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Abstract: We consider an integral functional involving the double-phase operator in a metric measure space
equipped with a doubling measure. On the basis of suitable hypotheses on the function governing the phase
changes, we design a unifying approach to establish Sobolev-Poincaré inequalities. By using such inequalities
together with a Caccioppoli type estimate, we obtain the local boundedness and the local Holder continuity of
K-quasiminimizers of the double-phase energy. Here, we provide a direct approach for establishing the
Sobolev-Poincaré inequalities and local Holder continuity, that is, we do not use neither the method of
separation of phases nor auxiliary frozen functional. Finally, we establish the local gradient higher integr-
ability for K-quasiminimizers of the integral functional. We prove our results via the De Giorgi’s method,
imposing that the involved measure is just doubling.
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1 Introduction

The starting point of this work is the celebrated De Giorgi’s method to study nonlinear elliptic equations. It is
well known that De Giorgi [7] developed this technique in 1957 to solve the ninenteenth Hilbert problem, hence
establishing regularity properties of variational solutions to some elliptic problems. Roughly speaking, De
Giorgi designed a geometric approach to ensure boundedness and regularity of solutions, in the case of
discontinuous coefficients in the equations too (basically, the coefficients are required to be measurable
and bounded). The developed idea has been successfully applied in various contexts, based on local energy
estimate for elliptic equations and suitable Sobolev inequality between two related balls of RV, Differently
from some already existing approaches, using now nonperturbation arguments, several a priori estimates
related to equations in divergence form and regularity properties of solutions were obtained. A relevant
feature of the De Giorgi’s method is that it does not depend on the linearity of the elliptic equation. So, it
was extended, for example, to the setting of quasilinear and nonlinear elliptic equations by Ladyzenskaja and
Ural’ceva [16] who proved Hoélder continuity of bounded functions satisfying certain Sobolev inequalities in
the sense of De Giorgi (namely, functions in the De Giorgi’s class). Another salient point of the literature is the
contribution of DiBenedetto and Trudinger [9] who established that every function in the De Giorgi’s class
fulfils Harnack type inequality. Furthermore, this class of functions is useful for a wide variety of applications
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to the study of minimizers to variational integrals whose integrand satisfies nonstandard growth conditions of
(p, @)-type (hence, for the standard growth condition of m(x)-type). Briefly, let us consider the variational
integral

U jf(x, Du)dx,
Q

where Q CRY and f: Q x R¥ - R admits the following growth condition
[t < [t"0 < f(x, t) < ¢l + [t|"0] < c[1 + |t]], (11

g>m(x)>p>1foraa x€Q alteRY, somecyc>0.

Such integrals were studied by Marcellini [21] and Zhikov [24] in the context of problems of the calculus of
variations and of nonlinear elasticity theory (e.g., to model both homogenization of composite and strongly
anisotropic materials). Precisely, they investigated regularity of local minimizers under the aforementioned p
& g-growth condition (1.1). A milestone of our story here is the special variational integral

u [(Dup + aoIDudx,  a) > 0,
Q

where the integrand is the so-called double-phase functional, so that the problem changes its ellipticity
depending on the positivity of the coefficient a € L*(Q). This functional attracted the attention of many
researchers in the last decades; in particular, it is relevant in the analysis of the so-called Lavrentiev’s
phenomenon [25]. Clearly, in the case a(x) = 0, we retrieve the classical p-Laplacian (hence we see a p-growth
related to p-phase) with transition to a g-growth (hence, g-phase) as a(x) > 0. Following the works of Colombo
and Mingione [3,4], we know that suitable conditions about regularity of minimizers are given by

q a
€ Coa € =< —.
a€C*Q), ae (0,1 and » 1+

After these contributions, functionals with double-phase type have become a topic of intense study, see the
works of Byun, Harjulehto, Papageorgiou, and colleagues [2,5,6,17], and the references cited therein. This is a
well-established theory in dealing with the single p-Laplacian, both in the scalar and in the vectorial case, and
the reader can refer to previous studies [20,22] for some specific comments and further discussion.

Next, we point out that the similar theories as mentioned earlier, can be posed in the setting of metric
measure spaces, equipped with (doubling) measure and supporting a Poincaré type inequality (see Definitions
2.1 and 2.8 of Section 2). A feature of this setting is that the Newtonian spaces can be defined on a metric space
without providing a concept of partial derivative [15]. Let (X, d) be a metric space endowed with a (doubling)
Borel regular measure p. For a bounded open set @ C X, we refer to a general variational integral of the form

un o g)du,
Q

where this time we consider f: Q x R = R, and g, is the minimal p-weak upper gradient of u. Precisely, the
triple (X, d, ) will mean a complete doubling metric measure space that supports a weak (1, p)-Poincaré
inequality for some p > 1. We recall that Euclidean spaces and compact Riemannian manifolds support such
inequality; these are classical results. Hence, a crucial notion to reformulate the Poincaré inequality in the
metric measure space setting is that of upper gradient of u. Namely, it is a substitute for the derivative (weak
gradient of u) in the case of metric measure spaces. The salient point in developing the theory in metric
measure spaces is the notion of K-quasiminimizer (K = 1), as introduced and discussed by Giaquinta and
Giusti [10,11], based on the De Giorgi’s results. In fact, one of the advantages of De Giorgi’s method is that it is
applicable to K-quasiminimizers as well. Recall that De Giorgi’s method is based on two ingredients: Sobolev
and Caccioppoli type estimates. Now, we remark that K-quasiminimizers fit naturally into the analysis on
metric measure spaces, as these use variational integrals, but not partial differential equations. Here, as
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already mentioned earlier, we are interested to regularity properties as boundedness and local Hélder con-
tinuity. The developed approach follows the similar arguments and general presentation of Giaquinta and
Giusti [10,11] and of DiBenedetto [8]. In particular, Colombo and Mingione [3] obtained local regularity of the
gradient for minimizers of certain double-phase functionals. So turning to the double-phase functional, we can
consider the variational integral:

NU(Q) 3 u - H(u, Q) = [Hx, g)du, 12)
Q

where g, is the minimal p-weak upper gradient of u and
Hx, t) =t +a)|t]?, 1<p<gq, 1.3
where the function a(-) satisfies the following assumptions:

q a
L1+ —,
N, 14)

a€Cct(Q), a()z0, aec(0,1],
and N, is given in Lemma 2.2 [1]; the precise definition of the Newtonian space N*(Q) is given in Section 2. A
classical result that has proved important in establishing higher integrability results, is known as Gehring’s
lemma, see Theorem 6.1 of Section 6 and also [18,23]. This lemma says that when a weight function fits
a reverse Holder inequality for some exponent, then the same function fulfils the analogous reverse Holder
inequality with slightly larger exponent. In a recent work (on metric space), Kinnunen et al. [14] considered
the double-phase function in (1.3) in the case the doubling measure u is Ahlfors-David regular (see Remark
2.6 in [14]) and in the case the function a(-) governing the change of phases is in C%%(Q) with respect to a
quasi-distance associated to u. They establish local and global higher integrability properties for the
K-quasiminimizers.

Here, we establish the Sobolev-Poincaré inequalities and local Hoélder continuity following a direct
approach, in the sense that we do not use neither the method of separation of phases nor any auxiliary frozen
functional. Further, we obtain the local gradient higher integrability for K-quasiminimizers of the integral
functional. More precisely, we involve the De Giorgi’s method, imposing that the measure u is just doubling.

We briefly summarize the content of each section of present work. In Section 2, we collect the mathema-
tical background, from the notion of metric measure space, with its additional features, to the notion of
Newtonian functional space. In Section 3, we establish our versions of Sobolev-Poincaré and Caccioppoli
inequalities. In Section 4, we prove local boundedness of local K-quasiminimizers to the energy functional
(1.2) (namely, Theorem 4.2), by combining again our Sobolev-Poincaré inequality with Holder inequality and
Caccioppoli inequalities. In Section 5, we obtain useful estimates and limit property for the measure of certain
sets (namely, Lemmas 5.1, 5.2, and 5.4). Finally, we conclude by speculating about local Hélder continuity of
K-quasiminimizers in Theorem 5.6. In Section 6, we focus on the inner local gradient higher integrability of
K-quasiminimizers, and we establish Theorem 6.2 by using the aforementioned Sobolev-Poincaré inequality
together with Gehring’s lemma.

2 Mathematical background

In this section, we collect the basic notions and main features of the functional framework required to develop
our study. A comprehensive presentation of the theory of metric measure spaces can be found in the book of
Bjorn and Bjorn [1].

By (X, d, i), we denote a complete metric measure space, endowed with a Borel regular measure u such
that u(E) > 0 for every nonempty open set E C X, and u(A) < +o for every bounded set A C X. By Bg(y) C X,
we mean a ball with center y € X and radius R > 0; we will write simply By instead of Bg(y) when there is no
confusion from the context, and also use the notation B for a ball with the same center as B but 7 times its
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radius (namely, 7 > 0 is a “dilation factor”). Ifu : A - R is a measurable function, where A C X is measurable
with finite and positive y-measure u(A) > 0, then the integral average of u over A is given by

1
Uy = qu du = m{ud‘u.

From now on, we will use the letter C to denote any positive constant that may be different at each
occurrence; here, G, means the constant depends on k and C = C(xq, ky, k3) says that the constant depends on
the data K, Ky, k3. For our purpose, we need to impose the following property of measure, see [1, Section 3.1] for
more information and details.

Definition 2.1. If (X, d, u) is a metric measure space, then we say that u is a doubling measure on X if we can
find a constant C > 1 satisfying the following condition:

0 < u(Bar) < Cu(Bg) < +, 2.1)
for all Bz C X. The doubling constant of u is defined to be C, = inf{C € (1, +):(2.1) holds true}.

We note that every complete metric measure space (X, d, 1) endowed with a doubling measure is proper
(i.e., every closed and bounded subset of X is compact). The doubling property of u is crucial to obtain the
following result, where the involved constant N, brings us to a counterpart of space dimension related to g, in
the sense of an upper bound (see [1, Lemma 3.3]).

Lemma 2.2. If (X, d, i) is a metric measure space and 1 is a doubling measure, then we can find N, > 0 satisfying
the following inequality:

Ny

HBOY)
u(Br()

forall0 <r <R, x €X, y € By(x), where N, = 10g,C,.

r

R 2.2)

Remark 2.3. The doubling condition implies also that for balls Bg and B, with the same center and 0 < r < R,
we have
N,

u
= 20

M

R

r

u(Bg) <
uB)

R
r

Since u is not necessarily invariant to translation, the following result is crucial.

Proposition 2.4. If (X, d, u) is a complete metric measure space with u doubling and Q € X, then for each R > 0,
we can find Gz = C(N,, R, Q) > 0 satisfying the condition:

u(Br(x)) 2 G for all x € Q.
Proof. Since Q is a compact subset of X, then we can find Bz(x;) C X, i = 1,..., i, such that Q € U%L,Bg(x;). Now,
for some 1 < iy < n, we have

u(Br(xy,)) = 1mllrr11 U(Br(xy)).

Fix Br(x) with x € Q, then x € By(X;) for some 1 < i < n. By using the inequality (2.2), we obtain that

KB |
U

and hence, we conclude that
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U(Br(x)) = 4 Mu(Bg(xi)) = Cr

for all Bp(x) with x € Q. O

The second key notion to introduce is that of upper gradient. This concept is aimed to overcome the lack of
differentiable structure in the metric setting. Roughly speaking, the upper gradient is a way to generalize the
modulus of the gradient in the Euclidean setting. More information and details can be found in Bjérn and
Bjorn [1], here we recall some well-known facts. Let R = [0, +o] and denote by [ . the family of all rectifi-
able arc length parameterized paths y : [a, b] — X.

Definition 2.5. [1, Definition 1.13] Given a function u : X — R, we say that a non-negative Borel measurable
function g is an upper gradient of u if the following inequality holds

[u®) - u@)l < Igds, 2.3)
y

for each y € [e connecting x and y, whenever both u(x) and u(y) are finite, and J ygds = +oo0 otherwise.

If g is an upper gradient of a function u and ¥ is a non-negative Borel measurable function, then g + ¥ is
still an upper gradient of u. Hence, we have a lack of uniqueness, and to overcome this situation, a notion of
p-weak upper gradient of u is given in the following sense.

Definition 2.6. [1, Definition 1.32] If (2.3) is satisfied for all paths y € T\l With I' C T that has p-modulus
zero, then g is said a p-weak upper gradient of u.

Clearly, every upper gradient is a p-weak upper gradient. In fact, differently from Definition 2.6, the notion
of upper gradient is independent from p (as it does not involve any p-modulus or measure). The following
result establishes the existence of a minimal element to the set of p-weak upper gradients (see also [1, Theorem
2.5]). This minimal element is y-a.e. uniquely determined by u.

Theorem 2.7. If u € LP(X) admits a p-weak upper gradient in LP(X), 1 < p < +, then we can find a p-weak
upper gradient g, € LP(X) satisfying the condition

g <gu-ae inkX,

for every p-weak upper gradient g € LP(X) of u. Such g, is called the minimal p-weak upper gradient of u.

In a Euclidean setting, the minimal p-weak upper gradient of u reduces to the modulus of the gradient of u.
However, we point out that the upper gradient of u does not necessarily bring us to any control of the function
itself. This additional aspect requires to impose a Poincaré inequality to the space, in the metric setting (see [1,
Definition 4.1]).

Definition 2.8. If (X, d, i) is a metric measure space and 1 < p < +, then X supports a weak (1, p)-Poincaré
inequality provided that we can find G, > 0 and o > 1 satisfying the following inequality:

1
p

lu - u,l
f — =G f grdu 2.4)

BR oR

for all balls By C X and for all u € L}.(X).

We note that the exponent p > 1 involved into (2.4) links such inequality to the first-order calculus on the
metric measure space setting. Furthermore, we remark that lower values of p correspond to stronger (i.e.,
more restrictive) a priori bounds. If a metric measure space supports a weak (1, p)-Poincaré inequality, then by
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Hoélder inequality, it also supports a weak (1, q)-Poincaré inequality for all ¢ > p. The following result of Keith
and Zhong [13] reflects a self-improving property of weak (1, p)-Poincaré inequalities.

Theorem 2.9. [13, Theorem 1.0.1] If (X, d, i) is a complete metric measure space endowed with a Borel and
doubling measure, and supporting a weak (1, p)-Poincaré inequality for p > 1, then we can find € > 0 such that X
supports a weak (1, py)-Poincaré inequality for every p, > p - &.

In Theorem 2.9, £ > 0 and the constants associated with the weak (1, p,)-Poincaré inequality depend only
on p, C, and Gy (we refer to Definition 2.1 and (2.4)). Then, we also have the following result that can be found in
[1] and gives us a self-improving property of the weak (1, p)-Poincaré inequality, too (see [1], Theorem 4.21 and
Corollary 4.26). Here, by p*, we denote the critical Sobolev exponent defined by

N,
. b if p <N,
p*=1N.-p
+00 otherwise.

Theorem 2.10. Assume that X supports a weak (1, p)-Poincaré inequality with dilation factor o, and N, is given in
Lemma 2.2. We distinguish two cases:
(a) If N, > p, then X supports a weak (p*, p)-Poincaré inequality with dilation constant 20. In fact, we have

U - Up,

= dy < c|f ghdu]
B,

R 20R

1
« |P*
14

for all balls By C X. The constant C > 0 depends on C, and Cp of Definitions 2.1 and 2.8.
(b) If N, < p, then X supports a weak (t, p)-Poincaré inequality for all1 < t < +oo,

Remark 2.11. By Holder inequality, we see that a weak (p*, p)-Poincaré inequality implies the same inequality
for smaller values of p*. Hence, X supports a weak (¢, p)-Poincaré inequality for every 1 < t < p*.

The study of variational integral (1.2) leads to a functional framework that requires the use of certain
Newtonian spaces. We first consider the space of all p-integrable functions u on X that have a p-integrable
(p-weak) upper gradient g on X, namely, the space N Y(X). Such space can be endowed with the seminorm
given as follows:

lullyrrge = lullra + h;f”g”L”(X);

where the infimum is taken over all (p-weak) upper gradients of u. We say that u~v (namely, u is equivalent to
v) in N"P(X) if |ju - || ¥ = 0. Consequently, we can define the Newtonian space N'P(X) as N YP(x)/~, using
the norm |[ullyirxy = llullgregyy = llullray + 118yllzrer), too.

If Q is an open subset of X, then N?(Q) is defined by considering Q as a metric measure space with the
metric d and the measure u restricted to Q. The corresponding local Newtonian space Nll(;f (Q) is defined as
usual.

For an open and bounded set @ C X, by Nol’p (Q), we mean the space of functions u € N*P(X) that are zero
on X\Q p-a.e.. This space can be also endowed with the norm

([ullj2r () = [|uflyre ().

Now, we give the definition of K-quasiminimizer of the functional (1.2).
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Definition 2.12. We say thatu € NEYQ)isa K -quasiminimizer of H(-,Q) if H(-,g,) € LL.(Q), and we can find
K > 1 such that, for every bounded open subset @' € Q and all w € N*(Q") with u - w € No'(Q), the fol-
lowing inequality holds

[ HOg)usk [ Hx g 25)

Q' N{uzw} Q' N{uzrw}

We also say that u € N(Q) is a global K-quasiminimizer on Q if inequality (2.5) holds for Q in place of Q’,
hence for all w € NY(Q) with u - w € NoY(Q).

From the previous definition, it follows that g, € L{.(Q), whenever u is a K-quasiminimizer. So, if X

supports a weak (1, p)-Poincaré inequality, then u ENll.gf(Q). If u is a global K-quasiminimizer, then
u € NWP(Q).

3 Sobolev-Poincaré and Caccioppoli inequalities

We first recall the terminology and notation, then note some properties of the function H defined in (1.3). In
fact, we consider a complete metric measure space (X, d, ), and we assume that X is endowed with a doubling
Borel regular measure y. We also suppose that X supports a weak (1, p)-Poincaré inequality for some p > 1. If
p < N, we choose p; € (g, p*) so that

Dy = N”—p;* € (max{l,p - &}, p), 3.1
Ny * pg
and if p > N, we choose
p; € (q,+») suchthat p, € (max{N,p - €}, p), 3.2)

where ¢ is given in Theorem 2.9. This ensures that X supports a weak (t, p,)-Poincaré inequality for all
1<t < p/ (recall Theorems 2.9 and 2.10, as well as Remark 2.11). Roughly speaking, this framework gives us
constant C and dilation factor ¢ > 1 satisfying the inequality

U - Up,

1:3[ R du| <C J[g,f’Ody , 1st<pf, 33)

R OR

€ Po
t

for all balls By C X and u € Lj(X). We recall that C depends on p, C,, G, and o depends on the dilation factor
of Definition 2.8 (see Remark 2.11).

Remark 3.1. Let X be a metric measure space endowed with a doubling measure supporting a weak
(1, p)-Poincaré inequality. Then Lemma 2.1 of [15] brings us to a Sobolev type inequality if u € NoP(Bp).
That is, we can find C = C(C,, ) > 0 so that, for every ball B C X and every u € Nol’p (Bg), the following
inequality holds

1 1

p

t[
f[%] du < C](gupdy 1<t<p*

Br By

We also assume that Q is a bounded open subset of X such that X\Q # & and the non-negative function
a € C%%(Q) (a € (0, 1)). Denote by Ly, a suitable constant satisfying the inequality

la(x) - a(y)| < Lyq(d(x,y))* forall x,y € Q. (3.4)
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Given R > 0, we will always deal with concentric balls B,z C Q (hence, we do not need to precise the center
of balls). Later on, we will involve in our analysis the following set:

Skr=1{X € Br N Q:ulx) >k}

where k €R and R > 0.
In our proofs, we will use the following properties of the function H, namely, we have

BPH(-,t) if <1,
and
H(,tp+ t) < CCH(,t) + H(,tp)) (3.6)

for some C = C(q) > 0. Further, as a(-) is bounded in each ball B C Q, we deduce

_[H(x, Ddy < +oo, 3.7)
B

The constants involved in the estimates will depend essentially on the starting quantities assigned in the
problem, that is on: Nj, p, q, Lo 4, G, Cp. So, in the following, we denote

data = (N) D, q, LO,a: Cy; CP)

As a first step of the De Giorgi’s method, we give now a Sobolev-Poincaré inequality in the setting of
complete metric measure spaces. Before that, we briefly discuss the condition

Ny[g -1|<aq, (3.8)
p

given in hypothesis (1.4). Let @ C X be a bounded open set and Bg C Q. In the proof of Sobolev-Poincaré
inequality, we use an estimate of the quotient

Ra
u(Beyrt’

that is, we show that it is bounded for R € (0, diam(®)/2]. We know that (3.9) is bounded provided that (3.8)
holds and the measure u is Ahlfors-David regular, that is,

(3.9

ClRN# < ‘U(BR) < CzRMl, (310)

for every By C X and R € (0, diam(X)], where 0 < g < g are suitable constants. We note that (3.10) is satisfied

by Lebesgue measure in the Euclidean setting. When y is doubling and (3.8) is satisfied, then (3.9) is bounded
diam(Q)

by Proposition 2.4. Precisely, from Bz C Q, we obtain R < —-—. So, by using Proposition 2.4 and Remark 2.3,
we deduce
11 141
a[ 1 ]" _ R4 [H(Bdiam<sz)/2) ?
1(Bg) (‘u(Bdiam(Q)/Z))%_l H(Bg)
Ra diam(Q) V¢

S [
q
(Caiam@)/2)" R

. (diam(@)ND oy,

(311

el
(Caiam(@)/2)?
< max{1, diam(Q)} < +oo,

T
(Caiam(oy/2)?
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We are ready to establish our Sobolev-Poincaré inequality, in the following theorem, where p, is given by
(3.1 or (3.2).

Theorem 3.2. Let Q be a bounded open subset of X andu € Nj;«(Q) such that H .8) € LL.(Q). If (1.4) holds, then
there exist a constant C = C(data) > 0 and an exponent 6 = p—; € (0, 1) such that

U - Up,
][H X, R ]du
By
1 3.12)
max{1, diam(Q)} a4
< (|1 TR HC g P [ f H O g0du|
(Cagiam(e)/2)? 5oe
whenever Bgr C Q, where Cgiamea)y/2 = C(N,, diam(Q)/2, Q) is given in Proposition 2.4.
Proof. From B, C Q, hence, oR < w, by (3.11), we obtain
b1 1, diam(Q
(oR)" . maxil, diam(@); 313)
H(Bor) (Caiam(@)/2)? !

Now, put i(a, oR) = inf{a(x) : x € B} and using the assumption (1.4) together with (3.13), we obtain

fu
By

u- ug
X,iR
R

fu
Bg

du

U-—Ug, [ U—ug,l? .
X, —r ]du Jf i(a, O'R)‘ R du + J[l(a, O'R)‘
By Bg
U - Up,

U—ug,l?
R

du

U - Up,

12 . q . u - Ug, q
= ]r | e~ f i@, oR)|——%—| du+ _][ lax) - i(a, oR)]|—%—| du
By By By
u-ugll . U-—ug,l? U-—ug,l?
< J|Fm |+ i@ o= fau + 3Laa(oR) f| =] du By 34)
By By
P a a4
Po Po Po
< c|fgrdu| +iCa or)c|f gidu| + cary|f grdu| by 33)
B(TR 'OR 'OR
LA a a
Po Po Po
Po . P P
< qf @prdu| +clf i@ arghidu| + corr|f gn)ran
BUR oR 'oR

EY
=l

1
o

](H (X, g,)°du| + C(aR)" J[ H(x,g)’du|  (with 6= %)

BGR oR
(1) 3
1+ (R f H(x, g,)du fr, g

oR OR

IA
@)

1}
%)

0

q_q
HC 8Py [ HO 0%

OR

. max{1, diam(Q)}

IA
(@)
[y

[
(Caiam(@)/2)?

The result is now established. U

Remark 3.3. From the inequality (3.12), as Cgiam(e)/2 depends on Q, we obtain
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1
0
u-u
X, TBR]du <G f H(x, g)%du| , (3.14)

BUR

fu
Bp
where Cs = Cs(data, Q, ||[H(.g)I1,)-

As a consequence of the Sobolev-Poincaré inequality, we deduce a Sobolev-Poincaré inequality for func-
tions that are zero on a set of positive measure.

Theorem 3.4. Let Q be a bounded open subset of X and u € NEk(Q) with H .8) € LL.(Q). Suppose that (1.4)
holds and that u = 0 on a measurable set A C By such that u(4) > 0, then

fu
By

1

@ fH(X) gu)edtu b

U(A)

x, Slau < 1+
’R [1— S|

whenever By C Q.

Proof. By using the hypothesis u = 0 on the set A, we deduce

u-ugl Ug, [° u-ug,l
_[ R | Q=u@d)—r < I z | & (3.15)
A By
So, by using (3.15), we obtain
ult u-ug,l® Ug, [* UBR) | (lu — ug [*
— <  —— By)|—| < C|l1 .
;ﬂR du C;ﬂ R | W GBI =€ +y(A)J R | W
'R 'R 'R

Next, from the previous inequality, we obtain the following:

ng

R

X, % du = )[H x,%
Bg
1
By
i
By

u(Bg)
SC[“ u(A)]BfR[

Now, to complete the proof, one can simply follow the similar steps to the ones in the proof of Theorem
3.2. O

q
du + i(a, o) ﬂ%‘ du
Bg

"+ fraco - ica, GR)]‘%"I du

By

P u
d ' =
u+ fica, GR>‘R

B

14 . u q u q
+i(a, oR)‘E‘ ]dy + 3L o(GR)" gf ‘E‘ du
'R

U - ug,l?
R

U - Up,
R du.

P u-u
+ i(a, O'R)‘TBR

‘ uB)
]du + C[l + ) ](O'R) i

As a consequence of the Sobolev-Poincaré inequality for functions that are zero on a set of positive
measure, we establish a Sobolev-Poincaré inequality for functions with zero boundary values.

Theorem 3.5. Let Q be a bounded open subset of X and u € Nyyo(Q) with H(-,g,) € Lb(R). Suppose that (1.4)
holds and that u € Ny (Bg), then
%
du < G JfH(x, g)dul , 3.16)
Br

fu
Bg

whenever By, € Q for some A € (1, 2].

u
X, =
R
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Proof. The assumption By;z € Q together with X\Q # &, by Proposition 4.2 of [1], ensures that there exists
Z € 0Bu1p. So, B/l;lR(Z) C Bz C Q and B%R(z) C A = {x € Byg : u(x) = 0}. By using Theorem 3.4, we obtain

fu
B

From u € Ny''(Bg), we deduce that &, = 0 p-a.e. in Bysg\Bg, and so we have

fu
Bp
where Cs = Cs(data, Q, [|[H(-,g)l1a,))- We note that from (2.2), we can deduce the estimate

xu(B/\R) < Cz[i
) —

A-1
This ensures that (3.16) holds. O

1

/J(BAR)] J(H(X, g)du| .
Biak

ucA)

X,

u u
,—|du < C 1 H|x, —|du < C|1 +
XR U B)r R U s[
AR

1
0

tu(BAR) fH(X, gu)gd‘u ,
Bg

u(A)

u
- <Gl +
X, R dy CS[

N N

2A
A-1

As second ingredient of the De Giorgi’s method described in Section 1, we look for suitable Caccioppoli type
estimates for K-quasiminimizer of the functional (1.2). An easy adaptation of Lemma 6.1 in Giusti’s book [12] is
given in the form of Lemma 3.6.

Lemma 3.6. If P(-) is a bounded non-negative function in the interval [p, R] C R and 0 € [0, 1) satisfies

u-k
P(r) < IH X r]dy + 6P(s)
Sk.r
for all p £ r <s <R with By C Q, then we have
u-k
P(p) < CSIH X, R——p]du’
k,R

where C = C(6, q).
Then, we establish our Caccioppoli type estimate as follows.

Lemma 3.7. Let Q be an open subset of X and 0 < p < R so that By € Q. Then, we can find C = C(K,q) > 0
satisfying the following inequality:

u
R

X,

-~k
jH(x, g)du<c IH - p]du, 3.17)
Sk.r

Sip

namely, H-Caccioppoli type inequality, where u € NiX(Q) is a K-quasiminimizer of the H -energy integral.

Proof. For a fixed ball By € Q, consider the concentric balls B, C B, C B; C Bg with p < r < s < R. We intro-

duce the —*
S-r

hence, we consider the function

-Lipschitz cut-off function n such that 0 < n < 1,n = 1 on B, and the support of 5 is contained in B,

w=u- (u_k)_(l_r))(u_k)+k il’lSk!R,
! " lu otherwise.

By Leibniz rule (see Lemma 2.18 of [1]), we deduce that
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Sys-kg +A-ng, =g+ u-a.e.on Syp,
and using the “triangular” property of H in (3.6), we obtain
u-k
H(x,g,) < C|H(x, g, X || waeon Sk.R- (3.18)

Since u is a K-quasiminimizer of 4, using (3.18), g, = 0 u-a.e. on B, we obtain

[H0 g)du < [Hx, g

Sk,r Sk,s

<K IH(X, &,)du
Sk,s

=K J' H(x, g,)du

Sk,s\sk,r

(3.19)

<C J' H[x,l;:l:]du+C I H(x, g)du

Sk s\sk r sk s\Sk r

] u+C I H(x, g)du.
Sks\skr

Next, we use the hole-filling method, by adding to both sides of (3.19) the quantity

CIH (x, g)du,

Sk,r

then we obtain

-k
1+C)IH(X g)du < ] y+CjH(x g du.

Sk.r Sk.r Sk,s

Immediately, we rewrite this inequality as follows:

IH(x,gu)dy < IHX : l:]dy +0 IH(x,gu)dy,

Sk, Sk.r Sk.s
where 6 = 17 c < 1. By appealing to Lemma 3.6 with P(r) = j H (x, g)du, we conclude inequality (3.17), and
hence, the result is established. O

Remark 3.8. If we set (u - k). = max{u - k, 0} and (u - k)- = max{k - u, 0}, then we can first note that the
H-Caccioppoli type estimate in (3.17) is equivalent to the following one:

- k).
IH(X 8-k A < CIH p) ]dy. (3.20)
p
Similarly from (3.20), we also deduce that
- k)-
J'H(x )i < ch - ]dy, (3.21)

B,

as —u is a K-quasiminimizer too.



DE GRUYTER K-quasiminimizers of double-phase energy =— 13

4 Locally boundedness

In this section, we aim to show that K-quasiminimizers of the 74 -energy integral (1.2) are essentially locally
bounded. Hence, the strategy designed by De Giorgi is applied to obtain an estimate of essential supremum of
K-quasiminimizers. We obtain this result by the Sobolev-Poincaré inequality (3.16) and H-Caccioppoli type estimate.
Our result is a counterpart to the well-known result of [15] for K-quasiminimizers of p-Dirichlet integrals.

The next lemma is also frequently used in the literature (in this context) and will be applied here.

Lemma 4.1. [12, Lemma 7.1] Let y > 0 and let {¥j};» be a sequence of real positive numbers satisfying
Wiy < kB
forall j 2 0 withx > 0 and B > 1. If Wy < kY7 BV, then ¥, - 0 as j — +.

Theorem 4.2. Let Q be a bounded open subset of X. Ifu € Ni;X(Q) is a K-quasiminimizer of the functional H(:,Q)
defined in (1.2) and if (1.4) holds, then u is essentially locally bounded. Consequently, u € L5.(Q).

Proof. For 0 < h < k and fixed ball Bg such that B,z € Q with R/2 < p < R <1, consider the concentric balls

B, C B; C By with s = (R + p)/2. We introduce the RL_p-Lipschitz cut-off function 5 such that

n =1 on B, and the support of 5 is contained in B;.

Hence, we consider the test function w = n(u - k). € Nol’l(Bs). By using the Sobolev-Poincaré inequality (3.16)
together with Holder inequality, then we obtain

[HOG @ - )dus | H[X, @] N

S BS
%
< CouB) | [H O gy 1)
BS
USes))?
K,s
=6 [ u(Bs) ZJ; HX, &u-10.)du,

where 6 = p—; € (0,1) and G = Gs(data, Q, ||H(,8,)||z\(s,))- On the other hand, the properties of H and 1 lead to
the following estimate:

k).

_[H(x &yucro )t < CJH

]d + CIH<x St )L (42)

By using estimates (4.1) and (4.2) together with the H-Caccioppoli type estimate (3.20) in the case p = s, then
since h < k, we conclude that

u(Ser))
u(By)

jH(x, u - k)dy < G

Sk,p

u-nh
IH[X, = p]du. (4.3)
Sn.r

Next, we introduce a sequence of concentric balls {Bpj} to Bg, where p; = R(1 + 27)/2 for j = 0, and for

appropriate value D > 0 (whose expression will be precised below), we consider the levels k; = 2D(1 - 27U*D),
If we use the inequality (4.3) for p = Pjs1s R = pjs k=kjsyand h = kj, then for j = 0, we deduce that

1
C U(S, p)
| Hocu-tgaus 2 Q(szé jH(x u - k)dy.

Sije1pje1 )
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We also note that

(kjo1 = KPPUCSip) = | (i = K

Skjerpj

< _[ H(x, u - k)du
Sij1p)

< J' H(x, u - k)dy,
Sijp)

and hence, we have
U(Si) < 202D [ HOx u - Ky)d,
Skinj

It follows that

1
0

G . 4. -1
P [ HOGU = K S £ 20) uBr2) | D [ HO w = Jdul

Skj+1vﬂj+1 Skj.Pj
Setting
g = D I H(x, u - kdy,
Sk

the aforementioned inequality reduces to
C -1 4. 1
W1 < o (U(Bry2) 7 (20)%7,

for every j = 0, and some Cs depending only on: data, Q and ||H(,g,)||;15,)- Now, involving the standard
iteration Lemma 4.1, we deduce that ¥; — 0 (as j — +) provided that

W < D2 [H(x, (u - D))yt < cPu(Byo),
By

where ¢ 2 1, depending only on G, 6, g, R, is such that
1 - o 4L
o < (RTG) v (20) 7

1 0
where )= 1o Now, from

W < D? [ H(x, (u - D)) < (B,
Bp
we deduce that ¥; - 0 as j — + if for D we choose the value

1 1
p p

D = c|u(Bep) [HOx, (u - D)du| < ¢ av|fH(x, (- D))dul .

By B

So, from

0< J H(x,u - 2D)du < DP im ¥ = 0,
Sa.R/2 Jore
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we obtain

1

14

N,
ess supu <2D < 2c 4 :[H(x, (u - D),)du
Brya By

1
p

<C :[H(x, w)dy| .

B

The similar calculations as mentioned earlier can be developed with respect to —u; this is a K-quasimi-
nimizer of the functional H(-,Q) too. Consequently, the conclusion of the theorem is reached. As a byproduct,
we deduce that u € L (Q). O

5 Holder continuity

Here, we assume that X supports a weak (1, p)-Poincaré inequality, and so by Theorem 2.9, it supports a
weak (1, py)-Poincaré inequality for some 1< p,<p <p; too. Given a ball By CQ and a function

u € Npi(Q) N N2(RQ), we adopt the following notation

s(u,R) = ess supp u, i(u,R)=essinfu and w(u,R)=s(,R) - i(u,R).
B

The first result of this section is the following auxiliary lemma, which provides an useful tool to estimate
the measure of the set u(Skr), in the case when k is close to the supremum of u (see Lemma 5.2).

Lemma 5.1. If the function u € Nj;e(Q) with H (&) € Lip(Q) satisfies the H-Caccioppoli inequality (3.17), R > 0
is such that Byog € Q for some A € (1, 2], and h > 0 is such that

U(Shr) < (L = y)u(Bg) for some y € (0,1), (5.0
then for k > h, we have

1
P

1 1.1 u-nh
(k = h)u(Si.r) < CRu(BR)" " »olyy, * j Hix, — ]dy , (5.2)
Snaor
where p, < p is given by (3.1) if p < N, or (3.2) if p > N, and
Ay = U(Sp,0r) = U(Sk,0R)-
Proof. Fixed k > h, we define the truncation function:
0 if u(x)<h,
wx) =ju(x) - h if h<ulx) <k, (5.3)
k-h if u(x)=k.

Since u € Niyi(Q), then we have w € Npi(Q) too. Now, inequality (5.1) and truncation (5.3) imply that
U(ix € By : w(x) = 0}) = yu(Bp) > 0.

By using Holder inequality with respect to p and Theorem 3.4, we obtain
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(k= WS = [ wdy < [wdg
Skr Bg

P

< u(B)'r prdu

By

p

= Ru(Bp)'» I[%]pdu

B

Sl

du

w
< RuB| fH|x,
Br

1

o
<CR 0 p i = &
< CRu(Bg) fH(x, &,)’au with 0 = »

oR
1

op
< CRu(By)'" 0 _[H (x, 8,)°du
BoR

1
op

<cru@) [ Hegldu| by 63)

sh,uR\sk,UR

1

14
1_1
< CRuBemafy *| [ Hex, gdul .

Sh,ﬂR

Now, using the H-Caccioppoli inequality (3.17) with p = R and R replaced by AgR, we obtain the inequality
(5.2). The constant C depends on Cs and ). O

Now, we prove the following key lemma.

Lemma 5.2. Let R> 0 and A € (1,2] such that Bioz € Q, U € N (Q) N Nia(Q) with H(,g) € L}(Q) be a
function satisfying (3.17) together with —u for every k€R, and let 2k, = s(u, AcR) + i(u, AgR). If
U(Sko,r) < (1 — Y)u(Bg) for some 0 <y <1, then

lim  u(Skg) = 0.
k-s(u,AcR)”

Proof. For convenience, in the proof, we write S=s(u,AdR) and I=i(u,AcR), hence we set
ki =S - 2U*(S - I), j 2 0. Consequently, we obtain that

S+

ko SkitS asj— +o.,

Of course, we have S-kj=20U*)(S-1)10 as j— +o and kj,; - kj = 27U*?(S - I), and we note that
U= kj< S - kjp-ae. on Sk or- So, there exists ng > 0 such that
RYS-k)<1 forallj=ny. (5.4)

The inequality y(Sx; r) < 1(Sk,,) for all j = 0 allows us to use the inequality (5.2) with k = kj.; and h = kj, then
we obtain
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5
s—kj]
du

R

1_1
(kjor = kWS, ,) < CRUGBR Al P | H[x,
Skj ok

1

p

[ HooDdw| (forall j= g by (3.5) and (5.4)

Skj or

R

J

, +-1g
< CRu(Bp)' w5 !

1_1

< C(S - k(B Al ?,
in the previous inequality, we took into account that JSH RH (x, Ddyu < cu(Bg) by (3.7). So,
Ve Ol
U(Sk.,p)P M < CU(BR™ ™ Yy ., (forall j = ng)

that implies

n-1

> #(sk,ﬂ,R)Pp% < Cﬂ(BR)’f?’fo_lAk,lo,kn < Cu(Bp)».

Jj=no

Since k; 1 S, we obtain y(Sk,r) < u(Sn,,r) whenever n > ny, and hence we can use the previous inequality
to obtain

(n = NOU(Si,r)" ™ < CuBr)™ ™ < CU(Q)P™ < C. (5.5)
This implies that u(Sx,z) goes to zero asn — +o, and so

lim u(Sx r) = 0.
k—S"
Hence, the conclusion of the theorem is reached. O

Remark 5.3. We note that it is not restrictive to suppose that y(Sx z) < (1 - y)u(Br) forallk €R and R > 0 in
Lemma 5.2. Indeed, if y € (0, 271, then u(Sg.r) > (1 = y)u(Bg) implies
u(fx € B : —u(x) > -k}) < (1 - y)u(Be),

and since —u satisfies (3.17) for every k € R too, we just replace u by —u.

Lemma 5.4. Let u € NioX(Q) N L(Q) with H (.8, € L () satisfying (3.17) together with —u for every k € R,
R > O suchthat By € Q andw = w(u, R). Then there existsv € (0, 1) depending only on the data, but independent
of w, such that if for some ¢ € (0, 1), we have

U(Ssu,r)-ew,R) < VU(BR), (5.6)

then

W
us<s(u,R) - e a.e. in Bgys. 5.7

Proof. The proof is an adaptation to the metric context of Proposition 4.1 of [8], p. 354, given in the Euclidean
setting with p = q. Let {Bpj} denote a sequence of nested balls concentric to Bz for j =0, where
p; =R + 27)/2, and set sj = (p; * pj+1)/2. We can introduce suitable cut-off Lipschitz functions 7; such that
n; =1on B,  and the support of 1, is contained in By. Now, we consider the levels

EW EW
k= sWR) - = =

satisfying the inequality
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ew P
77| HSipy) = Ut = PUCSip,.)
< u - k)Pd
s Jo - kora (5.8)
Kj+1.p5+1
< [ I - kypap.
Sigsj
Note that it is not restrictive to assume € < Rw™ in (5.6). This implies
u-k ew
R < ? <1 on Skj,Pj‘ (59)
By (3.5) and (3.7), it follows that
u-kK; ewl? ew ;
I Hix, = J]dy < [7] I H(x, Ddu < C[?] 1(Sy;,p,) forall j = 0. (5.10)
Kty Sty

Now, let p, as in (3.1) if p < N, or 3.2) if p > N,. We first note that n(u - k;) € N&’l(st), then by Hélder
inequality, Remark 3.1, and inequality (3.20) with p = s; and R = p;, we obtain the following estimate:

I

[ - edu < | [ i - I du| (s

Skis: ;.
Kj.sj sj

_p
< CRPH(SI(,-,sj)l g J—glrli)j(u-kj)hd‘u

B

_p

< CROU(Si5)' 7% [ HOX, 8y )M

B
u- kj

R

. -2

< CRY29(Sy, )76 J' H
S(kip)

< Czqf(ew)l’y(slq,pj)“}’ by (5.10),

X)

B

where y =1 - p/p; > 0. If we combine this estimate with the inequality (5.8), then we deduce that
(S py,,) < CZ‘UZP(I*Z),u(Sk].,p]_)“V < C4‘lfu(S;(].,pj)1+V. (5.11)

Now, using (2.2), we obtain that for some ¢ > 0,

‘u(Bpjﬂ)
C - 3
u(Bp)"Y

and so we have

,U(Skj,pj) 1+y

u(Bp)

Sk
H¥-10,.) < C(49)]
H(Bpjﬂ)
.u(sk]',pj)
u(B,)
Ajer < CADIA]”, (5.12)

We compact the notation putting A; = then we obtain a recursive estimate in the form

for a constant C = C(Cs) and for every integer j = 0. We can apply Lemma 4.1 and deduce that the aforemen-
tioned recursion satisfies
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lim A] = 0,
Jotoo
provided that
#(Ss(u,R)—sw,R) 1 _1
Mo=—— o~ <MD ", (5.13)
T U )
_1
Consequently, for every v € (0,1) such that v < C7/(4%) ", we have Aj— 0, and this ensures that (5.7)
holds. 5

Remark 5.5. Let R > 0 and A € (1, 2] such that Bz € Q,u € Ni5a(Q) N Lin(Q) with H(-,g,) € L(Q) satisfying
(3.17) together with —u for every k € R, and let 2k, = s(u, AGR) + i(u, AdR). We note that it is not restrictive to
suppose that u(Sk,r) < (1 - y)u(Bg) for some 0 < y <1 (Remark 5.3). By Lemma 5.2, we say that

lim  u(Skg) = 0.
k—s(u,AaR)”

So, for some w = w(u, AcR), we can choose &€ € (0, 1) such that (5.6) holds, and hence (5.7) holds too. Then, we
obtain

s(u, AoR/4) < s(u, AGR) - %w(u, AGR).
Now
-i(u, AdR/4) < —i(u, AaR).
Adding these inequalities, we obtain that
w(u, AdR/4) < Ow(u, AdR), where 6 =1 - g/2. (5.14)

Clearly, the inequality 5.14 holds whenever u is a K-quasiminimizer to (1.2), as u or —u satisfies the
hypotheses of Lemmas 5.1, 5.2, and 5.4.

Finally, using the previous results, we obtain the local Hélder inequality for the K-quasiminimizers to (1.2).

Theorem 5.6. Ifu € N*(Q) is a K-quasiminimizer of the functional H(-,Q) defined in (1.2), under the assump-
tions (1.3) and (1.4), then there exists € (0, 1) such that for all R > 0 and A € (1, 2] such that By € Q, we have

- y1Y’
juC) -~ u@)l < € Ty] (e (5.15)

forall x,y € Bg.

Proof. By Remark 5.5, we know that for all R > 0 and A € (1, 2] such that B,z € Q holds (5.14) for some
0 € (1/2,1). So, we have

w(U, AdR;.1) < 07*w(u, AoR) forall j = 0, (5.16)
where R; = R/4J. Now, for all p < R, there exists j > 0 such that Rj.; < p < R;. It follows that 4 U*D < pR™, and
hence, we have

B
w(u, p) < w(u, AoR)) < 45[%] w(u, AGR), (5.17)

where f = -log,0. The local Holder inequality for u in (5.15) now follows from (5.17). The proof is com-
plete. O
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6 Local higher integrability

We apply the Sobolev-Poincaré and Caccioppoli type results established in previous Section 3 to deal with local
higher integrability of the function H(-,g,), whereu € NEY(Q) is a K-quasiminimizer to our 7{ -energy integral
(see (1.2)). The aforementioned results are combined with the Gehring’s lemma (refer to Section 1, too) to
establish Theorem 6.2. Precisely, we use the following version of the Gehring’s lemma.

Theorem 6.1. [19, Theorem 3.2] Fixed sy, s; > 1, let g € L (X) and f € L;.(X) be non-negative functions, with
So £ s < 51, and suppose that we can find b > 1 satisfying the inequality

S

fosdu < blf gdu| + b froau

By or Bor

for all B C Bor C X and some ¢ > 1. Then, we can find & = £(So, $1, Gy, 0, b) > 0 such that g € LE(X) for
t € [s, s + &), and we have

t

fordu| < clf gsau| + c|frrau
Br

oR OR

1
s

=

for C = C(sy, 51, Gy, 0, b).
We have the following inner local higher integrability theorem.

Theorem 6.2. There exist a constant C = C(Cs,p,,0) >0 and a positive integrability exponent
8o = 80(Cs, py, 0) > 0 such that ifu € NE(Q) is a K-quasiminimizer of the integral functional (1.2) under assump-
tions (1.3) and (1.4), then H(:,g,) € LI});‘S"(Q) and
1+150
frc, gyrodn| < c fiHg) + 114, 61)

B Bog

for all Bg such that B,z € Q, that is a bounded open subset of X.

Proof. The inequalities (3.20), (3.21) with p = R/2 and k = ug,, and Remark 2.3 lead us to the following estimate:

U - Up,
X, T]dy (we use (3.5))

f H(x,g)du<C JfH
BR/Z By

0

< CS fH(X’ gu)edu

oR

(6.2)

(by Sobolev-Poincaré inequality (3.14) with 6 = %).

Now, we consider the test functions

H(x,g) if xeQ,

X =
800 0 otherwise,

and

fx)=0 forallx €X.
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Further, we choose sy € (1, %), S = % +1and s = % Clearly, g € L (X) and f€ Lfgc(X ); hence, we are in
position to apply the Gehring’s lemma. It follows that we can find &y > 0 such that g € LL (X) fort € [s, s + &),
and therefore, we have

1

t s

fg‘dy <C J[gsdu

Br oR
for C = C(Cs, py, 0) > 0. Let 0 < § < 6 &, then we have

_1
1+8)

frx gyodu| < c {0 g + 11d,

By Byg

which implies that H(-,g,) has higher integrability in the ball B;. Now let Qy € Q, so that we can cover it with a
finite number of balls Bg, (i =1, ...,n) such that B,z € Q for eachi = 1,..., n and satisfying the assumptions of
the first part of the proof. Hence, we have

1
1+68p

frogoradn| < ey fHK g + 11du < +,

Q =1,

for some C > 0. This ensures that H(-,g,) € Lloc‘s"(sz) By appealing to the Holder inequality, it can be shown
that (6.1) remains true whenever &, is replaced by any value § € (0, &y). The result is now established. [
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