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Abstract: In the current paper, an analysis of magnetohydrodynamic Williamson nanofluid
boundary layer flow is presented, with multiple slips in a porous medium, using a newly
designed human-brain-inspired Ricker wavelet neural network solver. The solver employs
a hybrid approach that combines genetic algorithms, serving as a global search method,
with sequential quadratic programming, which functions as a local optimization technique.
The heat and mass transportation effects are examined through a stretchable surface with
radiation, thermal, and velocity slip effects. The primary flow equations, originally ex-
pressed as partial differential equations (PDEs), are changed into a dimensionless nonlinear
system of ordinary differential equations (ODEs) via similarity transformations. These
ODEs are then numerically solved with the proposed computational approach. The cur-
rent study has significant applications in a variety of practical engineering and industrial
scenarios, including thermal energy systems, biomedical cooling devices, and enhanced
oil recovery techniques, where the control and optimization of heat and mass transport
in complex fluid environments are essential. The numerical outcomes gathered through
the designed scheme are compared with reference results acquired through Adam’s nu-
merical method in terms of graphs and tables of absolute errors. The rapid convergence,
effectiveness, and stability of the suggested solver are analyzed using various statistical
and performance operators.

Keywords: Ricker wavelet neural networks; Williamson nanofluid; magnetohydrodynamic;
genetic algorithms

1. Introduction
For the last few decades, nanofluids have extensively been used in the medical, biologi-

cal, and engineering fields due to their distinctive characteristics, including optimal wetting,
magnetic, thermal, and electrical properties that boost their performance. Nanoparticles
are nanometer-sized, tiny particles based on metals, oxides, and carbides that generate
nanofluids when mixed with fluids like oil, ethylene, or water. Nanofluids are highly
beneficial for the enhancement in thermal conductivity in Newtonian and non-Newtonian
fluids. Research on the enhancement in thermal conductivity was first carried out in 1993
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by Masuda et al. [1]. The application of nanofluids in heat and transfer phenomena with
huge thermal conductivities was introduced by Choi and Eastman [2]. Nanofluids are
used in diverse fields, including drug transportation [3], thermosyphon [4], biophysics [5],
combustion procedures [6], refrigeration processes [7], coating processes [8], heat exchang-
ers [9], crystal proliferation [10], and solar energy [11]. Some important results of analyzing
the flow properties of different nanofluids are presented in [12–20].

Magnetohydrodynamics (MHDs) are defined as the passage of electrically good con-
ducting fluids in the presence of a magnetic field. Fluid flow with the MHD effect has
been studied by a large number of researchers because of its practical applicability in the
areas of cosmic fluid dynamics, polymer industry, agriculture, solar physics, astrophysics,
polymer industry, metallurgy, and geophysics. Recently, the MHD phenomenon with
heat and mass transfer impacts along an extended porous surface has been examined by
different scientists. Shamshuddin et al. [21] examined microorganism nanofluidic flow
with an induced heat source along a stretchable surface (SAS) through porous media. Khan
et al. [22] investigated heat transfer impact in the case of MHD thin-film flow over a SAS.
Alriheli et al. [23] discussed a dissipative MHD nanofluidic flow over a SAS through a
porous medium with a chemical reaction effect. Srivastava et al. [24] discussed MHD
boundary-layer (BL) flow across a SAS using different slips in a porous medium. Biswal
et al. [25] studied the MHD stagnation point flow through a SAS embedded in a porous
medium in terms of heat and mass transfer effects. Sitamahalakshmi et al. [26] examined
MHD Casson fluidic flow through a SAS in the shape of a permeable vessel with heat and
mass transfer impacts.

Non-Newtonian fluid models have several engineering and industrial-type applica-
tions, including photographic films, glass blowing, polymer-coated sheets, and cosmetic
items. The rheological characteristics of various fluids are not possible to explain using
only Navier–Stokes equations. To fill this gap, various rheological paradigms have been
developed, including the Jeffery model, the power-law model, the Cross model, and the
Williamson model. Williamson [27] proposed a model that briefly explains the flow of
pseudoplastic fluids. Many researchers have used this model because it tends to show
the viscoelastic characteristics of materials. Jabeen et al. [28] numerically investigated
Williamson nanofluid (WNF) BL flow under the effects of activation energy and dissipation
using the bvp4c technique. Dyapa et al. [29] discussed MHD-WNF flow with Dufour/Soret
effects using the Keller–Box technique. Dulal Pal et al. [30] examined double diffusive
MHD-WNF flow for entropy generation with thermal radiation impact using the spectral
quasi-linearization technique. Nayak et al. [31] analyzed MHD-WNF flow with fuzzy
parametric behavior using the Runge–Kutta fourth-order technique. Kairi et al. [32] de-
termined bioconvective flow using WNF and the Runge–Kutta–Fehlberg method and
concluded that the larger value of the Williamson parameter diminishes the heat and
mass transfer effects. Ahmed et al. [33] studied radiative nonlinear WNF flow through
a wavy cone using the implicit finite differences method and concluded that nanofluidic
flow decreases with an escalation in the value of the Williamson number. Patil et al. [34]
investigated WNF flow over a vertical cone using the finite difference technique as well as
the quasi-linearization method.

The human-brain-inspired (HBI) Ricker wavelet neural network (RWNN) solver, i.e.,
the HBI-RWNN solver is a stochastic technique based on artificial neural networks (ANNs)
that is constructed to handle magnetohydrodynamic Williamson nanofluid boundary-
layer flow, i.e., MHD-WNF-BL flow, in terms of a nonlinear system of ODEs. ANN-
based techniques have extensively been used to solve stiff nonlinear equations that are
attained through the mathematical interpretation of real-world problems and are well
known for their efficacy. The applications of ANN-based design techniques include
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the VPSA model [35], the Lassa fever model [36], the Falkner–Skan paradigm [37], the
computer virus detection model [38], the squeezing flow paradigm [39], the SEIR Ebola
paradigm [40], the tuberculosis model [41], the hydrogen-based purification model [42],
the corneal paradigm [43], the fluid model [44], the delay model [45], and the COVID-19
paradigms [46,47]. However, to the best of our knowledge, the HBI-RWNN technique has
never been applied before to solve the MHD-WNF-BL flow model. The key features of the
present research are as follows:

1. A novel human-brain-inspired scheme based on Ricker wavelet neural networks
was established to solve MHD Williamson nanofluid boundary-layer flow over a
stretchable porous surface with multiple slip conditions.

2. The MHD-WNF-BL flow problem was solved numerically to evaluate velocity, thermal
gradient, and nanofluid concentration using variations in the values of the involved
physical parameters based on sundry scenarios.

3. Absolute errors (AEs) were evaluated through graphs and tables as a result of a
comparison of the obtained numerical outcomes with reference solutions.

4. The working of the HBI-RWNN solver was examined through various statistical and
performance analyses.

The organization of the remaining paper is as follows: the second section demonstrates
the mathematical modeling of the MHD-WNF-BL flow problem, while the third section
describes the design methodology manifestation. The results with a brief discussion are
presented in the fourth section, while the last section presents the conclusions as well as
future work.

2. Mathematical Modeling
Figure 1 depicts 2-dimensional MHD-WNF-BL flow through a porous STS in x-

direction expansion with velocity Uw(x) = a1x; (a1 > 0). The wall temperature is
Tmw = Tm∞ + a2x2, while Cw represents the volume fraction for nanoparticles through
an STS. Consistency is assumed in the shape and size of the nanoparticles, while a single-
phase nanoliquid is supposed throughout the thermal equilibrium. In the presence of
radiation and a magnetic field, the flow governing BL equations is [48–51]

∂v1

∂x
+

∂v2

∂y
= 0, (1)

v1
∂v1

∂x
+ v2

∂v1

∂y
= υg

∂2v1

∂y2 +
√

2υgΓ
∂v1

∂y
∂2v1

∂y2 −
σB2

0
ρg

v1 −
v2

k1
v1, (2)

v1
∂Tm
∂x + v2

∂Tm
∂y = αg

∂2Tm
∂y2 +

(ρc)p
(ρc)ng

[
DB

∂C
∂y

∂Tm
∂y + DT

D∞

(
∂Tm
∂y

)2
]

− 1
(ρc)ng

∂qr
∂y ,

(3)

v1
∂C
∂x

+ v2
∂C
∂y

= DB
∂2C
∂y2 +

DT
Tm∞

∂2Tm
∂y2 . (4)

The conditions over the boundary are

v1 = v1w + Z1µg

(
∂v1
∂y

)
, v2 = 0,

Tm = Tmw + Z2
∂Tm
∂y , C = Cw at y = 0,

v1 → 0, Tm → Tm∞, C = C∞ at y → ∞.

(5)
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The similarity transformations employed here are

v1 = a1xg′(η), v2 = −
(
a1υg

) 1
2 g(η), η =

√
a1
υg

y,

θ(η) = Tm−Tm∞
Tmw−Tm∞

, ϕ(η) = C−C∞
Cw−C∞

.
(6)

The obtained nonlinear system of ODEs is

g′′′ −
(

g′
)2

+ gg′′ + λg′′ g′′′ − (M + K)g′ = 0, (7)(
1 +

4
3

R
)

θ′′ + Prgθ′ − 2Prg′θ +
(

Nc
Le

)
θ′ϕ′ +

Nc
Le Nbt

θ′
2
= 0, (8)

ϕ′′ + Sc g ϕ′ +
1

Nbt
θ′′ = 0. (9)

with the following boundary conditions:

g(0) = 0, ϕ(0) = 1, θ(0) = 1 + Z4θ′(0), g′(0) = 1 + Z3g′′ (0),
θ(η) → 0, g′(η) → 0, ϕ(η) → 0 at η → ∞.

(10)

The physical parameters are formulated as

qr =
4σ∗

3k2

∂Tm4

∂y
where Tm4 ≈ 4TmTm∞

3 − 3Tm∞
3, (11)

λ =

√
2a1

3

υg
Γx, Pr = υg

αg
, Nc =

(ρc)p
(ρc)ng

(Cw − C∞), Nbt = Tm∞DB(Cw−C∞)
DT(Tmw−Tm∞)

,

Le = αg
DB

, K =
υg

k1a1
, Sc = υg

DB
, R = 4σ∗Tm3

∞
kk1

, M =
σB2

0
ρga2

.
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Figure 1. MHD-WNF-BL flow model geometry.

The system represented in Equations (7)–(10) is solved by assigning different values to
the parameters involved in these equations, whose details are presented in Table 1.
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Table 1. Scenario-wise values assigned to the parameters in the MHD-WNF-BL flow problem.

Cases
Scenarios

S-I S-II S-III S-1V S-V S-VI
λ Nc Nbt Le Sc β

1. 0.01 3.65 0.25 1.05 3.21 0.05
2. 0.31 5.65 0.35 1.25 4.21 0.25
3. 0.61 7.65 0.45 1.55 5.21 0.55
4. 0.91 9.65 1.85 1.85 6.21 0.85

3. Methodology
The formulation of the required numerical solution based on the HBI-RWNN solver

for MHD-WNF-BL flow problem along the general form of derivatives is

[
ĝ(η), θ̂(η), ϕ̂(η)

]
=

(
m
∑

j=1
W1g,jG(W2g,jη + W3g,j),

m
∑

j=1
W1θ,jG(W2θ,jη + W3θ,j),

m
∑

j=1
W1ϕ,jG(W2ϕ,jη + W3ϕ,j)

)
, (13)

[
ĝ(i)(η), ˆθ(i)(η), ˆϕ(i)(η)

]
=

(
m
∑

j=1
W1g,jG(i)(W2g,jη + W3g,j),

m
∑

j=1
W1θ,jG(i)(W2θ,jη + W3θ,j),

m
∑

j=1
W1ϕ,jG(i)(W2ϕ,jη + W3ϕ,j)

)
. (14)

The expression G(w) =
(
1 − w2)e− w2

2 used in the HBI-RWNN solver is called the
Ricker wavelet [52] activation function. The choice of this function was motivated by
its inherent ability to capture the localized features of the solution due to their compact
support and oscillatory nature, which makes it particularly effective for modeling nonlinear
fluid flow dynamics with steep gradients and boundary effects. The designed solver
when optimized with GA-SQP provides a robust platform for the accurate and efficient
approximation of the governing differential equations. So, the obtained desired solution
and highest-order derivatives have the form

[
ĝ(η), θ̂(η), ϕ̂(η)

]
=


m
∑

j=1
W1g, j

[
1 −

(
W2g, j η + W3g, j

)2
]

e
−
(W2g, j η + W3g, j)

2

2 ,
m
∑

j=1
W1θ, j

[
1 −

(
W2θ, j η + W3θ, j

)2
]

e
−
(W2θ, j η + W3θ, j)

2

2 ,

m
∑

j=1
W1ϕ, j

[
1 −

(
W2ϕ, j η + W3ϕ, j

)2
]

e
−
(W2ϕ, j η + W3ϕ, j)

2

2

, (15)

ĝ′′′ (η) =
m
∑

j=1
W1g, jW3

3g, j

[
15
(
W2g, j η + W3g, j

)
− 10

(
W2g, j η + W3g, j

)3
+
(
W2g, j η + W3g, j

)5
]

e
−
(W2g, j η + W3g, j)

2

2 , (16)

θ̂′′ (η) =
m

∑
j=1

W1θ, jW2
3θ, j

[
−3 + 6

(
W2θ, j η + W3θ, j

)2 −
(
W2θ,j η + W3θ, j

)4
]

e
−
(W2θ, j η + W3θ, j)

2

2 , (17)

ϕ̂′′ (η) =
m

∑
j=1

W1ϕ, jW2
3ϕ, j

[
−3 + 6

(
W2ϕ, j η + W3ϕ, j

)2
−
(

W2ϕ,j η + W3ϕ, j

)4
]

e
−
(W2ϕ, j η + W3ϕ, j)

2

2 . (18)

The most important fitness function formulated for the MHD-WNF-BL flow problem is

F11 =
1
n

n

∑
i=1

(
ĝ′′′

i −
(

ĝ′i
)2

+ ĝi ĝ
′′
i + λĝ′′

i ĝ′′′
i − (M + K)ĝ′i

)2
, (19)

F22 =
1
n

n

∑
i=1

((
1 +

4
3

R
)

θ̂
′′
i + Prĝi θ̂

′
i − 2Prĝ′i θ̂i +

(
Nc
Le

)
θ̂′i ϕ̂

′
i +

Nc
Le Nbt

θ̂′2i

)2
, (20)
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F33 =
1
n

n

∑
i=1

(
ϕ̂
′′
i + Sc ĝi ϕ̂′

i +
1

Nbt
θ̂
′′
i

)2
, (21)

F44 =
1
7

[
(ĝ1)

2 +
(

ĝ′1 − 1 − Z3 ĝ′′
1
)2

+
(
θ̂1 − 1 − Z4θ̂′1

)2
+
(
ϕ̂1 − 1

)2
+ ĝ′2n + θ̂2

n + ϕ̂2
n

]
, (22)

Fit = F11 + F22 + F33 + F44. (23)

A highly accurate and desired numerical solution is generated only when Fit → 0.
Figure 2 demonstrates the designed methodology’s graphical shape for solving the MHD-
WNF-BL flow problem.
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3.1. Learning Procedure

The optimization process to calculate the “Fit” function is accomplished by the
hybrid technique, adopted using genetic algorithms (GAs) and sequential quadratic
programming (SQP).

Genetic algorithms (GAs) are a strong global search scheme introduced by J. Hol-
land [53] and are an important branch of evolutionary computation. The working of GAs
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depends mainly on genetics and natural selection. Some useful stochastic paradigms
constructed through GAs are presented in [54–57].

Sequential quadratic programming (SQP) is one of the most powerful local search
solvers [58] that can handle the nonlinearity of any order involved in real-world problems
and can generate highly accurate results. Recent SQP-based applications are described
in [59–61].

Table 2 represents the pseudo-code generated for the designed HBI-RWNN scheme to
obtain numerical outcomes of the MHD-WNF-BL flow problem.

Table 2. Pseudo-code generated for MHD-WNF-BL flow problem using HBI-RWNN solver.

Process for GAs (Start)
Inputs: The chromosomes with the same quantity of identical
elements: W = [Wg, Wθ, WΦ] for Wg = [W1g, W2g, W3g], Wθ = [W1θ, W2θ, W3θ] and
WΦ = [W1Φ, W2Φ, W3Φ].
Output: WRNNs-GABEST weights obtained via GAs.
Initialization: Chromosome formation through the creation of W.
Utilization of “gaoptimset” for declarations as well as generations.
Fitness calculation: Use Equation (23) to estimate fitness “Fit” ∀ W
employing population P.
Termination: GAs stop working if any one option stated below is achieved:

• {Generations ↔ 531},{TolCon ↔ 10–31},{StallGen ↔ 131};
• {Fitness ↔ 10–31},{Population ↔ 321}, {Elite count ↔ 61;
• others (by default).

Ranking: Fitness “Fit” is used to rank each W.
Reproduction: Reformation of P through the “fitness calculation”
step.
Storage: Collect WRNNs-GABEST weights as well as fitness “Fit”.

Process for GAs (completed)
Hybrid Process through SQP (started)

Inputs: Take WRNNs-GABEST as a starting point.
Output: Collect WRNNs-GASQPBEST.
Initialization: Constraints, declarations with other assignments
Stopping criteria: GASQP hybrid process terminates if any one of options
mentioned below achieved:

• {Max-fun ↔ 1150000}, {Max-Iter ↔ 1201},{TolCon ↔ 10−31};
• rest (by default).

Accumulate: WRNNs-GASQPBEST weights stored along the fitness “Fit”.
Hybrid process (completed)
Data generations
HBI-RBNN solver ran twenty times to obtain the best numerical
outcomes of MHD-WNF-BL flow problem.

3.2. Performance Metrics

RMSEX̂ =

√
1
M

M
∑

l=1

(
X̂l − Xre f :l

)2
VAFX̂ =

(
1 − var(Xre f :l−X̂l)

var(Xl)

)
× 100

E − VAFX̂ = 100 − VAFX̂ ,
E − R2

X̂ = 1 − R2
X̂ ,

E − NSEX̂ = 1 − NSEX̂ ,
NSEX̂ = 1 −

M
∑

l=1
(X̂l−Xre f :l)

2

M
∑

l=1
(X̂l−X)

2

R2
X̂ =

SSreg:X̂
SStotal:X̂

,

MAEX̂ =
M
∑

l=1

∣∣∣X̂l − Xre f :l

∣∣∣, TICX̂ =

√
1
M

M
∑

l=1

(
X̂l − Xre f :l

)2

√
1
M

M
∑

l=1
X̂2

l +

√
1
M

M
∑

l=1
X2

re f :l

,
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To verify the reliability of the designed HBI-RWNNs solver, the results obtained
through the above-formulated statistical operators for the MHD-WNF-BL flow problem
should be very close to zero.

4. Results and Discussion
The HBI-RWNN solver was constructed to analyze the MHD-WNF-BL flow problem

by solving the suggested problem in terms of a nonlinear ODE system on the interval [0, 5].
Six different scenarios, i.e., S(I–VI), were analyzed through physically existing parameters
in the ODE system to obtain the approximate numerical outcomes of this problem in
the shape of the velocity profile ĝ′(η), temperature θ̂(η), and concentration ϕ̂(η). The
required numerical solution of the MHD-WNF-BL problem was constructed using the
unknown weights involved in it, which were first trained through the hybrid technique
with the designed algorithm, and then the best-obtained weights were substituted into
Equation (13) to obtain suitable numerical outcomes. Figure 3 demonstrates the learning
process performed in the first case of S-I and the suitability of the hybrid technique involved
in the HBI-RWNN algorithm, while the best-obtained weights in all cases of S-I in the
MHD-WF-BL flow problem are illustrated in Figure 4.
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shape of the velocity profile ĝ ′ (η), temperature ( )θ̂ η , and concentration ( )φ̂ η . The re-

quired numerical solution of the MHD-WNF-BL problem was constructed using the un-
known weights involved in it, which were first trained through the hybrid technique with 
the designed algorithm, and then the best-obtained weights were substituted into Equa-
tion (13) to obtain suitable numerical outcomes. Figure 3 demonstrates the learning pro-
cess performed in the first case of S-I and the suitability of the hybrid technique involved 
in the HBI-RWNN algorithm ,while the best-obtained weights in all cases of S-I in the 
MHD-WF-BL flow problem are illustrated in Figure 4. 

 
 Figure 3. Cont.



Magnetochemistry 2025, 11, 40 9 of 30

Magnetochemistry 2025, 11, x FOR PEER REVIEW 10 of 31 
 

 

 
 

Figure 3. HBI–RWNN solver was used to generate learning curve for case 1 (C–1) in scenario 1. 
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BL flow problem.

The numerical values of the MHD-WNF-BL flow problem in terms of velocity, temper-
ature, and concentration using S(I–VI) are depicted as graphs in Figures 5 and 6. Figure 5a
indicates the influence of the Williamson parameter (λ) on ĝ′(η) and reveals that a larger
value of λ reduces the boundary-layer thickness, and, as a result, the nanofluid velocity
diminishes. Physically, a higher value of λ is a sign of a powerful shear-thinning attitude,
which reduces the nanofluid flow. Figure 5b shows the relationship between the heat
capacity ratio parameter (Nc) and temperature θ̂(η). In reality, a larger value of Nc escalates
the thermal storage capacity, which allows the nanofluid to absorb a huge amount of heat
energy through the stretchable surface, and temperature grows. Figure 5c,d illustrate
the effect of the diffusivity ratio parameter (Nbt) and Lewis number (Le) on the thermal
gradient. An increase in the value of both the Nbt and Le reduces the thermal BL width,
and ultimately temperature decreases. Figure 6a demonstrates the effects of the Schmidt
number (Sc) on ϕ̂(η). A larger Sc reduces the mass diffusivity, and, as a result, concentration
decreases. Figure 6b shows the effects of the thermal slip parameter (Z4) on temperature. A
surge in the value of Z4 reduces the thermal BL width, and consequently θ̂(η) diminishes.
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Figure 6. Numerical values calculated in S(V–VI) using HBI-RWNN solver for MHD-WNF-BL
flow problem.

The numerically results of the MHD-WNF-BL flow problem calculated using the HBI-
RWNN algorithm successfully matched the reference results, and Figure 7 illustrates their
comparison in terms of the graphs obtained in all scenarios (S(I–VI)). The results obtained
for ĝ′, θ̂, and ϕ̂ lay in a range of accuracy 10−2 ↔ 10−6 (up to five decimals), 10−2 ↔ 10−6,
and 10−3 ↔ 10−6, respectively, in S(I–VI), which indicate the suitability of the designed
solver. Tables 3 and 4 demonstrate the AEs calculated in cases C(1–4) of all scenarios S(I–VI)
for the interval [0, 5].

Moreover, the stability of the designed HBI-RWNN solver was determined by various
statistical performance operators, and the obtained graphs are presented in Figures 8–13.
The range of accuracy in S(I–VI) obtained from the analyses of E-NSE, RMSE, E-VAF, E-
TIC, E-R2, and MAE are, respectively, 10−3 ↔ 10−7, 10−2 ↔ 10−4, 10−4 ↔ 10−9, 10−3 ↔
10−4, 10−3 ↔ 10−7 and 10−3 ↔ 10−4 for S-I, 10−3 ↔ 10−6, 10−2 ↔ 10−4, 10−5 ↔ 10−7,
10−3 ↔ 10−4, 10−3 ↔ 10−6, and 10−3 ↔ 10−4 for S-II 10−4 ↔ 10−6, 10−2 ↔ 10−4, 10−5

↔ 10−7, 10−3 ↔ 10−4, 10−4 ↔ 10−6, and 10−3 ↔ 10−4 for S-III; 10−4 ↔ 10−6, 10−3 ↔
10−4, 10−5 ↔ 10−7, 10−3 ↔ 10−4, 10−4 ↔ 10−6, and 10−3 ↔ 10−4 for S-IV; 10−2 ↔ 10−6,
10−2 ↔ 10−4, 10−3 ↔ 10−7, 10−2 ↔ 10−4, 10−2 ↔ 10−6, and 10−2 ↔ 10−4 for S-V; 10−4

↔ 10−7, 10−3 ↔ 10−4, 10−5 ↔ 10−8, 10−3 ↔ 10−4, 10−4 ↔ 10−7, and 10−3 ↔ 10−4 for
S-VI. Tables 5 and 6 demonstrate the best values calculated in all C(1–4) in S(I–VI) using the
above-stated statistics, and the obtained accuracy confirms the suitability of the designed
solver to handle stiff nonlinear problems similar to the MHD-WNF-BL fluid model.
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Table 3. AEs in S(I–IV) for MHD-WNF-BL flow problem calculated via HBI-RWNN solver. 

Scenario 1 
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3.0 1.1999 × 10−4 2.2566 × 10−4 1.0270 × 10−4 7.9208 × 10−4 
3.5 7.2501 × 10−5 7.1121 × 10−5 1.5321 × 10−4 1.0269 × 10−3 
4.0 1.2131 × 10−4 2.3642 × 10−4 3.9321 × 10−4 3.8560 × 10−4 
4.5 1.5081 × 10−4 2.7370 × 10−4 3.8403 × 10−4 6.0631 × 10−4 
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Scenario 4 
η θ̂  θ̂  θ̂  θ̂  
0 1.8954 × 10−4 3.2330 × 10−4 2.9304 × 10−4 1.7394 × 10−4 

Figure 13. MAE analysis of S(I–VI) for MHD–WNF–BL flow problem using HBI–RWNN solver.

Furthermore, the performance of the designed HBI-RWNN solver was comprehen-
sively verified through histogram and box -plot analyses of all cases (C(1–4)) of S(I–VI),
and the obtained plots are shown in Figures 14–16. Figures 14 and 15 demonstrate the
histogram analysis in all cases (C(1–4)) of the discussed scenarios, having an accuracy range
of 10−3 ↔ 10−4 for S-I, 10−4 ↔ 10−5 for S-II, 10−3 ↔ 10−4 for S-III, and 10−4 ↔ 10−5 for
S-IV, S-V, and S-VI, which shows that almost 80% of the total runs attained stiff criteria in
the accuracy range of 10−4 ↔ 10−5. Figure 16 depicts the box-plot analyses for all cases
of S(I–VI), and the obtained accuracy in all scenarios is up to 10−6 (up to five decimals),
which proves the tendency of the designed solver to achieve highly accurate results for stiff
nonlinear problems.

Table 3. AEs in S(I–IV) for MHD-WNF-BL flow problem calculated via HBI-RWNN solver.

Scenario 1

η ĝ′(C-1) ĝ′(C-2) ĝ′(C-3) ĝ′(C-4)

0 3.8446 × 10−4 1.0050 × 10−3 3.3297 × 10−3 9.1214 × 10−3

0.5 2.0773 × 10−4 5.7213 × 10−4 1.0580 × 10−3 2.2657 × 10−4

1.0 1.6248 × 10−4 3.0336 × 10−4 3.1709 × 10−4 2.1035 × 10−3

1.5 5.0855 × 10−5 6.1123 × 10−5 1.9693 × 10−4 1.4047 × 10−3

2.0 1.1975 × 10−4 2.4628 × 10−4 3.9449 × 10−4 2.3183 × 10−3

2.5 5.8025 × 10−5 9.5901 × 10−5 2.4098 × 10−4 8.4700 × 10−4

3.0 1.1999 × 10−4 2.2566 × 10−4 1.0270 × 10−4 7.9208 × 10−4

3.5 7.2501 × 10−5 7.1121 × 10−5 1.5321 × 10−4 1.0269 × 10−3

4.0 1.2131 × 10−4 2.3642 × 10−4 3.9321 × 10−4 3.8560 × 10−4

4.5 1.5081 × 10−4 2.7370 × 10−4 3.8403 × 10−4 6.0631 × 10−4

5.0 1.5266 × 10−4 2.3455 × 10−4 3.5103 × 10−4 6.6130 × 10−4

Scenario 2

η θ̂ θ̂ θ̂ θ̂

0 1.2046 × 10−4 2.9140 × 10−4 1.6571 × 10−4 1.1190 × 10−4

0.5 4.5802 × 10−4 8.0576 × 10−4 5.4969 × 10−4 3.9657 × 10−4

1.0 3.1602 × 10−4 7.1366 × 10−4 5.0445 × 10−4 3.7744 × 10−4

1.5 4.6285 × 10−4 8.8757 × 10−4 7.2327 × 10−4 6.0232 × 10−4

2.0 4.4825 × 10−4 8.7552 × 10−4 7.4998 × 10−4 6.5574 × 10−4

2.5 1.4116 × 10−4 5.7487 × 10−4 5.5163 × 10−4 5.3145 × 10−4

3.0 2.4943 × 10−4 5.5947 × 10−4 5.8108 × 10−4 5.8167 × 10−4

3.5 1.7556 × 10−4 3.7655 × 10−4 4.1653 × 10−4 4.2284 × 10−4

4.0 5.3764 × 10−5 1.5884 × 10−4 1.9176 × 10−4 2.0990 × 10−4

4.5 6.9646 × 10−5 1.1158 × 10−4 1.4184 × 10−4 1.5472 × 10−4

5.0 3.5327 × 10−5 5.6209 × 10−5 2.3896 × 10−5 4.5895 × 10−5
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Scenario 3

η θ̂ θ̂ θ̂ θ̂

0 3.6259 × 10−3 1.0148 × 10−3 4.7585 × 10−4 2.8834 × 10−4

0.5 6.0176 × 10−4 6.9220 × 10−4 6.3033 × 10−4 6.1176 × 10−4

1.0 1.7137 × 10−3 1.3933 × 10−3 8.0702 × 10−4 4.5243 × 10−4

1.5 1.2138 × 10−3 1.0209 × 10−3 6.2141 × 10−4 5.2027 × 10−4

2.0 1.4580 × 10−3 1.2722 × 10−3 8.4394 × 10−4 5.6733 × 10−4

2.5 1.6359 × 10−3 9.5755 × 10−4 5.2769 × 10−4 1.6839 × 10−4

3.0 7.7529 × 10−4 4.7207 × 10−4 2.5949 × 10−4 2.0241 × 10−4

3.5 5.2878 × 10−4 3.0873 × 10−4 2.1926 × 10−4 2.1333 × 10−4

4.0 1.2062 × 10−3 2.6311 × 10−4 1.6837 × 10−4 1.4144 × 10−4

4.5 1.8099 × 10−3 5.7342 × 10−4 1.7660 × 10−4 1.1546 × 10−4

5.0 2.4708 × 10−3 6.8481 × 10−4 2.0590 × 10−4 5.8698 × 10−5

Scenario 4

η θ̂ θ̂ θ̂ θ̂

0 1.8954 × 10−4 3.2330 × 10−4 2.9304 × 10−4 1.7394 × 10−4

0.5 5.5086 × 10−4 8.1609 × 10−4 5.8987 × 10−4 4.8000 × 10−4

1.0 4.6087 × 10−4 6.9651 × 10−4 4.9099 × 10−4 3.4901 × 10−4

1.5 6.2024 × 10−4 8.4176 × 10−4 5.9780 × 10−4 4.5909 × 10−4

2.0 6.3282 × 10−4 8.2693 × 10−4 6.7661 × 10−4 5.0497 × 10−4

2.5 3.4269 × 10−4 4.7040 × 10−4 2.7228 × 10−4 1.3288 × 10−4

3.0 3.8330 × 10−4 4.8066 × 10−4 3.0529 × 10−4 2.3259 × 10−4

3.5 2.9232 × 10−4 3.4473 × 10−4 3.1196 × 10−4 2.0651 × 10−4

4.0 1.0417 × 10−4 1.5095 × 10−4 1.9463 × 10−4 8.7584 × 10−5

4.5 7.8291 × 10−5 1.0541 × 10−4 1.2958 × 10−4 6.7573 × 10−5

5.0 4.4607 × 10−5 6.7691 × 10−5 6.7867 × 10−5 5.9711 × 10−5

Table 4. AEs of S(V–VI) for MHD-WNF-BL flow problem calculated via HBI-RWNN solver.

Scenario 5

η ϕ̂ ϕ̂ ϕ̂ ϕ̂

0 1.1701 × 10−4 1.0039 × 10−4 9.5489 × 10−5 3.3642 × 10−4

0.5 8.9467 × 10−4 1.3697 × 10−3 2.2360 × 10−3 5.2136 × 10−3

1.0 1.0949 × 10−3 1.4411 × 10−3 2.0198 × 10−3 4.1335 × 10−3

1.5 9.2789 × 10−4 1.0623 × 10−3 1.3583 × 10−3 2.6451 × 10−3

2.0 6.0317 × 10−4 5.8218 × 10−4 6.0827 × 10−4 1.2650 × 10−3

2.5 4.4400 × 10−4 3.6959 × 10−4 3.9457 × 10−4 8.9253 × 10−4

3.0 1.9804 × 10−4 1.3882 × 10−4 1.9556 × 10−4 6.7146 × 10−4

3.5 1.0586 × 10−4 7.5692 × 10−5 1.2940 × 10−4 4.8128 × 10−4

4.0 8.0747 × 10−5 6.7299 × 10−5 8.2186 × 10−5 4.1204 × 10−4

4.5 5.6156 × 10−5 1.0460 × 10−4 9.1240 × 10−5 4.3199 × 10−4

5.0 9.3826 × 10−5 1.0299 × 10−4 8.2199 × 10−5 3.7726 × 10−4

Scenario 6

η θ̂ θ̂ θ̂ θ̂

0 1.3741 × 10−4 1.1214 × 10−4 1.3242 × 10−4 2.5044 × 10−4

0.5 3.5924 × 10−4 3.1423 × 10−4 3.2554 × 10−4 3.6307 × 10−4

1.0 2.2704 × 10−4 1.9781 × 10−4 2.0784 × 10−4 2.6413 × 10−4

1.5 3.2677 × 10−4 2.7204 × 10−4 2.7551 × 10−4 3.7131 × 10−4

2.0 2.5508 × 10−4 2.1246 × 10−4 2.0733 × 10−4 2.7966 × 10−4

2.5 1.2889 × 10−4 9.6197 × 10−5 1.1200 × 10−4 1.7712 × 10−4

3.0 1.7861 × 10−4 1.3690 × 10−4 1.3346 × 10−4 2.1253 × 10−4

3.5 7.0405 × 10−5 5.5480 × 10−5 6.6135 × 10−5 1.7935 × 10−4

4.0 3.4260 × 10−5 4.8339 × 10−5 5.8381 × 10−5 1.7202 × 10−4

4.5 7.2076 × 10−5 4.0913 × 10−5 8.1231 × 10−5 1.2474 × 10−4

5.0 3.8373 × 10−5 3.3374 × 10−5 4.3195 × 10−5 8.2847 × 10−5
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Table 5. Best statistical-operators-based values for S(I–II) using HBI-RWNN solver.

Scenario 1 (ĝ’) B. V
It#

B. V It# B. V
It#

B. V
It#(C-1) (C-2) (C-3) (C-4)

MAE 1.7026 × 10−4 15 1.9737 × 10−4 11 1.4856 × 10−4 8 9.1099 × 10−4 4
RMSE 1.7388 × 10−4 15 2.0099 × 10−4 11 1.5093 × 10−4 8 1.0746 × 10−3 4
ETIC 2.5701 × 10−4 15 2.9707 × 10−4 11 2.2309 × 10−4 8 1.5878 × 10−3 4
NSEE 1.5742 × 10−6 15 2.1033 × 10−6 11 1.1861 × 10−6 8 6.0120 × 10−5 4
E-VAF 7.2668 × 10−9 15 8.4243 × 10−9 11 4.1561 × 10−9 8 1.8975 × 10−6 19
E-R2 1.5742 × 10−6 15 2.1033 × 10−6 11 1.1861 × 10−6 8 6.0120 × 10−5 4

Scenario 2 (θ̂)
MAE 1.2287 × 10−4 2 7.3637 × 10−5 18 6.2005 × 10−5 9 6.1234 × 10−4 16

RMSE 1.2837 × 10−4 13 9.3304 × 10−5 18 7.7407 × 10−5 9 8.5668 × 10−4 16
ETIC 1.8974 × 10−4 13 7.5138 × 10−5 18 6.2334 × 10−5 9 6.9084 × 10−4 16
NSEE 8.5795 × 10−7 13 4.4821 × 10−7 18 3.0849 × 10−7 9 3.7785 × 10−5 16
E-VAF 8.0728 × 10−9 13 2.3445 × 10−8 13 1.5334 × 10−8 9 2.5632 × 10−6 16
E-R2 8.5795 × 10−7 13 4.4821 × 10−7 18 3.0849 × 10−7 9 3.7785 × 10−5 16

Table 6. Best statistical-operators-based values for S(III–VI) using HBI-RWNN solver.

Scenario 3 (θ̂) B. V
It#

B. V It# B. V
It#

B. V
It#(C-1) (C-2) (C-3) (C-4)

MAE 3.1022 × 10−5 9 5.8913 × 10−5 9 3.6979 × 10−5 8 2.2250 × 10−5 12
RMSE 4.3174 × 10−5 9 7.6622 × 10−5 9 4.6419 × 10−5 8 2.7558 × 10−5 12
ETIC 3.4765 × 10−5 9 6.1703 × 10−5 9 3.6034 × 10−5 8 2.1393 × 10−5 12
NSEE 9.5967 × 10−8 9 3.0227 × 10−7 9 1.1020 × 10−7 8 3.8843 × 10−8 12
E-VAF 6.4384 × 10−9 9 1.7140 × 10−8 9 6.7865 × 10−9 8 2.2794 × 10−9 17
E-R2 9.5967 × 10−8 9 3.0227 × 10−7 9 1.1020 × 10−7 8 3.8843 × 10−8 12

Scenario 4 (θ̂)
MAE 6.6399 × 10−4 19 2.7485 × 10−5 18 3.5101 × 10−5 5 5.3316 × 10−5 14

RMSE 7.3064 × 10−4 19 3.4620 × 10−5 18 4.1776 × 10−5 5 5.6940 × 10−5 14
ETIC 5.6691 × 10−4 19 2.6876 × 10−5 18 3.2431 × 10−5 5 3.6158 × 10−5 14
NSEE 2.7303 × 10−5 19 6.1301 × 10−8 18 8.9262 × 10−8 5 1.6537 × 10−7 14
E-VAF 8.0141 × 10−7 19 3.8203 × 10−9 16 4.4239 × 10−9 17 4.1062 × 10−9 14
E-R2 2.7303 × 10−5 19 6.1301 × 10−8 18 8.9262 × 10−8 5 1.6537 × 10−7 14

Scenario 5 (ϕ̂)
MAE 1.0474 × 10−4 7 4.3024 × 10−5 2 5.5897 × 10−5 2 4.0007 × 10−5 19

RMSE 1.1837 × 10−4 7 5.5853 × 10−5 2 6.7130 × 10−5 2 5.3986 × 10−5 19
ETIC 7.5165 × 10−5 7 3.5468 × 10−5 2 4.2630 × 10−5 2 3.4283 × 10−5 19
NSEE 7.1472 × 10−7 7 1.5912 × 10−7 2 2.2986 × 10−7 2 1.4866 × 10−7 19
E-VAF 3.1256 × 10−8 14 1.3037 × 10−8 2 1.4204 × 10−8 2 1.3505 × 10−8 19
E-R2 7.1472 × 10−7 7 1.5912 × 10−7 2 2.2986 × 10−7 2 1.4866 × 10−7 19

Scenario 6 (θ̂)
MAE 6.6219 × 10−4 9 6.7930 × 10−4 4 3.2799 × 10−4 5 3.4326 × 10−4 19

RMSE 6.6889 × 10−4 9 6.8674 × 10−4 4 3.3080 × 10−4 5 3.6410 × 10−4 19
ETIC 9.9149 × 10−4 9 1.0178 × 10−3 4 4.9044 × 10−4 5 5.3987 × 10−4 19
NSEE 2.3260 × 10−5 9 2.4518 × 10−5 4 5.6888 × 10−6 5 6.8917 × 10−6 19
E-VAF 5.2098 × 10−8 8 5.9310 × 10−8 5 1.0791 × 10−8 10 8.6019 × 10−8 19
E-R2 2.3260 × 10−5 9 2.4518 × 10−5 4 5.6888 × 10−6 5 6.8917 × 10−6 19
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5. Conclusions
A newly designed HBI-RWNN solver was applied to solve the MHD-WNF-BL flow

problem in terms of a nonlinear system of ODEs using scenarios S(I–VI), each containing
four different cases. The obtained numerical results in terms of velocity profile, thermal gra-
dient, and concentration of nanofluid were successfully compared with the pre-calculated
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reference results of the suggested problem. The AEs calculated in each scenario were
depicted in graphs and tables. The detailed form of the stability and performance analyses
of the HBI-RWNN solver were also presented in graphical and tabulated forms. The major
outcomes of this research are defined below:

1. An increase in the value of Williamson parameter diminishes the nanofluid velocity.
2. The consequences of the diffusivity ratio parameter, Lewis number, and thermal

slip parameter on the thermal gradient profile are identical, but a reciprocal effect is
observed in case of the heat capacity ratio parameter.

3. An escalation in the value of the Schmidt parameter reduces the nanofluid concentration.
4. The designed solver optimized through the hybrid GA-SQP approach achieves excep-

tionally low AEs, consistently in the order of 10−7 ↔ 10−9, confirming the excellent
precision and reliability of the proposed numerical framework.

The overall error analysis strongly indicates that the hybridized intelligent solver not
only accelerates convergence but also maintains efficacy, thus offering a highly effective
and practical tool for solving complex nonlinear boundary-layer flow problems.
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Abbreviations

v1, v2 (x, y) components of velocity [ms−1] a1, a2 Stretching-rate constants
λ Williamson parameter Pr Prandtl number
Nc Heat capacity ratio parameter Nbt Diffusivity ratio parameter
Le Lewis number Sc Schmidt number
M Magnetic field K Permeability parameter
R Radiation parameter Z1 Thermal slip factor
C Volume fraction Tm Fluid temperature [K]
Cp Specific heat capacity DT Thermophoresis diffusion coefficient
σ∗ Stefan–Boltzmann constant C∞ Ambient volume fraction [mol m−3]

Γ Time constant σ Electrical conductivity
[
Ω−1m−1 ]

Z2 Velocity slip parameter Bo Induced magnetic field [Tesla]
Tmw Temperature near sheet αg Thermal diffusivity [m2 s−1]
k2 Mean absorption coefficient Cw Volume fraction at the sheet
Uw Velocity during expansion along x-axis qr Radiative heat flux
υg Kinematic viscosity µg Dynamic viscosity
ρg Density of nanofluid [kg m−3] (ρc)ng Nanoliquid heat
(ρc)p Effective heat capacity [JK−1] k1 Permeability of the porous medium
Z3 Velocity slip factor Z4 Thermal slip parameter
ρp Nanoparticles density Tm∞ Ambient temperature
DB Brownian diffusion v1w Velocity along the sheet
k Thermal conductivity η Similarity variable
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