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Abstract. In this paper we continue the discussion started in [12] con-
cerning a bifurcation phenomenon for radial solutions of the following
nonlinear eigenvalue problem:

Apu(z) + AC(Jz]) u(z) Ju(x)|72 =0,

u(z) >0, lz] <1,
u(z) =0, lz[ =1,
where ¢ = % is the critical exponent and x € R™. Our main purpose

is to remove the restriction in the range of parameters, i.e. f—fQ <p<L2
and to consider the whole range p > 1. The proofs rely on a dynamical
systems approach and the main technical contribution is the construction
of an unstable manifold in a non-smooth context.
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1. Introduction

In this paper we continue the discussion started in [12] concerning positive
radial solutions for the following problem

Apu(a) + K(|z])|z[u(z)1~" =0,
u(z) >0, lz] < R, (1)
ulw) =0, o = R,
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where Apu = div(Vu|Vul[P~2) denotes the p-Laplace operator, z € R™, 1 <
p <mn,d>—pand ¢ is the Hardy-Sobolev critical exponent

n+6
=p*() = . 2
q=p"(9) P, (2)
Further, K : [0, +00[—]0, 400 is C! in ]0,+oo[, and satisfies the following
assumption that will play a key role in our analysis:

(Hg) there are some constants Ag, By, ¢ > 0 such that

h n
K(r) = Ao + Bor* + h(r) and lir% [h(r)] + |k (r)] t[l (r)] =0.
In some of the main results we assume one of the following additional hypothe-

sSes:

(H4) the function K is increasing for any r > 0, strictly in some interval;
(W,) K = sup{K(r) | r > 0} < oo;
(By) there is p; > 0 such that IC(r) > K(p;1) for any r > p;.

In [12] the authors showed how the existence and the multiplicity of
radial solutions of (1) vary with the length of the radius R, and depicted some
bifurcation diagrams depending on the flatness order ¢ in (Hy).

In fact, with a standard rescaling argument, the results concerning prob-
lem (1) can be restated to address the following equivalent nonlinear eigenvalue
problem

Apu(@) + M(|z])]2| u(@)?! =0,
u(z) >0, x| < 1, (3)
u(z) =0, lz| =1.

Consequently, the existence and the multiplicity of radial solutions of (3) vary
with A > 0, and undergo a bifurcation scenario depending on /.

We emphasize that, due to technical reasons, in [12] condition (W) was
strengthened into the following stronger condition:

(W’) The function K(e') is uniformly continuous in [0, +co[ and there are
K > K > 0 such that K < K(e') < K for any t € R.

In [12] we restricted to the motivating case § = 0, so that ¢ = p* is
the Sobolev critical exponent; further we also required the simplifying but
technical assumption % < p < 2. The purpose of this paper is to extend the
results of [12] to the case § > —p and, mainly, to remove the restriction on p,
so that p > 1 is allowed.

Similar non-linear eigenvalue problems are nowadays a classical topic, see
e.g. the papers [1,5,22], involving critical Sobolev exponents, and [6,13,14,23,
29], where the reaction term K(r)u?~! is replaced by a sum of a linear term,
and a term supercritical with respect to the Sobolev exponent. We address
the interested reader to the introduction of [13,14] for a discussion of several
possible diagrams, appearing as different reaction terms are considered.

The critical problem (1) subject to condition (Hg) has been already in-
vestigated in the early 1990s by Bianchi and Egnell in [4], and Lin and Lin in
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[28], who determined the existence of the flatness order’s threshold £5 = n — 2
in the Laplacian setting p = 2, when § = 0.

In fact, Bianchi and Egnell, and Lin and Lin have been able to prove
that, when ¢ < n — 2, problem (1) admits a radial solution for every R > 0,
but, when ¢ > n — 2, there exists a sufficiently small constant ro > 0 such
that problem (1) does not admit any radial solution for R < rg. Further, if
n —2 < ¢ < n, there is at least one solution of (1) provided that R > 0 is
sufficiently large.

Recently, in [12], we have completed their study in the following direc-
tions Firstly, we generalized their results to the p-Laplace setting, assuming

= +2 < p < 2: in this case the critical flatness order becomes

* n—p
l, = o1 (4)
Secondly, we observed the presence of a second solution in the supercritical
case for R large. Finally, we have shown that the restriction ¢ < n can be
weakened in £ < p—fl, and might be neglected if K is monotonically increasing
for any r > 0.
We now recall the main results found in [12].

Theorem A. ([12]) Assume that K satisfies (Hg), § =0, and 2” <p<2.

If ¢ < £, then problem (1) admits a radial solution for every R > 0.
If £ > 03, then there exists Ro > 0 such that problem (1) does not admit
any radial solution when R < Ry.

Theorem B. ([ 2]) Assume that K satisfies (H,) and (Hy). Further, assume
0=0,and ;75 <p <2
Ift=1¢;, then there exists Ro > 0 such that problem (1)

e does not admit any radial solution when R < Ry;
e admits at least a radial solution when R > Ryg.

If £ > €5, then there exists Ro > 0 such that problem (1)

e does not admit any radial solution when R < Ry;
e admits at least a radial solution when R = Ry;
e admits at least 2 radial solutions when R > Ry.

If the global condition (Hy) is dropped, the result of Theorem B holds
true by restricting the interval in which ¢ varies, and by imposing some further
weak asymptotic conditions on IC(r) for r large.

Theorem C. ([12]) Assume that K satisfies (Hg) with E* < E < "—M, and that

either (W?) or (By) holds. Further, suppose 0 =0 and =25 < p < 2, then we
get the same conclusion as in Theorem B.

Since we just consider radial solutions, we can rewrite the differential
equation in (1) as a singular ordinary differential equation of the form

(r =Y () | (1) [P72) () ful 12 = 0, (5)
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where “’” denotes the differentiation with respect to r = |z|, and, with a
slight abuse of notation, u(r) = u(z).
According to [12], we adopt the standard change of variables
r
U)(S) = ’U,(T’), § = FER) (6)

A3+p

and . (s) = K(s )\ﬁ), to convert (5) to the eigenvalue equation
(" ! (s)[w' (5)|P2 ) + As™ 1 A () 8° w]w|972 = 0. (7)

Note that u solves equation (5) if and only if w solves (7), and w(1) = 0 if and

only if u(R) = 0, where R := AF5. In particular, Theorems A, B, and C can
be rewritten as follows.

Corollary D. ([12]) Assume that KC satisfies (He), § =0 and ;=% < p < 2.

If ¢ < €3, then problem (3) admits a radial solution for every A > 0.
If £ > €3, then there exists \g > 0 such that problem (3) does not admit
any radial solution when A < Ag.

Corollary E ([ 2]) Assume that K satisfies (Hy) and (Hy). Further, assume
d=0and ;75 <p<2.
Ift=1¢; then there exists Ao > 0 such that problem (3)

° does not admit any radial solution when A < Ag;
e admits at least a radial solution when X\ > Ag.

If € > €7, then there exists Ao > 0 such that problem (3)

e does not admit any radial solution when \ < Ag;
e admits at least a radial solution when X\ = \y;
e admits at least two radial solutions when X\ > Ag.

Corollary F. ([12]) Assume that K satisfies (Hg) with K* < E < ”—"“5, and that

either (W) or (By) holds. Further, suppose 0 =0 and =5 < p < 2, then we
get the same conclusions as in Corollary E.

The main result of the present paper is the following.

Theorem 1. Theorems A, B, C, and Corollaries D, E, F hold in the general
case 6 > —p and p > 1. Further, assumption (W') can be replaced by (W)
in Theorem C and in Corollary F.

Notice that the value £ in (4) does not depend on the choice of ¢.

Existence results, under the flatness condition (Hg) in absence of upper-
bounds on ¢ for a scalar curvature problem (with p = 2) on four dimensional
manifolds, can be found in [8]. We address the reader to [12] for a more detailed
discussion of the literature on the topic, and the applications of the results.

For a comparison with [12], we refer to the end of this section, where we
highlight the main differences with our previous paper.

A solution u(r) of (5) is called regularif lim, o u(r) = d > 0 for a suitable
d > 0: in this case it will be denoted by u(r; d).
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ot
Remark 2. If u(r) is regular, then u/(r)r P—1 converges to a negative constant
as 7 — 0. In particular, u(r) is decreasing for r small, and u'(r)r® — 0 as
r — 0.

Let us now recall that local existence and uniqueness of regular solutions
u(r; d), and their continuous dependence on d are ensured for any p > 1 (see
also [20, Proposition A4]), while the smoothness follows from the proof of
Theorem 1.3 in [27].

Lemma 3. ([21, Proposition A.2], [27, Section 5]) For any d > 0 there exists a
unique regular solution u(r;d) of (5). Further, u(r;d) and u/(r;d) are Ct in
r and d as long as u(r;d) is positive.

Again, from [21, Section 2], we also find the following standard fact.
Remark 4. Any regular solution u(r;d) is decreasing as long as it is positive.

We call crossing solution a regular solution of (5) which has a positive
zero. We set
J={d>0]u(r;d) is a crossing solution}, (8)
and denote by R(d) the first zero of u(r; d). The proofs of our results rely on a
study of the properties of the function R : J —]0,4o00[, and, in particular, on
the asymptotic estimates of R(d) for d large. In fact, under suitable assump-
tions, e.g. (Hy), we are able to show the following bifurcation phenomenon:

lim R(d) = ifo<e<ity,
d—+o00
hgligof R(d) > ite=1,, (9)
dEmoo R(d) = 400, ifl>£;.

See §2 for an overview of the properties of the function R.

Remark 5. When ¢ = /7 the information available on (9) is less sharp, conse-
quently in Theorem B we are not able to say if there is a solution for R = Ry.

Main techniques and differences with [12]. To obtain the estimates on R(d)
we follow the way paved by [25] and developed later by [2,3,18]: we rely on a
change of variables, known as Fowler transformation, which allows us to pass
from the singular differential equation (5) to a planar Hamiltonian system
from which the singularity is removed, see (14) below. In this way the term 79
disappears, so that our results are immediately extended to the case where
o> —p.

We see that regular solutions u(r; d) of (5) correspond to trajectories ¢(t)
converging to the origin as ¢ — —oo: the asymptotic estimates (9) are then
proved through phase plane analysis and dynamical system techniques.

Since the nonlinearity in (14) below is given by the couple

(y|y|i%7—lC(et)x|x|q_2), the main technical issue we face in this paper is
2

that, when p > 2, the term y|y|ﬁ is not locally Lipschitz and the same hap-

pens to z|z[97% when 1 < p < : hence, local uniqueness of the solutions

n+2+5
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leaving from the coordinate axes is not ensured. In particular, we cannot rely
anymore on the results of invariant manifolds theory and integral manifolds,
available from the classical theory of non-autonomous dynamical systems, see
[9], which have been crucial in [12].

Therefore, we need to borrow some ideas from [15,16], and [10]: we fix
7 < 0 and we construct via Wazewski principle the compact and connected
set W“(T), then we show a bijective correspondence between the points Q €
W(r) and the values u(e”;d) of the regular solutions, thus leading us to
parametrize W“(T) by d > 0. Then, we need to prove a sort of continuous
dependence of W*(7) on 7 using some box arguments, while in [12] it was
guaranteed by classical tools of invariant manifold theory.

We wish to mention that an alternative approach to overcome regularity

issues for radial solutions ruled by p-Laplace equations was developed in a
different context by Itakura et al. in [24].
Plan of the paper. The paper is divided as follows; in §2 we enumerate the
properties of R(d) used to draw Figures 1,2, and we prove Theorem 1; however
the proofs concerning R(d) are postponed to §5. In §3 we introduce the Fowler
transformation, whereby we turn to consider a dynamical system, and the
Hamiltonian H, which is the dynamical transposition of the Pohozaev function.
In §4 we face the main technical issues: we first construct the unstable sets
M*(r) and W*(r) in a non-smooth context using some adaptation of the
Wazewski’s principle, then we show that they correspond to regular solutions
u(r;d) of (5) and that they can be parametrized by d. More precisely, in §4.1
we construct a small branch, i.e. M“(T), for any 7 < 0, then in §4.2 we build a
larger one, W*(7), for 7 < 0. Finally, in §5 we adapt the argument of [12] to
prove the asymptotic properties of R(d): in §5.1 we consider the case ¢ < (3,
in §5.2 the simpler case where ¢ > £y and (Hy) holds, in §5.3 the case where
¢ > {3 and either (W) or (B;) holds, which involves the construction of the
stable set M*(7). At the beginning of §2 the reader can find a table (Table 1)
where the most used notation concerning the construction of the unstable and
stable sets is collected.

2. Proof of the main results

In this section, following the scheme introduced in [12], we first illustrate the
main properties of the function R(d), with a special focus on the relative as-
ymptotic estimates, and, finally, we show that our main result follows straight-
forwardly from them. We postpone all the proofs concerning the behaviour of
R(d) to §5, since they involve the use of the Fowler transformation, and the
dynamical system techniques introduced and developed in the next two sec-
tions.
From a standard transversality argument, we easily get the following.

Lemma 6. The set J is open and R : J — [0,+00[ is continuous.
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TABLE 1. Most frequently used notations in the paper. The
Section column indicates where each item is defined; in the
Figure column, we refer to the figure that illustrates it

Set Description Section Figure
F(r) Compact set used to construct §4, Def. 21 3
NI(T), defined for 7 <0
f(7) F(r)yn{z =E.(0)} §4, Def. 21 3
M¥(T) Unstable set contained in F(7) §4, (31) 3
M¥(T) Connected component of M¥(r) §4, Prop. 25 3
En (1) M(r) N f(r) §4, (33) 3
&(r) M(1) N §(7) §4, Prop. 25 3
G(7) Compact set used to construct §4.2, Def. 44 5
W(r), defined for 7 < 0
L(a), Segment of y = —a between z = 0 §4.2, (43) 5
a>0 and the isocline & = 0
g(r,a) L(a) NG(T) §4.2, Def. 44 5
We(r) Unstable set contained in G(7) §4.2, Lemma 48
W (r) Connected component of W*(r) §4.2, Prop. 49
Sy (1, a) W (r) N g(r,a) §4.2, (45)
Fis Compact set used to construct M*(r) §5.3, Def. 60
fs Fon{z=F,} §5.3, Def.60
M*(T) Stable set contained in Fj §5.3, (71)

The framework is clearer when (Hy) holds: in this case it is well known
that J =10, +oo[, cf. [21] and [12, Proposition 43]. Then, it is not difficult to
show that

lim R(d) = +o0, (10)

see, e.g., [26, Proposition 2.4]. In absence of condition (Hy), it is still possible
to deduce that, cf. [12, Proposition 24|, for every accumulation point D* for J
with D* ¢ J, then

lim R(d) = +oc. (11)

The bifurcation phenomena depend on the asymptotic behavior of R(d)
for d large, which, in turn, depends crucially on the parameter ¢, see e.g. (9):
these relations are our main contribution and the core of the paper.

More precisely, in the ¢-subcritical case we generalize [12, Proposition 37]
and [7, Remark 4.1], showing that R(d) is infinitesimal for large d.

Proposition 7. Assume (Hg) and ¢ < £y, then there exists D* > 0 such that
|D*, +oo[C J and limg— 400 R(d) = 0.

We stress that in Proposition 7, whose proof is postponed to §5.1, hy-
pothesis (Hy) is dropped through a truncation argument.
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R(d) R(d)

R(d)
< (=

0> 0

RO .;_'._....,_,:” __ —-— RO

| d | d | d

FIGURE 1. A sketch of the graph of the function R(d), when
(H4) and (Hy) are assumed

Actually, assumption (Hp) is needed just to ensure that J =10, 4+oc0[. In
absence of condition (Hy), we can define

- [R@ itdeJ,
Rw)_{+u> ifd¢.J (12)

to obtain the following ¢-critical and supercritical result, proved in §5.2, ex-
tending [12, Proposition 44] to the non-smooth case.

Proposition 8. Assume (Hg) with £ > £, then there is Ro > 0 such that

R(d) > R > 0 for any d > 0.

Further, if £ > £}, we get a more precise estimate by imposing an extra

assumption, as, e.g., (Hy).

Proposition 9. Assume (Hy) and (Hg) with £ > (5. Then, J =]0,+oc0[ and
dlirf R(d) = 400.

— 400

The proof is postponed to §5.2 and contributes to extend [12, Proposition
43] to the non-smooth case.

Summing up, when (Hjy) holds, we are able to prove the asymptotic
estimate (9). So, we can draw the graph of R(d), see Figure 1, and prove
Theorems A and B when § > —p and p > 1.

Remark 10. The interested reader may get some information on the || - ||
norm of the solutions of (1) and (3), since according to Remark 4 one has
d = [[u(r;d)||- In particular, in the supercritical case £ > £, when A is large
enough we have two solutions of (3), one whose L* norm is going to zero and
the other whose L°° norm is going to infinity as A — +oo.

Proof of Theorem A in the general setting of Theorem 1. If £ < (£}, Proposi-
tion 7, (10)-(11) lead to limg_, p~ R(d) = 4o00. From the continuity of R(d),
we conclude that R(J) =]0,+oo[. Thus, for every R > 0 there is d € J such
that R(d) = R, i.e. u(+;d) solves problem (1).

On the other hand, if £ > £}, the second assertion follows immediately
from Proposition 8. O

Proof of Theorem B in the general setting of Theorem 1. The proof takes ad-
vantage of (10) combined with Propositions 8 and 9.
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R(d R(d R(d
@ t<e @ (=0 @ >0

D* d | D* d | D* d

FIGURE 2. A sketch of the graph of the function R(d), in the
setting of Theorem C

If £ = £, we distinguish two alternatives: either R(]0,+oc[) = [Ro, +oo|
where Ry is an internal minimum of R, or R(]0, +oo[) =Ry, +00[ since Ry =
liminf,_ o R(d) > 0: the theorem is proved in both the cases.

On the other hand, if £ > £, from limg ¢ R(d) = limg—. 4 o R(d) = +00,
we deduce that the function R has an internal minimum Ry, and the pre-
image R™!(R) has at least two elements for every R > Ry, thus giving the
multiplicity result. O

Following [12], we are able to drop the global assumption (Hy) by restrict-
ing the range of 7, i.e. strengthening the local assumption. More precisely, we
find the following two results, which generalize [12, Lemma 45 and Proposi-
tion 46], whose proofs rely again on dynamical systems tools adapted for a
non-smooth context.

Lemma 11. Assume that K satisfies (Hg) with £ < Zfﬂ;, and that either (W)

or (By) holds. Then, there is D* > 0 such that |D*, +oo[C J.

Proposition 12. Assume that K satisfies (Hy), and that either (W) or (Bp)
holds.

o If £=1, then gmlnfR(d) > 0.

.y£;<eg%§,mm%£Twa):+m.

For the proofs of Lemma 11 and Proposition 12 we refer to §5.3.
Now, we are ready to draw Figure 2 and prove Theorem C.

Proof of Theorem C'in the general setting of Theorem 1. Lemma 11, together
with (10)-(11), leads to limg—. p« R(d) = +00. Then, we use Proposition 12 to
complete the proof. O

Remark 13. We think it is worthwhile to emphasize that in the setting of
Theorem C we may have D* > 0 such that |D*,4o00[C J and D* & J: it is
easy to show that in this case u(r; D*) is a ground state, i.e. u(r; D*) > 0 for
any r > 0 and lim, o u(r; D*) = 0.

Corollaries D, E, F in the general setting of Theorem 1 follow from The-
orems A, B, C proved in the general context p > 1, § > —p, combined with
the change of variable (6). The proof of Theorem 1 is so completed.
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3. Fowler transformation

In this section, we repeat some constructions borrowed from [12], for conve-
nience of the reader. Firstly, we introduce the change of variables known as
Fowler transformation:

o=0"2 g_ne=l)
p p

x = u(r)r®, y = (r)u (r) P28, r=el. (13)

According to (13), we can rewrite (5) as the following dynamical system:

B0 L)
y) \o-a)\y) \ K@)l

where K(t) = K(e!), ¢ = p*(§) =p Z—Jjg as in (2), and “-” denotes the differ-

entiation with respect to t.

Remark 14. Note that system (14) is C* if and only if 2+2;”+5 <p<2 e if
pP<2=<gq.

Following [12], for any 7 € R and any Q € R? we denote by

o(t;7.Q) = (x(t; 7, Q) y(t; 7, Q)) (15)
the trajectory of (14) such that ¢(7; 7, Q) = @, when it is uniquely defined. We
focus our attention on the dynamics in the set {z > 0,y < 0}, so the notation
will be consistent as long as the trajectory remains in this set. Similarly, also
continuous dependence on initial data is implicitly guaranteed there.

Let ¢(t;d) denote the trajectory of (14) corresponding to the regular
solution u(r;d) of (5). Notice that lim, o u(r) = d and lim, (v (r))P~ 18 =
0, see Remark 2, so lim;_,_ o, ¢(t;d) = (0,0).

The Hamiltonian function

H(z,y;t) = azy + Bf;4l|y|;gi + }((t)'f;q 16)
satisfies ] N
%H(.T(t),y(t);t) = K(t) x(q)| (17)

along the solutions (x(t),y(t)) of (14).

We also need to consider the autonomous system obtained by freezing
the t-dependence of K(-). In particular, fixed w > 0, we consider the frozen
autonomous system:

(0)-G)0)- ()

Let us fix @ > 0 in (18), let 7 € R, and Q € R?; we denote by

O (t;7,Q) = (mw(t;T,Q),yw(t;ﬂ Q)) (19)
the trajectory of (18) such that ¢ (757, Q) = Q.
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System (18) exhibits an equilibrium point in {x > 0,y < 0} of coordinates

1 p—1

E(w) = (E.(@), E,()) = ((z.f) " (a) ) | (20)

When 24371# < p < 2, the origin is a saddle. We will see that we have a
geometrically similar situation in the general case p > 1. Notice that, for any
w > 0, E(w) is a centre and it lies in the interior of an homoclinic orbit lying

in the fourth quadrant
T'(w) ={(z,y) | Hw(z,y) = 0,2 > 0}, where (21)

Mo (2,y) = azy + EL |y|77 + = 2L (22)

From a direct computation, we get the following useful scaling result.

Remark 15. For every trajectory ¢1(t) = (x1(t),y1(t)) of (18) with @ = 1,
the function . .
e(t) = (777 a1 (1), c7=a yi (1))

is a trajectory of (18) with w = ¢ > 0.

Further, restricting ¢1 and ¢, to the half-plane {z > 0}, both the points
¢1(to) and . (t) lie in the same parabola y = —m(tg)zP~1, where m(tg) =

¢
ertuT

It is also well known (see, among others, [17]), that all the regular so-
lutions ug(r;d) of (5) with K(r) = w correspond to trajectories ¢ (t;d) =
(v (t;d), yw (t;d)) of (18) which are homoclinic to the origin. In fact (see,
among others, [31, §1], [16, Eq. (2.3)]) we also know their exact expression, in
particular

T (t;d) = d{[e_tppj + Cep(ﬁﬁl)t} }_W , (23)
where
p(p+6)
C = C(@,d) = cor 1 dTHe D with ¢ = 2=L(n 4 6) 751 .

Notice that ¢ (t; d) has always the same image for any d > 0, indeed we find
[(w) ={¢5(t;d) [t € R}.
Remark 16. The following estimates hold:

T (t;d) = de™ + o(e™),

Yoo (t;d) = —C1(w, d) eVt 4 p(ea=Dty

as t — —oo,

T(t;d) = G(w,d) e 71" +o(e 7 1),
Yo (t;d) = —(3(w,d) e + o(e™ ),

where we have introduced the constants (which, however, are not our primary
focus here)

as t — +o0,

Ci(w,d) = (n+6) twdi™t,

CQ(w7 d) = C_% w (P+;’)_(1177*1) d_ﬁ ,
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n+4é
- 5 (p—1) n—p
) a w vt dt.

= s (2=l

Galemd) = (n+8) 57 (2L

Let © C]0,4+00[ be a compact interval, and denote with T't(cw) the subset of
I'(w) lying in & > 0. Then, there exists a constant ¢t = ¢ () > 0 such that,

for h = amin{l,q — 1},
sup{[|pw (0;0,Q)|le™™ |weQ, <0, Qe TT(w)} <ct,  (24)
sup{[|= (00, Q)™ | w €2, 0 <0, QeT (@)} <t (25)
The results can be easily deduced from the explicit formula (23) and from (18).

In particular, rephrasing Lemma 2.9 in [10], we obtain the following re-
mark.

Remark 17. The set I'(w) can be parametrized by d > 0. Namely, let
Q(d;w) := ¢ (0;d), then the function Q(+;w) : [0, +00) — T'(w) is bijective
and C!, providing a smooth parametrization of I'(z). Indeed, Q(0; ) = (0, 0),
and Q(d;w) enters & > 0 as d increases, then it rotates clockwise around the
critical point E(w) and converges back to the origin as d — +oc.

We note that from [10] we just find the continuity in d, while the smooth-
ness is ensured by Lemma 3, which relies on [27].
Let us now list some immediate consequences of assumption (Hy).

Remark 18. Assume (Hjp). Then, the homoclinic orbit I'(K(72)) belongs to
the region enclosed by T'(K (7)), whenever 75 > 7y.

Lemma 19. Assume (Hq) and K(r) > K(0) for every r > 0. If u(r;d) is a
regular solution, then the corresponding trajectory ¢(-;d) = (z(-;d),y(-;d)) of
system (14) satisfies \ lim H(¢p(t;d);t) =0, and

H(p(t;d);t) >0 for every t <T(d),
where T(d) := sup{r € R : z(t;d) > 0,Vt < 7} is the first zero of z(-;d).
Moreover,
Hi (@t d)) = H(@(t;d);7) = H(p(t;d);t) >0 for every t < min{7,T(d)},
where the equality occurs only when K(t) = K (1) holds.

Lemma 20. Assume (Hp) and K(r) > K(0) for every r > 0. Then, the tra-
jectory ¢(t;d) of system (14) lies in the exterior of the region enclosed by
L'(K (7)) for every t < min{r,T(d)}.

4. Construction of the unstable set

In the whole section we assume the existence of the limit lim,_,_ ., K(7) =
Ay > 0, which is satisfied if (Hg) holds. We fix an arbitrary continuous in-
creasing function o : R —]0, 1 | satisfying lim7 .o 0(7) = 0. Fix 7 € R and
set

(T)i=(1 - o(T)) inf{K (1) | t < T},

(1+o(T))sup{K () |t <T}; (26)

S
I
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hence K(7) < K(t) < K(T) for any t < 7 and
lim K(7)= lim K(7)= lim K(7)= Ag.

Our construction of the unstable set is based on a comparison between
the non-autonomous system (14), and the frozen autonomous systems (18)
with @ = K(7T) and @w = K (7). Hence, in this section, we underline all the
sets and quantities of (18) with @ = K(7), and we overline all the sets and
quantities of (18) with @ = K(7), bracketing the time dependence 7. E.g.,
we denote by E(7) and E(T) the critical points of (18) where w = K(7) and
w = K(T), respectively.

By definition, K(-) is decreasing and K (-) is increasing, and, from Re-
mark 18, the homoclinic orbit T'(72) belongs to the region enclosed by T'(77),
whenever 7, > 7;. Moreover, T'(7) belongs to the region enclosed by I'(7) for
every T € R.

Set z, = E,(0), fix 7 < 0, and focus on the half-line = x,, contained in
# > 0, see Figure 3. The half-line intersects transversely the path T'(7) in a
point, say P(7), and then the path I'(7) in another point, say P(7). Notice
that P(7) lies above P (7).

Definition 21. We denote by dF*(T) the branch of T'(7) between the origin
and P(T), by OF'(T) the branch of I'(T) between the origin and P(7), by
§(7) the vertical segment between P(7) and P(7). Then, we denote by F(7)
the compact set enclosed by OF'(7T), 0F'(T) and by (T), see Figure 3.

Let us now set

||

q )

Hr(e.y) = azy + 252yl + K(T)

q

|
q

Hy(w,y) = azy + L2 y|7 T + K(T)

We emphasize that if ¢(t) = (x(t),y(t)) is a trajectory of (14), we find

LH(¢(t) = (K(T) — K(t)) |=(t)|* % z(t) 2(t), o
AH L (p(t) = (K(T) — K (1)) [a(t)|T2 a(t) @(t).

So, we easily get the following.

Lemma 22. Fiz T <0.IfQ € [(0F (T)UdFH(T))\{(0,0)}] and T < T, then
there is p > 0 such that the trajectory ¢(t; T, Q) & F(T) for anyt €T —u,T|.
Moreover, the flow on (1) is transversal and it aims towards the exterior of

F(1).

Proof. By construction, if P is in the interior of F(7), then Hy(P) > 0 >
Hy(P); further ©(t; T, Q) > 0 as long as ¢(t; T, Q) is in F(7)\{(0,0)}. Hence,
the lemma easily follows from (28) and an analysis of the phase portrait, cf.
Figure 3. O
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FIGURE 3. The construction of the sets M*(7T) C F(T). The
arrows suggest the direction of the vector fields of the dynam-
ical system (14) along the boundary of F(7). We can draw
M*(T) and its connected component M*(7T)

Lemma 23. Fiz T <0. Let ¢(t; T, Q) be such that lim;—, . ¢(t;7,Q) = (0,0)
and z(t;7,Q) > 0 fort < 0, then there is So = So(7,Q), So < 7T such that
o(t;T,Q) € F(So) CF(T) for any t < Sy. Further we can choose Sy as

So :=max{s €] —00,T]: 0<z(t;7,Q) <z, Vite|—o0,s|}. (29)

Proof. Let ¢(t;7,Q) be as in the statement, then there is S < 7 such that
0<z(t;7,Q) < x, for any t €] — 00, S]: we claim that

(t;7,Q) >0 whent <S5, (30)

possibly choosing a smaller S. Assume by contradiction that there is a sequence
tr — —oo such that &(tx; 7, Q) < 0: possibly redefining the sequence, we can
assume that & (tx; 7, Q) = 0 for any k and that x(tx; 7, Q) is a local maximum
for k even, and a minimum for k£ odd. Then,

toi: T, (2-p)/(p—1)
7 @ T
However, since at ¢ = t3; we have © = 0, 2 > 0, and y < 0, recall-
ing (20) we deduce that x(t2;;7,Q) > E,(K(t2;)). Hence, for j large, we
have z(t2;;7,Q) > E,(Ap)/2, which contradicts z(t2;;7, Q) — 0 and proves
the claim. Then, using (30) and (28), and recalling that both Hg(¢(t)) and
Ho(p(t)) converge to 0 as t — —oo, we conclude that ¢(¢;7,Q) € F(S) for
any t < S.

Y(t2:T,Q)<0 = 9(t2;;7,Q)<0.
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In particular, ¢(¢t;7,Q) € F(7) for any t < S. Combining Lemma 22
with the fact that ©(¢t;7,Q) > 0 as long as ¢(t;7,Q) € F(T), from the
argument of the first part of the proof we infer that ¢(¢; 7, Q) € F(7) for any
t < Sp, where Sy is defined in (29). O

Let us define the unstable set
M*“(T):={Q| ¢(t;T,Q) € F(T), forany t <T} C F(T).  (31)
Note that . lim ¢(t;7,Q) = (0,0) for every Q € M™(T).
Now, we state some results (Lemma 24, Propositions 25, 27, and Lemma
32 below) whose proofs are rather technical in this non-smooth context, so
they are developed in Section 4.1.
~ The following lemma states that the trajectories o(t;7,Q) with Q €
M"(T) correspond to regular solutions of (5). The result is in fact known,

see [11,15,16]; however, we will sketch its proof in Section 4.1 to be more
self-contained.

Lemma 24. Fiz T <0, then M“(T) is compact. Let u(r) be a solution of (5)
and let ¢(t;7T,Q) be the corresponding trajectory of (14).

If Q € M™“(T), then u(r) is a regular solution, i.e. there is d =
dy(Q,T) > 0 such that lim,_gu(r) = d. Further, d = 0 if and only if
Q = (0,0). So, we can define the homeomorphism

dy (- T) : M(T) — I (T),

where Ing(T) C R is a suitable, possibly disconnected, compact set, whose

minimum is 0 and whose positive mazimum is denoted by Dy (T); Conversely,
if u(r) is a regular solution, there is T (T < 0) such that Q € M"(T).

The next step is to show that M*(7) contains a connected set, denoted
by M"(T), intersecting f(7) and containing the origin. We also get a C*
parametrization of M “(T). The proofs of the following two propositions are
postponed to Section 4.1.

Proposition 25. Fiz T < 0. Then, there is a compact connected set M"(T) C
M¥(T) such that (0,0) € M*“(T) and M“(T)NF(T) ={&(T)} is a singleton.
Further, there is Dy (T) < Dy (T) such that the restriction
dp (-, T) : M*(T) — [0, Dag(T)]
18 a homeomorphism.

Remark 26. The functions Djs(-) and Dy (-) may be discontinuous, so their
ranges, say J and J, may be disconnected.

Proposition 27. The functions Dy (T) and Dy (T) are both strictly decreas-
ing and Dy (T) > Dy(T) — +o0 as T — —oo. Hence, their respective

inverses, Ty = J —] — 00,0] and Far 2 J —] — 00,0], satisfy

dErJPoo T (d) = —o0, dEIJPoo Tym(d) = —oc0. (32)
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Remark 28. Let ¢(t; d) be the trajectory of (14) corresponding to the solution
u(r;d) of (5) and let T'(d) be as in Lemma 19. Then, using Lemma 3 we see
that the function

o(t;d) : {(t,d) | d >0, t <T(d)} — R
is C1 and ¢(t;-) is one to one in its domain.

We define
Em(T) == M*(T) N§(T), (33)

and we observe that &€(7) = ¢(7; Da(7)) and €(T) = ¢(T; Dp(T)), cf.
Figure 3.

Remark 29. In the smooth case analyzed in [12] we have Dy (T) = Dy (T),
so that £€(7) = £(T) when T < 0; further, in the smooth case £(7) is C'. In
the setting of this paper this is no longer ensured, so é(T) and E(T) may be
different and discontinuous.

Lemma 30. Let d > Dy (0), then there is a unique T = Tp(d) < 0 such that

o(r:d) € EM(T).

Proof. Let d > Dy(0), and consider the trajectory ¢(t;d) of (14) correspond-
ing to the solution u(r;d) of (5). From Lemma 23, we see that there is S <0
such that ¢(t;d) € F(S) C F(0) for any t < S.

To prove the existence of 737 (d) we argue by contradiction, and we assume
that there is no 7 < 0 such that ¢(r;d) € Zp;(7). Then, ¢(t;d) does not
intersect the half-line z = =z, for any ¢t < 0. Hence, ¢(t;d) € F(0) for any
t < 0 or, equivalently, ¢(0;d) € M*(0). So, d € I5;(0) and d < Dy(0), a
contradiction, and the existence of 7)s(d) is proved.

Now, we address the uniqueness. Firstly, we observe that, once fixed
d> [)M(O)7 the function ¢(¢;d) is uniquely defined; then, from Lemma 22, we
see that the time ¢ = 77(d) at which ¢(t;d) crosses §(7) in Zp;(7) is unique.

g

Lemma 31. The function 7as(d) of Lemma 30 satisfies limg_, 1 oo Tas(d) = —00.

Proof. Let us consider a sequence d,, — +oo with d,, > D M (0). By definition
of 7ar(-), we find that ¢(7ar(dn);dn) € Enr(rar(dn)) € M*(rar(dy)). Setting
dp := Das(mar(dy)), we note that d,, < d,, and 7as(dy) = 7as(dy,). Then, from
Proposition 27, we find

dim rag(d) = lim F(dy) = —oc,
and the lemma is proved. (]

Let us recall that K(0) = lim,_. o K (t) = Ay > 0. Denote by £(—c0) the
transversal intersection between I'(Ap) and the half-line = z, contained in
z > 0.
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Lemma 32. According to the notation in (15) and (19), we have
lim sup (qu(@ + 737, £) - ¢A0(9§ O,E(—oo)) H e_he) =0, (34)
0<0

with h = amin{1,q — 1}, whenever & € Zp(7).
The proof is postponed to the end of Section 4.1.

4.1. Proof of Lemmas 24, 32 and of Propositions 25, 27

The argument of this section is modeled on [15] and [16], where the unstable
set M “(7T) is proved to be just a compact connected set joining the origin
and (7). The novelty here consists in showing that M*(7) is the image of a
continuous curve parametrized by d € [0, ﬁM(T)], where d > 0 is the initial
condition of the regular solution u(r;d) of (5); further Dys(7) > Dy (T) > 0
are decreasing functions which diverge to infinity as 7 — —oc.

Recalling the definition of M*(7) in (31), for every point Q € F(T)\
M"(T) the trajectory ¢(-; T, Q) must exit F(7) in the past. In particular, we
can define a backward exit point function as follows.

Lemma 33. For any Q € F(T)\ M*(T) there is T = T(Q) < T such that
ot;7,Q) € F(T) for every t € [T(Q),T], and ¢(t;7,Q) ¢ F(T) when
te]T(Q) — 1, T(Q)] for a suitable pu > 0. Moreover, the function ¢ : [F(T) \
M*(T)] — dF(TYUAFH(T) defined by ¥(Q) = ¢(T(Q); T, Q) is continuous.

Proof. The first assertion is an immediate consequence of Lemma 22.

We now show the continuity of the function 7'(-) : [F(T) \ M*(T)] —
]—00,T]. Let Q € F(T)\ M*(T), using the continuous dependence of the
flow of (14) on initial data when it is restricted to F(7) \ {(0,0)}, we deduce
the existence of o = o(Q, 1) > 0 such that ¢p(T(Q) — p/2;7,P) ¢ F(T) for
any P € F(T) with |P — Q| < o; so P ¢ M"(T). Hence, there is T(P) €
1T(Q)—p/2,T| such that ¢(t; T, P) € F(T) whent € [T'(P),7 ] and it crosses
transversely its border at ¢ = T'(P). Then, the continuity of T'(P) follows from
the transversality of the crossing and continuous dependence on initial data.
The continuity of v is an immediate consequence. O

Remark 34. Observe that if @ € M*(T), then there is no to < 7 such that
@(to; 7,Q) = (0,0). This is obvious if (14) is C!, but it holds in a non-smooth
context too: in fact assume, by contradiction, that such a ty exists and let
u(r) be the solution of (5) corresponding to ¢(t;7,Q), then u(e®®) = 0 and
w'(r) < 0 < u(r) in a right neighborhood of r = e’ a contradiction.

Further, ¥/(Q) # (0,0), whenever Q € F(T)\ M*(T).

Now, we can continuously extend v to the whole set F(7).
Lemma 35. The function ¢ : F(T) — OF(T)UdFYT) defined as

S [U(Q)ifQ ¢ MUT),
“Q){(o,m if Q € A(T)

18 continuous.
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Proof. Consider Q,, ¢ M*(T) and Q € M*(T) with Q,, — Q. We claim that
T(Qn) — —oo. In fact, according to Lemma 22 and Remark 34, ¢(t;7,Q) €
F(T)\ [0F(T)UdFT)] for any t < T, hence the claim easily follows by a
contradiction argument combined with the continuous dependence of (14) on
initial data.

For any € > 0, we can find u €10, e[ such that

Pe{le,y) e F(T)|0<a<u} = |P|<e (35)
(0,

Once fixed such a p, recalling that lim;—, o ¢(t; 7, Q) = (0,0), we can choose
M > 0 so that 0 < z(t;7,Q) < p/2, whenever t < —M. Moreover, we
can choose N € N with the following property: if n > N, then T(Q,) <
—M and, again by continuous dependence on initial data, |x(—M;7T,Q,) —
x(=M;T,Q)| < p/2. Hence, we get |x(=M;7,Qy)| < p. Since & > 0 in
F(T)\{(0,0)}, we see that ¢(t;T,Qn) € {(z,y) € F(T) | 0 <z < p} for any
t € [T(Qn), —M]. Thus, from (35), |¢p(t;7,Qy)| < cforanyt € [T(Qn),—M].
In particular, |¢(Qn)| = [d(T(Qn); T, Qx)| < €, so for the arbitrariness of ¢,
the lemma is proved. O

Let us define the counterimages
ONT) = OFN(T)\{(0,0)}] and QYT) =4 ' [OFHT)\ {(0,0)}].
Notice that M*(7) = 1~ [{(0,0)}], by Remark 34. From the continuity of ),
we have the following.
Remark 36. The sets Q1 (T) and QN(T) are relatively open in F(T), while
M*™(T) is a non-empty, compact set, for any 7 € R.
Now, we need the following topological Lemma, borrowed from [30,

Lemma 4], see also [15, Lemma 3.2] or [16, Lemma 3.3].

Lemma 37. Let R be a closed set homeomorphic to a full triangle. We call O,
A and B the vertices and o, a, b the edges which are opposite to the respective
vertex. Let 8§ C R be a closed set such that vy NS # &, for any path v C R
joining a \ {O} with b\ {O}. Then, 8 contains a closed connected set which
contains O and at least one point of o.

Now, we are ready to show the existence of an unstable connected set
MY(T).
Proposition 38. The compact set M“(T) contains a compact connected set,
denoted by M“(T), containing the origin and intersecting §(T).
Proof. We want to apply Lemma 37 where R = F(7), 0 = {(T), a = 0F"(T),
b=0F(T) and 8 = M*(T). We already know that M"(7T) is closed. So, let
~ be a generic continuous path such that v : [0,1] — F(7) satisfies v(0) €
OFHT)\ {(0,0)} and v(1) € OF(T) \ {(0,0)}. In order to apply Lemma 37,
we claim that there is 5 €0, 1[ such that v(5) € M*(T).

Now, we prove the claim; so, let us define

A, = {s €]0,1] | 1(s) € Q4(T)},
B, = {s € [0,1] | y(s) € Q1 (T)}.
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The sets A, and B, are relatively open in [0, 1], since « is continuous and
QYT) and Q1 (T) are relatively open in F(7). Further, according to Lemma
22,0 € A, and 1 € B,. Since [0,1] is connected, we deduce the existence
of 5 €]0,1[ with 5 ¢ (A, U B,). Therefore, v(5) € M*(T), and the claim is
proved. Then, Proposition 38 follows from Lemma 37. 0

Proof of Lemma 24. In this proof we will use some notation introduced at the
beginning of Section 4. Fix 7 < 0 and Q = (Q.,Q,) € M*(T)\ {(0,0)}. Let
us denote by QT and Q' the intersections of the line z = Q, with dF'(7)
and OFH(T), respectively, see Figure 4.

Then, consider the trajectories QT(t;T, Q") and ¢, (t;7,Q*') of the
autonomous system (18) frozen at o = K(7) and at w = K(7), respectively.
We set for short

o' (t) = (2" (t),y'(t)) = ¢, (:7.Q") and

¢t (1) = (2 (), 4" (1) = o1 (LT, Q).
Moreover, let u'(r) and u!(r) be the corresponding solutions of the frozen
equation (5) with K(-) = K(7) and K(-) = K(7), respectively. Let u(r) be the
solution of the original equation (5) corresponding to the trajectory ¢(¢; 7, Q)
of the non-autonomous system.

We first claim that
2'(t) <x(t;T,Q) < xt(t), foranyt<T. (37)

In fact, by construction, see (14), we have '(t) < #(t;7,Q) < @'(t) at

t =7T. So, let us define
T=inf{r e R|z'(t) < 2(t;T,Q) < z!(t), for any t €]7, 7 }.

Thus, T is well defined and T' < 7. Assume, by contradiction, that 7" € R,
then either 2'(T) = 2(T;7,Q) or (T;7T,Q) = x'(T); assume the former,
the latter being analogous. By construction, cf. Figure 4, we find y'(T) >
y(T;7T,Q); hence & (T) > #(T; T, Q) which gives z'(t) > z(t; 7, Q) in a right
neighborhood of T, but this is a contradiction with the definition of 7', so the
claim in (37) is proved.

(36)

From Remark 17, we know that there are dlgz (T), dem (T) > 0 such that
ul (0) = dTQz (T) and u'(0) = déh (7). So, from (37), we see that 0 < dlgm (7) <
déw (T). Further, again from (37), we see that u!(r) < u(r) < u!(r) for any
0 < r < e?. According to (13), note that u/(r) < 0 when 0 < 7 < e7, so the
limit lirr(lJ u(r) = d exists and

dy, (T)<d<dj (T). (38)

So, we have defined a one to one function dy;(-,7) : M*(T) — [0, 4o0].
Notice that dps(-,7) is the inverse of the restriction to Ip(7) :=
dy (M*(T), T) of the continuous function ¢(7;-) defined in Remark 28. Ob-
serve that M*(T) is closed, so In/(T) = [¢(T ;)] ' [M¥*(T)] is closed too.
Further, if d € Ip/(7), then d < d} (T), so In(7) is compact. Hence,
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FIGURE 4. A sketch of the first part of the proof of Lemma
24. The trajectories ¢T,¢(;7,Q), p*, cf. (36), have, in the
order, increasing horizontal speed, as suggested by the arrows.
Hence, going backward in time, we expect to have the validity
of (37)

dy (-, T) : M“(T) — In(T) is continuous, since it is the inverse of a con-
tinuous function defined on a compact set.

Conversely, assume that wu(r) is a regular solution, then from Remark
4 we see that u(r) is decreasing for r > 0 small. Thus, the corresponding
trajectory ¢(t) = (z(t),y(t)) lies in the 4" quadrant when ¢ < 0, satisfies
lim¢,_oop(t) = (0,0) and @(¢) > 0 when ¢ < 0; so from Lemma 23 we
deduce the existence of 7 < 0 such that ¢(t) € F(T) for any ¢t < 7; hence
$(T) = Q € I*(T). O

Using the rescaling in Remark 15, it is possible to find a relation between
the trajectories introduced in (36).

Lemma 39. Let 7 <0, Q = (Q,,Q,) € M*“(T) and let ¢'(t), oL(t) be as in
(36), then there is Té?”” (T) > 0 such that

2 (t) < 2 (t) = [K(T)/K(T)|75 o' (t + T (T)) ,
ly' ()] < |y" ()] = [K(T)/K(T)|5 |y (t + T (T))]
for anyt < T. Further, TOQ“” (T) = 0asT — —oo uniformly when Q, € [0, z,].

(39)

Proof. The inequalities in (39) follow from (37). From Remark 15, we see that
91 (1) = (@ (1).y7 (1)) 2= (R (T)/E(TN T 2 (0), [K(T) /K (T) 5 o 1))
is a solution of (18) where w = K(7). In particular, z*(7) =

[F(T)/K(T)]ﬁQI > Q, = (7). Then, from the invariance of (18)
for t-translations, we easily get the existence of TOQ’” (T) > 0 such that
*(t) = ¢T(t + T (T)) for any t € R. Then, we immediately find (39).
Finally, the fact that T.°*(7) — 0 as 7 — —oo easily follows from
(23). O

From the previous argument, we also find the following result.
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Remark 40. Fix 7 < 0 and Q = (Q.,Q,) € M“(T) \ {(0,0)}. Using the
notation of the proof of Lemma 24, cf. (38), we see that

dl, (T) < du(Q,T) < dfy, (T) (40)

and, as a consequence of Lemma 39, dTQm (7) — dém (7T) - 0as T — —o0,
uniformly with respect to Q.. In particular, setting d}w(’f) = dl (T) and
i, (T) = i (T), for any Q € Ep(T), we find

A\, (T) < Du(T) < du(Q,T) < Doy (T) < di (T), forany T <0,

(41)
A (T) > dy(Q,T) > d\,(T) — +00  asT — —oo.

Proof of Proposition 25. The existence of the set M “(7T) is proved in Propo-
sition 38. Since M*(7) is compact and connected, its image via dps(-,7) is a
compact interval, say In;(7). Let

Dy (T) :==min{d € I(T) | d = du(Q,T) € {(T)},

so that 0 < Dy (T) < Dp(T). According to Lemma 24, it is not restrictive
to redefine M*(T) := dy} ([0, Dar(T)],T) C dyf (Ine(T), T). Notice that the
revised definition may yield a smaller set than the original one. In this setting,
dy (-, T) : M*(T) — [0,Dp(T)] is a homeomorphism. Then, we denote by
£(T) the unique point in M*(T) N §(T) so that da(€(T), T) = Dy (7). O

Proof of Proposition 27. First, we show that ﬁM(T) and ﬁNI(T) are both
strictly decreasing. Observe first that we have the following characterization

Dy(T) =min{d > 0| ¢(T;d) € Ep(7)},
Dy(T) =max{d > 0| ¢(T;d) € M“(T)}.

Since ¢ > 0 on f(7), there is p > 0 (independent of 7) such that
x(t; Dp(T)) = x(t;T,€(T)) > x, whenever t €T, T + p, hence R(t) =
&(t; Dy (T)) € F(t) for any t €T, T+pl. So, R(t) ¢ M*(t) and, consequently,
R(t) & M"(t) for any t € |T,T + pl[. Tt follows that Dy (7) & [0, Das(t)] when
t €]T,T + pl, that is Das(T) > Dps(t) whenever t €7, T + p[: so Dys(t) is
strictly decreasing in ¢.

Now let 71 < 75 < 0 and fix any d > Dy/(). From (42), we deduce
@(11;d) ¢ M*(r1) and so, recalling (31), there is to < 71 such that ¢(to;d) ¢
.7:(7'1).

By Lemmas 22, 23, we see that there is So = So(71, ¢(71;d)), So < to <
71, such that ¢(t;d) € F(Sp) for any ¢ < Sy and it leaves F(Sp) at t = Sp
crossing transversely = = ,. So, by (31), we get ¢(72;d) ¢ M"(73).

We have thus proved that ¢(7o;d) & MU(rs) for every d > Das(1).
Hence, we deduce from (42) that Dy (m2) < DM(Tl) for every 7 < 7o. Since
the flow on (1) is transversal, we deduce that Dy cannot be constant on any
interval, so it is strictly monotone decreasing.

(42)
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Now, since Dy (t) and Dyy(t) are strictly monotone, we can define their
respective inverse functions 75/ (d) and 7as(d). Further, from (41) we know that
Dy (T) > Dy (T) — 400 as T — —o0, so (32) follows. O

Remark 41. If 21— < p < 2, ie. if (14) is C', then M*(T) is a branch of
the unstable leaf, so it is a C'' embedded manifold. Notice, further, that in
the smooth case we can find a sufficiently large N > 0 such that M¥(T) is
connected and intersects f(7) in a singleton, for every 7 < —N, using [12,
Remark 14]; hence M*(T) = M*(T) when 7 < —N.

However, for a generic 7 < 0, even if the flow of (14) on f(7) is always
transversal, M*(7) may have tangencies on §(7): so M“(7T) N §(7) may not
be a singleton and M*(7) may be disconnected also in the smooth case.

We believe that using the techniques of [10, Appendix], or of [24] it might
be possible to prove that M“(7) is a C'! manifold in the general non-smooth
case p > 1, but this result is not needed for the present paper.

We are now ready to prove Lemma 32. We recall that lim;_,_ K (t) =
Ap > 0 and the notation £(—oc) for the transversal intersection between T'(A)
and the half-line = x, contained in & > 0.

Proof of Lemma 32. Let us keep the notation introduced in the proof of
Lemma 24, cf. (36). Let & € Zp(7) = M*(7) N f(7), then from (37) and
Lemma 39 we see that there is 7, (7) > 0 such that

2l(t) < a(t;m, &) <zt (t) < 2" (t + T3 (1)),

Y (O] <yt &)1 < ly* )] < ly' (t + g (7)),
for every t < 7. Analogously, we also find that, for every ¢t < 7,
wl(t) < wao (7, €(—00)) < 2 (t) <al(t + Tg"(r)),
[y" (6)] < lyao (t; 7, €(=00))| < [y (8)] < |y (t + T5 ()]
Hence, for every 6 < 0, we get
(6 +7:7,€) — P, (650, €(—o0))|| =
= @0 +7:7,€) — Pao (6 + 77, €(—00))| <
< llg" (6 +7+Tg(r)) =0+ 1)l <

< T 6 .
<Tj (T)ae[(ﬂ%”}g(r)] 16' (0 + 7+ o)

Now, let @ = K(7), 7 = 7 + T3°(7), Ry = ¢'(7), and recall the definition of
P(7) given at the beginning of Section 4. Then, from (36), we obtain
P O+7+0) =0 +7+0;7,P(1) = ¢ (0 + 7+ 0,7, Ry) =
=0 +7-T5°(1)+0;7,R;) =
=¢x(0+0—-Ty°(7);0,R;).

@ Springer



NoDEA A bifurcation phenomenon for the critical Laplace. .. Page 23 of 40 127

Cout

agout

FIGURE 5. The construction of the set G(7') for suitable 7 <
0. The arrows suggest the direction of the vector fields of the
dynamical system (14) along the boundary of G(7)

Further, Ty°(7) — 0 and w — Ay as 7 — —o0, see Lemma 39; hence, from
(25), for every 6 < 0 we deduce the existence of ¢ > 0 such that

(0 + 757, €) — Py (0;0,€(—00))|le™ <
<Tye(r)  max o (0 + 550, Ry)|le™ < e Ty (1) — 0,
s€[~Ty° (7),0]

as T — —o00. S0, (34) is proved and the proof is concluded. O

4.2. From the unstable set close to the origin to a larger one.

We denote by M*(—oc0) the branch of T'(Ag) between the origin and £(—oc0).
Further, if we let 7 — —o0, then the whole set F(7) shrinks to M*(—oco).
Now, following [19], we can use the continuous dependence on initial data
of the flow of (14) to extend the unstable set M*(7T) outside F (7). However,
the argument works as long as the trajectories do not cross the coordinate axes
(since afterwards uniqueness of the solutions is not ensured anymore).
Following [12], for any fixed a > 0, we denote by L(a) the segment of

y = —a lying between the negative y semi-axis and the isocline & = 0 of
system (14), i.e.
L(a)={(s,—a) |0< s < X(a)}, where X(a):=LarT.  (43)

Recalling the definition of equilibrium point E(Aj) given in (20), we observe
that for any 0 < a < |E,(Ap)| the homoclinic orbit I'(4¢) intersects L(a)
transversely in a point, say Q(—00,a).

Now, we aim to construct an unstable curve W“(T) joining the origin and
L(a).
Firstly, we introduce some sets sketched in Figure 5. Let us fix 7 < 0
and denote by X°U(7) and X'™(7) the intersections of the isocline & = 0 with
L(7) and IT'(7), respectively. Since || X°"(r) — X™(7)|| — 0 as 7 — —o0, we
can find 7y such that X™(7) lies on the right of E(7) for any 7 < 7.
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Then, we denote by A°(7) and by A™"(7), respectively, the paths of
T(7) and of T'(r) lying in ¢ > 0, so that A°“(7) connects the origin with
X°ut(r), while A™(7) connects the origin with X(7), for any 7 < 7.

Remark 42. Recalling (26) and (27), we have H (1) := H,(X°"(1)) > 0,
while H= (1) := H_(X™(7)) < 0. Further, Tli)rno<> HT (1) = Tli)lrnoo H=(r)=0.
Let us focus on the semiplane x > 0; the level set H (-) = H~(7) inter-
sects the isocline & = 0 in X'™™(7) and in a second point, say C'"(7), while the
level set H,(-) = HT(7) intersects the isocline & = 0 just in X°"(7), and then
it intersects the y negative semi-axis in a point, say C°"* (1) = (0, —ao(7)).
Notice further that both C™(7) and C°“(7) converge to the origin as
T — —00, 80, possibly choosing a smaller 75, we can assume that both C°"(7)
and C'™(7) lie above E(Ag) for any 7 < 7.
Remark 43. Let ag := min{ao(7), ‘Eyéi%)l}, then for any 0 < a < ao we can
find Ny(a) > |Zo] > 0 large enough so that, for any 7 < —Nj(a), the level sets
H.(-) = H (r) and H,(-) = HT(7) intersect the segment £(a) transversely
in points denoted by B™(7) and B°"(r), respectively.

We denote by B™(7) the branch of the level set H_(-) = H~ (1) between
X(7) and B"(7) and by B°%*(7) the branch of the level set H,(-) = H*(7)
between X°"(7) and B°"*(7) (both lying in & < 0).

Definition 44. We denote by 9G°"(r) = A°(7) U B°U(7), by G (1) =
A (7) U B®(7) and by 9G(1) = 0G°" (1) U 0G™ (7). We denote by g(7,a)
the horizontal segment between B°"(7) and B™ (7). Let G(7) be the compact
set enclosed by 0G(7) and g(7,a), see Figure 5.

Recalling that Q(—o0, a) was defined as the unique intersection between
T'(Ap) and the segment L£(a), we have the following.

Remark 45. The segment g(7, a) shrinks to Q(—o0,a) as 7 — —oo and to the
origin as a — 0 (and, consequently, T — —0c0).

Now, we need some observations concerning the flow of (14) on the border

of G(7).

Remark 46. Fix a €]0,a0] and, then, 7 < —Nj(a).

The flow of (14) on 9G(7) \ {(0,0), X™(7), X°u(7), B (1), B°" (1)}
points towards the interior of G(7). The flow on g(7,a) points towards the
exterior of G(7), i.e. upwards: this follows from the assumption a < |E,(7p)|
and an analysis of the isocline ¢ = 0.

Lemma 47. Fiz 0 < a < a9 and 7 < —Ni(a); let Q@ € IG(T) \
{(0,0), B™(7), B (1)} and T < 7; then there is 1 > 0 such that ¢(t;T, Q)
is in the exterior of G(7) for any t € [T — u, T| and it is the interior of G(T)
for any t €T, T + pl.
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Proof. The part of the Lemma concerning 9G(7)\{(0,0), X' °ut(7), Bin out()}
immediately follows from Remark 46. So, we turn to consider ¢(t; T, X °"*(7)).
By construction and using (28), we get

H, (XM =0, e (o7, X" e = 0,
HAX) = H (), D (g T, X)) mr = 0.

Now, let us set for brevity ¢(t) = (z(t),y(t)) for ¢(t; T, X°""). Using the fact
that y(T') < 0 = &(T), we find

Hence, if t; < T < t3 and ty — t; is small enough, we have &(t1) > 0 > &(t2),
and so

y(T) < 0.

b(t1) € {(z,y) | az +yly|i=F > 0},

(4)
B(t2) € {(z,y) | ax +yly|7= < 0}.
Further,
(S0 imr= [K(r) — KD (T)(T) > 0,
EGO)i=r=[R(7) ~ K(T)]a"~ (T)#(T) < 0.

So, using a second order Taylor expansion, we see that H (¢(¢1)) > 0 and

H,(d(t2)) < HF (1) for t5 — t; small enough. Since in a neighborhood U of
X°ut(7) the set G(7) can be described as

G(r)NU = {(z,y) €U | ax +yly|>~T >0 and H, (z,y) <0
or az +yly|rt <0 and H,(z,y) < HY (7)),

recalling (44), the claim concerning X °%(7) follows.
The proof for X(7) is analogous and it is omitted. O

Now, arguing as in the proof of Lemma 38 we obtain the following.

Lemma 48. Let a €]0,ag] and Ni(a) > 0 be as in Remark 43. Then, for any
7 < —Ni(a) the set

W“(T) ={Q | ¢(t;7,Q) € G(7) for any t < 7}

is non-empty and compact, and it intersects g(7,a).

The following proposition rephrases the content of Lemma 24 and Propo-
sition 25 for the set W*(r).

Proposition 49. Let a €]0,a9] and N1i(a) > 0 be as in Remark 43. Then, for
any 7 < —Nj(a), there is a compact connected set W¥(r) C W¥(r) which
contains the origin and intersects g(,a) in a singleton, say {Q"(1,a)}.
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For any fired 7 < —Nj(a), we can define the homeomorphism
dw (-, 7) : Wr) = I (1),
where Iy (T) is a suitable compact set whose positive maximum is denoted by
Dw (). X 3
Further, there is Dy (1) < Dw (7) such that the restriction

dw (-, 1) : W (1) — [O,Dw(T)]
1s a homeomorphism.

Proof. Fix 7 < —Ni(a). The construction of W*(7) € W*(r) is obtained prof-
iting from Lemma 37, combined with Remark 46 and Lemma 47. Observe that
M*(7) € W*(r). Using continuous dependence on initial data and Lemma 23,
we can find 7 (a) > 0 such that ¢(r — T (a);7,Q) € M*(t — T(a)) for any
Q € W*¥(r); further, we can choose 7 (a) independent of Q.

Hence, we can set dw (Q,7) := dy(p(7 — T (a);7,Q), 7 — T (a)) so that

¢(t;:dw (Q,7)) = (t;dr (d(T — T (a);7,Q), 7 — T (a))) = (; 7, Q)
for any t < 7.

Notice that, by construction, dy (-, 7) is continuous, cf. Lemma 24. So,
as in the proof of Proposition 25, we set Dy (1) := min{dw(Q,7) | Q €
a(r,a) N W¥(7)} and we redefine W*(r) := {¢(7;d) | d € [0, Dy (7)]}. Once
again, the revised definition may yield a smaller set than the original one.
Define Q¥ (7,a) = ¢(7; Dy (7)) so that g(r,a) N W¥(r) = {Q"(r,a)}. Notice
that, by construction, Dy (1) < Dw (1) < Das (1 — T(a)), so we conclude the
proof. O

Remark 50. By construction, M“(T) C W“(T) C W“(T) for any 7 < —Ni(a).
Let us define ~

Ewl(r,a) =W 1)N L(a). (45)
S

Observe that Q“(7,a) = ¢(7; DW(T))
a singleton.

Zw (7, a), but Zy (7, a) might not be

Proposition 51. The functions Dy (1) and Dy (1) defined in Proposition 49
are both strictly decreasing and lim Dy (7) = +o00. Further, their respective
T——00

inverses, Ty (d) and Tw (d), satisfy

dEIJPoo Tw(d) = —o0, dEI}Lloo Tw(d) = —00. (46)

Proof. First, observe that from Remark 50 we find
Dw (1) > Dw(7) > Dp(7) — 400 as 7 — —oo.
Then, observe that we have a characterization analogous to (42), i.e.
Dy (7) =min{d > 0| ¢(7;d) € Zw(7)},
Dy () =max{d > 0 | ¢(7;d) € W*(7)},

so we conclude the proof of this Proposition repeating the argument of the
proof of Proposition 27. 0

(47)
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Lemma 52. Let a €]0,ao], d > Dw(—Ni(a)), then there is a unique 7 =

mw(d) < —Np(a) such that ¢(7;d) € 2w (T, a). Further, dhrf w(d) = —0.
Proof. The Lemma is proved arguing as in Lemmas 30 and 31. O

Fix a €]0, ag], recall that Q(—o0,a) denotes the unique intersection be-
tween I'(Ag) and £(a), while §(—00) is the unique intersection between I'(A4o)
and the half-line x = x, = F,(0) contained in & > 0.

Lemma 53. Let a €]0,a9]. Set h = amin{l,q — 1}, then for every Q €
EW(T7 a’)

lim sup (Hqﬁ(@ + 757, Q) —Pa, (6‘; 0, Q(foo,a)) H e*he) =0. (48)

T——00 GSO

Proof. For any 7 < —Ni(a), let us denote by ©¢(r) < 0 the value such
that the trajectory ¢(-;7, Q) intersects transversely f(©o(7) 4+ 7) in a point
E(Oo(T) +7) € Ep(Oo(7) + 7) at t = Og(7) + 7, and it is in F(Og(7) + 7)
for any t < ©y(7) 4+ 7. Let ©g(—o0) < 0 be the time at which the trajec-
tory ¢a,(+0,Q(—o0,a)) intersects transversely the line {z = z,} in €(—o0)
(independent of 7), and it is in F(O¢(7) 4+ 7) for any ¢t < Op(—0).

From Remark 45, we know that Q — Q(—o0,a) as 7 — —oo (uniformly
for Q €Zw (7,a)); then, using continuous dependence on data and parameters,
we see that Og(1) — Og(—o0) as 7 — —oo, and £(Oy(7) + 7) — €(—00) as
7 — —o0. Moreover, using also the compactness of the interval [©g(—o0)—1, 0],
since [Og(7),0] C [Op(—o0) — 1,0] as 7 — —oo, we deduce that

lim sup H¢ 9+TTQ) ¢A0(00Q( 00, a) H—O

T 6’6[@0(7—

then, since the interval is bounded, we get

lim sup [Hqﬁ 0+, Q) $a,(0;0,Q(—00 a))He*he} =0. (49)

T77 9€[O0(7),0]
It remains to prove that
lim sup [Hd) 9+ Oo(7) + 73T, Q) ¢A0(9+ 90(7');07Q(—oo,a))He7h0] =0.

(50)
From Lemma 32, replacing 7 with ©¢(7) + 7 in (34), we have

lim sup H)¢<0 +00(1) + 7;00(7) + 7,€(O0 (1) + 7)) — D4, (9;0,5(—00))“6*%] =0.

T——00 g<(

So, recalling that
b (t:00(7) + 7. €(00(7) + 7)) = B(t:7.Q) |
Bao(t;0,€(—00)) = @a, (t +Oo(—0);0,Q(—00,a)),
we can rephrase (51) as
Jim_sup [ 60+ 00(r) + 757, Q) = b4 (0 +O0(~0);0,Q(~00,a)) [ ] = 0.
(52)
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Then, since Oy(7) — Og(—00), we deduce, from (25),

lim sup [Hd)AO (6 + ©0(—00);0,Q(—00,a)) — ¢ a,y(0+ ©Oo(r);0,Q(—00,a)) Hefhe}

=0

T——00 <0
(53)
Hence, (52) and (53) give (50), concluding the proof of (48). O

5. Asymptotic estimates

In the whole Section we assume (Hy), so that for any a < ag there is Ny(a)
such that we can construct W*(r) when 7 < —Ni(a). In [12], W¥(7) was
constructed through the classical integral manifold theory and a standard
transversality argument, while here we had to use an ad hoc argument. How-
ever, following the argument performed in the smooth case, see [12, Proposition
26], we obtain some estimates of the energy in Sy (7, a).

Lemma 54. Assume (Hy). Then, for any 0 < a < ag there is c(a) > 0 such
that for any Q € Ew (1,a) we get

H(Q: 7) = c(a) e’ + o(e'T) as T — —00. (54)

Proof. Let Q € Eyw(7,a) with 7 < —Ni(a). From (17) and Lemmas 19 and
53, we find

0
H(Q;T):/ D 50+ 757, B): 0+ ) db

oo dt
1 /9 .
25/,00[5”(9+7m62)] K0+ 7)do
1 /0 »
= 5/700['13,40(9;03Q(7007a))+w1(0’7-)] K(0+T) d@,

where wq(0,7) — 0 uniformly as 7 — —oo. Then, using the first estimate in
Remark 16 and (Hg), we find d(a), ¢(a) > 0 and negligible functions ws,ws
such that

0
H(@5m) = 2 [ @)™ 4 wa(6. )1+ (6,7 d8 = cla)e' + ofe')
see the proof of [12, Proposition 26] for more details. O

5.1. Asymptotic behavior of R(d) for d large when £ < £

In this and in the next subsection we consider the asymptotic behavior of the

first zero R(d) of u(r;d), for d large: we just need to repeat the argument

developed in [12], which we sketch here for convenience of the reader.
Following [12, §4.1], we assume firstly (H,), (W) and

K(t)>0 for any ¢ € R; (55)

later on we drop (55) and (W) and we prove Theorem A in the general case
0 > —p and p > 1 with a truncation argument.
From now on, we denote by Q(7, a) a point such that Q(7,a) € Ew (7, a).
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We recall that, when (Hp) holds (and a fortiori when (55) is satisfied),
all the regular solutions of (5) are crossing solutions. Let us take a > 0 such
that

0<a<a(K):= min{ |Eygf)| ,ao} , (56)

where K = sup,cp K(t), and consider the closed region V delimited by the
isocline # = 0, the line £(a), and the axis = 0. From the choice in (56) and
by (W), we see that the trajectories of system (14) satisfy & < 0 and ¢ > 0
there, except for the points @ belonging to the isocline where & = 0, y > 0,
and notably H(Q;t) < Hzx(Q) < 0 for every ¢, by construction.

Let 7 < —Nj(a), then, from (17) and (55), we deduce that the trajectory
o (t; T,Q(T, a)) satisfies H(qb(t;T,Q(T, a));t) > 0 for every t, so it remains
inside V in a right neighborhood of 7 until it crosses the y negative semi-
axis transversely at a certain ¢ = T(Q(T, a),a) > 7 in a point, say R(7,a) =
(0, Ry(7,a)). Moreover,

z(t; T, Q(T, a)) <0<yt @(T, a)), forany 7 <t < T(Q(T, a),a). (57)

Let us now consider the trajectory ¢g (+(t; 7, Q(,a)) of the system (18)
frozen at @ = K (7): its graph is contained in the level set

{(z,y) | H(z,y;7) = H(Q(7,a); T) > 0}, (58)
so it lies in the exterior of the homoclinic orbit I'(K (7)) defined in (21), since
H(Q(7,a); 7) > 0 from Lemma 19.

Hence, there exists T" = T (Q(r, a),a) > 7 such that ¢x ) (57, Q(r,a))
lies in the 4'" quadrant when ¢ € [r,T'[ and it crosses transversely the y
negative semi-axis at t = T'! in a point, say

Rl (T7 a) = (Oa RglJ (7—7 a)) = ¢k () (Tl; T, Q(Tv a)) . (59)

5), we deduce that %HK(T)
( a),a); hence, according to (58),

Then, similarly to (28), from
(qb(t; T, Q(T, a))) >0 for any 7 <t <

(®

T(@Q
Hi(r) (R(7,0)) = Hi(r) ($(T(7,0)); 7, Q(7,a)) >
> 7_(I((‘r) (¢(T7 T, Q(Ta a))) :HK(T) (Q(Ta a)) :HK(T) (Rl (7—7 CL)) .
Thus, R'(7,a) lies above R(7,a), i.e. Ry(7,a) < R,(1,a) < 0. Notice that
both R(7,a) and R'(r,a) in fact depend on the choice of Q(7,a) in Zyw (7, a).

Following [12, Lemma 30], we deduce that

T(Q(r,a),a) < T'(Q(r.a),a),  Yr < —Ni(a). (60)

In fact, in [12] the set Sy (7, a) reduces to a singleton, since (14) is smooth.
However, the proofs go through also in this non-smooth setting without fur-
ther changes and the estimates are uniform for any Q(T, a) € éw(T, a), since
Ew (7, a) is compact.

Thus, following the proof of [12, Lemma 31], we get this result.
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Lemma 55. ([12, Lemma 31]) Assume (Hy), (55) and (Ws). For any e > 0
sufficiently small, define

O = () <a® (61)
a=a = D —— a B
(1+e)K =
where K = sup,cgp K(t) and a1(K) was introduced in (56). Then, there is
T () == —Ni(a(e)) such that for any T < T (e)

T(Q(7,a),a) > T + ém < (62)

Tl(Q(T,a),a)<T+1Z€1n<Ré“ ) . (63)

(1,a)|
The previous result can be proved using (57) and showing with a Gronwall
argument that

ae” ") < |y(t)] < ae =T whenever T <t < T(Q(7,a),a). (64)

Lemma 56. ([12, Lemma 33]) Assume (H,), (Hy), and (Wy). Let € > 0 and
a = a(g) > 0 be as in Lemma 55, then there are positive constants C = C(a,¢)
and No = N¢(a,€) such that

l+ep—1
@

Tl(Q(T, a),a) < C(a,e) + || (é T - 1) for any T < —N¢. (65)

Proof. We sketch the proof for convenience of the reader. From Lemma 54,
taking into account (16) and (58), we find

PSRy ma)l#T = HR (ra)im) = H(Q(r )i 7) = cla)e”” 0 (¢ |
as T — —o0. So, there is a constant c!(a) > 0, independent of 7, such that
|R11}(7', a)| = cl(a)epr);lh +o (e%ZT) , asT — —00. (66)
Then, from (63), we find C(a,e) > 0 and No = N¢(a,e) > 0 such that

T'(Q(r,a),a) < T+ 1+€1n< 2a >:C’(a,€)+|7'| (gljg_l)
@\ a

epTTlZT p
(67)
for any 7 < —Ng¢. O
Now, when ¢ < £ = %, there is a sufficiently small € > 0 such that
o «
l < 7(]031) 7(115) = H»ipz-: < gp.

Then, recalling (60) and using a truncation argument, we get the follow-
ing.
Proposition 57. Assume (Hy) with ¢ < €5, and let 0 < a < @1 := a1(K(7Tp)),
where Ty was introduced at page 23. Then, for any M > 0 there is N(a) >0
such that T(Q(1,a),a) < —M if Q(1,a) € Ew(r,a) and 7 < —N(a), i.c.

lim T(Q(r,a),a) = —0, uniformly for any Q(t,a) € Zw (1, a) .
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Proof of Proposition 7. Let 0 < a < @j; from Lemma 52 for any d >
Dw (—Ni(a)) there is T (d) < —Ni(a) such that Q(d) = Q(rw(d),a) =
d(tw (d);d) € Ew(tw(d),a); so d € [Dw (rw(d)), Dw (tw(d))]. Thus, com-
bining Lemma 52 and Proposition 57, we find

Jim_7(Q(d).a) = o dim T(Q(rw(d),a),a) = —oo.

Hence, ., hrll R(d) = exp[d hrll T(Q(d), a)] = 0, and the proposition is proved.

O
5.2. Asymptotic behavior of R(d) for d large when £ > £7.
Let £ > €7, choose ¢ €0, p+5[ small enough so that
q =
ote q—p
= = <ai. 68
= <[Ao+1]<1+a>> " o

Let Q € Sy (7, a), and consider the trajectory ¢(;7, Q). We denote by T(Q)
the time, if it exists, at which such a trajectory crosses the negative y semi-axis.
Otherwise, we set T(Q) = +oc.

Then, we set

T(r,a) = min{T(Q ) | Qe _W(T a)}.

Proposition 58. Assume (Hy), fix € € ]0, %j[, and a = a(e) as in (68). If
¢ > €5, we have liminf, . T(7,a) > —oc0.

Proof. Arguing by contradiction, assume that there is a sequence 7,, — —o0
and a sequence of points Qn S éw(Tn,a) such that T(Qn) = T(7p,a) and
lim,, T'(7,,,a) = —oo. Following [12, Lemmas 39-40], we can provide the follow-
ing estimate of the energy at the crossing point R,, = ¢(T(Q,,); 7n, Q,,)

H(RwT(Q,)) < 2H(Q,:7a) -
Then, from (54) and (64), arguing as in the proof of Lemma 56 (see also [12,

proof of Proposition 41]), we see that there is a positive constant C;(¢) such
that

~ . 1 .
L) = T(@) 2 Crle) 4 [L- 2 be 20 (09)
where the last inequality holds since we have assumed ¢ > £; = % = pa%.
We get a contradiction, thus concluding the proof. O

Now, we are ready to prove Propositions 8 and 9.

Proof of Proposition 8. Let us choose a > 0 as in (68). Given a sequence (dy, ),
with lim, d, = +o00, we can argue as in the proof of Proposition 7: from
Lemma 52 and Proposition 49 we can find Q(7,,,a) € Zw (mn,a) and (7,)n
with lim,, 7,, = —oo such that d,, = dw (Q(Tn, a), ) for every n large. Then,
from (12) and Proposition 58, we see that

L R(dn) = lim uf 900 2 fiminf o5 > 0,

so we conclude. [l
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Proof of Proposition 9. The Proposition is proved using Proposition 49 and
Lemma 52, and following Propositions 42-43 in [12]. O

5.3. Construction of the stable set and proofs of Lemma 11 and Proposition
12.

To prove Theorem C, as in the smooth case considered in [12], we need to
construct the stable set: this will enable us to prove Lemma 11 and Proposition
12. So, in this section we use the ideas introduced in [10,15,16] to build up a
stable set M*(7T) analogous to the unstable set M*(7) defined in Proposition
25. Then, we follow [12, §4.2.1] to prove Lemma 11.

Assume first (Wy); the construction of the stable set relies again on
a comparison between the non-autonomous system (14) and the frozen au-
tonomous systems (18) with @ = 0 and @ = 2K.

Remark 59. System (18) can be solved explicitly when o = 0. In particular,
the solutions ¢(t) = (z(t),y(t)) of this system which converge to the origin as

t — 400, and such that z(¢) > 0 when ¢ > 0, can be characterized as follows

« p—1
(z(t), y(t)) = (woe™ 71", yoe™ "),  where yo = — < P 360)
- p
for any zo > 0. Further, the graph of all these trajectories ¢(t) is given by

¥ =) ly=—(22)" >0},

By E; = (E, s, E, ) and T's we respectively denote the critical point and
the graph of the homoclinic trajectory of the autonomous dynamical system
(18) where @ = 2K. The solutions of this system are denoted by ¢(t) =
(@(1),y(t))-

The reader can follow the next construction by looking at Figure 6. Focus
on the semi-line z = Exys contained in & < 0: it intersects transversely W in a
point, say P, and it intersects the path T’y in another point, say P,. Notice

that P, lies above P,.

Definition 60. We denote by 0F] the branch of Ty between the origin and P,
by OF} the branch of ¥ between the origin and P,, by f, the vertical segment
between P, and P, . Then, we denote by F; the compact set enclosed by 8.7:51,
OF! and f,, see Figure 6.

Lemma 61. Assume (W,) and fir T € R. If Q € [(0F] UdFL)\ {(0,0)}],
then there is 6 = 6(Q) > 0 such that the trajectory ¢(t;T,Q) & Fs for any
te|T, T+ 4.

Proof. Let us set

H(2,y) = awy + B2 [y|7 T + 2K 28

p
s — p—1 —1
H(z,y) = axy + P y[p~1.
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CGRE> N
v

FIGURE 6. The construction of the sets F, and M*(7T). The
arrows suggest the direction of the vector fields of (14) along
the boundary of Fg

Notice that T'y and ¥ lie respectively in the O-level set of H® and H°. Further,
if ¢(t) = (z(t),y(t)) is a trajectory of (14), we find the following estimates
analogous to (28)

AT (@(1) = (2K — K (1)) 2(t)*™" &(t), -

SH(D(1) = =K (t)x(t)" " i(t),
so the lemma follows. O
_ "

Remark 62. Fix 0 < a < a4(K) := min{ao, |E, |}, then Ty N L(a) #
Further, there exists Nyi(a) > Ni(a) > 0 such that Sy (7,a) C g(r,a) C
for every 7 < —Nj(a), cf. Remark 45.

Fs

Let us define the stable set
M(T):={Q | ¢(t;T,Q) € F, foranyt>T}. (71)
From an analysis of the phase portrait we get the following.

Remark 63. If Q € M*(T), then i(t;7,Q) < 0 < §(t;7, Q) for any t > T,
and ¢(t; 7, Q) converges to the origin as t — +o0.

Now, using Lemma 61, we note that for any Q € F; \ MS(T) there is
T5(Q,T) such that ¢(t;7,Q) € Fs for any ¢t € [1,T5(Q,T)], and leaves Fj
crossing transversely 0F] U 0F} at t = T,(Q, 7). We first define the map:

bs: Fo \ My(T) = 0F] UOFL,  45(Q) = (T4(Q,T); T,Q),
and from Lemma 61 we deduce that v is continuous.

Then we define ¢ : Fs — OF] UOF} as

- (0(Q)if Q € Fo\ My(T)
¥s(Q) ~—{ (0,0) if Qe My(T)
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and, reasoning as in Lemma 35, we show that 1/35 is continuous, too.
We can repeat the reasoning in Remark 36, Lemma 37, and Proposition
38 to deduce the following property of M*(7T).

Proposition 64. Assume (Wy); for any T € R the set M# (T) is a non-empty
compact set. Further, there is a compact connected set M*(T) C M*(T) which
contains the origin and intersects fs.

Since we know the exact expressions of the trajectories, cf. respectively

Remark 59 and (23) together with Remark 16, we can find ¢ = F, s > 0 and
C > 0, both independent of 7, such that

ce 1) — gt P) < Tt 7, Ps) < Ce 71 forany ¢t > 7. (72)

Via (72) we obtain similar estimates for the solutions of the non-autonomous
system (14).

Lemma 65. Assume (Wy). Then, there are positive constants C' > ¢ > 0 such
that for every 7 € R and Q € fs N M*(7) we have
ce 1T < a7, Q) < Ce 7T forany t > 7. (73)
Proof. We claim that
z(t;7, P,) < z(t;7,Q) < T(t; 7, Py) for any t > 7. (74)
Then, the conclusion will follow from (72).

We just give the proof of the first inequality, the other being similar.
Observe that we have the equalities in (74) at ¢ = 7; let T = sup{t >
Tz, P,) < x(t;7,Q)}. Assume by contradiction that T € R. Then,
since @ € M?#(7), by construction the trajectory remains in Fy so that
z(T;m,P,) = x(T;7,Q) implies &(T;7,P,) < &(T;7,Q). Hence, we have
z(t;7, P,) < z(t;7,Q) in a right neighborhood of T, leading to a contradic-
tion. 0

Let 0 < a < as(K) and set
Aa) = {(x,9) [0 <z < L yl77, —a<y <0}
(ie.z<0<zand —a <y <0).
Definition 66. Let 7 € R; denote by =5, (7,a) = M*(7)NL(a) and by W*(r, a)

the connected branch of M?#(7) joining the origin to £(a) so that W*(r,a) C
[A(a) N M= (7)].

Remark 67. Let 0 < a < a,(K), 7 € R, and Q € Z5,(7,a), then (t;7,Q) > 0
for any t > 7, therefore ¢(¢t;7,Q) € A(a) for any ¢ > 7. Further, adapting
slightly the argument of Lemma 65, we can find C(a) > ¢(a) > 0 such that

c(a)e 7T < g(t:7,Q) < Cla)e 71T forany t >7.  (75)

Now, using (75), (17), and arguing as in the proof of Lemma 49 in [12],
we find the following.
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X
t="T
t="T,
W*(Te,a)
z=0
Q L(a)

FI1GURE 7. A sketch of the arguments in the proof of Lemma
70. On the left: if T = +oo, the trajectory o(t; T, Q) con-
verges to the origin as ¢ — +oo. From (70), we have
%ﬂs(¢(t;7'7 Q) <0 and~%ﬂs(¢>(t;77 Q)) > 0 in the colored
region. Since H (¢(t;7,Q)) < 0 in the pink region on the
right, while H*(¢(t; 7, Q)) > 0 in the pink region on the left,
then the trajectory necessarily remains in the green region in
the middle which is contained in F,, so Q € M*(7). On the
right: if T < +o0, we argue by contradiction and introduce
the set C(7,a). In the picture, the trajectory o(t; 7, Q) leaves
C(T.,a) at time T, < T through W*(T., a)

Lemma 68. Assume (He) with { < %5q = "%"f and (Wy). Then, for every
0<ac< af( ) there is Na(a) > 0 such that H(Q;7) < 0 for any 7 < —Na(a)
and Q € 5, (1,a).
Remark 69. Assume (H,). Then, according to Lemma 54, for every 0 < a < ag
there exists N1(a) > Ni(a) > 0 such that
H(Q;7) >0 forany 7 < —Ny(a) and Q € Zyy (7, a). (76)
Now, we adapt the ideas of Lemma 50 in [12] to prove the following.

Lemma 70. Assume (Hy) with £ < Z%f and (Wy). Then, for every 0 < a <

as(K), there is N3(a) > 0 such that, for any 7 < —N3(a) and Q € Zyw (7, a),

the trajectory ¢(t;, Q) corre&ponds to a crossing solution, i.e. there is T =

T'(r,a) > 7 such that z(t; T, Q) >0 for anyt <T' and it becomes null att =T
Further, &(t;7,Q) < 0 < §(t;7,Q) for any 7 < t < T(r,a).

Proof. Let 0 < a < as(K) < ag, N3(a) = max{N;(a), Ni(a), Nao(a)} and 7 <
—N3(a), where Ny (a), Ni(a) and N(a) are as in Remarks 62, 69, and Lemma
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68, respectively. Let Q = (Qz,Qy) € Ew(7,a), and consider the trajectory
¢(t; 7, Q). Observe that by construction &(7;7,Q) < 0 < y(7; 7, Q) and define

T = sup{7T > 7 | j:(t;’r,(j) <0< y(t;T,(j)7 and a:(t;T,Q) > 0 for every t € [7,T] }.

If T = +oo, then ¢)(t;T,Q) converges to the origin as ¢ — +o00, so
limg oo 7 (p(t;7,Q)) = limy ;oo H(p(t; 7, Q)) = 0. Hence, from (70) w
get ¢(t;7,Q) € F, for any t > 7 (see Figure 7 on the left), i.e., Q € M3(r )
However, from Lemma 68 it follows that H(Q;7) < 0, which contradlcts (76),
so T < +0o0.

Notice that ¢(t) > 0 along L(a) for any ¢ € R, since a < as(K) < |E, .
Further, Q € L(a), so, from an analysis of the phase portrait, we see that
either x(T, T, Q) =0 or x(T, T, Q) = 0. If we assume the former, we are done:
the trajectory ¢(t; 7, Q) corresponds to a crossing solution u(r;d) of (5). So,
assume the latter by contradiction.

Let us set Q4 := {(z,y) | ¥ < 0 < z}. We introduce an auxiliary system
which is C! in Q4, coincides with the original one in A(a), and is negatively
invariant in Q4 \ A(a). We denote by ¢,,(t;7, Q) the trajectories of such a
system.

Consider the compact connected set W*(T',a), and define its evolution
via the modified system at ¢t < T, by setting

Wi (t,T;a) == {¢,,(T.Q) | Q € W*(T',a)}.

Clearly, if Q € W*(T',a), then there is T, < T such that ¢, (7, Q) € A(a)
for any t > T,, so that

¢,(t:T,Q) = ¢(t;1,Q)  for any t > T,

Further, we can assume without loss of generality that ¢, (t:7, Q) € Q4\A(a)
for any t < T,. Then, it is easy to check that

We(t,a) = W2 (t,T;a) N A(a)  for any t <T. (77)
Let us consider the compact set C = C(7, a) delimited by W* (7, a), the y
negative semi-axis and the line £(a) for any 7 € R. We see that C(t,a) C A(a)
for any ¢ € [r,T]. From (76) and Lemma 68, we get Q € C(7, a).
So, there is T, = T.(7,a) € |,T] such that ¢(t;7,Q) € C(t,a) for any
7 <t < T, and it leaves C(t,a) when t > T,. Thus, either ¢(t;7, Q) crosses
the y negative semi-axis at ¢ = T¢, and the lemma is proved, or it crosses
W*(T.,a) ¢ M*(T,) at t = T. in R(T.). Then, it follows that ¢(t;7,Q) =
o(t;Te, R(Te)) € F for any t > T, and it converges to the origin as t — +oo,
which contradicts T' < 400, so the lemma is proved. O

Now assume (By), i.e. there is p; > 0 such that K(r) > K(p1) when
r > p1, and define 71 := In(p1). Then, setting

Ko (t) = K(it) ift<m,
" o K(Tl) iftZT17
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we get K (t) > K,,(t) for any t € R. Set K, := sup{K,,(t) | t € R}, repeating
the truncation argument in [12, Lemma 51], we find the following.

Lemma 71. Assume (Hy) with £ < ;%‘f and (By). Then, for every 0 < a <

as(K,,) the same conclusion as in Lemma 70 holds.

Proof of Lemma 11. We fix a €]0,a:(K)[ if (W,) holds, and a €10, as(K )|
if (B;) holds; consider the segment £(a) defined as in (43). From Lemma 48,
there is N1 (a) > 0 such that, for every 7 < —Nj(a), W*(r) intersects £(a) in
the compact non-empty set Zy (7, a). Now, from Lemmas 70 and 71, we see
that there is N3(a) > Nj(a) such that the trajectory ¢(t;7,Q) is a crossing
trajectory for any Q € éw(’r, a) when 7 < —N3(a), i.e. it crosses the y negative
semi-axis.

Further, according to Lemma 52, for any d > Dy (—Ns(a)) there is
Q(d) = ¢(tw(d);d) € Zw(rw(d),a) and 1w (d) < —Ns(a), so the trajec-
tory ¢@(t; Ty (d), Q(d)) of (14) corresponds to the regular solution u(r;d) of
(5). Hence, u(r;d) is a crossing solution for any d > Dy (—Ns(a)), and the
lemma is proved. O

Proof of Proposition 12. Fix a €10, as(K)[ if (W) holds and a €]0, as(K,,)|
if (B;) holds. From the proof of Lemma 11, we see that [Dy (—Ns(a)), +-00[ C
J. Then, the case £ = {} follows from Proposition 8. The case £ > {7 is proved
using Proposition 51, and following Propositions 42, 46 in [12]. O
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