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Abstract

Objective. Several data-driven approaches based on information theory have been proposed for
analyzing high-order interactions (HOIs) involving three or more components of a network sys-
tem. The existing methods do not account for temporal correlations in the data, or are defined
only in the time domain and rely on the assumption of stationarity in the underlying dynamics,
making them inherently unable to detect frequency-specific behaviors and track transient func-
tional links in physiological networks. Approach. This study introduces a new framework which
enables the time-varying and time-frequency analysis of HOIs in networks of random processes
through the spectral representation of vector autoregressive models. The time- and frequency-
resolved analysis of synergistic and redundant interactions among groups of processes is ensured
by a robust identification procedure based on a recursive least squares estimator with a forgetting
factor. Main results. Validation on simulated networks illustrates how the time-frequency analysis
is able to highlight transient synergistic behaviors emerging in specific frequency bands which can-
not be detected by time-domain stationary analyzes. The application on brain evoked potentials
in rats elicits the presence of redundant information timed with whisker stimulation and mostly
occurring in the contralateral hemisphere. The application to cardiovascular oscillations reveals

a reduction in redundant information following head-up tilt, reflecting a functional disconnec-
tion within the physiological network of heart period, respiratory, and arterial pressure signals.
Significance. The proposed framework enables a comprehensive time-varying and time-frequency
analysis of the hierarchical organization of dynamic networks. As our approach goes beyond pair-
wise interactions, it is well suited for the study of transient high-order behaviors arising during
state transitions in many network systems commonly studied in physiology, neuroscience and

other fields.

1. Introduction

Network models represented as graphs are essential
tools for exploring the structure and dynamics of vari-
ous physiological systems and their interactions [1].
In these models, each entity, such as a brain unit
or an organ system, is represented as a node, while

© 2025 The Author(s). Published by IOP Publishing Ltd

the edges map functional dependencies like brain
connectivity [2] or cardiovascular interactions [3].
Although widely recognized and applied as a standard
tool for many complex physiological systems, graph-
based networks are limited by the underlying assump-
tion that interactions between nodes are strictly pair-
wise. However, increasing evidence in neuroscience
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and physiology underscores the importance of group
interactions, which go beyond pairwise connections
to involve the collective dynamics of groups of nodes
[4]. These interactions are characterized by non-
factorizability, meaning that the joint behavior of
multiple components cannot be expressed as the
sum of individual or pairwise contributions [4-6].
Several studies have demonstrated the presence of
such non-factorizable interactions, denoted as high-
order interactions (HOIs), in physiological systems.
For example, HOIs have been identified in cardiovas-
cular and respiratory networks, whose joint dynam-
ics are modulated collectively by multiple coexisting
physiological mechanisms [7—10], or in brain net-
works, where the complex interplay among three or
more brain regions has been shown to be crucial for
neural processing and behavior [5, 11-16].

Despite their importance, identifying HOIs in
physiological systems remains a significant challenge,
because in these systems interactions are not inher-
ently defined but need to be inferred from data [4]. To
tackle this issue, various information-theoretic met-
rics have been proposed, which assess the statistical
concepts of synergy and redundancy among groups
of random variables or processes [5, 7, 9, 17-20].
Synergy reflects statistical interactions that uniquely
arise from the collective behavior of a network, mean-
ing they cannot be deduced by examining individual
components or smaller subsets in isolation; in con-
trast, redundancy refers to overlapping contribu-
tions, where shared information among subgroups
of variables sufficiently explains the observed inter-
actions. Interaction information [21] (II) was one
of the first measures proposed to detect the balance
between synergy and redundancy. More recently,
this concept has been extended through the O-
information [20] (OI), which provides a framework
to distinguish synergy-dominated from redundancy-
dominated interactions in networks of multiple inter-
acting variables. Furthermore, given that physiolo-
gical networks display temporally correlated activ-
ities, dynamic approaches measuring information
rates — such as the II rate [5, 7] and the OI rate [8,
12] — have been introduced to replace traditional
static quantities. These important developments
opened the way to the analysis of HOIs in physiolo-
gical systems represented as networks of random
processes.

One of the major challenges in studying dynamic
network systems is the prevalence of non-stationary
behaviors [22-25]. In particular, the output dynam-
ics of physiological systems transiently change over
time with different physiological states, pathological
conditions, or external stimuli [26], directly affecting
pairwise and higher-order behaviors. Nevertheless,
there is a substantial lack of time-varying methods
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capable of tracking HOIs in non-stationary set-
tings. Moreover, since physiological systems typic-
ally exhibit oscillatory behaviors deployed across
distinct frequency bands [8], the development of
spectral approaches is also envisaged. In fact, while
recent studies investigated the presence of HOIs
in time series data in a time-resolved fashion [27,
28], these approaches rely on the local OI frame-
work that assumes stationarity of the underlying
process and does not account for temporal correl-
ations, thus preventing time-varying and spectral
analyzes.

To fill the gaps presented above, the present
study introduces an approach for analyzing redund-
ant and synergistic HOIs in multivariate stochastic
processes, capturing their time-varying and time-
frequency dynamics. The approach leverages meth-
odological frameworks recently introduced to charac-
terize the time-varying information content of indi-
vidual processes [25] and the spectral content of HOIs
[7, 8] to quantify redundant and synergistic interac-
tions in non-stationary multivariate processes with
coupled oscillatory components. This is achieved
using linear time-varying vector autoregressive (VAR)
models [29], whose frequency domain representation
is exploited to assess HOIs at each time step. Model
identification is performed through the recursive least
squares (RLS) algorithm, which allows to map the
information content of brain signals [24, 25] and their
interactions in multi-trial settings and even when
only a single realization of the process is available [30—
36]. As a result of these developments, the existing
framework for the computation of the OI rate [7]
is significantly expanded through the time-frequency
representation of vector random processes, the time-
varying computation of full and restricted model
variances, and the explicit extension to the case of
multiple realizations (trials) of the underlying pro-
cess. These expansions, which are not covered by the
univariate single-trial modeling approach presented
in [25] to study time-varying information dynam-
ics, offer unprecedented possibilities to detect and
track transient oscillatory high-order behaviors from
neurophysiological data.

The proposed framework is first illustrated
through theoretical examples of simulated VAR pro-
cesses featuring time-variant HOIs of different types
and orders across various frequency bands. It is
then applied to analyze evoked potentials in elec-
troencephalographic (EEG) signals recorded from
rats during whisker stimulation [35], as well as to a
physiological network comprising heart period, res-
piratory, and arterial pressure time series measured
in the transition from rest to postural stress, where
HOIs are expected to play a crucial role in shaping
collective dynamics.
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2. Methods

2.1. Time-resolved O-Information rate

Let us consider a set of M signals as a realiza-
tion of the multivariate (vector) stochastic process
Y={Yi,...,Yy}. Let us also denote as Y(t,) =
[Yi(ta),..., Yu(t,)] T € RMX! the vector random
variable that samples the process at the temporal
index n € N (t, = nAt, At =1/, f; sampling fre-
quency). Then, considering a generic subset X C Y
containing N < M processes, X={Xi,...,Xn} =
{Yi,....Y hike{l,....,M}, k=1,...,N, the aver-
age rate of information produced at the time #,by X
is measured through its entropy rate (ER) [37]:

Hx (t,) = H(X () [X? (t)) (1)

where X(t,,) € RV*1 is the variable sampling X at the
present time t,, X1(t,) = [X(tui—1),...,X(tizy)] " €
RI*! collects the variables sampling X over g past
lags (in theory, g — o0), and H(-|-) denotes condi-
tional entropy [38]. The ER (1) measures the com-
plexity of the process X at a specific time point, cap-
turing the amount of information contained in the
present time of X that cannot be explained by its past
history. This measures ranges from Hy(t,) =0 for
a fully self-predictable process to Hx(t,) = H(X(#,))
for a fully unpredictable process [9, 12].

Starting from the time-specific ER (1), we for-
mulate a time-specific HOI measure which gener-
alizes to non-stationary random processes the so-
called O-information rate (OIR) defined in [7, 8].
Specifically, the time-resolved OIR of the vector pro-
cess X = {Xj,...,Xn} is defined as:

Qx (ta) = (N—2) Hy (ta) +

J

[Hy, (t.) — Hy (£)] .

(2)

where X' =X\ X; is the vector process obtained
removing X; from X. Note that for stationary ran-
dom processes the time-resolved OIR is the same at
each time step t,, Qx(#,) = Qy, returning the time-
invariant OIR measure [7]. Equation (2) provides a
null value when N = 2 processes are analyzed, while
in the case N = 3 it yields a time-resolved extension of
the well-known I rate [5, 7, 21]. Crucially, the time-
specific OIR can be positive or negative, with the sign
reflecting the redundant or synergistic nature of the
analyzed group of processes. Specifically, 2x(z,) takes
positive values when redundant interactions domin-
ate over synergistic ones and negative values when the
opposite occurs.

2.2. Computation for linear multivariate processes
Under the assumption that the variables sampling the
original vector process at each time t, have a joint
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Gaussian distribution, the time-specific OIR (2) can
be computed in the framework of VAR modeling [39].
Specifically, the current state of the overall process Y
can be represented by a linear combination of the past
states by means of a linear time-varying VAR (TV-
VAR) model [29]:

P
Y(ta) =Y Ac(t) Y(to) + U(ty),  (3)

where Ay(t,) € RM*M is  the time-dependent
matrix of the model coefficients and U(t,) =
[U(tn),--, Upn(t,)] T € RM*! is a vector of zero-
mean innovation variables with M x M covariance
matrix 3y(t,) = E[U(t,)U(t,) T]. Then, to describe
the dynamics relevant to a generic Q-dimensional
sub-process SC X, S € RO we exploit a restricted
TV-VAR model:

M=

S(tn) = Bk (tn) S(tnfk) + US (tn) 5 (4)

k=1

where Xy (t,) € R2*is the covariance matrix of the
innovation process feeding the restricted model and
By (t,) € R2XQ is the relevant time-dependent coef-
ficient matrix; note that the order g of the restric-
ted model will theoretically tend to infinity because a
sub-process of a VAR process will have a moving aver-
age component [40]. The time-specific ER of the sub-
process S can be then derived from the generalized
variance of the residuals in the restricted model (4),
as [8]:

Hy(t) = 3log 27 % S0, ()|, ()

where |- | stands for matrix determinant. Thus, by
applying (5) 2N + 1 times, each with S taking the role
of one of the processes appearing in (2), yields to com-
pute the time-specific OIR for the set of processes col-
lected in X.

The parameters of the full model (3), i.e. Ax(#,)
and Xy(t,), are estimated with the TV-VAR identi-
fication procedure described in section 2.4. Then, the
parameters of each restricted model (4), i.e. By(t,)
and Xy, (t,), are derived from those of the full model
through a two-step procedure which (i) derives the
time-lagged covariance structure of the full process at
each time step Y(#,) by solving the Yule-Walker (YW)
equations at the relevant time-step, and (ii) reorgan-
izes such structure to relate it to the covariance of the
sub-process S; a detailed description of the practical
solution of the YW equations can be found in [10, 24].
The order p of the full model is estimated as described
in section 2.4, while the order g of the restricted mod-
els is set at a high value to capture the decay of the
correlation function [41].
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2.3. Time—frequency expansion

The time—frequency analysis of HOIs can be imple-
mented exploiting the spectral representation of
VAR models [42] and observing that the TV-VAR
model (3) admits a stationary representation at each
time step t, [43]. This representation provides the
transfer matrix relating the Fourier transform (FT) of
the processes U and Y in (3), obtained at each time
instant ¢, as the inverse of the FT of the time-specific
model coefficients through the relation [30, 42, 44]

—-1
H(t,,w lI—ZAk "'“"] , (6

where w € [—m, 7] is the normalized angular fre-
quency (w = 277% with fe [f%,%} ) j=+—1, and
Iis the M x M identity matrix.

Starting from (6), the power spectral dens-
ity (PSD) of the overall process relevant to the
time-step #, can be expressed as Py(t,,w)=
H(t,,w)Xy(t,) H" (t,,w) [42], where * stands for
conjugate transpose. Then, the PSD matrix of Y can
be pruned to extract the PSD of any generic sub-
process S satisfying (4), Ps(#,,w). Based on this par-
tition, the spectral ER of the sub-process S is defined
as [5, 8]

s (1 0) = %log(27re)Q Ps (), (7)

yielding a time-frequency measure of the complexity
of the process S. Importantly, the spectral and time
domain definitions of ER given in (7) and (5) are
closely related to each other by the spectral integra-
tion property [45], in a way such that the integra-
tion of the spectral ER over the whole frequency axis
returns the time-specific ER (5) [8]:

1 s

Hs(tn) = g - hs(tn,w)dw. (8)

Given (8) and (2), it is easy to show that a spectral
version of the time-specific OIR of the N processes in
X is given by:

(N=2) hx (ty,w)

+> 7 [hy, (t,w)
j=1

Vx (thU) =

- hXJ (tn,CU)] ) (9)

which, in turn, satisfies the spectral integration prop-
erty, i.e. Qx(ty) = 3= [7_vx(ts,w)dw. Therefore, the
spectral version of the time-resolved HOI measure (2)
defined in (9) can be meaningfully interpreted as
a time- and frequency-specific index of the syn-
ergistic/redundant information shared by multiple
stochastic processes.

Y Antonacci et al

2.4. Model identification
Here we describe the procedure followed for the
practical computation of the time-frequency OIR
measure, which is based on the RLS estimation
of the TV-VAR model (3) [24, 30]. The proced-
ure starts with R realizations of the analyzed vector
process Y, available in the form of R multivariate
time series each composed by M series measured
over T samples: y)(t;) e RM*! r=1,... . Ri=
., T. From this dataset, the following obser-
vation matrices are formed for each time step f,,

n=p+1,...,T : Y(t,) = [V (t),...,yP(t,)] €
RMxR containing the observations of the present
state of Y; W(t,,) = [w(D(t,),...,wR (£,)] € RMPXR)

with — wO(t,) =y (o) T,y (tp) T €
RMPx1 containing the observations of the p past
states of Y. With this notation, a compact rep-
resentation of the time-varying model (3) can be
obtained as: Y(#,) = A(t,)W(#,) + U(t,), where
A(ty) = [Ai(tn), ..., Ap(ty)] € RM*MP is the matrix
of unknown VAR coefficients at time t,, while U(#,) =
(5, ..., u®(t,)] e RMR with  u((t,) €
RM*1 contains the observations of the innovation
process U.

The RLS involves the minimization of a cost
function defined as [24, 29]: £(Y,Y) = Zn (1=
)T "|Z(t,)||>, where the matrix Z(t,)=Y(t,) —
A(t,—1)W(t,) € RM*R denotes the a-priori estima-
tion error computed as difference between the mat-
rix of the real data Y(#,) and the estimated data
Y(t,). The term (1 — ¢)"=" is the exponential weight-
ing factor or forgetting factor, with 0 < (1 —¢) < 1,
which can be roughly interpreted as the memory of
the algorithm ensuring that the data in the distant
past are ‘forgotten’ to follow the variations of the
statistical properties of Y in non-stationary condi-
tions; this parameter controls the trade-off between
the adaption speed at transition and the variance
of the estimate. The RLS algorithm to estimate the
matrix of VAR coefficients consists in [24, 32]: (i)
choose a value for the adaptation factor ¢ and an
order of the TV-VAR model p; (ii) define proper
initial conditions for the VAR coefficients at time
tps A(ty) = [A1(tp), ..., Ap(tp)] € RM*MP and for the
correlation matrix of the past states of Y stored in
W(t,), ®"(t,) € RMP*Mp; (iii) for t, =ty to tr
repeat the following steps:

B (t,) = (1—0) D" (ty—1) + W (L) W (1) ",
(10a)
K(ty) = (" (t) " W (t), (10b)
Z(ta) =Y (ta) = A(tn1) W (1), (10¢)
A(ty) =A(ta1) +Z(t)K (), (10d)

where K(t,) € RMPXR js the so-called gain matrix.
A detailed mathematical derivation of the RLS solu-
tion is reported in the supplemental material of [24].
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When 0 < ¢ < 1, arecursive computation of the time-
varying covariance matrix of the residuals Xy (#,) can
be obtained as follows [46]:

ﬁU(tn) = 2U(tn—l)

.
+c (Z(”}f(” - ﬁu(tn_1)> . (11)

while when ¢ = 0 (i.e. assuming stationarity for Y):

Su(ts) = EAJU(tnfl)
P (M2 s ).
(12)

The model order of the TV-VAR model (3)
can be determined through computation of

the mean squared prediction error (MSPE),
T—ZLPHHZ(Q)HZ; specifically, the optimal

order is selected as the minimum MSPE averaged
over the M processes after scanning for values of p
between 1 and a maximum order P [45, 47]. We note
that when ¢ = 0 the process Y is considered as glob-
ally stationary and the RLS algorithm is applied ‘with
infinite memory’ [29] reducing to the well-known
ordinary least squares (OLS) estimator [48] applied
over the whole time series of length T. On the other
hand, by assuming ¢ = 1 the process is interpreted as
‘memory-less’ and, if multiple realizations are avail-
able (R > M?p to ensure the existence of the solution
[49]), the use of the OLS estimator allows a time-
resolved identification; specifically, by setting c =1
in (10d) the VAR coefficients are estimated at each
time step ¢, 2> t,4 | through the well-known OLS for-
mula: A(t,) = Y(£,)W(t,) T [W(t,)W(,) "]~ and
U(t,) = Y(t,) — A(t,)W(t,), whose covariance mat-
rix 2y(t,) is an estimate of Xy(1,).

3. Simulation study

This section presents the design and implementation
of a benchmark simulation of multiple interacting
stochastic processes highlighting the peculiar features
of the proposed time-varying and time-frequency
analysis of HOIs. Specifically, we show how different
patterns of redundancy and synergy can emerge in
different time windows and coexist at different fre-
quencies, and would remain undetected if the stand-
ard stationary time-domain analysis was performed.
Additionally, we examine the performance of the
RLS algorithm in tracking sudden changes in HOIs,
emphasizing the role of the forgetting factor and of
the number of realizations available for the estim-
ation. The MATLAB code to reproduce the simu-
lation study, along with a detailed documentation,

Y Antonacci et al
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Figure 1. (a) Graphical representation of the time-varying
VAR process generated according to (13), where each node
represents a different scalar process and the arrows repres-
ent the imposed causal interactions (self-loops depict the
influences from the past to the present sample of a process).
The blue and red arrows represent time-varying coupling
parameters which are modulated as depicted in (b) and (c).

is available at: https://github.com/YuriAntonacci/tv-
OIR-toolbox.

3.1. Theoretical analysis

We design a four-variate time-varying VAR process
with regression coefficients modulated temporally
according to predefined waveforms for inducing mul-
tiple transitions within a predefined time window [5,
24]. The analyzed TV-VAR process is:

Vi (ta) = (1 —a(t)) Ya (tam1) +a(ta) Y3 (ta—2) + Ur (ta),

Ya(tn) = anYs (ta_i) + 1.5Ya (1) + U (1),
k=1
2

Ya(ta) = as¥s (tu_i) + 1.5Ys (tu2) + Us (1),
k=1
2

Ya(ta) =D anYa (tyi) + Us (tn), (13)
k=1

where U, (t,),...,Us(t,) are white and uncorrelated
Gaussian processes with zero mean and unit variance.
The process is simulated assuming a sampling fre-
quency f; = 100 Hz. The time-varying nature of the
process is determined by the coupling parameter a(#,)
modulating reciprocally the strength of the causal
connections Y, — Y, and Y; — Y; as reported in
figure 1; specifically, a(t,) is set to vary over time as a
periodic square waveform, or as a periodic sinusoidal
waveform, both oscillating in amplitude between 0
and 0.3 with a period of 4s. The other simulated
causal connections are Y; — Y3 and Y, — Y5, both
with time-independent strength set to 1.5. Moreover,
autonomous oscillations are set for the processes Y;,
i =2,3,4, by setting time-independent coefficients
ai; = 2picos(2m f;/f;) and ap = —p?, with p, = p3 =
ps=0.85and f, =f; = 10 Hz and f; = 35 Hz, so as
to resemble the v and S brain rhythms.
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Figure 2. Time-resolved OIR and its spectral version computed for the simulated VAR process (13), driven by square and

Qy, 1,1, (ta)) and 4th-order (ie. Qyy, v, v, v, (f2) }) evidencing the presence of redundancy and multiple state transitions every
2s. (b) Time—frequency profiles of 3rd- and 4th-order highlighting the coexistence of redundant and synergistic effects in differ-
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The time—frequency representation of the TV-
VAR process can be obtained by deriving its PSD dir-
ectly from the true TV-VAR coefficients as described
in section 2.3, from which the exact values of both
the spectral and the time-specific versions of the OIR
are obtained at any order of interaction. In particular,
the theoretical profiles of the time-varying and time-
frequency representation of the OIR are shown in
figure 2 for multiplets of order three (X = {Y;,Y>, Y3}
and X = {Y},Y5,Y4}) and for the full process (X =
Y). The time-specific analysis (figure 2(a)) reveals the
predominance of redundancy in the system, docu-
mented by the positive values displayed by the time-
domain OIR for all the analyzed multiplets of pro-
cesses. The amount of net redundancy is modulated
over time according to the variable coupling from
Y; and Y, to Y;, with OIR values changing pro-
portionally to (1 —a(t,)). These results document
the importance of performing a time-varying ana-
lysis in order to track the variations over time of
the redundancy/synergy balance, here modulated by
the strength of the chain effect Yy — Y, — Y (pro-
ducing redundancy) relative to that of the common
child effect Y3 — Y; < Y, (producing synergy) [5,
8]. Moreover, the time-frequency analysis of HOIs
(figure 2(b)) reveals the coexistence of redundant
and synergistic interactions with extent depending on
the coupling parameter a(t,). Specifically, the time-
frequency OIR vyy, v, v,} (t2,w), and more smoothly
also vry, v,.v,,v,} (tn, w), display net redundancy in the
band centered around 35 Hz when a(t,) ~ 0, which
becomes less pronounced and accompanied by evid-
ent net synergy around 10 Hz when a(t,) > 0. These
patterns document the importance of analyzing time-
varying HOIs in the frequency domain to reveal
effects that may remain hidden in the time domain:
in our simulation the chain Y; — Y, — Y] and the
common child Y3 — Y; < Y5, which are both active

when a(t,) grows towards 0.3, yield contemporan-
eously synergy at ~ 10 Hz and redundancy at ~ 35
Hz, while only the chain effect producing redundancy
is present in the time epochs during which a(z,) takes
low values.

3.2. Practical estimation

To investigate the performance of the proposed
methodology, the time-varying OIR relevant to
the whole system (13), ie. x computed with
X ={Y1,Y,,Y3,Y,}, was estimated applying the pro-
cedure described in section 2.4 on realizations of the
TV-VAR model of length T'= 1000 (corresponding to
atime window of 10 s). Two analyzes were performed,
both varying the number of realizations generated
(R € {10,20,50,100}) and the forgetting factor ((1 —
¢) € {0,0.5,0.7,0.9,0.94,0.96,0.97,0.98,0.999}):
the first aimed at studying the capability of the time-
varying OIR estimator to follow fast and slow vari-
ations of the coupling parameter (square and sinus-
oidal waveforms), and the second aimed at quantify-
ing bias and variance of the OIR estimated during the
stationary phases of the periodic square variations
of the coupling parameter. In both cases, the model
order was estimated as described in section 2.4, g
was set to 30 and the matrix A(f,) was assigned
drawing random samples from the uniform distri-
bution between —1 and 1 [25]. To evaluate estima-
tion performance, we computed the distributions of
the estimated OIR values, Qx(t,,), across 100 inde-
pendent repetitions and compared them with the
exact theoretical values derived from the true model
parameters.

3.2.1. Tracking capability and transition response

Figure 3 shows the distributions of Qx(t,) across 100
iterations, computed for different values of 1 — ¢ and
numbers of realizations R, and compared with the
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Figure 3. Distributions of the OIR Q {Y,,10,15,Ys} (ta) (median and 5th — 95th percentiles) estimated over 100 iterations of (13),
for different values of (1 — ¢) € {0,0.7,0.96,0.999} and for different waveforms of a(#,), displayed separately after generating

(a) R = 10 realizations or (b) R = 50 realizations. In each panel, the profile of the theoretical OIR Q{Y“Yz%%} (tu) is reported in
red.
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exact values derived from the true model parameters
(red line). The number of realizations influences both
the bias and the variance of the estimates, which are
reduced substantially moving from R = 10 to R = 50.
On the other hand, the forgetting factor appears to
affect the bias and variance of the TV-OIR estim-
ates in a more complex way: while the variance is
always reduced at increasing of the forgetting factor,
the bias is affected in a way that also depends on the
waveform whereby the coupling coefficient changes.
The bias generally decreases with a higher forget-
ting factor, but for large values, the response time
to transitions also affects it — higher (1 — ¢) reduces
responsiveness. This issue is more pronounced dur-
ing very fast transitions (e.g. square-wave coupling
coefficient).

3.2.2. Systematic analysis of bias-variance tradeoff
For each combination of the parameters ((1 —¢),R),
the normalized bias was computed as BIASy =

T |Qx(6)—Qx(4 .
%Eizl W, and the variance was com-

puted as VAR = sziTzl(QX(ti) — Q)2 with Qp =
%ZLI Qx(1;), where Qx(#;) and Qx(t;) denote the
theoretical and estimated values (mean over R real-
izations) of the OIR at a specific time instant. After
averaging Qx(t;) across the 100 iterations, to quantify
responsiveness, the fall time (F;) was computed —
defined as the time needed for the OIR estimate to
drop from 90% to 10% of its maximum value. Then,
a two-way repeated measures ANOVA was carried
out separately for the performance measures BIASy
and VAR to assess the effects of the factors R and
(1—c) on Qx(t,). The Mauchly’s test of sphericity
was applied, and when necessary, the Greenhouse—
Geisser correction was used to adjust for violations
of the sphericity assumption in all analyzes. Post-
hoc comparisons between sub-levels of the ANOVA
factors were conducted using Tukey’s test. Results,
summarized in table 1, show F-values and partial eta
squared (1)) for effect size, revealing a significant
influence of the within-subject factors R and (1 — ¢),
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Table 1. Two-way ANOVA (degrees of freedom (DoF) and F
values with effect size (nﬁ) ) computed considering BIASy and

VAR as dependent variables; **, p < 107>,

Factor DoF BIASN (771%) VAR (nﬁ)

R 3,297 3355** (0.971)  16900** (0.994)
(1—0) 9,891  66300"* (0.998) 28200** (0.996)
Rx (1—c) 27,2673 28000"* (0.996) 15500** (0.993)

as well as their interaction R x (1 — ¢), on both per-
formance measures.

Figure 4 shows the distributions of the perform-
ance measures as a function of the factors R and (1 —
¢). The estimation bias (BIASy, figure 4(a)) decreases
as the number of realizations increases, with an effect
that is statistically significant only when (1—¢) <
0.94 (Tukey’s post-hoc test). The estimation variance
(VAR, figure 4(b)) displays a similar trend, decreas-
ing significantly with increasing the number of realiz-
ations R when (1 — ¢) < 0.94 but also when (1 —¢) >
0.98. The response time to transitions (F;) reveals a
significant impact of the number of realizations R on
the RLS algorithm’s ability to detect transitions for
all values of the forgetting factor (1 — ¢) € [0,0.8]; for
instance, when (1 —¢) = 0 and R € {10,20}, the bias
is so high that the fall time reaches its maximum value
of 2 seconds, indicating that the transition cannot be
detected.

3.2.3. Discussion and practical recommendations

Overall, the results underscore the significant influ-
ence of the number of realizations and the forgetting
factor on the bias-variance trade-off and on the time
required to detect transitions. Our findings align with
previous studies, which have highlighted the consist-
ency and accuracy of the RLS algorithm in estim-
ating time-varying information-theoretic measures
[24, 25], as well as coupling and causality measures
[30-33]. Specifically, we find that the bias-variance
trade-off is more influenced by the number of real-
izations than by the value of the forgetting factor.
Nevertheless, the forgetting factor directly affects



J. Neural Eng. 22 (2025) 066001

R=10
—f-R=20
—~ 04} —F—-R=50
% ——R=100
2
2 -0.8
\a .
o0
< -1.2¢
1.6 k 4_/’
b) | $ 9 .
0 T T T T
0
2r =g 1
&
—~ [ o3 1
E’é 41 g B
= r 70 08 094 097 0.99
o
& 6

0 07 08

0.9 094 096 097 098 0.99 0.999
1—c

Figure 4. Performance measures (a) of bias (BIASy) and

(b) variance (VAR) as a function of the factors Rand 1 — c.

Both measures are reported as mean value and 95% con-

fidence interval computed across 100 iterations for each

experimental condition. The inset in (b) reports the fall

time computed after averaging {2y across the 100 iterations.

the adaptation speed to transitions, which remains
largely independent of the number of realizations, as
also shown in [31]. Notably, with a sufficient num-
ber of realizations, a low forgetting factor enables pre-
cise tracking of rapid HOI transitions in dynamic
systems. If this is not the case, the analysis conduc-
ted here identifies a suitable range for the forgetting
factor, 0.96 < (1 —c¢) < 0.98, to achieve an optimal
balance between bias, variance, and the ability to track
abrupt transitions, as also highlighted in a previous
work [24]. To provide practical reccommendations we
advise that, if the analysis aims to determine the time
of transition in a system with minimal uncertainty
when a sufficient number of realizations is available
(e.g. R > 50), a small value for the forgetting factor is
recommended. Conversely, if the number of realiza-
tions is limited (e.g. R < 20), a value of (1 — ¢) around
0.96-0.98 is recommended to allow proper TV-VAR
identification. It is important to note that the VAR
model identified at each time step t,, (when 1 — ¢ = 0)
via the OLS method cannot ensure a stable solution
when the number of data samples available for the
estimation procedure (R in this case) is at least one
order of magnitude greater than the number of VAR
parameters to be estimated [49, 50].

4. Application to time-varying
physiological networks

This section presents the application of the proposed
framework for time- and frequency-specific analysis
of HOIs to two benchmark datasets.

Y Antonacci et al

The first dataset includes time series of heart
period, respiratory, and arterial pressure variabil-
ity, used to analyze cardiovascular and cardiorespir-
atory interactions during orthostatic stress induced
by postural changes [51]. This condition modu-
lates the sympatho-vagal balance, leading to alter-
ations in both cardiovascular and cardiorespiratory
interactions within specific frequency bands, driven
by well-characterized physiological mechanisms such
as the baroreflex and respiratory sinus arrhythmia
[52-54]. The time—frequency analysis is focused on
the two frequency bands of physiological interest,
i.e. the low-frequency (LF, 0.04-0.15Hz) and high-
frequency (HE, 0.15-0.4 Hz) bands, to illustrate how
distinct physiological mechanisms operating within
these bands can be described through the syn-
ergy/redundancy balance. As such, this experimental
paradigm provides a controlled and well-understood
model of neural autonomic regulation, suitable for
benchmarking time- and frequency-resolved analyzes
of physiological interactions.

The second dataset comprises epicranial EEG sig-
nals recorded during whisker stimulation in rats [55,
56]. The sensorimotor system of rodents represents
a simple model of large-scale networks where the
structural and functional pathways are well-known
and established. In this specific context, the brain
regions activated and the timing of stimulus encoding
have been previously reported, together with analyzes
investigating causal brain interactions and informa-
tion dynamics [25, 35, 36, 56]. Here, we analyze the
spatiotemporal and spectral patterns of the OIR with
the aim of characterizing the extent, latency and fre-
quency bands of the high-order mechanisms involved
in brain information processing.

4.1. Cardiovascular and cardiorespiratory
interactions during orthostatic stress

The analysis was performed on the time series relev-
ant to 20 young healthy subjects (11 female; median
age 19.4 yrs) selected from a database collected to
study cardiovascular response to orthostatic stress
[57-59]. The study protocol consisted of two consec-
utive phases: supine rest (REST, 15 min) and head-up
tilt (HUT'), where each subject was tilted to 45 degrees
for 8 min to evoke mild orthostatic stress. During
the entire procedure, electrocardiographic (ECG)
and arterial blood pressure (BP), obtained through
the volume-clamp photoplethysmographic method,
were simultaneously recorded. The respiratory sig-
nal was measured through the respiratory inductance
plethysmography method using both thoracic and
abdominal impedance belts. From these signals, three
time series were measures on a beat-to-beat basis: the
nth heart period (i.e. RR,) was computed as the time
distance between the nth and the (n + 1)th R peaks of
the ECG; the nth systolic arterial pressure (SAP) value
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(i.e. SAP,) was measured as the maximum of the
BP signal inside RR,; the nth respiration amplitude
(RESP) value (i.e. RESP,) was computed sampling
the respiration signal on the nth R peak of the ECG.
For each subject, segments of N = 1000 points were
selected synchronously for the three series; the selec-
ted windows were centered on the transition from rest
to tilt (figure 5(a)). Before the analysis, the series were
high-pass filtered (cut-off frequency 0.0156 Hz) and
then reduced to zero mean. The resulting time series
were considered as realizations of the vector stochastic
process X composed by M = 3 scalar processes, i.e.
=RR, Y, = SAP, Y3 = RESP.

The analysis was performed computing the time-
frequency OIR of order 3 after identifying the TV-
VAR model (3) as described in sections 2.3 and 2.4
and by considering as sampling frequency (f;) the
inverse of the mean RR interval. The model order was
selected via the MSPE procedure, setting the forget-
ting factor to (1 — ¢) = 0.975 [24] and the order g of
the reduced models to 30 [14], and initializing the
coefficient matrix (A(t,)) with coefficients randomly
sampled from a uniform distribution in the range
[—1,1]. Starting from the the time-frequency OIR
V{v,,Y>,v5} (tn,w), time-resolved OIR was obtained
through integration over the whole frequency axis or
within the LF and HF range. The three profiles were
averaged within each experimental phase (delimited
by the dotted black line, figure 5(a)), yielding one
value for REST and one for HUT for each subject.

Figures 5(b) and (c) shows the grand-average
distributions of the time-varying and time-
frequency OIR trends computed for the triplet
{RR,SAP,RESP}. The results reveal a redundant
interaction of order 3 (Qyy, v, v,)(tx) > 0) during
REST, followed by an abrupt decrease at the onset of
the HUT condition. The time—frequency represent-
ation of OIR (vgy, v, v,}(tn,w)) further shows that
redundancy during REST is primarily concentrated
within the HF band. In contrast, with the transition
to HUT, the net redundancy in the HF band sharply
declines, while a weaker but noticeable redundant
interaction emerges in the LF band, peaking near
0.1 Hz. As documented in figure 5(d), these global
and frequency-specific changes induced in the OIR
by the orthostatic stress are statistically significant.

The analysis confirms previous works document-
ing that redundancy dominates cardiovascular and
cardiorespiratory interactions [52, 53, 57, 60]. Our
results show that net redundancy characterizes these
multivariate interactions across all frequency bands
and conditions, but its extent is modulated by the
transition from REST to HUT which induces a main
reduction of net redundancy in the HF band and
a moderate but significant increase in the LF band.
We interpret the overall decrease in redundancy as
a marker of network decoupling evoked by tilt and
related to the known shift of the sympatho-vagal
balance towards sympathetic activation and vagal
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Figure 5. (a) Time series of heart period (RR[s]), systolic
arterial pressure (SAP[mmHg]) and respiratory volume
(RESP[L]) measured during resting supine (REST) and
orthostatic stress (HUT) conditions for one representat-
ive subject. (b)—(c) Average profiles across subjects (line:
median; shades: 1st—3rd quartiles) of the time-varying and
time—frequency OIR of order 3. (d) Distribution (boxplots
and individual values) of the mean OIR obtained integ-
rating the time—frequency OIR measure over the whole
frequency axis (TIME), in the range 0.04-0.15 Hz (LF) or
in the range 0.15-0.4 Hz (HF); asterisks denote statistically
significant difference between the REST and HUT condi-
tions (Two-sided Wilcoxon signed-rank test, p < 0.05).

deactivation related to postural stress [61]. Indeed,
the decrease of the redundancy during HUT aligns
with the known reduced coupling between heart
period and respiration, consistent with a diminished
respiratory sinus arrhythmia mechanism resulting
from parasympathetic withdrawal; this effect is loc-
alized within the HF band which typically reflects
respiration-related modulations of the heart rate [42,
60, 62, 63]. On the other hand, the increased redund-
ant interactions in the LF band during HUT likely
reflect enhanced cardiovascular and cardiorespirat-
ory interactions potentially driven by sympathetic
activation. This interpretation is corroborated by the
well-known tilt-induced activation of the barore-
flex mechanism which determines enhanced coupling
between RR and SAP in the LF band [57, 60, 63, 64]
as well as the fact that slowly varying respiration pat-
terns (mostly related to spontaneous changes of the
respiratory pattern) have shown to enhance during
postural stress the respiratory sinus arrhythmia along
the baroreflex path RESP — SAP — RR [65].

4.2. Analysis of somatosensorial evoked responses

The analyzed dataset refers to epicranial EEG data
recorded from 10 young Wistar rats according to
the procedures detailed in previous works [55, 56].
Specimens were anesthetized with light isoflurane
maintained at 2.5% and mounted in a stereotaxic
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frame providing a continuous flow of isoflurane in
the same air mixture. Epicranial signals were recor-
ded with a custom-made amplifier from an array of 16
stainless steel electrodes 500 pm in diameter placed to
cover the entire skull surface without touching head
muscles (gain 5000x; band-pass filters 1-500 Hz;
final impedance ~50kS2). Electrode coordinates from
bregma for the right and left hemispheres were
(rostrocaudal/mediolateral) as follows (figure 6(a)):
—7.5/4mm (E1, E15), —4.75/5 (E2, E14), —3.5/2.25
(E3, E13), —1.5/5 (E4, E12), —0.75/2.25 (E5, E11),
1.25/4 (10E6, E10), 3.25/2.25 (E7, E9), 0/0 (E8),
—6.25/0 (R), and ground electrode at 6/0 (G). All
differential voltages were digitally converted at 2 kHz
using custom-made scripts.

Unilateral stimuli were delivered simultaneously
to all large whiskers on one side of the snout through
asolenoid-based stimulator device. Large whiskers on
one side of the snout were glued together and inser-
ted in a thin tube attached to the stimulator probe that
was then placed 1 cm away from the whisker pad. Each
stimulus consisted of 500 ym backand-forth deflec-
tions with 1 ms rise time. Right-sided series of 50
stimuli were applied with an interstimulus interval of
9s. The entire dataset can be found at https://doi. org/
10.6084/m9.figshare.5909 122.v1.

We firstly examined the somatosensory evoked
potentials (SEPs) obtained through a straightforward
averaging procedure, focusing on the activity recor-
ded at specific electrodes in response to the 50 stimuli
delivered. The grand-average analysis of SEPs , illus-
trated in figure 6(b), reveals a voltage peak over the
primary sensory cortex contralateral (cS1, electrode
E12) initiating ~ 5 ms after the onset of stimulation
and vanishing 20 ~ 30 ms later [35, 56]. Additionally,
the SEP ¢S1 has well-defined structural connections
to particular contralateral parietal, frontal sensory-
motor regions (electrodes E14, E10), which become
active immediately following ¢S1 (figure 6(b), upper
panel). This is also true for the central regions (E11,
E13), although the activation in these areas appears
more delayed and less widespread. On the other hand,
the ipsilateral S1 (iS1, electrode E4) and its neigh-
boring electrodes (E2, E6) show involvement only
at later latencies (~ 35-50 ms after the onset), while
E3 and E5 exhibit an almost complete lack of activ-
ity; as suggested in previous works [66] (figure 6(b),
lower panel), although this secondary network shares
the same structural and functional connections as the
contralateral hemisphere, these connections are less
pronounced.

To analyze the time—frequency modifications
of possible high-order behaviors emerging during
whisker stimulation, we considered the EEG sig-
nals recorded from ten electrodes placed in the
contralateral (E10, E11, E12, E13, E14) and ipsi-
lateral (E2, E3, E4, E5, E6) brain hemispheres. For
each specimen, the signals recorded from these elec-
trodes during repeated stimuli were interpreted
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Figure 6. (a) Electrode montage for epicranial multichannel
EEG. (b) Grand-average SEP for the contralateral (top)

and ipsilateral (bottom) hemisphere to the right whisker
stimulation.

as realizations (R =50) lasting 180 ms (from 60
ms before to 120 ms after the stimulus; T = 360
samples, f; =2000Hz) of a vector stochastic pro-
cess Y composed by M =10 scalar processes, i.e.
Y, = E2,Y, = E3,Y; = F4,Y, = E5,Ys = E6, Ys =
E10,Y; = E11,Ys = E12, Yy = E13,Y;p = E14. The
analysis was then performed computing the time-
frequency OIR for all multiplets from order 3 to
order 10 (968 multiplets). For each specimen, the
OIR measures were computed after identifying the
TV-VAR model (3) as described in sections 2.3, 2.4.
Identification was performed on the ten time series
reduced to zero mean and unit variance optimizing
the model order via the MSPE procedure, setting the
forgetting factor to (1 — ¢) = 0.975 [24] and the order
q of the reduced models to 30 [14], and initializing
the coefficient matrix (A(t,)) with coefficients ran-
domly sampled from a uniform distribution in the
range [—1,1].

The results are presented in figure 7 and show the
time-varying (a—c) and time—frequency (d—f) OIR
computed for selected multiplets of signals, along
with the overall time-domain values obtained for a
subset of 120 of these multiplets. Specifically, panel g
shows the time-resolved OIR values averaged over the
entire time window for all triplets, quadruplets, and
quintuplets within each hemisphere; for two selec-
ted sextuplets — one including and one excluding the
somatosensory cortices; and for all possible multiplets
of order 8, 9, and 10.

The time-varying analysis shown in figures 7(a)-
(c) reveals a prevalence of redundant inter-
actions, particularly among multiplets that
include signals from the contralateral hemi-
Sphere (eg Q{Ya,Y&Ym}(tﬂ)’ Q{Y67Y71Y87Y10}(tn)’
vy, Y5, ¥, 0,10} (£1)), With a marked peak occurring
approximately 20 ms after stimulus onset. This pat-
tern also holds for interactions of order nine and ten
(ie. Qy,,..v1 (tn) and Qqy, |y, 3 () figure 7(c)),
mirroring the trends observed in the SEP analysis
shown in figure 6(b). Conversely, the time-varying
OIR for signals recorded over the ipsilateral hemi-
sphere (ie. Qv v, v1(t)s Uvvvs,v2} (), and
Uy, 15,15, 15} (tn); figures 7(a) and (b)) reveals a
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Figure 7. Time-resolved and time—frequency analysis of OIR in rats during whisker stimulation. (a)—(c) The time-varying and
(d)—(f) time—frequency profiles of the OIR (median across specimens) are reported for selected multiplets (order 3 to 10). (g)
Distribution (median and quartiles across specimens) of the OIR values computed for 120 selected multiplets of order 3,4,5,6,8,9
and 10 obtained integrating the time—frequency OIR over the entire frequency spectrum, and taking the average over the whole
duration of the analyzed time window. The colored bar plots highlight the specific multiplets shown in panels (a)—(c).

different pattern, characterized by lower OIR values
and the absence of a distinct peak. Moreover, a strong
response emerges only when ¢S1 and iS1 are included
in the same multiplet: this is evident, for example, in
the analysis of sixth-order interactions (figure 7(b)),
where redundancy is higher when both somato-
sensory areas (Y3 and Ys) are considered together.
These trends are confirmed by the time-frequency
analysis (figures 7(d)—(f)), which also allows to local-
ize the frequency bands where redundancy emerges.
In the contralateral hemisphere (figures 7(d) and
(e); first row), the clear peak of redundancy arising
at ~ 20ms from the stimulation onset is localized
in the gamma frequency band (40 4 60 Hz), which
is physiologically plausible as confirmed by previ-
ous studies evidencing the importance of the gamma
band for the ¢S1 [35, 36]. A slight redundant con-
tribution is also noticeable in the ipsilateral hemi-
sphere (figures 7(d) and (e); second row), occurring
at later latencies (~40-60 ms after the onset) and at
lower frequencies, confirming the driving role of iS1
at middle latencies as suggested in [35]. This is also
true when the analysis is extended to six-signal mul-
tiplets that include or exclude ¢S1 and iS1 (figure 7(e),
second column), further confirming the key role of
the contralateral and ipsilateral somatosensory cor-
tices in the generation of HOIs. The analysis extended
to nine- and ten-signal multiplets (figure 7(c)) reflects
the trends observed at lower interaction orders, albeit
with higher redundancy values, suggesting that high-
order behaviors emerge from underlying lower-order

interactions. Specifically, a rise of redundancy is
noticed at ~ 20 ms from the stimulus in the gamma
band, and at 40-60 ms in the lower beta and alpha
bands.

The analysis of the distributions across anim-
als of the OIR displayed for 120 multiplets from
order three to order ten (figure 7(g)) documents an
increment of redundancy with the order of the ana-
lyzed multiplet which is coherent with previous stud-
ies analyzing overall time-domain HOIs with time-
invariant approaches [12, 14]. The patterns of HOIs
confirm the presence of net redundancy in all the ana-
lyzed multiplets, and identify key multiplets depend-
ing on the analyzed order of interactions. Specifically,
for interaction orders three to five, the inclusion
of processes Yg, Yg, and Yjo in the analyzed mul-
tiplets results in higher redundancy values compared
to their ipsilateral counterparts Y7, Y3, and Ys. The
highest redundancy values are detected in the mul-
tiplets of order six only when ¢S1 and iS1 are con-
sidered together. It is worth of note that, when the
analyzed multiplet comprises the majority of the elec-
trodes belonging to the contralateral hemisphere, the
redundancy is higher. These findings highlight the
dominant role of the contralateral sensory cortex
(electrodes E10, E12, E14) in mediating redundant
interactions.

Overall, the redundancy-dominated networks
observed in both the contralateral and ipsilateral
hemispheres can be explained in terms of several
previous findings [35, 36, 55, 56] and considering the
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results from the simulation study performed herein.
Specifically, whisker-evoked activity originates in ¢S1
(process Ys, electrode E12), with significant func-
tional outflow occurring at early latencies [56]. The
functional connections from cS1 preferentially tar-
get frontal sensorimotor and parietal regions (Ys =
E10 and Yo = E14 in figure 6), consistently with
the strong structural connectivity between c¢S1 and
these regions [55]. These findings also align with the
sequential activation patterns observed in the ana-
lysis of SEPs (figure 6) [35, 36], as well as prior work
showing a high degree of causal connectivity among
the signals recorded from contralateral electrodes 35,
36]. Furthermore, our simulation study supports the
presence of redundancy originating from a common
driver structure, where cS1 influences the dynamics
of multiple targets. The time—frequency analysis of
OIR further confirms that this interaction is primarily
redundant, supporting the hypothesis that redund-
ancy in brain networks enables overlapping inform-
ation storage across regions, thereby contributing to
the stability and resilience of cognitive and motor
functions. These findings reinforce the central role
of ¢S1 in coordinating activity across frontal and
parietal areas and highlight the importance of the
contralateral hemisphere in sustaining HOIs in this
setting.

5. Conclusions

The novel methodology presented in this work signi-
ficantly advances the set of tools for the study of high-
order interdependencies in dynamic network sys-
tems. Indeed, while being solidly grounded in frame-
works recently introduced to characterize synergy-
and redundancy-dominated circuits in networks of
random variables [20] and random processes [7], it
significantly expands the applicability of these frame-
works providing time-varying and time-frequency
measures of HOIs. This peculiarity enables the ana-
lysis of non-stationary and frequency-specific beha-
viors which are very common in computational neur-
oscience and physiology.

We demonstrated that the time-resolved and
time-frequency analyzes are tightly interconnec-
ted through the spectral integration property of
information-theoretic measures, enabling a con-
sistent derivation of time-varying measures from
the expanded time-frequency metric. Our frame-
work allows for the straightforward computation of
measures representing HOIs at any order, starting
from the identification of time-varying linear models
using a RLS estimator with a forgetting factor, which
ensures a reliable estimation of both slow trans-
itions and fast intermittent behaviors. Moreover, the
strategy introduced in this work allows for the time-
resolved computation of prediction error variances
for restricted models, laying the groundwork for a
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future causal decomposition of the OIR into com-
ponents reflecting Granger-causal and instantaneous
influences, which could be estimated in both the time
and time-frequency domains [7]. The extension to
multi-trial settings, also introduced here, allows for
robust model identification across repeated realiza-
tions, which is crucial for applications such as brain
evoked responses where non-stationarities are expec-
ted and well documented.

The theoretical example and the applications
to physiological and brain networks showcase the
potential of extending information-theoretic meas-
ures to capture the balance between redundancy and
synergy among large groups of nodes, even in the
presence of significant non-stationarities. Moreover,
our approach underscores the importance of ana-
lyzing interactions in the time-frequency domain,
enabling the detection of frequency-specific interac-
tions that may remain hidden in time-domain and
even time-varying analyzes. The data-driven nature
of the proposed method makes it applicable not only
to biomedical time series but also to a wide range
of dynamic systems, including electronic, climatolo-
gical, social, and financial networks, where the activ-
ity of each node can be modeled and studied using the
theory of stochastic processes.

Data availability statement

The data support the findings of this study are openly
available at the followiing URL: https://github.com/
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The epicranial EEG data are part of previous
works [35, 36], and can be found here: https://doi.
org/10.6084/m9.figshare.5909122.v1
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