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Abstract: We prove the existence of a weak solution for a general class of Dirichlet anisotropic
elliptic problems such as Au + O(x, u, Vu) = Bu + f in Q, where Q is a bounded open subset of RV and
f € LY(Q) is arbitrary. The principal part is a divergence-form nonlinear anisotropic operator A, the
prototype of which is Au = — Z?’:I 9;(|0;ulPi~20;u) with p; > 1 forall 1 < j < N and Z?’zl(l/pj) > 1.
As a novelty in this paper, our lower order terms involve a new class of operators B such that A — B is
bounded, coercive and pseudo-monotone from Wéj’)(Q) into its dual, as well as a gradient-dependent
nonlinearity @ with an “anisotropic natural growth” in the gradient and a good sign condition.
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1. Introduction and main results

1.1. Setting of the problem

In their famous book [34], Gilbarg and Trudinger captured the astonishing achievements in the
theory of nonlinear elliptic second order partial differential equations. For recent developments of
fully nonlinear equations and their applications to optimal transportation and conformal geometry, see
e.g., Trudinger [41,42].


http://www.aimspress.com/journal/mine
http://dx.doi.org/10.3934/mine.2023073
www.aimspress.com/mine/article/6186/special-articles

2

A quasilinear operator is not always the differential of a functional of the Calculus of Variations.
What makes it possible to go further than the Calculus of Variations in the convex case is the abstract
concept of monotone operator and, more generally, of pseudo-monotone operator. Several papers
[10,11,13,15, 16] deal with nonlinear elliptic problems in a bounded open subset 2 of RN involving
coercive, bounded, continuous and pseudo-monotone Leray—Lions type operators from Wé”’ (Q) into
its dual W=7 (Q), where 1 < p < co and p’ = p/(p — 1) is the conjugate exponent of p. The prototype
model of such an operator is the p-Laplacian A ,u = div (|VulP=2Vu). The techniques developed in these
papers accommodate for a lower-order term g(x, u, Vu) with a “natural growth” in the gradient |Vu| and
without any restriction of its growth in |u|. Either f € L'(Q) or h € W='*'(Q) could be included because
of the “sign-condition” on g (that is, g(x,#,&)t > 0 for a.e. x € Q and all (1,&) € R x RY). For related
works, we refer to [3,4,12,29, 30, 35].

In this paper, we expand the above research program into the anisotropic arena by providing a
suitable general framework under which for every f € L'(Q) we prove the existence of a weak solution
to Dirichlet anisotropic elliptic problems such as

{ﬂu + O(x,u, Vu) + O(x,u, Vu) = Bu + [ in Q,
(1.1)

ue WPQ), @ u Vu) e L'(Q).

Here, and henceforth, Q is a bounded, open subset of R (N > 2). We impose no smoothness condition
on 0Q. Without loss of generality, we assume throughout that

I <pj<pj<ooforeveryl <j<N-1 and p<N, (1.2)

where p = N/ Zy:l(l/pj) is the harmonic mean of py,..., py. Let Vu = (01u, ..., dyu) be the gradient
of u. Let Wé’?(Q) be the closure of C.°(€2) (the set of smooth functions with compact support in £2)

. 13 1.7
with respect to the norm ||”||w17(g) = Z’/L 10ullz7s(qy- We use W™1-P'(Q) to denote the dual of W, (Q)

0
and (-, -) for the duality between W‘1’7’)'(Q) and W(;’p (Q). The prototype for A is the anisotropic 79)—
Laplacian, namely,

N
Au == 0,10ul" ™ u), (1.3)
=1
(see (1.7) and (1.8)). The model for ® in (1.1) is as follows
N N
O(u, Vu) = [Z 10,ul) + 1] "2+ )" 010 ,ul 2, (1.4)
=1 J=1

where b; > 0 and 0 < g; < p;, while m,6; > 1 forall 1 < j < N are arbitrary (see (1.9) and (1.10)).
We assume throughout that @(x, 1, &), Q x R x R¥ — R is a Carathéodory function (that is, measurable
on Q for every (t,&) € R x R and continuous in ¢, & for a.e. x € Q) and there exists a constant Cg > 0
such that

|O(x,1,&)| < Ce forae. x € Qandforall (r,&) € R xRN, (1.5

Furthermore, our problem (1.1) features a new class of operators B as follows.
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Delinition 1.1. Let (1.7) and (1.8) hold. By BC we denote the class of all bounded operators B from
Wé’p (Q) into WL (Q) satisfying the following two properties:

(P;) The operator A — B from WS’T;(Q) into W“’?(Q) is coercive (see Definition 2.2).

(P,) If up — u and v, — v (weakly) in WS’?(Q) as { — oo, then

}im(%u{;, ve) = (Bu, v).

Let BC, be the class of operators in BC satisfying the extra condition
(P3) For vy > 0 in the coercivity condition of (1.8) and each k > 0, it holds

0

N
)
Vo ) N0l ) = (But, Tiat) = o0 as [lull 15, — oo. (1.6)
j=1

We use T} for the truncation at height k, see (1.16). Unlike (A, the operator —B is not coercive
in general. Our assumption (P,) is reminiscent of (iii) in the Hypothesis (/1) of Theorem 1 in the
celebrated paper [37] by Leray and Lions. Every operator satisfying (P,) is strongly continuous (see
Lemma 2.6) and pseudo-monotone (cf. [44, p. 586]).

In Example 1.2 we use that p* = Np/(N — p) is the critical exponent for the embedding W&j Q) —
L’(Q) (see Remark A.2 in the Appendix). For any r > 1, let ¥’ = r/(r — 1).

Example 1.2. Let F € L%V (Q) and h, h € W=P'(Q) be arbitrary. Let p,a; € R for 0 < k < 4. For
every u € WS’T’)(Q), we define

(1) Bu = k;

Q)Bu=F+plu’uwithl <9 <pifp>0and1 <9< p ifp<0;

(3) Bu = (@ + e llull}} ) + @2l(h, w)[") (@3h + auF), where r € [1, p*); we take b; € (0, p/p}) and
b, eO,py —Difaz #0;b; € (0,p—1)and b, € (0, p;/p’) if a3 = 0;

(4) Bu = -3V, 9;(B,(x) + [ul™"u), where 8; € L'(Q) and 0 < o < p/ ), for every 1 < j < N.

In each of these situations, B belongs to the class BE,.

1.2. Our assumptions

Let (1.2) and (1.5) hold. The anisotropic ?—Laplacian in (1.3) is the prototype for a coercive,

bounded, continuous and pseudo-monotone operator A : Wé’ﬁ(Q) - W“’7'(Q) in divergence form
Au= -3 0,(A;(x,u, Vu)), that is,

N

(Au,v) = Z fAj(x, u,Vu)dyvdx forevery u,v € Wé’?(Q). (1.7)

e

eForeach1 < j < N,letAj(x,1,€) : QX R xRY — R be a Carathéodory function and assume that
there exist constants vy, v > 0 and a nonnegative function n; € L”/(Q) such that for a.e. x € Q, for all
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(t,&) €e RxRY and everyge RY, we have

N
Z Ai(x, 1,6 & = v Z &P [coercivity],
i=1

i=1

M=

(Aix.1.8) - Ax. 1,9)) (6 - &) >0 if€#& [monotonicity], (1.8)

N 1/p]
nj(x) + 717+ (Z |§,~|f’f]
i=1

We note that in the growth condition in (1.8), we take the greatest exponent for [¢| from the
viewpoint of the anisotropic Sobolev inequalities. This requires modifying the standard proof of
pseudo-monotonicity of A (see Lemma 2.7).

1

Il
—_

[growth condition].

|Aj(x, 2,6 <v

e Suppose that O(x,1,&) : Q x R x R¥Y — R is a Carathéodory function and there exist a nonnegative
function ¢ € L'(Q) and a continuous nondecreasing function ¢ : R — R* such that for a.e. x € Q and
for all (1,&) € R xRV,

N
D(x,1,€)t > 0 [sign-condition], |D(x,t, &) < ¢(J1]) [Z €177 + c(x)]. (1.9)

=1

For Theorem 1.3 (ii), we further assume that there exist constants 7,y > 0 such that

N
|D(x,t,&)| = 72 &7 forallf| > 7, ae. xe Qandall ¢ € RY. (1.10)
J=1
1.3. Main results

By a solution of (1.1) we mean any function u € Wé’?(Q) such that ®(x, u, Vu) € L'(Q) and, for
every v € WP (Q) n L¥(Q),

<ﬂu,v>+fq)(x,u,Vu)vdx+f@(x,u,Vu)vdx:(%u,v>+ffvdx. (1.11)
Q Q Q

Under the assumptions in Section 1.2, the main advance in this paper is the following.
Theorem 1.3. Let (1.2), (1.5), (1.8) and (1.9) hold.

(i))If f = 0 in (1.1), then (1.1) has a solution U for every B in the class BE. Moreover,
®(x, U,VU) U € LY(Q) and (1.11) holds withu = v = U.
(ii) If (1.10) is satisfied, then (1.1) has at least a solution for every f € L'(Q) and B in the class BC,.

Theorem 1.3 is new even when transposed to isotropic Leray—Lions type operators ‘A from Wé P(Q)
into W17 (Q). This is due to the introduction of B in (1.1), which adds extra difficulties. Were a
solution of (1.1) to exist in Wéj(Q), then we would expect it to be unbounded. This was observed by
Bensoussan, Boccardo and Murat [11] for isotropic nonlinear elliptic equations involving 4 € W=7 (Q)
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and Leray-Lions type operators of the p-Laplacian type. Hence, the regularizing effect that otherwise
® would bring to the solutions in W(;’p (Q) is countered by the presence of B in our class BE.

We stress that, without the term @, one cannot expect to find solutions of (1.1) in W&j (Q) for every
f € LY(Q). In the isotropic case, this observation was made by Boccardo and Gallouét [16]. We
leverage the gradient-dependent lower-order term ®(x, u, Vu) with an “anisotropic natural growth” in
the gradient and a good sign condition (see (1.9) and (1.10)) to prove the a priori estimates contained
in Lemmata 3.1 and 4.1, and hence obtain the existence of solutions of (1.1) in WS’T;(Q).

For Theorem 1.3 (ii) we encounter two obstacles: a low summability for f and, on the other hand,
the unrestricted growth of @ with respect to |u|. Previously mentioned works in the isotropic case
provide ways to surmount one problem at a time. The function f € L'(€) can surely be approximated
by L*(Q)-functions f; in the sense that |f;| < |f] and f, — f ae. in Qas e — 0. Also ® could be
replaced by a “nice” function @,, preserving the properties of ®, but gaining boundedness, see (3.1).
However, as it was pointed out by Bensoussan and Boccardo [10] in the isotropic case, one cannot deal
with both approximations for f and ® simultaneously. For the approximate problems involving both

@, and f., we would not be able to obtain that the solutions u, are uniformly bounded in Wéj (Q) with
respect to €. For the above reason, we need to consider f = 0 first and prove Theorem 1.3 (i), which is
a crucial step in establishing the second assertion of Theorem 1.3, but at the same time of independent
interest.

The techniques and results we obtain here provide the means to address other types of lower order
terms than f € L'(Q), yet maintaining the class BE of operators B. We briefly mention possible
developments. It is natural to ask what happens when b; in (1.4) is negative for 1 < j < N. Then,
the sign-condition on @ in (1.9) breaks down. Since we impose no restriction on the growth of ® with
respect to |u|, the current paper lays the foundation for dealing with potentially singular lower order
terms with no sign restriction. The approximation of such terms is afforded by our inclusion in (1.1)
of the term ®. The approximate problems become of the type (1.1) for which we gain existence of
solutions via our Theorem 1.3 (7). It is essential that we can take the solution itself as a test function.
This fact can be exploited to obtain a priori estimates for the solutions and pass to the limit. Such an
analysis goes beyond the scope of this paper and will be carried out elsewhere (see [19]).

Our work is also motivated by the various applications of anisotropic elliptic and parabolic partial
differential equations to the mathematical modelling of physical and mechanical processes. Such
equations provide, for instance, the mathematical models for the dynamics of fluids in anisotropic
media when the conductivities of the media are distinct in different directions. The term B allows us
to model a large class of situations, including the ones when the diffusion/absorption balance is subject
to suitable conditions (see [6, Chapter 1]). Anisotropic equations also appear in biology as a model for
the propagation of epidemic diseases in heterogeneous domains [9].

With a rapidly growing literature on anisotropic problems, several questions have been resolved on
the existence, uniqueness and regularity of weak solutions (see, for instance, [1,2,5,7,8,14,22-25,28,
31-33,38]). Many difficulties arise in passing from the isotropic setting to the anisotropic one since
some fundamental tools available for the former (such as the strong maximum principle, see [43])
cannot be extended to the latter.

We end this brief overview by observing that, in the case of variable exponents, that is when
p; = pj(x), there are many applications to electrorheological fluids, thermorheological fluids, elastic
materials, and image restoration (see, for example, [17, 18,26,27] and the references therein).

Mathematics in Engineering Volume 5, Issue 4, 1-33.



1.4. Sketch of the main ideas in the proof of Theorem 1.3

We remark that because of ®, even when f = 0, we cannot directly apply the theory of pseudo-
monotone operators to prove the existence claim in Theorem 1.3 (i). To overcome this difficulty, we
consider the approximate problem

Aug, + O (x, ug, Vu,) + O(x, ug, Vi) = Bu, in L,
(1.12)

us € Wi7 (Q)

for which we obtain the existence of a solution u, as a consequence of our Theorem 2.1 in Section 2.
Indeed, @, + O satisfies the same type of assumption as ® in (1.5), that is, there exists a constant C, > 0
such that |(®, + O)(x,1,&)| < C, fora.e. x € Qand all (£,&) € R x RN, Thus, by Theorem 2.1, for every
& > (0, the approximate problem (1.12) has a solution u, € WS’T’)(Q). In Lemma 3.1 we prove a priori

N
estimates in W(;’p (Q) for the solutions u,, which (up to a subsequence) converge weakly to some U in

Wi (Q) and ae. in Qas & — 0.
We point out that in Section 5, we will be able to show that, up to a subsequence,

u, — U (strongly) in W7 (Q) as & — 0. (1.13)

We achieve this by combining and extending techniques from the isotropic case in [10] and [13] to
establish in Lemma 3.2 that, up to a subsequence of u., we have

Vu, —» VU a.e. in Q and Ty (u.) — T((U) (strongly) in W5’7(Q) ase — 0 (1.14)

for every integer k > 1, where T(-) is given in (1.16). Then, we can pass to the limit as € — 0
in the weak formulation of the solution u, and obtain that U is a solution of (1.1) with f = 0 (see
Subsection 3.2).

Generally speaking, the proof of Theorem 1.3 (ii), which we give in Section 4, follows a similar
course with that of Theorem 1.3 (i) in Section 3. But there are some modifications that we outline
below. We approximate f € L'(Q) by L*(Q)-functions f, and we apply Theorem 1.3 (i) to obtain a
solution U, for the problem

{ﬂUg +®(x, U,,VU,) + O(x, U, VU,) = BU, + f. inQ,
(1.15)

U, e W'P(Q), @, U,.VU,) € L'(Q).

We emphasize that unlike in (1.12), we have @ (and not @) in (1.15). Because of this reason, coupled
with the introduction of f;, we need the extra assumption (1.10) and to choose B in the class BC,
to obtain that {U.}, is uniformly bounded in Wé’?(Q) with respect to € (see Lemma 4.1 for details).
Then, extracting a subsequence, U, tends to some U, weakly in Wé’ﬁ(Q) and a.e. in Q. With an almost
identical argument, we gain the counterpart of (1.14), namely, up to a subsequence, VU, — VU a.e.
in Q and T (U,) — T(Uyp) (strongly) in Wé’?(Q) as € — 0 for every integer k > 1. To conclude the
proof of Theorem 1.3 (ii), it remains to pass to the limit in the weak formulation of U,. The change
appearing here compared with the corresponding argument in Subsection 3.2 is the strong convergence
of ®(x, Uy, VU,) to ®(x, Uy, VU,) in L' (Q). For the latter, we adapt an argument from [13]. For details,
we refer to Lemma 4.3 in Subsection 4.3.
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Structure of this paper. In Section 2 we prove an existence result (Theorem 2.1), which gives the
existence of a solution u, of (1.12) for every € > 0. We dedicate Sections 3 and 4 to the proof
of Theorem 1.3 (i) and Theorem 1.3 (ii), respectively. In Section 5 we make further comments on
Theorem 1.3 (i) by proving the strong convergence in (1.13). In the Appendix we include some facts
used in the paper and, for completeness, prove the anisotropic counterparts of well-known isotropic
convergence results, see Lemmata A.4 and A.5. These will be used in the proof of Lemmata 2.7 and
3.2, respectively.

Notation. For k > 0, we let T} : R — R stand for the truncation at height &, that is,
Ti(s)=s ifls| <k, Ti(s)= kﬁ if [s| > k. (1.16)
Moreover, we define G : R — R by
Gi(s) = s—Ti(s) foreveryseR. (1.17)

In particular, we have G, = 0 on [—k, k] and ¢ G(¢) > O for every t € R.
For every u € WS”’ () and for a.e. x € Q, we define

D(u)(x), = O(x, u(x), Vu(x)), Ou)(x),= O(x, u(x), Vu(x)),
Aj(u)(x) = Aj(x, u(x), Vu(x)) forevery 1 < j < N.

We Set? = (p]’pZ’ v ’pN) and?/ = (p/lap’za e ’p;v)
As usual, y,, stands for the characteristic function of a set w C R,

2. An existence result

Throughout this section, we assume (1.2), (1.5), and (1.8), besides B belonging to the class BC.
Here, our aim is to prove the existence of a solution to the following problem

Au+O(x,u,Vu) = Bu  in Q,
3 2.1
ue WO”’ (Q).
By a solution of (2.1), we mean a function u € WS’T’)(Q) such that
(Au,v) + f O(x,u, Vu)yvdx — (Bu,v) =0 foreveryv e Wé’T’)(Q). 2.2)
Q

Theorem 2.1. Problem (2.1) admits at least a solution.

We establish Theorem 2.1 via the theory of pseudo-monotone operators. Before giving the proof of
Theorem 2.1 in Subsection 2.1, we recall a few concepts that we need in the sequel (see, for example,
[20] and [44, p. 586]).
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Definition 2.2. An operator P : WS’?(Q) — WL () is called

(ay) monotone (strictly monotone) if (Pu —Pv,u —v) > 0 for every u,v € WS’T’) (QQ) (with equality if
and only if u = v);

(ay) pseudo-monotone if whenever u, — u (weakly) in WS’7 (Q2) as € — oo and lim sup,_, (Pu, ur—
uy <0, we get that (Pu, u — w) < liminf,,(Pus, u, —w) forall w € WS’TD)(Q);

(az) strongly continuous™ if u, — u (weakly) in Wé’?(Q) as { — oo implies that Pu, — Pu in
W17'(Q) as £ — oo;

(as) coercive if (Pu, u)/llullwé;; 00 as ”””wl’?(g)

0

- — 00;
©@

(as) of M type' if u, — u (weakly) in Wé’ﬁ(Q) as { — oo, together with Pu, — g (weakly) in
W‘l’?'(Q) as { — oo and limsup,_,  (Pus, us) < {g,u), imply that g = Pu and (Pue, u;) — (g, uyas £ —

00,

Proposition 2.3. Every strongly continuous operator P : WS’T’)(Q) — W‘1’7’)/(Q) is pseudo-monotone.

Every bounded operator P : WS’7(Q) - WLF(Q) of M type is pseudo-monotone. The sum of two
pseudo-monotone operators is pseudo-monotone.

2.1. Proof of Theorem 2.1

We immediately observe from (1.5) that the operator Pg : Wé’ﬁ(Q) - W“’7'(Q) is bounded, where
we define

(Pou),v) = f ®(u)vdx forevery u,v € WP (Q). (2.3)
Q

In view of (2.2), the existence of a solution to (2.1) follows whenever the operator A + Pg — B :
Wé’?(Q) - W‘1’7’>'(Q) is surjective. Since Wé;’)(Q) is a real, reflexive, and separable Banach space, it
is known that A + Pg — B : Wé’T’)(Q) — WL (Q) is surjective whenever it is bounded, coercive and
pseudo-monotone (see, for instance, [44, p. 589]). In Lemma 2.5, we establish the boundedness and
coercivity of A + Pg — B, whereas its pseudo-monotonicity is concluded in Corollary 2.8.

For the reader’s convenience and to make our presentation self-contained, we give all the details
about the pseudo-monotonicity of A + Pg — B : W(;j(Q) — W‘1’7’)'(Q). These computations could
be of interest also in the corresponding isotropic case, when, to our best knowledge, only very special
instances of B have been considered and the details are usually scattered in the literature.

The property (P,) ensures that +B : Wé’?) Q) — w-LP’ (Q) is strongly continuous (see Lemma 2.6)
and, hence, pseudo-monotone by Proposition 2.3. As the sum of two pseudo-monotone operators is
pseudo-monotone, to prove that A + Pg — B : Wé’?)(Q) - W‘l’T”)/(Q) is pseudo-monotone, it suffices
to show that A + Pg : Wé?’)(Q) — WL (Q) is pseudo-monotone. The proof of the latter is more
involved, see Lemma 2.7. In view of Proposition 2.3 and Lemma 2.4, it is enough to show that A + Pg
is an operator of M type. We proceed with the details.

Lemma 2.4. The operator A+ P : Wé’T7> Q) — W“’7'(Q) is bounded, coercive and continuous.

* Strongly continuous operators are also referred to as completely continuous (see, for instance, Showalter [39, p. 36]).
T Some authors (see, for example, Le Dret [36, p. 232]) use the terminology sense I pseudomonotone instead of M type.
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Proof. The boundedness of the operator A+Pe : WS’? Q) — WP’ (Q) is a consequence of the growth
condition of A in (1.8), coupled with (1.5). The coercivity of A+Pg follows readily from (1.5) and the
coercivity assumption in (1.8). Moreover, by Holder’s inequality and the continuity of the embedding

Wé? (Q) — L” (Q), we find a positive constant C such that, for every u;, u, € Wé’ﬁ(Q),
(A + %)(ul) — (A +Po)u)lly 177

< sup fIA,(ul) Aj()]10; V|dx+f|®(ul)—®(M2)||V|dx)
vewl7(o) ;1

V| <1
13 6,

+ C11O@)) — Ol (-

Mz

Aj(u) = Aj)l

i@
=1
We get the continuity of A + P : Wé? Q) - WP (Q) by showing the following.
Claim: The mappings O : W, 7(Q) — L¥V(Q) and A W,7(Q) — L"(Q) are continuous for each
1<j<N.

Proof of the Claim. Let 1 < j < N be arbitrary. By the growth condition of A; in (1.8), there exist a
constant C > 0 and a nonnegative function n; € L” '/(Q) such that

N
Al <l +ul” + ) I('),-ulp"] e L'(Q) (2.4)

i=1

forallu € WS’?(Q). Since the embeddings W(;’?(Q) — [P (Q) and L®(Q) — L?)'(Q) are continuous,
from (2.4) and (1.5), we infer that A, : W, 7(Q) — L(Q) and © : W, 7(Q) — L¥"(Q) are well-
defined. To prove the continuity of these mappings, we let #, — u (strongly) in WI?(Q) asn — oo.
Hence, u, — u (strongly) in L (Q) and d;u,, — O;u (strongly) in L”'(Q) asn — oo forevery 1 <i<N.
Now, using (2.4) with u, instead of u, we obtain that {|A (u,,)l” }u>1 1s uniformly integrable over Q.
By passing to a subsequence {uy, }x>1 of {u,}, we have Uy = U and Vu, — Vu ae. 1n Qas k — oo.
Since A; and ® are Carathéodory functions, we have @(unk) - @(u) and A () — A j(u) ae. in Q
as k — oo. Then, by (1.5) and the Dominated Convergence Theorem, @(unk) — @(u) in LP(Q).
By Vitali’s Theorem, we see that A; j(Un) — A; j(u) in L”J(Q) as k — oco. Since the limits @(u) and

A j(u) are 1ndependent of the subsequence {u,, };>1, we conclude that G)(un) - @(u) in L»V'(Q) and
A i) — A j(u) in LPi(Q) as n — co.
This completes the proof of the Claim and of Lemma 2.4. m|

Lemma 2.5. The operator A+ Po — B : Wé’7(Q) - W“’?(Q) is bounded and coercive.

Proof. Using Lemma 2.4 and Definition 1.1, we find that A + Pe — B is a bounded operator from
Wé’p () into w-LP’ (). We now show that it is also coercive, namely,

(Au + Po(u) — Bu, u)

— 00 as ||lu s — 00, 2.5
o oy 17, 25)
w7 @
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Using (1.5) and the continuity of the embedding Wé’?(Q) — LY(Q), we find a constant C > 0 such

0

readily conclude (2.5). O

for every u € Wéj(Q). Then, by the coercivity property of A — B, we

Lemma 2.6. Every operator B : W(;j’)(Q) - W‘I’T’h(Q) satisfying (P,) is strongly continuous.

Proof. Let uy — u (weakly) in W&’?(Q) as { — oo. We show that Bu, — Bu in W‘1’7’)'(Q) as { — oo.
Assume by contradiction that there exist &y > 0 and a subsequence of {u,} (relabeled {u,}) such that

sup  (Buy, — Bu,v)| > g forevery > 1.
veW, 7 (@),
— <1
17 ¢,

Hence, there also exists {v,} in WS”’ () with ||v,g||W1.; @ < 1 such that

0

(Bu; — Bu,ve)| > gy forall £ >1. (2.6)

By the boundedness of {v/} in Wé’?(Q), up to a subsequence, v, — v (weakly) in WS’T’)(Q) as { —
oo. Since Bu € W‘1’7’)’(Q), we have (Bu,v,) — (Bu,v) as{ — oo. Hence, from (P,) we find that
(Buy, — Bu,ve)] — 0 as £ — oo, which is in contradiction with (2.6). Thus, B is strongly continuous,
completing the proof. m|

Lemma 2.7. The operator A + P : WS’T7> Q) — W“’?(Q) is pseudo-monotone.

Proof. Since the operator A + Pe is bounded, it is enough to show that it is of M type (see
Proposition 2.3). To this end, suppose that there exist u, {us},>1 in Wé’p (Q)and g € W’l’?(Q) such that

u, — u (weakly) in W)7 (Q) as £ — oo, 2.7)
(A + Po)us) — g (weakly) in WP (Q) as £ — oo, (2.8)
lir{p sup (A + Pe)(uy), ur) < (g, u). 2.9
We prove that
g = (A+Po)u), (2.10)
(A +Pe)ue),ugy — (g, uy astf — oo. 2.11D)

We first show that (2.11) holds. From (2.7) and the compactness of the embedding W&’Tj}(Q) — [P(Q)
(see Remark A.2), we obtain that, up to a subsequence,

u, — u strongly in LP(Q) and a.e. in Q. (2.12)

Moreover, using (2.4) with u replaced by u,, we get that ;fj(ug) is bounded in L”i(Q) for every | < j<
N. Hence, in view of (1.5), there exist u € L (Q) and g ;eL? .'/(Q) for 1 < j < N so that, up to a further
subsequence of {u,} (denoted by {u,}), we have

@(ug) — u (weakly)in L7 (©Q) and 1’4}(“5) — g; (weakly) in LPi(Q) (2.13)
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as { — oo forevery 1 < j < N. Thus, by the reflexivity of Wé’ﬁ(Q) and (2.8), we get
N
(g,v) = im{((A + Po)ur), v) = ngj d,vdx + f/,tvdx (2.14)
{—00 P Q Q

for every v € Wé’ﬁ(Q). From (2.12) and (2.13), we infer that

lim | ©(u)usdx = f pudx. (2.15)
Q

{—00 Q

From (2.9), (2.14) and (2.15), we obtain that

N
lim sup ((A + Pe)(ur), us) = lim sup {Z fA (1e) Ojuedx + f O(uy) uy dx]

{—o0 {—o0

J=1

N
ngjajudx+f,uudx,
Q Q

J=1

(2.16)

that is,

N
limsupi i(ue) 0; ugdx<ng,6 udx. 2.17)
j=1

{—00

In light of (2.15)—(2.17), we conclude (2.11) by showing that

N N
lim inf Zf () O d szg,audx (2.18)
— Q

The proof of (2.18) is a bit different from the classical one in the isotropic case since in our growth
condition on A; in (1.8), we have taken the greatest exponent for |¢| from the viewpoint of the anisotropic
Sobolev inequalities. Let us emphasize what is new compared with the classical proof. Let 1 < j < N
be arbitrary. Since u, — u a.e. in Q and A; is a Carath€odory function, we see that

Aj(x,ue, Vu) = Aj(x,u,Vu) a.e.in Q. (2.19)

The growth condition in (1.8) gives a constant C > 0 and a nonnegative function n; € L }(Q) such that

N

A e, Vil < C [ + gl + > 10l (2.20)
i=1

for every £ > 1. Because the power of |u,| in the right-hand side of (2.20) is p*, the critical exponent, the

compactness of the embedding W(; 7 (Q) — L¥ (Q) fails, in general. Hence, we cannot claim anymore

that {|A;(x, u,, Vu)|p3‘ }e>1 1s uniformly integrable over Q. Thus, we cannot apply Vitali’s theorem to

deduce the strong convergence of A ;(x, ug, Vu) to A ;(x, u, Vu) in L”i(Q2) as £ — oco. However, if we fix

k > 1, then by the growth condition in (1.8), we infer that

{1A(x, uq, Vu)|Pi Xiul<kite=1 18 uniformly integrable over Q.
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Then, since xu,<k; — X{us<k as £ — oo, from (2.19) and Vitali’s theorem, we get
Aj(X, e, Vi) X guins = A (X, 1, Vit) i strongly in LPi(Q) as £ — co. (2.21)

We return to the proof of (2.18) with modifications suggested by (2.21). By the Dominated
Convergence Theorem, we obtain (2.18) by showing that for every integer k > 1,

N N

lim inf Z f Aj(u{;) 6]'145 dx > Z f 8 (8jlxl))({|u|§k} dx. (222)
=1 ve e

Proof of (2.22). Fix an integer k > 1. The coercivity condition in (1.8) yields that

N N
Z Aj(ue) Ojur > Z Aj(ue) (01e) X jug<ky- (2.23)
=1 =1

For the right-hand side of (2.23), we use the monotonicity condition in (1.8), that is,

J=1

N N
Z Aj(ul’) (ajut’))({luflsk} 2 Z Aj(uf) (aju))({luflsk}
= (2.24)

+ Z Aj(x, Uy, Vl/l) (6jug - aju))({wgk}.
=1
Let 1 < j < N be arbitrary. By the Dominated Convergence Theorem, we have (0;u) x{u, <y —
(0ju) X{u<ky strongly in LPi(QQ) as £ — oo. Recall from (2.13) that A;(u,) — g; (weakly) in L"3'(Q) as
¢ — oo. Hence we have
ij(ug) (0j1) X ugi<iy — & (0ju)xu<iy Strongly in LY(Q) as { — oo. (2.25)
Since dju; — d;u (weakly) in LP/(Q) as £ — oo, using (2.21), we gain the following

Aj(x,ue, Vu) (0jur — 0ju) Xqu<y — 0 strongly in LY(Q). (2.26)

In light of (2.25) and (2.26), we see that

N N
Z fAj(”é’) (O1) X fjugl<iy + Z fAj(X, ue, V) (Ojue — O U)X jui<k)
j=1 Y8 j=1 Y8

converges as { — oo to the right-hand side of (2.22). Using this convergence, jointly with the
inequalities in (2.23) and (2.24), we conclude the proof of (2.22).

As mentioned above, from (2.22) we obtain (2.18). Inequalities (2.17) and (2.18) ensure that

N N
lim f A(ug) 8 up dx = f Oudx. (2.27)
f—wo; o j\Ue) Oue ]Z:; ng j
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It remains to establish (2.10). From (2.25)—(2.27), we get

N

> f |4 ue, Vue) = A e ue, Vi) | 9jute = 1) sy dx — 0 as £ — oo, (2.28)
PR

By (2.28) and the monotonicity condition in (1.8), we infer that

,MZ

Il
—

[Aj(x, ue, Vug) — Aj(x, ug, Vu)] (Ojur —0u) — Oa.ein {Ju, <k} as £ — oo. (2.29)
J

Forz,v,w € Wé’_p)(Q) and a.e. x € Q, we define D, (v, w)(x) as follows

N
Do, w)(0) = D[4, 200, T0(x)) = A,(x, 2(x), Tw(x))| ;0 = w)(x) (2.30)
j=1

(see Subsection A.1 in the Appendix). By a standard diagonal argument, we can find a subsequence of
{u,} (still denoted by {u,}) such that the convergence in (2.29) holds for every k > 1. This implies that

N
Dy (e ) = ) [Ax e, Vur) = Aj(x,ug, Vo) | Bjug = dju) — O ave. in Qas £ — oo,
j=1

Thus, by Lemma A.4 in the Appendix, up to a subsequence, Vu, — Vu a.e. in Q as £ — oo. Since ©
and A; (with 1 < j < N) are Carathéodory functions, we find that @(Mg) - @(u) and ;l\j(ug) - ;fj(u)
a.e. in Q as £ — oo. Using this fact, jointly with (2.13), we obtain that u = 6(u) and g; = Zl\j(u) for
every 1 < j < N. From (2.14) we conclude that

N
(g,v) = Z fg;;fj(u) djvdx + j;@(u) vdx = {(Au,v) + (Po(u), v)
=1

for every v € Wé?(Q). This proves that g = (A + Pe) u, namely, (2.10) holds.
In conclusion, by satisfying the M type condition in Definition 2.2, the operator A + Pg turns out
to be pseudo-monotone. O

Corollary 2.8. The operator A+ Pg — B : W(;’_p)(Q) — W‘l’?(Q) is pseudo-monotone.

Proof. The claim follows from Lemmata 2.6 and 2.7, jointly with Proposition 2.3. O
3. Proof of the first assertion in Theorem 1.3

Here, we assume (1.2), (1.5), (1.8) and (1.9), whereas B belongs to the class BE. For every & > 0,
we define @,(x,1,&) : QX R x RY — R as follows

DO(x,t,&)

C00 08 = T ot ) G-
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fora.e. x € Qandall (1,&) € R x RY. For £ > 0 fixed, @, satisfies the same properties as @, that is, the
sign-condition and the growth condition in (1.9). Moreover, @, becomes a bounded function, namely,
for a.e. x € Q and every (1,&) € R x RY,

O (x,1,6)1 20, [Py(x,1,E)] < min{|P(x,z,E)|, 1/} (3.2)

We consider approximate problems to (1.1) with f = 0 and ® replaced by ®,, that is,

{ﬂus + O (x, u,, Vu,) + O(x, u,, Vu,) = Bu, in Q,
(3.3)

us € WiP (Q).

As in Theorem 2.1, by a solution of (3.3), we mean a function u, € Wé’ﬁ(Q) such that
N —— —_ —_
Z fAj(ug) djvdx + f O, (u)vdx + f O(u,)vdx = (Bu,,v) (3.4)
‘o Jo Q Q

for every v € WS’?(Q), where for convenience we define
@, (u,)(x) = O, (x, u.(x), Vu(x)) forae. x € Q.

Lemma 3.1. For every € > 0, there exists a solution u, to (3.3). Moreover, we have:
(a) For a positive constant C, independent of &, it holds

el 15, + fQ ®,(up) u, dx < C. (3.5)

(b) There exists U € W5’7(Q) such that, up to a subsequence of {u.},

u. — U (weakly) in WS’?(Q) and u, > Uae inQase— 0. 3.6)

Proof. Let € > 0 be arbitrary. From (3.2), we see that @, + O satisfies the same assumptions as ® in
Section 2. So, Theorem 2.1 applies with Pg replaced by Pg ., where

(Po (1), v) := f (O) + @) vdx forevery u,v € W, 7 (Q).
Q

This means that (3.3) admits at least a solution u, € WS’?(Q) for every € > 0.

(a) By taking v = u, in (3.4), we derive that

(Au, + Polu.) — Bu,, u.) + f @, (1) u, dx = 0. (3.7)
Q

Moreover, since B is a bounded operator from W(;’p (Q) into its dual, it follows that for some constant
Co > 0, we have
1Bl 177y < Co  forevery & > 0.
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Using (1.5), the coercivity condition in (1.8) and Young’s inequality, we infer that for every 6 > 0,
there exists a constant Cs > O such that

(At + Po(tts) = Bty ) 2 vo Z 1911}, = (Co+ Co) el 17

j=1

> (vp = 6) Z 10417, ) = €

(3.8)

for every € > 0. Thus, using (3.7) and (3.8), jointly with (3.2), we arrive at

(vo—a)Zna el ) < 00 = 6>Z||a el o) + f () up dx < C;.
Q

By choosing ¢ € (0, v;), we readily conclude the assertion of (3.5).

(b) From (3.5) and the reflexivity of WS?(Q), we infer that, up to a subsequence, u, converges

weakly to some U in WS 7 (Q). Then, we conclude (3.6) by using Remark A.2 in the Appendix, which
implies that, up to a subsequence, u, — U (strongly) in LY(Q) if g € [1, p*) and u. — U a.e. in Q as
e— 0. O

For the remainder of this section, u, and U have the same meaning as in Lemma 3.1.

3.1. Strong convergence of T (u.)

We recall the notation introduced in (2.30), and for simplicity, instead of D, (T (u.), Tx(U))(x), we
write D, ;(x), that is,

N
Dos(0) = 3[4 4, V(1)) = Ay, . VTV 0(Tul) = Te(U). (3.9)
=1

Lemma 3.2. There exists a subsequence of {u,}, relabeled {u.}, such that

Vu, - VU a.e. in Q and T(u.) — T;(U) (strongly) in Wé’?(Q) ase — 0 (3.10)

for every integer k > 1.

Proof. Recall that {u.} satisfies (3.6) in Lemma 3.1. By a standard diagonal argument, it suffices to
show that for every integer k > 1, there exists a subsequence {u.} (depending on k and relabeled {u.})
satisfying

VTi(us) - VTi(U) ae. in Q and  Ti(uy) — Ti(U) (strongly) in W, P (Q). (3.11)

Moreover, in light of Lemma A.5 in the Appendix, we conclude (3.11) by showing that, for every
integer k > 1, there exists a subsequence of {u.} (depending on k and relabeled {u.}) such that

D.x — 0 in L'(Q)as & — 0. (3.12)
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Let k > 1 be fixed. Clearly, the monotonicity assumption in (1.8) yields that D, ; > 0 a.e. in Q.
Hence, to prove (3.12), it suffices to show that (up to a subsequence of {u.}),

lim sup f D, p(x)dx < 0. (3.13)
-0 Q

We define z.; as follows
Zek = Ti(ug) — Ti(U).
We observe that
0 Ze Xiuelzh) = =07 T(U) Xty = =0;U Xipulzty X vi<ky-

Moreover, we see that
Xz Xqui<ky — 0 a.e.inQas e — 0. (3.14)

By the Dominated Convergence Theorem, for every 1 < j < N, we have
;U Xz Xqui<ky — 0 (strongly) in L7(Q) as € — 0. (3.15)

On the other hand, from the growth condition on A; in (1.8) and the a priori estimates in Lemma 3.1,
we infer that {A;(x, u., VTi(u,))}. and {A;(x, u,, VT(U))}. are bounded in L” ?(Q) and, hence, up to a
subsequence of {u.}, they converge weakly in L” i(Q) for each 1 < j < N. This, jointly with (3.15),
gives that

Eiex(x) = [Aj(x, ug, VI (u,)) — Aj(x, ug, VTk(U))] O UX el X (1UI<k)

converges to 0 in L!'(Q) as € — 0 for every 1 < j < N. It follows that

N
f D) Xty dx = = ) f Eiex(0)dx =0 ase— 0.
Q o Yo

Thus, to conclude (3.13), it remains to show that

lim sup f D 1(X) X )<y dx < 0. (3.16)
Q

&—0

Proof of (3.16). We define ¢, : R — R as follows
@(t) = texp () forevery t € R.

We choose A = A(k) > 0 large such that 4v A > ¢*(k), where ¢ appears in the growth assumption on
@, see (1.9). This choice of A ensures that for every r € R

AP - ¢2( 0)|t| + 1 >0 and, hence, ¢/(t)— &) lp(2)] > 1 3.17)

Forv e WS’B(Q), we define

N
8= ) [ At P00z [ ¢12e) = A loaGun i
j=1 Ve
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Returning to the definition of D, in (3.9) and using (3.17), we arrive at

1
3 L@s,k(x)/\/{lugkk} dx < Eg ) (Ti(ug)) — Ee i (T (U)). (3.18)

Since Ty(u.) = u. on the set {|u.| < k}, in light of (3.18), we complete the proof of (3.16) by showing
that

lim &,(T(U)) = 0, (3.19)
limsup &, 4 (u.) < 0. (3.20)
e—0

Proof of (3.19). For each 1 < j < N, the growth condition in (1.8) gives a nonnegative function
F;e L”}(Q) such that on the set {|u,;| < k}, we have |A;(x, u., VT (U))| < F; for every € > 0. Since
|zex| < 2k, we can find a constant C; > 0 such that

, (k)

o) — 22 o] < i
Yo

On the other hand, for each 1 < j < N, we have

0jZek Xud<k) = 0jZex + 03U X ui<uXlusl2ky-

This, together with (3.15) and the weak convergence of d;z.; to 0 in LP/(Q) as &€ — 0, implies that
0Ze j X (lusl<ky converges weakly to 0 in LP/(€Q) as € — 0. Hence, we have

N
Ecs(Te(U)) < Ci ) fQ F102 Xt dx — 0 as & — 0,
=1
which proves (3.19).
Proof of (3.20). From (3.6), we have
Zex — Oa.e. in Q and z.; — 0 (weakly) in WS’T’}(Q) ase — 0.
Since |z.4| < 2k a.e. in Q, we get 9,(z.x) € Wé’ﬁ(Q) N L*(Q). Moreover,
@1(zex) = 0 ae. in Q and ¢, (z.x) — 0 (weakly) in Wé’?(Q) ase — 0. (3.21)
Observe that u, z.; > 0 on the set {|u.| > k}, which gives that
D, (1) Pa(Ze) Xiunizht > 0.

Thus, by testing (3.4) with v = ¢,(z.x), we obtain that

<ﬂusa SD/I(Zs,k» + f

O (1t) 0a(Zek) X<ty A% < (Bt @1(Zop)) — f Ous) ea(zer) dx.  (3.22)
Q Q
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To simplify exposition, we now introduce some notation:

104 (Ze g X {jusl<ky A X,

1 G~
Xi(e) = (k) f [— ZAj(”s)aj(TkU)"‘C(x)
| =

N
o) = ) [ Z) U G i i .
=1 Ve

We rewrite the first term in the left-hand side of (3.22) as follows
N —_—
(At 1(ze)) = ) f A1) ek 9 Ze ) X< dX = Yil©). (3.23)
=18

The coercivity condition in (1.8) and the growth condition of ® in (1.9) imply that
N
— 1 —
D 1t0)] X <y < ) [— D A0y + ¢()| X<t (3.24)
Yo =

In the right-hand side of (3.24) we replace 0;u, by 0;z.x + d,Ti(U), then we multiply the inequality
by |¢.(z:4)| and integrate over € with respect to x. It follows that the second term in the left-hand side
of (3.22) is at least

o)

Yo

N
> f A (110 2 K2 Zes)| X<t 4% = Xil&),
j=1 Ve

Using this fact, as well as (3.23), in (3.22), we see that &, x(u.) satisfies the estimate

Eex(utz) < Xi(€) + Yi(€) + (Bue, 9a(zex)) — f Ouz) @a(ze) dx. (3.25)
Q

To conclude the proof of (3.20), it suffices to show that each term in the right-hand side of (3.25)
converges to 0 as &€ — 0. Recall that ¢,(z.4) € Wé’?(Q) N L*(Q) satisfies (3.21). Thus, using (1.5) and
the property (P,) of B, we get that the third, as well as the fourth, term in the right-hand side of (3.25)
converges to zero as € — 0.

We next look at X;(¢). In view of the pointwise convergence in (3.21) and ¢ € L'(Q), we infer from
the Dominated Convergence Theorem that

c(O|aZe k) X<ty — 0 in L'(Q) as & — 0. (3.26)

Next, up to a subsequence of {u.}, we find that ij(us) converges weakly in L” i(Q) as & — 0 for every
1 < j < N using the boundedness of :4\/ : Wé’ﬁ(Q) - L”}(Q) (see Lemma 2.4). Hence, 27:1 ;\\j(ug) o;U
converges in L'(Q) as & — 0. Then, there exists a nonnegative function F € L'(Q) (independent of &)
such that, up to a subsequence of {u.}, we have

N —_—
ZA,-(ug)ajU

J=1

< F ae.inQ forevery € > 0. (3.27)
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We can now again use the Dominated Convergence Theorem to conclude that

N
ZAj(ua) 0, Te(U) lpa(Zei| X iupi<ty = 0 in L'(Q) as & — 0. (3.28)

J=1

From (3.26) and (3.28), we find that lim,_,o Xi(¢) = 0. Since |¢’,(zsx)| is bounded above by a constant
independent of & (but dependent on k), we can use a similar argument, based on (3.14) and (3.27), to
obtain that, up to a subsequence of {u.}, lim,_,, Y;(g) = 0. This ends the proof of the convergence to
zero of the right-hand side of (3.25) as € — 0. Consequently, the proof of (3.20), and thus of (3.16), is
complete. m|

3.2. Passing to the limit

From now on, the meaning of {u.}. is given by Lemma 3.2. Using Lemma 3.1, we prove in
Lemma 3.4 that U is a solution of (1.1) with f = 0 and, moreover, U satisfies all the properties
stated in Theorem 1.3 (i). Besides (3.10), the other fundamental property that allows us to pass to the

limit as € — 0 in (3.4) for every v € WS’?) () N L=(Q) 1s the following convergence
@, (u;) > O(U) (strongly) in L'(Q) as & — 0. (3.29)

The proof of (3.29) is the main objective of our next result.
Lemma 3.3. We have ®(U), D(U) U € L'(Q) and (3.29) holds.

Proof. From the pointwise convergence u, — U and Vu, — VU a.e. in Q as € — 0, jointly with
the fact that ®(x,,&) : Q Xx R x RN — R is a Carathéodory function, we infer that a(ua) - a(U )
and Eﬁg(ug) U, — Eﬁ(U )U ae. in Q as € — 0. Using this fact and that {Eﬁg(ug) U.}e 1s a sequence
of nonnegative functions that is uniformly bounded in L'(Q) with respect to & (from Lemma 3.1), by
Fatou’s Lemma we conclude that

OU)U € L (Q).

This and the growth con/cjition in (1.9) yield that a(U ) € LY(Q). Indeed, for any M > 0, on the set
QN{|U| £ M}, we have |D(U)| < ¢p(M) (Z?’:I l0;UPi + c(x)) € L'(Q). In turn, on the set QN {|U| > M},

it holds |D(U)| < M D(U) U € L ().
To finish the proof of Lemma 3.3, it remains to establish (3.29).

Proof of (3.29). Since ®,(u;) — ®(U) a.e. in Qas & > 0 and ®(U) € L'(Q), by Vitali’s Theorem,
it suffices to show that {®.(u,)}. is uniformly integrable over Q2. We next check this fact. For every
M > 0, we define

Ds,M = {lual < M} and Es,M = {lual > M}

For every x € D, y, using the growth condition of ® in (1.9), we find that

N
[Do(1t)(X)] < (D)) < G| D10, Ta(up)l” + (),

J=1
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with ¢ € L'(Q). Let w be any measurable subset of Q. It follows that

N
fw - @, ()] dx < $(M) {Z 10T, + f c(x) dx].

J=1

On the other hand, using (3.5) in Lemma 3.1, we see that

f |(Da(us)| dx < _f (Dg(ug) Ug dx < —,
wNEg m M wNEg m M

where C > 0 is a constant independent of £ and w. Consequently, we find that

f D) dx < G(M)

N

| C
Zl||aj(TMu5)||’L’;j(w)+ fw c(x)dx)+ﬁ (3.30)
J:

Lemma 3.2 yields that 0;Ty/(u.) — 0;Tu(U) (strongly) in LF/(Q) as € — 0 for every 1 < j < N. Since

—_

¢ € LY(Q), from (3.30) we get the uniform integrability of {®,(u,)}, over Q. We end the proof of (3.29)
by Vitali’s Theorem. m|

By Lemma 3.3, to finish the proof of Theorem 1.3 (i), we need to show the following.

Lemma 3.4. The function U is a solution to (1.1) with f = 0 and, moreover, (1.11) holds forv = u = U.

Proof. Fixv e W(;’?(Q) N L*(Q) arbitrary. Since u, is a solution of (3.3), we have
N —_— —_— —_—
Z fAj(ug) dyvdx + f O (u)vdx + f O(u,) vdx = (Bug, v). (3.31)
o Jo Q Q

By Lemma 3.3, the second term in the left-hand side of (3.31) converges to fgza(U)v as ¢ — 0,
whereas the right-hand side of (3.31) converges to (BU, v) based on the weak convergence of u, to U

in W(;’?(Q) as € — 0. Using (3.6) and (3.10), we find that
Ou;) » OU) and Aj(u;) > Aj(U)ae. inQforl <j<N. (3.32)

Thus, in light of (1.5), and the Dominated Convergence Theorem, we obtain that
f@(ua)vdx - f@(U)vdx as e — 0.
Q Q

Since {;l\j(us)}g/\is uniforr/n\ly bounded in L? }(Q) with respect to &, we observe from (3.32) that (up to a
subsequence) A ;(u;) — A;(U) (weakly) in L 3‘(Q) as e — Oforeach 1 < j < N. It follows that

N N
Zf&(us)adex*Zf&(U)ajvdx ase — 0.
j=1 Y& j=1 YQ

By letting € — 0 in (3.31), we conclude that

N
Zij(U)ajvdHf&S(U)vdHf@(U)vdx:<SBU,v> (3.33)
o Je Q Q
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for every v € Wéj(Q) N L>(Q). Hence, U is a solution to (1.1) with f = 0.

It remains to prove (1.11) for v = u = U. Since U may not be in L*(£2), we cannot directly use

v = U in (3.33). Nevertheless, for every k > 0, we have T,(U) € WS’T’)(Q) N L*(Q). Hence, by taking
v =T,(U)in (3.33), we have

(AU, T (U)) + fa(U) T, (U)dx + f@(U) T.(U)dx = (BU, T,(U)). (3.34)
Q Q
Notice that ||Tk(U)||W1,7(Q) < ||U||W1,g(g) for all k > 0. Moreover, d;(T(U)) — 0;U a.e. in Q as k — oo,

0 0

forevery 1 < j < N, so that T,(U) — U (weakly) in WOI’TJ(Q) as k — oo. Since AU and BU belong to
W7 (Q), it follows that

]}im(ﬂU, T:(U)) = (AU, U) and ]}im(ﬁBU, T(U)) = (BU,U).

Recalling that Eﬁ(U YU € LY(Q) and (1.5) holds, from the Dominated Convergence Theorem, we can
pass to the limit £ — oo in (3.34) to conclude the proof. |

4. Proof of the second assertion in Theorem 1.3

Suppose for the moment only (1.2), (1.5), (1.8), and (1.9). Let B be in the class BE. Overall, to
prove Theorem 1.3 (ii), we follow similar arguments to those developed for proving Theorem 1.3 (i) in
Section 3. But there are several differences that appear when introducing a function f € L'(Q) in the
equation in (1.1). We first approximate f by a “nice” function f, € L*(€) with the properties that

Ifsl < |flae. inQ and f;, — f ae.inQ ase — 0. 4.1
Then, by the Dominated Convergence Theorem, we find that
f. — f (strongly) in L'(Q) as & — 0. 4.2)

For example, for every € > 0, we could take f.(x) = f(x)/(1 + &|f(x)|) for a.e. x € Q. This
approximation is done so that we can apply Theorem 1.3 (i) for the problem generated by (1.1) with f,
in place of f. Then such an approximate problem admits at least a solution U, namely,

AU, +DU,) +OU,) = BU, + f, inQ, ws)
U, e WP(Q), DU, e L\Q). '
To see this, we observe that B, : WS’T”)(Q) — WL (Q2) belongs to the class BE, where
(B, vy = (Bu, vy + f fovdx  for every u,v € WP (Q). (4.4)
Q

By Theorem 1.3 (i) applied for B, instead of B, we obtain a solution U, for (4.3). Thus,

N
ZfX,(Ug)ajvdHf&S(Ug)vdHf@(Ug)vdx:<23U8,v>+ffgvdx (4.5)
j=1 V¢ Q Q Q
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for every v € WS’T’)(Q) N L*(Q). However, unlike Theorem 1.3 (i), to obtain that U, is uniformly

bounded in WS’?(Q) with respect to &, we need the following:
(i) B to satisfy the extra condition (P3), that is, B is chosen in the class BE,;
(i1) the additional hypothesis (1.10), which we recall below:

there exist positive constants 7 and vy such that for a.e. x € Q and every & € RY

N
|D(x, t,&)| > 'yZ &P forall 1] > 7. (4.6)

=1

Without any loss of generality, we can assume 7 > 0 large such that vy > v, where v, appears in
the coercivity condition of (1.8).

For the rest of this section, besides (1.2), (1.5), (1.8) and (1.9), we also assume (i) and (ii) above.
To avoid repetition, we understand that all the computations in Section 3 are done here replacing u,,
U and ®, by U,, U, and @, respectively. We only stress the differences that appear compared with the
developments in Section 3.

4.1. A priori estimates

In Lemma 3.1 we gave a priori estimates for the solution u, to (3.3), corresponding to the
problem (1.1) with f = 0 and @, instead of ®. We next get a priori estimates for U, solving (4.3), that
is, (1.1) with f; instead of f.

Lemma 4.1. Let U, be a solution to (4.3).
(a) For a positive constant C, independent of &, we have

Udl 5+ | [®U)dx < C. 4.7
([ATE, fgu )l dx 4.7)

(b) There exists Uy € WS’T’)(Q) such that, up to a subsequence of {U,},

U, — Uy (weakly) in W(;’?(Q), U, > Uya.e inQase— 0. (4.8)

Proof. (a) The choice of f, gives that || f.l|.1q) < IfllL1). Let 7 > 0 be as in (4.6). We have 0,T(U,) =
X{v.<7 0;Uc a.e. in Q for every 1 < j < N. We now define

N
Keoi= ) f AjUo) 0,Us Xu,n dx +7 f (DU X001 dx = (BU,, Te(U,)).
j=1 Ve Q

By taking v = T.(U,) € WS’T’)(Q) N L>(Q) in (4.5) and using the sign-condition of ® in (1.9), we obtain
that
Ko < 7(Iflli@ + Comeas (Q)). (4.9)

By virtue of (4.6) and the coercivity condition in (1.8), we see that
N N
Vo Z f 10; U™ xqu.j<r) dx + Ty Z f 10;Ucl” xyu. 150 dx = (BU,, T(U,)) < K.
j=1 Ve j=1 Ve
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By our choice of 7, we have 7y > v,y. Then, the above estimates lead to
N
) f 10Ul dx = (BU,., T(U.)) < 7 (||fll @) + Co meas ().
j=1 Y8

This fact, jointly with the property (P3), gives the boundedness of {U.}..o in Wé’g(Q). Since B is a

bounded operator from WOI’T’)(Q) into its dual, we have [(BU,, T.(U,)| < Cy, where C; is a positive
constant independent of €. Using (4.9), we find that

f DU (o, dx < Cr7™" + [|fll ) + Co meas (Q) = Co. (4.10)
Q

Now, using the growth condition of @ in (1.9), we obtain a positive constant C; such that
fQ |D(Uo)| xqu,1<ry dx < C5 for every € > 0. This completes the proof of (4.7).

(b) The assertion in (4.8) follows from (4.7) (see the proof of (») in Lemma 3.1). O

4.2. Strong convergence of Ty (U,)

The game plan is closely related to that in Subsection 3.1. As mentioned before, when adapting
the calculations, we need to replace u., U and B in Section 3 by U,, U, and B,, respectively. The
counterpart of Lemma 3.2 holds so that we obtain the following.

Lemma 4.2. There exists a subsequence of {U.},, relabeled {U.},, such that
VU, - VUya.e. in Q and T (U,) — Ty (Uy) (strongly) in Wé’?(Q) ase — 0

for every positive integer k.

Proof. The computations in Subsection 3.1 can be carried out with ® instead of @, since the upper
bounds used for |®,| were derived from those satisfied by |®| and the sign-condition of ® is the same
as for @, (see (3.2)). A small change arises in the proof of (3.20) because of the introduction of f;
in (4.3). Using the definition of B, in (4.4), the inequalities in (3.22) and (3.25) must be read with
B, instead of B. We note that (B.U,, p1(z:x)) 1s the sum between (BU,, ¢,(z.x)) and fQ Je0a(zex) dx.
The latter term, like the former, converges to 0 as € — 0. The new claim regarding the convergence
to zero of fQ S ©a(zox) dx follows from the Dominated Convergence Theorem using (4.1), |@1(zex)| <
2k exp (44k*) and @ (z;x) — 0 a.e. in Q as & — 0. The remainder of the proof of (3.20) carries over
easily to our setting. O

4.3. Passing to the limit

We aim to pass to the limit as € — 0 in (4.5) to obtain that Uy is a solution to (1.1). Since f;
satisfies (4.2) and U, — U, (weakly) in Wé’p (Q) as € — 0, we readily have the convergence of the

right-hand side of (4.5) to (BU,, v) + fQ fvdxforevery v € Wé?(Q) N L*(). Moreover, because of
the convergence VU, — VU a.e. in ), we can use the same argument as in Lemma 3.4 to deduce that,
ase — 0,

N N
f@(us)vdxaf@(Uo)vdx, Zf;\\j(Ug)ajvdvafXj(Uo)ﬁjvdx
Q Q =1 YQ j=1 v¢
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for every v € Wé’ﬁ(Q). What is here different compared with Subsection 3.2 is the proof of the
convergence . R
OU,) — O(Uy) (strongly) in LY(Q)ase — 0. “4.11)

To prove that U is a solution of (1.1), it remains to justify (4.11). Instead of Lemma 3.3, we establish
the following.

Lemma 4.3. We have Eﬁ(UO) € L'(Q) and (4.11) holds.

Proof. From Lemma 4.2, the pointwise convergence in (4.8) and the continuity of ®(x, -, -) in the last
two Varlables we infer that |CI)(U8)| - |(1)(U0)| a.e.inQ ase& — 0. Then, (4.7) and Fatou’s Lemma
ensure that ®(U,) € L1(Q).

Proof of (4.11). We will use Vitali’s Theorem. To this end, we need to show that {6( U.)} is uniformly
integrable over 2. We can only partially imitate the proof of the uniform integrability of {58(148)}‘e in
Lemma 3.3. Fix M > 1 arbitrary. For any measurable subset w of €, using the growth condition of ®
in (1.9), we find that

f|q)(Us)|X|UFI<M dx < ¢(M) Z 10; TM(Us)IILp,( ) T llellziw) |- (4.12)
j=1

Since 0;Tu(Us) — 0,Ty(Uy) (strongly) in LF/(Q) as e — Oforevery 1 < j< Nandc € L'(Q), we see
that the right-hand side of (4.12) is as small as desired uniformly in & when the measure of w is small.

We next bound from above fw 1O(U,)| Xuu.>my dx. This is where the modification appears since we

don’t have anymore that {zﬁ(Us) U,}. is uniformly bounded in L'(Q) with respect to &. We adapt an
approach from [13]. In (4.5) we take

v=Ti(Gua(Us)) € Wy (@) N L7(Q),

Then, using (1.5), the coercivity condition in (1.8) and the sign-condition of ® in (1.9), we obtain the
estimate

f |6(U£)IX{IUSI>M} dx < f(|fg| + Co) X (v 2m-1y dx + (BU,, T1(Gpy-1(U))). (4.13)
Q Q
Now, up to a subsequence of {U,}, from (4.8), we have

T1(Gu1(Us)) = T1(Gu-a(Up)) (weakly) in Wy 7 () as & — 0.
Using this in (4.13), jointly with (4.1) and the property (P,) for B, we find that

lim supf |6(U8)IX{|USI>M} dx < f(|f| + Co) X volzm-1) dx + [{BUo, T1(G p-1(Up)))l.
Q o

£—0

Recall that f € L'(Q). Since 0; T1(Gu-1(Up)) = X m-1<jvgl<my 0;Up a.e. in Q for every 1 < j < N, from
the above inequality, we infer that

‘ﬁ&%wmwﬂx

is small, uniformly in & and w, when M is sufficiently large. Thus, using the comments after (4.12), we
conclude the uniform integrability of {®(U,)}. over Q. The proof of Lemma 4.3 is complete. i

By letting ¢ — 0 in (4.5), we conclude that U is a solution of (1.1). This ends the proof of
Theorem 1.3 (ii). o
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5. Strong convergence of i, in Theorem 1.3 (i)

We show that in the setting of Theorem 1.3 (i), up to a subsequence of {u.}, not only the assertions
of Lemma 3.2 hold, but also the strong convergence in (1.13), that is

u, — U (strongly) in Wéj(Q) ase — 0. 5.1

Lemma 5.1. Up to a subsequence of {u.},, relabeled {u.},, we have (5.1).

Proof. For every k > 1, we define
Ly = vy' [(BU, GU) + CollGH (D)l - (5.2)

We next show that, up to a subsequence of {u.}, we have

N
1/1’}
tim sup |G (a7 ) < Z (5.3)

0
E— ]=

Proof of (5.3). Let k > 1 be a fixed integer. Since Gi(u,) = u, — Ti(u.) and 9,;Ti(u;) = 0 X{ju, <y Tor
every 1 < j < N, from the coercivity assumption in (1.8), we see that

N
(s, Gilus)) = ) f Aj(up) O dx

= Jluel>k)

> Z | o dr= > 0Gw
{|lug|>k} =1

Using (3.2) and 1 G,(r) > O for every t € R, we observe that G,(¢) Eﬁg(t) > 0 for all € R. Then, by
testing (3.4) with v = G(u.) and using (1.5), we find that

(Autz, Gi(ue)) < (Aute, Gi(uz)) + f Gi(ut;) (u,) dx

Q

SK%us’Gk(us»l+C®f|Gk(us)|dx-
Q

From (3.6), the boundedness of {u.} in W&j () and Remark A.2, we can pass to a subsequence of {u,}
(relabeled {u.}) such that, as € — 0, we have

Ti(ue) — Ty(U) ae. in Q and Ty(u,) — Ty(U) (weakly) in Wi7 (Q),

Gi(us) = Gi(U) a.e. in Q and G(u,) — G«(U) (weakly) in Wéj’)(Q),
Gi(us) = Gi(U) strongly in L'(QQ) with 1 < r < p".

Hence, using the property (P,), we derive that

im(Bu,, Gy(u,)) = (BU,G(U))  and  Iim [|G(up)ll1@ = IGHU)lILi -
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Consequently, for every 1 < j < N, we have

. _ 1/p; .
lim sup 1,(Ge(:Dlly < (5" [KBU, GUD] + Col G WlIa]) ™ = L.

-0

This establishes the inequality in (5.3).

Recall that {u,}. stands for a sequence {u,,}¢>; with &, \, 0 as £ — co. By Lemma 3.1 and (5.3), as
well as from the proof of Lemma 3.2, we get that for any given integer k > 1, there exists a subsequence
of {u,), that depends on k, say {u"}.,, for which (5.3) and (3.11) hold with u% in place of {u,}. This
means that

(k

NI 1/p;
Er )”W(;,/’(Q) L

lim sup ||G(u < P 0. 5.4

{—00

M=

. 0y _ - _
Lim [ITe(ug,) = Te(@lly17,, =

~.
Il
—_

We proceed inductively with respect to k, at each step (k + 1) selecting the subsequence {ugk(+l)}gzl from

{ug?}gzl , the subsequence of {u,} with the properties in (5.4). Then, {I/lg)}gzk is a subsequence of {I/tg)}[zl
for every 1 < j < k. Hence, by a standard diagonal argument, there exists a subsequence of {u.}, that

18, {ug? }¢, relabeled {u.},, such that (5.3) and (3.11) hold for every k£ > 1, namely

N

. 1/p; . _

i SUpIGly5, € D BT = Tl 5, = 55)
J=

&—0 0

Using the weak convergence of G(u,) to G¢(U) in Wé’T’)(Q) as € — 0, we see that

N
IGHUly15,g, < Bminf IGu(wollyis ) < D L7 (5.6)
j=1

We now complete the proof of (5.1). From the definition of G in (1.17), we find that

lite = Ully 17, < IGeI,,

0

+ITwe) = Tl

SA) A

0

Then, in view of (5.5) and (5.6), for every k > 1, we obtain that

N
. l/pj
tim sup e = Ul 5, < 22 L' (5.7)
j:
Remark that L; (defined in (5.2)) converges to 0 as k — oo since G(U) — 0 (weakly) in Wéj(Q) and
G(U) — 0 (strongly) in L'(Q) as k — oco. Hence, by letting k — oo in (5.7), we obtain (5.1). O
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Appendix

In this section, we prove some convergence results that have been used in Sections 2 and 3,

respectively. We assume (1.2) and (1.8).
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We first recall an anisotropic Sobolev inequality for the case p < N, see [40].

Lemma A.1. Let N > 2 be an integer. If (1.2) holds, then there exists a constant S = S(N,T)’) >0
such that

LI’ J (RN )

N
e gy < S| | 105ull) v, for all u e C2RY).
=1

Remark A.2. Let Q be a bounded, open subset of RY (N > 2). If (1.2) holds, then using a density
argument and the arithmetic-geometric mean inequality, we find that

N

S -

il @ < S | [ 105l g, < Jlhillyis g forallu e W7 (. (A.1)
j=1

Moreover, by Holder’s inequality, the embedding W5’7(Q) — L*(€) is continuous for every s € [1, p*]
and compact for every s € [1, p*).

Remark A.3. Note that if Q ¢ R" is an open bounded domain with Lipschitz boundary and (1.2) holds,
then the “true” critical exponent is p., the maximum between p* and py. Indeed, Fragala, Gazzola

and Kawohl [31] showed that the embedding Wé’ﬁ(Q) — L’(Q) is continuous for every r € [1, p.]
and compact if r € [1, po).

A.l. Notation

For v, w and {u,}, in WS’T;(Q) and for a.e. x € Q, we define

D, (v )() = Y A6 1), Tv() = A, 14, (5), Tw()| 3,0 = w)(),

< 1]

(A.2)
Hy, (0, w)(6) = >~ Aj(x, (), T (x)) 0,w(x).
j=1

Hence, O, (v,w) = H, (v,v) - H, (v,w)—H, (w,v) + H, (w,w). The monotonicity assumption in (1.8)
gives that D, _(v,w) > 0 a.e. in Q, whereas the coercivity condition in (1.8) yields that H,_ (v,v) >
V0 ij:l |0;v|P/, where vy > 0. We thus find that

N
D, (v,w) 2 v Z 01" = |Hy, (v, W) = [Hy, (W, V). (A.3)

J=1

Here, we establish Lemma A.4, which is invoked in the proof of Lemma 2.7. Further, we prove
Lemma A.5, which is useful in the proof of Theorem 1.3 (i) in Section 3. To prove Lemmata A.4 and
A.5, we adapt an argument from [15, Lemma 5], the proof of which goes back to Browder [21].

As previously often recalled, by Remark A.2, whenever

1z — u (weakly) in W, P (Q) as £ — 0, (A.4)
we can pass to a subsequence (always relabeled {u.}) such that

u, — u strongly in L'(Q) if r € [1, p*) and u, — u a.e. in Q. (A.5)
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A.2. Some convergence results

Lemma A.4. Let u, {u.}, be in Wé’?(Q) such that (A.4) holds. If D, (us,u) — 0 a.e. inQase — 0,
then, up to a subsequence, Vu, — Vu a.e. in Q as € — 0.

Proof. Let Z be a subset of ) with meas (Z) = 0 such that for every x € Q \ Z, we have |u(x)| < oo,
[Vu(x)| < oo, [nj(x)| < coforall 1 < j <N, as well as

ug(x) = u(x), D, (ug,u)(x) —>0ase— 0, (A.6)

where n; are the functions appearing in the growth condition in (1.8). For every x € Q \ Z, we claim
that
{IVu.(x)|}¢ is uniformly bounded with respect to &. (A.7)

Proof of (A.7). We fix x € Q\ Z. In view of (A.3), we have

N

D, (g, u)(x) = vo Z 10jus (O = |Hy, (g, w)()| — [Hy, (u, 1) (X)]. (A.8)

=

By Young’s inequality, for every ¢ > 0, there exists Cs > 0 such that

N
[H (11, 000 < > (814,08, g, Va5 + Coldu(0l).
" (A.9)
| (11, u) ()] < > (810101 + ColA(x, s, Vi)l7).
j=1

We use the growth condition in (1.8) to bound from above the right-hand side of each inequality
in (A.9). Then, from (A.8), there exist positive constants C and Cs, both independent of & (with Cs
depending on 6), such that

N
Dy (1, 1)(%) 2 (vg = C6) D 1011 = C 4, () ), (A.10)

=1

where g, )(x) = X nf;' () + (0P + X, 10;u(x)|P7. Using (A.6) and choosing § € (0, vo/C), from
(A.10) we conclude (A.7).

Proof of Lemma A.4 concluded. Let x € Q \ Z be arbitrary. Define &, = Vu.(x) and & = Vu(x). To
show that £, — & as € — 0, it is enough to prove that any accumulation point of &, say £*, coincides

with £. From (A.7), we have |§*| < co. By (A.6) and the continuity of A;(x, -, -) with respect to the last
two variables, we find that

N

D, (s, ))(X) = D [ A6 u(x), £ = Aj(x,u(x),8)| (€ - ) ase — 0.

Jj=1

This, jointly with (A.6) and the monotonicity condition in (1.8), gives that £&* = £. This ends the proof
since x € Q \ Z is arbitrary and meas (Z) = 0. O

Mathematics in Engineering Volume 5, Issue 4, 1-33.



32

Lemma A.S5. Let k > 1 be a fixed integer. Let u, {u.}. be in WS’T;(Q) such that (A.4) holds. Suppose
that, up to a subsequence of {u.} (depending on k and relabeled {u.})

D, (Ti(uy), Ty(w)) - 0 in L'(Q) as& — 0. (A.11)
Then, up to a subsequence of {u.}, as € — 0, we have

VT (u.) » VTi(u) a.e. in Q, (A.12)
Ti(u.) — Ti(u) (strongly) in Wé’?(Q). (A.13)

Proof. By (A.4) and (A.11), up to a subsequence of {u.}, we have (A.5), as well as D, (Ti(u,), Ti(u)) —
Oae. in Qas e — 0. Let Z be a subset of Q as in the proof of Lemma A.4, where D, (T (u.), Tx(u)))
replaces D, _(u.,u). We follow the same argument as in Lemma A.4 with the obvious modifications
suggested by the above replacement. Then, for every x € Q '\ Z, we obtain

N
D, (Ti(ug), Tie(u))(x) 2vo Z 10 Ti(ue) ()1

=1
= |Hu, (Ti(ut), Tie()) (Ol = 1Hu, (Ti(w), Tie(ua)) (%)

This leads to {|VT(u.)(x)|}s being uniformly bounded with respect to € and we also obtain (A.12).

We conclude the proof of Lemma A.5 by showing (A.13). From (A.12), we see that {|0;T;(u,) —
0,T(w)|P/}, is a sequence of nonnegative integrable functions, converging to 0 a.e. on Q. Thus, by
Vitali’s Theorem, we obtain that 8;T(u,) — ;T (u) in LP/(Q) as € — 0 for every 1 < j < N by
proving that

(A.14)

N
{Z 10Tk (ug)|"! } is uniformly integrable over Q. (A.15)

j=1
The claim of (A.15) follows from (A.11) and (A.14) whenever {H, (Ti(u.),Ti(u))}. and
{H,,(Ti(u), Ti(u;))}s converge in L'(Q) as € — 0. We next establish that

N
Hy (Ti(uts), Te() = > Aj(x,u, VTi(w) ;Te(w) in L'(Q) as & — 0,
j=1

(A.16)

N
Ho (Tew), Tu(we)) = ) A u, VTw) 9;Te(w)  in L'(Q) as & — 0.
j=1

Proof of (A.16). Let 1 < j < N be arbitrary. We see that {A;(x, u,, VT(u,))}; is bounded in L”}(Q)
from the growth condition in (1.8) and the boundedness of {u.}. in Wé’?(Q) and, hence, in L (Q).
Moreover, A;(x,u., VTi(u:)) — Aj(x,u,VT(u)) a.e. in Q as € — 0 using (A.12), the convergence
us — ua.e. in Q (from (A.5)) and the continuity of A;(x,-,) in the last two variables. Thus, up to a
subsequence of {u.}, we infer that A ;(x, u,z, VT (1)) — Aj(x,u, VT (u)) (weakly) in L”§'(Q) ase — 0.
This proves the first convergence in (A.16). We now prove the second one.

Using (A.12) and the continuity properties of A;, as € — 0,

A (X, 1, VT()) 8, Ti(ug) = A(x, u, V(1)) B, Ti(w) ae. in Q (A.17)
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foreach 1 < j < N. Observe that {y,<|A ;(x, u, VTk(u))II’;‘ }¢ 1s uniformly integrable over Q (from the
growth condition of A; in (1.8)) and 0;T(us) = X{ju.<k) Ojus. Thus, since {0;u}, is bounded in LF/(Q),
it follows from Holder’s inequality that {A ;(x, us, VT (1)) 0;Ti(us)}. is uniformly integrable over Q for
each 1 < j < N. From (A.17) and Vitali’s Theorem, we reach the claim of (A.16). |

From Lemma A.5 and a standard diagonal argument, we obtain the following.

Corollary A.6. Let (A.4) and (A.11) hold. Then, there exists a subsequence of {u.},, relabeled {u.},,
such that Vu, — Vu a.e. in Q and Ti(u;) — Ti(u) (strongly) in W 7 (Q) as € — 0 for every integer

k> 1.
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