D̂W (τ) := min{dW (Q, τ) | Q ∈
g(τ, a) ∩ W̃u(τ)} and we redefine Ŵu(τ) := {φ(τ ; d) | d ∈ [0, D̂W (τ)]}. Once
again, the revised definition may yield a smaller set than the original one.
Define Qu (τ, a) = φ(τ ; D̂W (τ)) so that g(τ, a) ∩ W̃u(τ) = {Qu (τ, a)}. Notice
that, by construction, D̂W (τ) ≤ D̃W (τ) ≤ D̃M (τ − T (a)), so we conclude the
proof. �
Remark 50. By construction, M̂u(τ) ⊂ Ŵu(τ) ⊂ W̃u(τ) for any τ ≤ −N1(a).

Let us define
Ξ̃W (τ, a) := W̃u(τ) ∩ L(a). (45)

Observe that Qu (τ, a) = φ(τ ; D̂W (τ)) ∈ Ξ̃W (τ, a), but Ξ̃W (τ, a) might not be
a singleton.

Proposition 51. The functions D̂W (τ) and D̃W (τ) defined in Proposition 49
are both strictly decreasing and lim

τ→−∞
D̂W (τ) = +∞. Further, their respective

inverses, τ̂W (d) and τ̃W (d), satisfy

lim
d→+∞

τ̂W (d) = −∞, lim
d→+∞

τ̃W (d) = −∞ . (46)

Proof. First, observe that from Remark 50 we find

D̃W (τ) ≥ D̂W (τ) > D̂M (τ) → +∞ as τ → −∞.

Then, observe that we have a characterization analogous to (42), i.e.

D̂W (τ) = min{d > 0 | φ(τ ; d) ∈ Ξ̃W (τ)},

D̃W (τ) = max{d > 0 | φ(τ ; d) ∈ W̃u(τ)},
(47)

so we conclude the proof of this Proposition repeating the argument of the
proof of Proposition 27. �
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Lemma 52. Let a ∈ ]0, ā0], d ≥ D̃W (−N1(a)), then there is a unique τ =
τW (d) ≤ −N1(a) such that φ(τ ; d) ∈ Ξ̃W (τ, a). Further, lim

d→+∞
τW (d) = −∞.

Proof. The Lemma is proved arguing as in Lemmas 30 and 31. �
Fix a ∈ ]0, ā0], recall that Q(−∞, a) denotes the unique intersection be-

tween Γ(A0) and L(a), while ξ̂(−∞) is the unique intersection between Γ(A0)
and the half-line x = xo = Ex(0) contained in ẋ > 0.

Lemma 53. Let a ∈ ]0, ā0]. Set h = α min{1, q − 1}, then for every Q̃ ∈
Ξ̃W (τ, a)

lim
τ→−∞

sup
θ≤0

(∥
∥
∥φ

(
θ + τ ; τ, Q̃

)
− φA0

(
θ; 0,Q(−∞, a)

)∥∥
∥ e−hθ

)
= 0 . (48)

Proof. For any τ ≤ −N1(a), let us denote by Θ0(τ) < 0 the value such
that the trajectory φ(·; τ, Q̃) intersects transversely f(Θ0(τ) + τ) in a point
ξ̄(Θ0(τ) + τ) ∈ Ξ̃M (Θ0(τ) + τ) at t = Θ0(τ) + τ , and it is in F(Θ0(τ) + τ)
for any t ≤ Θ0(τ) + τ . Let Θ0(−∞) < 0 be the time at which the trajec-
tory φA0(·; 0,Q(−∞, a)) intersects transversely the line {x = xo} in ξ̂(−∞)
(independent of τ), and it is in F(Θ0(τ) + τ) for any t ≤ Θ0(−∞).

From Remark 45, we know that Q̃ → Q(−∞, a) as τ → −∞ (uniformly
for Q̃ ∈ Ξ̃W (τ, a)); then, using continuous dependence on data and parameters,
we see that Θ0(τ) → Θ0(−∞) as τ → −∞, and ξ̄(Θ0(τ) + τ) → ξ̂(−∞) as
τ → −∞. Moreover, using also the compactness of the interval [Θ0(−∞)−1, 0],
since [Θ0(τ), 0] ⊂ [Θ0(−∞) − 1, 0] as τ → −∞, we deduce that

lim
τ→−∞

sup
θ∈[Θ0(τ),0]

∥
∥
∥φ

(
θ + τ ; τ, Q̃

)
− φA0

(
θ; 0,Q(−∞, a)

)∥∥
∥ = 0 ;

then, since the interval is bounded, we get

lim
τ→−∞

sup
θ∈[Θ0(τ),0]

[∥
∥
∥φ

(
θ + τ ; τ, Q̃

)
− φA0

(
θ; 0,Q(−∞, a)

)∥∥
∥ e−hθ

]
= 0 . (49)

It remains to prove that

lim
τ→−∞

sup
θ≤0

[∥
∥
∥φ

(
θ + Θ0(τ) + τ ; τ, Q̃

) − φA 0

(
θ + Θ0(τ); 0, Q(−∞, a)

)∥∥
∥e−hθ

]
= 0 .

(50)
From Lemma 32, replacing τ with Θ0(τ) + τ in (34), we have

lim
τ→−∞ sup

θ≤0

[∥
∥
∥φ

(
θ + Θ0(τ) + τ ; Θ0(τ) + τ, ξ̄(Θ0(τ) + τ)

) − φA 0

(
θ; 0, ξ̂(−∞)

)∥∥
∥e−hθ

]
= 0 .

(51)
So, recalling that

φ
(
t; Θ0(τ) + τ, ξ̄(Θ0(τ) + τ)

)
≡ φ

(
t; τ, Q̃

)
,

φA0

(
t; 0, ξ̂(−∞)

)
≡ φA0

(
t + Θ0(−∞); 0,Q(−∞, a)

)
,

we can rephrase (51) as

lim
τ→−∞

sup
θ≤0

[∥
∥
∥φ

(
θ + Θ0(τ) + τ ; τ, Q̃

) − φA 0

(
θ + Θ0(−∞); 0, Q(−∞, a)

)∥∥
∥e−hθ

]
= 0 .

(52)
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Then, since Θ0(τ) → Θ0(−∞), we deduce, from (25),

lim
τ→−∞ sup

θ≤0

[∥
∥
∥φA 0

(
θ + Θ0(−∞); 0, Q(−∞, a)

) − φA 0

(
θ + Θ0(τ); 0, Q(−∞, a)

)∥∥
∥e−hθ

]
= 0 .

(53)
Hence, (52) and (53) give (50), concluding the proof of (48). �

5. Asymptotic estimates

In the whole Section we assume (H�), so that for any a ≤ ā0 there is N1(a)
such that we can construct Ŵu(τ) when τ ≤ −N1(a). In [12], Ŵu(τ) was
constructed through the classical integral manifold theory and a standard
transversality argument, while here we had to use an ad hoc argument. How-
ever, following the argument performed in the smooth case, see [12, Proposition
26], we obtain some estimates of the energy in Ξ̃W (τ, a).

Lemma 54. Assume (H�). Then, for any 0 < a ≤ ā0 there is c(a) > 0 such
that for any Q̃ ∈ Ξ̃W (τ, a) we get

H(Q̃; τ) = c(a) e�τ + o(e�τ ) as τ → −∞ . (54)

Proof. Let Q̃ ∈ Ξ̃W (τ, a) with τ ≤ −N1(a). From (17) and Lemmas 19 and
53, we find

H(Q̃; τ) =
∫ 0

−∞

dH
dt

(φ(θ + τ ; τ, Q̃); θ + τ) dθ

=
1
q

∫ 0

−∞
[x(θ + τ ; τ, Q̃)]qK̇(θ + τ) dθ

=
1
q

∫ 0

−∞
[xA0(θ; 0,Q(−∞, a)) + ω1(θ, τ)]qK̇(θ + τ) dθ,

where ω1(θ, τ) → 0 uniformly as τ → −∞. Then, using the first estimate in
Remark 16 and (H�), we find d(a), c(a) > 0 and negligible functions ω2, ω3

such that

H(Q̃ ; τ) =
B0�

q

∫ 0

−∞
[d(a)eαθ + ω2(θ, τ)]q(1 + ω3(θ, τ))e�(θ+τ) dθ = c(a)e�τ + o(e�τ ),

see the proof of [12, Proposition 26] for more details. �

5.1. Asymptotic behavior of R(d) for d large when � < �∗
p .

In this and in the next subsection we consider the asymptotic behavior of the
first zero R(d) of u(r; d), for d large: we just need to repeat the argument
developed in [12], which we sketch here for convenience of the reader.

Following [12, §4.1], we assume firstly (H�), (Ws) and

K̇(t) > 0 for any t ∈ R; (55)

later on we drop (55) and (Ws) and we prove Theorem A in the general case
δ > −p and p > 1 with a truncation argument.

From now on, we denote by Q̃(τ, a) a point such that Q̃(τ, a) ∈ Ξ̃W (τ, a).
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We recall that, when (H↑) holds (and a fortiori when (55) is satisfied),
all the regular solutions of (5) are crossing solutions. Let us take a > 0 such
that

0 < a ≤ a1(K) := min
{

|Ey(K)|
2

, ā0

}

, (56)

where K = supt∈R
K(t), and consider the closed region V delimited by the

isocline ẋ = 0, the line L(a), and the axis x = 0. From the choice in (56) and
by (Ws), we see that the trajectories of system (14) satisfy ẋ < 0 and ẏ > 0
there, except for the points Q belonging to the isocline where ẋ = 0, ẏ > 0,
and notably H(Q; t) ≤ HK(Q) < 0 for every t, by construction.

Let τ ≤ −N1(a), then, from (17) and (55), we deduce that the trajectory
φ(t; τ, Q̃(τ, a)) satisfies H(φ(t; τ, Q̃(τ, a)); t) > 0 for every t, so it remains
inside V in a right neighborhood of τ until it crosses the y negative semi-
axis transversely at a certain t = T (Q̃(τ, a), a) > τ in a point, say R(τ, a) =
(0, Ry(τ, a)). Moreover,

ẋ(t; τ, Q̃(τ, a)) < 0 < ẏ(t; τ, Q̃(τ, a)), for any τ < t < T (Q̃(τ, a), a). (57)

Let us now consider the trajectory φK (τ )(t; τ, Q̃(τ, a)) of the system (18)
frozen at 
 = K(τ): its graph is contained in the level set

{(x, y) | H(x, y; τ) = H(Q̃(τ, a); τ) > 0}, (58)

so it lies in the exterior of the homoclinic orbit Γ(K(τ)) defined in (21), since
H(Q̃(τ, a); τ) > 0 from Lemma 19.

Hence, there exists T 1 = T 1(Q̃(τ, a), a) > τ such that φK (τ )(·; τ, Q̃(τ, a))
lies in the 4th quadrant when t ∈ [τ, T 1[ and it crosses transversely the y
negative semi-axis at t = T 1 in a point, say

R1(τ, a) = (0, R1
y(τ, a)) = φK (τ )(T 1; τ, Q̃(τ, a)) . (59)

Then, similarly to (28), from (55), we deduce that ∂
∂tHK(τ)(

φ(t; τ, Q̃(τ, a))
)

> 0 for any τ < t < T (Q̃(τ, a), a); hence, according to (58),

HK(τ)(R(τ, a)) = HK(τ)(φ(T (τ, a)); τ, Q̃(τ, a)) >

> HK(τ)(φ(τ ; τ, Q̃(τ, a)))=HK(τ)(Q̃(τ, a))=HK(τ)(R
1(τ, a)) .

Thus, R1(τ, a) lies above R(τ, a), i.e. Ry(τ, a) < R1
y(τ, a) < 0. Notice that

both R(τ, a) and R1(τ, a) in fact depend on the choice of Q̃(τ, a) in Ξ̃W (τ, a).
Following [12, Lemma 30], we deduce that

T (Q̃(τ, a), a) < T 1(Q̃(τ, a), a) , ∀τ ≤ −N1(a) . (60)

In fact, in [12] the set Ξ̃W (τ, a) reduces to a singleton, since (14) is smooth.
However, the proofs go through also in this non-smooth setting without fur-
ther changes and the estimates are uniform for any Q̃(τ, a) ∈ Ξ̃W (τ, a), since
Ξ̃W (τ, a) is compact.

Thus, following the proof of [12, Lemma 31], we get this result.
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Lemma 55. ([12, Lemma 31]) Assume (H�), (55) and (Ws). For any ε > 0
sufficiently small, define

a = a(ε) :=
(

αqε

(1 + ε)K

) p−1
q−p

≤ a1(K) , (61)

where K = supt∈R
K(t) and a1(K) was introduced in (56). Then, there is

T (ε) := −N1(a(ε)) such that for any τ ≤ T (ε)

T (Q̃(τ, a), a) > τ +
1
α

ln
(

a

|Ry(τ, a)|

)

, (62)

T 1(Q̃(τ, a), a) < τ +
1 + ε

α
ln

(
a

|R1
y(τ, a)|

)

. (63)

The previous result can be proved using (57) and showing with a Gronwall
argument that

ae−α(t−τ) < |y(t)| < a e− α
1+ε (t−τ) , whenever τ < t < T (Q̃(τ, a), a) . (64)

Lemma 56. ([12, Lemma 33]) Assume (H�), (H↑), and (Ws). Let ε > 0 and
a = a(ε) > 0 be as in Lemma 55, then there are positive constants C = C(a, ε)
and NC = NC(a, ε) such that

T 1(Q̃(τ, a), a) < C(a, ε) + |τ |
(

�
1 + ε

α

p − 1
p

− 1
)

for any τ ≤ −NC . (65)

Proof. We sketch the proof for convenience of the reader. From Lemma 54,
taking into account (16) and (58), we find

p − 1
p

|R1
y(τ, a)|

p
p−1 = H(R1(τ, a); τ) = H(Q̃(τ, a); τ) = c(a)e�τ + o

(
e�τ

)
,

as τ → −∞. So, there is a constant c1(a) > 0, independent of τ , such that

|R1
y(τ, a)| = c1(a)e

p−1
p �τ + o

(
e

p−1
p �τ

)
, as τ → −∞. (66)

Then, from (63), we find C(a, ε) > 0 and NC = NC(a, ε) > 0 such that

T 1(Q̃(τ, a), a) < τ +
1 + ε

α
ln

(
2a

c1(a)e
p−1

p
�τ

)

= C(a, ε) + |τ |
(

�
1 + ε

α

p − 1

p
− 1

)

(67)
for any τ ≤ −NC . �

Now, when � < �∗
p = n−p

p−1 , there is a sufficiently small ε > 0 such that

� < p
(p−1)

α
(1+ε) = �∗

p

1+ε < �∗
p.

Then, recalling (60) and using a truncation argument, we get the follow-
ing.

Proposition 57. Assume (H�) with � < �∗
p, and let 0 < a ≤ a1 := a1(K(T0)),

where T0 was introduced at page 23. Then, for any M > 0 there is Ñ(a) > 0
such that T (Q̃(τ, a), a) < −M if Q̃(τ, a) ∈ Ξ̃W (τ, a) and τ < −Ñ(a), i.e.

lim
τ→−∞

T (Q̃(τ, a), a) = −∞ , uniformly for any Q̃(τ, a) ∈ Ξ̃W (τ, a) .
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Proof of Proposition 7. Let 0 < a ≤ a1; from Lemma 52 for any d ≥
D̃W (−N1(a)) there is τW (d) ≤ −N1(a) such that Q̃(d) = Q̃(τW (d), a) :=
φ(τW (d); d) ∈ Ξ̃W (τW (d), a); so d ∈ [D̂W (τW (d)), D̃W (τW (d))]. Thus, com-
bining Lemma 52 and Proposition 57, we find

lim
d→+∞

T (Q̃(d), a) = lim
τW (d)→−∞

T (Q̃(τW (d), a), a) = −∞.

Hence, lim
d→+∞

R(d) = exp[ lim
d→+∞

T (Q̃(d), a)] = 0, and the proposition is proved.

�
5.2. Asymptotic behavior of R(d) for d large when � ≥ �∗

p .

Let � ≥ �∗
p, choose ε ∈ ]0, p+δ

pα [ small enough so that

a = a(ε) :=
(

αqε

[A0 + 1](1 + ε)

) p−1
q−p

< a1 . (68)

Let Q̃ ∈ Ξ̃W (τ, a), and consider the trajectory φ(·; τ, Q̃). We denote by T (Q̃)
the time, if it exists, at which such a trajectory crosses the negative y semi-axis.
Otherwise, we set T (Q̃) = +∞.

Then, we set

T (τ, a) = min{T (Q̃) | Q̃ ∈ Ξ̃W (τ, a)}.

Proposition 58. Assume (H�), fix ε ∈ ]0, p+δ
pα [, and a = a(ε) as in (68). If

� ≥ �∗
p, we have lim infτ→−∞ T (τ, a) > −∞ .

Proof. Arguing by contradiction, assume that there is a sequence τn → −∞
and a sequence of points Q̃n ∈ Ξ̃W (τn, a) such that T (Q̃n) = T (τn, a) and
limn T (τn, a) = −∞. Following [12, Lemmas 39-40], we can provide the follow-
ing estimate of the energy at the crossing point R̃n = φ(T (Q̃n); τn, Q̃n)

H
(
R̃n;T (Q̃n)

)
≤ 2H(Q̃n; τn) .

Then, from (54) and (64), arguing as in the proof of Lemma 56 (see also [12,
proof of Proposition 41]), we see that there is a positive constant Č1(ε) such
that

T (τn, a) = T (Q̃n) ≥ Č1(ε) + τn

[

1 − 1
α

p − 1
p

�

]

≥ Č1(ε) , (69)

where the last inequality holds since we have assumed � ≥ �∗
p = n−p

p−1 = αp
p−1 .

We get a contradiction, thus concluding the proof. �
Now, we are ready to prove Propositions 8 and 9.

Proof of Proposition 8. Let us choose a > 0 as in (68). Given a sequence (dn)n

with limn dn = +∞, we can argue as in the proof of Proposition 7: from
Lemma 52 and Proposition 49 we can find Q̃(τn, a) ∈ Ξ̃W (τn, a) and (τn)n

with limn τn = −∞ such that dn = dW (Q̃(τn, a), τn) for every n large. Then,
from (12) and Proposition 58, we see that

lim inf
n→+∞

R̃(dn) = lim inf
n→+∞

eT (Q̃(τn,a)) ≥ lim inf
T →−∞

eT (T ,a) > 0,

so we conclude. �
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Proof of Proposition 9. The Proposition is proved using Proposition 49 and
Lemma 52, and following Propositions 42-43 in [12]. �

5.3. Construction of the stable set and proofs of Lemma 11 and Proposition
12.

To prove Theorem C, as in the smooth case considered in [12], we need to
construct the stable set: this will enable us to prove Lemma 11 and Proposition
12. So, in this section we use the ideas introduced in [10,15,16] to build up a
stable set M̂s(T ) analogous to the unstable set M̂u(T ) defined in Proposition
25. Then, we follow [12, §4.2.1] to prove Lemma 11.

Assume first (Ws); the construction of the stable set relies again on
a comparison between the non-autonomous system (14) and the frozen au-
tonomous systems (18) with 
 ≡ 0 and 
 ≡ 2K.

Remark 59. System (18) can be solved explicitly when 
 = 0. In particular,
the solutions φ(t) = (x(t), y(t)) of this system which converge to the origin as
t → +∞, and such that x(t) > 0 when t � 0, can be characterized as follows

(x(t), y(t)) = (x0e− α
p−1 t, y0e−αt), where y0 = −

(
αp

p − 1
x0

)p−1

for any x0 > 0. Further, the graph of all these trajectories φ(t) is given by

Ψ := {(x, y) | y = −
(

αp
p−1x

)p−1

, x > 0} .

By Es = (Ex,s, Ey,s) and Γs we respectively denote the critical point and
the graph of the homoclinic trajectory of the autonomous dynamical system
(18) where 
 ≡ 2K. The solutions of this system are denoted by φ(t) =
(x(t), y(t)).

The reader can follow the next construction by looking at Figure 6. Focus
on the semi-line x = Ex,s contained in ẋ < 0: it intersects transversely Ψ in a
point, say P s , and it intersects the path Γs in another point, say P s . Notice
that P s lies above P s .

Definition 60. We denote by ∂F↑
s the branch of Γs between the origin and P s ,

by ∂F↓
s the branch of Ψ between the origin and P s , by fs the vertical segment

between P s and P s . Then, we denote by Fs the compact set enclosed by ∂F↓
s ,

∂F↑
s and fs, see Figure 6.

Lemma 61. Assume (Ws) and fix T ∈ R. If Q ∈ [(∂F↑
s ∪ ∂F↓

s ) \ {(0, 0)}],
then there is δ = δ(Q) > 0 such that the trajectory φ(t;T,Q) �∈ Fs for any
t ∈]T, T + δ[.

Proof. Let us set

Hs
(x, y) = αxy + p−1

p |y|
p

p−1 + 2K |x|q
q ,

Hs(x, y) = αxy + p−1
p |y|

p
p−1 .
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y

x

Es

P s

P s

Γs

s

Ψ

∂F�
s

∂F�
s

M̃s(T )

Figure 6. The construction of the sets Fs and M̃s(T ). The
arrows suggest the direction of the vector fields of (14) along
the boundary of Fs

Notice that Γs and Ψ lie respectively in the 0-level set of Hs
and Hs. Further,

if φ(t) = (x(t), y(t)) is a trajectory of (14), we find the following estimates
analogous to (28)

d
dtH

s
(φ(t)) =

(
2K − K(t)

)
x(t)q−1 ẋ(t) ,

d
dtH

s(φ(t)) = −K(t)x(t)q−1 ẋ(t) ,
(70)

so the lemma follows. �

Remark 62. Fix 0 < a < as(K) := min{ā0, |Ey,s|}, then Γs ∩ L(a) �= ∅.
Further, there exists N̄1(a) > N1(a) > 0 such that Ξ̃W (τ, a) ⊂ g(τ, a) ⊂ Fs

for every τ < −N̄1(a), cf. Remark 45.

Let us define the stable set

M̃s(T ) := {Q | φ(t; T ,Q) ∈ Fs for any t ≥ T }. (71)

From an analysis of the phase portrait we get the following.

Remark 63. If Q ∈ M̃s(T ), then ẋ(t; T ,Q) < 0 < ẏ(t; T ,Q) for any t ≥ T ,
and φ(t; T ,Q) converges to the origin as t → +∞.

Now, using Lemma 61, we note that for any Q ∈ Fs \ M̃s(T ) there is
Ts(Q, T ) such that φ(t; τ,Q) ∈ Fs for any t ∈ [τ, Ts(Q, T )], and leaves Fs

crossing transversely ∂F↑
s ∪ ∂F↓

s at t = Ts(Q, T ). We first define the map:

ψs : Fs \ M̃s(T ) → ∂F↑
s ∪ ∂F↓

s , ψs(Q) = φ(Ts(Q, T ); T ,Q),

and from Lemma 61 we deduce that ψs is continuous.
Then we define ψ̃s : Fs → ∂F↑

s ∪ ∂F↓
s as

ψ̃s(Q) :=
{

ψs(Q) if Q ∈ Fs \ M̃s(T )
(0, 0) if Q ∈ M̃s(T )

,
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and, reasoning as in Lemma 35, we show that ψ̃s is continuous, too.
We can repeat the reasoning in Remark 36, Lemma 37, and Proposition

38 to deduce the following property of M̃s(T ).

Proposition 64. Assume (Ws); for any T ∈ R the set M̃s(T ) is a non-empty
compact set. Further, there is a compact connected set M̂s(T ) ⊂ M̃s(T ) which
contains the origin and intersects fs.

Since we know the exact expressions of the trajectories, cf. respectively
Remark 59 and (23) together with Remark 16, we can find c = Ex,s > 0 and
C > 0, both independent of τ , such that

c e− α
p−1 (t−τ) = x(t; τ,P s) ≤ x(t; τ,P s) ≤ C e− α

p−1 (t−τ) for any t ≥ τ . (72)

Via (72) we obtain similar estimates for the solutions of the non-autonomous
system (14).

Lemma 65. Assume (Ws). Then, there are positive constants C > c > 0 such
that for every τ ∈ R and Q̃ ∈ fs ∩ M̃s(τ) we have

c e− α
p−1 (t−τ) ≤ x(t; τ, Q̃) ≤ C e− α

p−1 (t−τ) for any t ≥ τ . (73)

Proof. We claim that

x(t; τ,P s) ≤ x(t; τ, Q̃) ≤ x(t; τ,P s) for any t ≥ τ . (74)

Then, the conclusion will follow from (72).
We just give the proof of the first inequality, the other being similar.

Observe that we have the equalities in (74) at t = τ ; let T = sup{t ≥
τ : x(t; τ,P s) ≤ x(t; τ, Q̃)}. Assume by contradiction that T ∈ R. Then,
since Q̃ ∈ M̃s(τ), by construction the trajectory remains in Fs so that
x(T ; τ,P s) = x(T ; τ, Q̃) implies ẋ(T ; τ,P s) < ẋ(T ; τ, Q̃). Hence, we have
x(t; τ,P s) < x(t; τ, Q̃) in a right neighborhood of T , leading to a contradic-
tion. �

Let 0 < a < as(K) and set

Λ(a) := {(x, y) | 0 ≤ x ≤ 1
α |y| 1

p−1 , −a ≤ y ≤ 0}
(i.e. ẋ ≤ 0 ≤ x and −a ≤ y ≤ 0).

Definition 66. Let τ ∈ R; denote by Ξ̃s
W (τ, a) = M̃s(τ)∩L(a) and by Ŵ s(τ, a)

the connected branch of M̂s(τ) joining the origin to L(a) so that Ŵ s(τ, a) ⊂
[Λ(a) ∩ M̃s(τ)].

Remark 67. Let 0 < a < as(K), τ ∈ R, and Q ∈ Ξ̃s
W (τ, a), then ẏ(t; τ,Q) > 0

for any t ≥ τ , therefore φ(t; τ,Q) ∈ Λ(a) for any t ≥ τ . Further, adapting
slightly the argument of Lemma 65, we can find C(a) > c(a) > 0 such that

c(a) e− α
p−1 (t−τ) ≤ x(t; τ,Q) ≤ C(a) e− α

p−1 (t−τ) for any t ≥ τ . (75)

Now, using (75), (17), and arguing as in the proof of Lemma 49 in [12],
we find the following.
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y
x

ẋ = 0

L(a)Q̃

Ŵ s(Te, a)

t = Te

t = T̂

Figure 7. A sketch of the arguments in the proof of Lemma
70. On the left: if T̂ = +∞, the trajectory φ(t; τ, Q̃) con-
verges to the origin as t → +∞. From (70), we have
d
dtH

s
(φ(t; τ, Q̃)) < 0 and d

dtH
s(φ(t; τ, Q̃)) > 0 in the colored

region. Since Hs
(φ(t; τ, Q̃)) < 0 in the pink region on the

right, while Hs(φ(t; τ, Q̃)) > 0 in the pink region on the left,
then the trajectory necessarily remains in the green region in
the middle which is contained in Fs, so Q̃ ∈ M̃s(τ). On the

right: if T̂ < +∞, we argue by contradiction and introduce
the set C(τ, a). In the picture, the trajectory φ(t; τ, Q̃) leaves
C(Te, a) at time Te < T̂ through Ŵ s(Te, a)

Lemma 68. Assume (H�) with � ≤ α
p−1q = n+δ

p−1 and (Ws). Then, for every
0 < a < as(K) there is N2(a) > 0 such that H(Q; τ) < 0 for any τ < −N2(a)
and Q ∈ Ξ̃s

W (τ, a).

Remark 69. Assume (H�). Then, according to Lemma 54, for every 0 < a < ā0

there exists N̂1(a) > N1(a) > 0 such that

H(Q̃; τ) > 0 for any τ < −N̂1(a) and Q̃ ∈ Ξ̃W (τ, a) . (76)

Now, we adapt the ideas of Lemma 50 in [12] to prove the following.

Lemma 70. Assume (H�) with � ≤ n+δ
p−1 and (Ws). Then, for every 0 < a <

as(K), there is N3(a) > 0 such that, for any τ < −N3(a) and Q̃ ∈ Ξ̃W (τ, a),
the trajectory φ(t; τ, Q̃) corresponds to a crossing solution, i.e. there is T =
T (τ, a) > τ such that x(t; τ, Q̃) > 0 for any t < T and it becomes null at t = T .

Further, ẋ(t; τ, Q̃) < 0 < ẏ(t; τ, Q̃) for any τ ≤ t ≤ T (τ, a).

Proof. Let 0 < a < as(K) ≤ a0, N3(a) = max{N̄1(a), N̂1(a), N2(a)} and τ <

−N3(a), where N̄1(a), N̂1(a) and N2(a) are as in Remarks 62, 69, and Lemma
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68, respectively. Let Q̃ = (Q̃x, Q̃y) ∈ Ξ̃W (τ, a), and consider the trajectory
φ(t; τ, Q̃). Observe that by construction ẋ(τ ; τ, Q̃) < 0 < ẏ(τ ; τ, Q̃) and define

T̂ := sup{T > τ | ẋ(t; τ, Q̃) < 0 < ẏ(t; τ, Q̃) , and x(t; τ, Q̃) > 0 for every t ∈ [τ, T ] }.

If T̂ = +∞, then φ(t; τ, Q̃) converges to the origin as t → +∞, so
limt→+∞ Hs

(φ(t; τ, Q̃)) = limt→+∞ Hs(φ(t; τ, Q̃)) = 0. Hence, from (70) we
get φ(t; τ, Q̃) ∈ Fs for any t ≥ τ (see Figure 7 on the left), i.e., Q̃ ∈ M̃s(τ).
However, from Lemma 68 it follows that H(Q̃; τ) < 0, which contradicts (76),
so T̂ < +∞.

Notice that ẏ(t) > 0 along L(a) for any t ∈ R, since a < as(K) ≤ |Ey,s|.
Further, Q̃ ∈ L(a), so, from an analysis of the phase portrait, we see that
either x(T̂ ; τ, Q̃) = 0 or ẋ(T̂ ; τ, Q̃) = 0. If we assume the former, we are done:
the trajectory φ(t; τ, Q̃) corresponds to a crossing solution u(r; d) of (5). So,
assume the latter by contradiction.

Let us set Q4 := {(x, y) | y < 0 < x}. We introduce an auxiliary system
which is C1 in Q4, coincides with the original one in Λ(a), and is negatively
invariant in Q4 \ Λ(a). We denote by φm(t; τ,Q) the trajectories of such a
system.

Consider the compact connected set Ŵ s(T̂ , a), and define its evolution
via the modified system at t ≤ T̂ , by setting

W s
m(t, T̂ ; a) := {φm(t; T̂ ,Q) | Q ∈ Ŵ s(T̂ , a)}.

Clearly, if Q ∈ Ŵ s(T̂ , a), then there is To ≤ T̂ such that φm(t; T̂ ,Q) ∈ Λ(a)
for any t ≥ To, so that

φm(t; T̂ ,Q) ≡ φ(t; T̂ ,Q) for any t ≥ To.

Further, we can assume without loss of generality that φm(t; T̂ ,Q) ∈ Q4\Λ(a)
for any t < To. Then, it is easy to check that

Ŵ s(t, a) = W s
m(t, T̂ ; a) ∩ Λ(a) for any t ≤ T̂ . (77)

Let us consider the compact set C = C(τ, a) delimited by Ŵ s(τ, a), the y
negative semi-axis and the line L(a) for any τ ∈ R. We see that C(t, a) ⊂ Λ(a)
for any t ∈ [τ, T̂ ]. From (76) and Lemma 68, we get Q̃ ∈ C(τ, a).

So, there is Te = Te(τ, a) ∈ ]τ, T̂ ] such that φ(t; τ, Q̃) ∈ C(t, a) for any
τ ≤ t ≤ Te and it leaves C(t, a) when t > Te. Thus, either φ(t; τ, Q̃) crosses
the y negative semi-axis at t = Te, and the lemma is proved, or it crosses
Ŵ s(Te, a) ⊂ M̃s(Te) at t = Te in R(Te). Then, it follows that φ(t; τ, Q̃) ≡
φ(t;Te,R(Te)) ∈ Fs for any t ≥ Te and it converges to the origin as t → +∞,
which contradicts T̂ < +∞, so the lemma is proved. �

Now assume (Bl), i.e. there is ρ1 > 0 such that K(r) ≥ K(ρ1) when
r ≥ ρ1, and define τ1 := ln(ρ1). Then, setting

Km(t) :=

{
K(t) if t ≤ τ1 ,

K(τ1) if t ≥ τ1 ,
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we get K(t) ≥ Km(t) for any t ∈ R. Set Km := sup{Km(t) | t ∈ R}, repeating
the truncation argument in [12, Lemma 51], we find the following.

Lemma 71. Assume (H�) with � ≤ n+δ
p−1 and (Bl). Then, for every 0 < a <

as(Km) the same conclusion as in Lemma 70 holds.

Proof of Lemma 11. We fix a ∈ ]0, as(K)[ if (Ws) holds, and a ∈ ]0, as(Km)[
if (Bl) holds; consider the segment L(a) defined as in (43). From Lemma 48,
there is N1(a) > 0 such that, for every τ < −N1(a), W̃u(τ) intersects L(a) in
the compact non-empty set Ξ̃W (τ, a). Now, from Lemmas 70 and 71, we see
that there is N3(a) > N1(a) such that the trajectory φ(t; τ,Q) is a crossing
trajectory for any Q ∈ Ξ̃W (τ, a) when τ < −N3(a), i.e. it crosses the y negative
semi-axis.

Further, according to Lemma 52, for any d ≥ D̂W (−N3(a)) there is
Q̃(d) = φ(τW (d); d) ∈ Ξ̃W (τW (d), a) and τW (d) ≤ −N3(a), so the trajec-
tory φ(t; τW (d), Q̃(d)) of (14) corresponds to the regular solution u(r; d) of
(5). Hence, u(r; d) is a crossing solution for any d ≥ D̂W (−N3(a)), and the
lemma is proved. �

Proof of Proposition 12. Fix a ∈ ]0, as(K)[ if (Ws) holds and a ∈ ]0, as(Km)[
if (Bl) holds. From the proof of Lemma 11, we see that [D̂W (−N3(a)),+∞[ ⊂
J . Then, the case � = �∗

p follows from Proposition 8. The case � > �∗
p is proved

using Proposition 51, and following Propositions 42, 46 in [12]. �
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within the CRUI-CARE Agreement. Francesca Dalbono was partially sup-
ported by FFR 2024-2026 from the University of Palermo. All the authors are
members of INdAM-GNAMPA.

Data Availability No datasets were generated or analysed during the current
study.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s



  127 Page 38 of 40 F. Dalbono, M. Franca and A. Sfecci NoDEA

Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Atkinson, F.V., Peletier, L.A.: Emden-Fowler equations involving critical expo-
nents. Nonlinear Anal. 10, 755–776 (1986)

[2] Bamón, R., Flores, I., del Pino, M.: Ground states of semilinear elliptic equa-
tions: a geometric approach. Ann. Inst. H. Poincaré Anal. Non Linéaire 17,
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