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Abstract

We study cones of pseudoeffective cycles on the blow up of (P!)” at points in very general
position, proving some results concerning their structure. In particular, we show that in some
cases they turn out to be generated by exceptional classes and fiber classes relatively to the
projections onto a smaller number of copies of projective lines.
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1 Introduction

Cones of curves and divisors of an algebraic variety X are closely related to the birational
geometry of X and they have played a central role since the work of Mori in 1980s.

More recently, the interest in cycles of intermediate dimensions has increased, and there
has been significant progress in understanding the cones of such cycles (see for instance
[4, 5, 10]). Nevertheless, the number of examples in which cones of effective cycles have
been explicitly computed is relatively small. The most significant results concern blowups of
projective space P" at sets of points [3]. In this case, if the number r of points is small, the blow
up X is a toric variety, so that the pseudoeffective cone Eff; (X) of k-dimensional cycles is
polyhedral forany 1 < k < n—1, and generated by classes of torus-invariant subvarieties (see
for instance [11]). These are linear classes, i.e. classes of strict transforms of k-dimensional
linear spaces containing some of the points, and k-dimensional linear spaces contained in the
exceptional divisors. Starting from this observation, the authors show that the cone Effy (X)
is still generated by these linear classes even if the number of points is increased beyond the
toric range, and in particular they give bounds on k, r and n that guarantee this property.
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In this paper we consider the analogous problem for the blow up X” of (P!)" at a set of r
very general points. Blowing up a small number of points (up to 2) in (P!)" we still have a
toric variety, so that the cone Eff (X") is generated by classes of torus-invariant subvarieties.
It turns out that these are the linear spaces in the exceptional divisors and the strict transforms
of the fibers of the projections (P!)" — (P')*~* (see Proposition 3.4). We then say that the
cone Eff; (X ") is fiber-generated (Definition 3.1).

Therefore, a natural problem is to investigate the values of n, k and r for which Eff) (X )
is fiber-generated. If so, the latter is in particular rational polyhedral, as well as the dual cone
Nef* (X ") of codimension k nef cycles, thus giving more classes of varieties as in Problem
6.9 in [4].

Our first result concerns the “extremal” cases, i.e. k = n — 1 or k = 1, when it is possible
to give a complete characterization.

Theorem 1 Let n be any integer greater than one.

1. (Corollary 3.6)@,,_1 (X)) is fiber-generated if and only if r < 2.
2. (Theorem 3.7) Eff (X)) is fiber-generated if and only if r < n!.

The analogous result for the blow-up ¥ of P" at r general points is the following: Eff,,_; (¥/")
is linearly generated if and only if r < n + 2 ([3, Thm. 2.7]); Eff, (Y") is linearly generated
if and only if » < 2" ([3, Prop. 4.1]).

The theorem above suggests that the number r of points that can be blown up in order
to have fiber-generated cones decreases as the dimension k of the cycles increases. This
is confirmed by the following result, which gives a bound for any 1 < k < n — 1 (the
characterization given for k = 1 shows that in general this bound is not sharp).

Theorem 2 (Theorem 3.9) For any 1 < k < n — 1, the pseudoeffective cone ﬁk(X;) is
fiber-generated ifr <n —k + 1.

On the negative side, we prove that for any » and k, if we take a sufficiently large number r
of points, the cone Eff; (X7') is not fiber-generated.

Proposition 1 (Proposition4.1) The cone Eff; (X}) is not fiber-generated forr > (n—k+1)!.

For k = 1 or n — 1 the above bound is sharp, while for the other values of k we are not able
to check the sharpness. We remark that when n = 4, combining Theorem 2 with the above
proposition, only three cases remain open, i.e. Wz(x;‘), for r = 4,5, 6. In Proposition 4.2
we will deal with the case r = 4, showing that ﬁz(Xi) is still fiber-generated.

Finally we recall that if X is a Mori dream space (see [7]), then the cone Eff,_1(X) is
polyhedral, but in general the cones Eff (X) are not necessarily polyhedral for 1 < k <n—2
(see for instance [4, Ex. 6.2]). Nevertheless, in [3] it is proved that if X is the blow up of
P" at r general points, in all the cases in which X is Mori dream, Eff; (X) turns out to be
polyhedral for any k. Therefore it makes sense to consider the analogous question in our
case.

Question 3 If X! is a Mori dream space, is the cone ﬁk(Xf) polyhedral forany 1 < k <
n—1?

We close our paper with some comments about the above question, showing that our
results give a partial answer.

The authors would like to thank Antonio Laface for interesting discussions and the referee
for many useful remarks that helped improving the quality of the paper.
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2 Preliminaries

Let X be a smooth projective variety of dimension #. Let Z; (X) denote the group of algebraic
cycles of dimension k£ on X. We define the space of numerical classes of k-cycles

Ni(X) = (Z(X)/ =) @R

where = is the numerical equivalence. For any 1 < k < n — 1, Nx(X) is a finite-dimensional
vector space, and intersection gives a perfect pairing

Nip(X) X Np—x(X) — R.

Given a k-dimensional subvariety Z C X, we write [Z] to denote its class in Ni(X). We
recall that if Y and Z are subvarieties of X of dimension k and n — k respectively, and Y N Z
is a finite set, then [Y] - [Z] > O.

A class w € Zy(X) is called effective if there exist subvarieties Zy, ..., Z; € X and real
positive numbers o, . .., a; such that w = ), ;[ Z;]. We denote by Eff;(X) € Ni(X) the
pseudoeffective cone of k-dimensional classes, i.e. the cone containing the (limits of) classes
of k-dimensional effective cycles.

Aclass w € Zy(X) is called nefif w - [Y] > 0, for any subvariety ¥ C X of codimension
k, or equivalenty w - « > 0, for any effective class @ € Z,_;(X). We denote by Nef (X)
the nef cone, i.e. the cone of nef k-dimensional classes. If we write Nefk(X) we refer to
codimension k nef classes.

Let now I' be a set of r distinct points g1, ..., g, in (PYHY". In what follows, we will
denote by 7 : X\ — (PYHY" the blow up of (PYHY" at the points in I', with exceptional divisors
Ey, ..., E.. We recall that the points g; are in very general position (or equivalently they
are very general) if their configuration lies in the complement of a countable union of proper
configurations. If this is the case, we will simply write X' instead of X{.. Given a subset
I € {1,...,n}ofcardinality |I| = n —k we denote by p; : (P1)" — (P')"~* the projection
defined by

(xr:yD)s e, G iy = (g iy | i ed).

Moreover we set Hy € Ny (XT.) to be the class of the pull back of a fiber of p; via the blow-up
m and Ej € Ni(XT) to be the class of a linear space of dimension & in the exceptional
divisor E ;. Therefore, forany 1 < k < n— 1, the vector space Ny (X ’li) has dimension (']Z) +r,
with basis

{Hr || =n—k}U{E;x|1 < j<r}

When |I| = 1 we will simply write H; instead of H;y.
Let Y be a k-dimensional irreducible subvariety in X{.. Reasoning as in [3, Lem. 2.3] we
have that the following holds:

—ifY CEjforsomel < j <r,then[Y] = b;E;  for some b; > 0;
— if Y is not contained in any exceptional divisor then the numerical class of Y is given by
[Y]= Zl]\:nfk arHy — Z;‘:l bjEj,k, with ay, bj' > 0.

Remark 2.1 From the intersection formulas on (P!)” and from the fact that every Ej is

isomorphic to P"—!, we have that for any I,J C{l,...,n}and 1 < j <r,
_ | Hw ifInJ =9 n—k+1 pn—k _ . R - _F
Hp-Hy = {0, otherwise, =D Ey " =Ejk Ej Ejk=—Eji-1.
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In particular, when |I| = n — k and |J| = k we deduce that

LifTUJ ={1,...,n)

0, otherwise, Hp-Ejnk =0, Ejni-Ejr=-1

Hi-Hj = {
Therefore, if we choose a suitable order on the generators, the matrix of the pairing Ny (XT) x
N, (X}) — Ris the diagonal join of Iy and —1,, where N = (Z)

We recall that for any n > 2, given n points py, ..., p, € P" in very general position there
exists an isomorphism in codimension 1

@ : Bl P" -5 Bl, (P)". 1)

Therefore, for any » > 1 we have an isomorphism in codimension 1 between the blow up of
P" at n + r — 1 very general points and the blow up X” of (P')" at r very general points.
If we denote by H, &1, ..., Entr—1, a basis for the Picard group of the blow up of P", the
isomorphism on the Picard groups induced by ¢ can be described as follows (see [8])

H +— Z;l:] H,' — (n — I)El
& +— Hyp1-i — Ep forl <i<n
E = Ei_nq1 fori >n+1.

In particular, the pseudoeffective cone Eff,,_1 (X") is isomorphic to the pseudoeffective cone
of the blow up of P" at n + r — 1 very general points.

Since ¢ and its birational inverse contract varieties of codimension > 2, they can not be
used in order to study the cones Eff} (X?)whenk <n —2.

For the purposes of what follows, we briefly recall the definition of multiplicity of a
subvariety in an ambient variety, as well as that of intersection multiplicity along a subvariety.

Let M be a smooth ambient variety of dimension n. Assume Z is a subvariety of M. Then
the multiplicity ez (M) of M along Z is the coefficient of the class [Z] in the (total) Segre
class s(Z, M), i.e. the Segre class of the normal cone CzM to Z in M. As explained in [6,
Ex. 4.3.1], this definition is equivalent to that of the multiplicity of the local ring Oz s given
by Samuel. Since Oz, p can be viewed as the stalk of the structure sheaf Oy, at the generic
point of Z, the multiplicity of M along Z can also be computed as the multiplicity of M at
the generic point of Z.

Let Zy, ..., Z, be pure-dimensional subschemes of M with

m =Y dim(Z;) - (r — n > 0.
j=1

If Z is an m-dimensional smooth irreducible component of the intersection 09:12 j» let

7 : M — M be the blow-up of M along Z. Denote by j : E — M the embedding of the
exceptional divisor E into M. Moreover, let  : E — Z be the projective bundle morphism
of E onto Z, and Z,- the blow-up of Z; along the intersection Z; N Z. Then Example 12.4.4.
in [6] states that

,
2.2y Ze M) =[] ez(Z)) +4.
j=1
where i(Z,Z1-...-Z,; M) is the intersectipn multip}icity as defined in [6, Ex. 8.2.1] and ¢
is the coefficient of [Z] in the cycle n,(j*(Z1 - ... - Z,)) € A (Z).
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We are now going to prove a technical result about the blow-up X of (P1)" at one point g.
In what follows we will denote simply by L the 1-dimensional fiber with class Hy»

.....

Lemma 2.2 If we denote by Wy the class Hy + - - -+ H, — sEy, then forany1 <s <n—1
the following hold.

(1) The base locus of the linear system |Ws| is the union of fibers with classes Hy — E1 4,
forl1 C{2,...,n}and|I| =n—s.
(i1) The general divisor in |Ws| has multiplicity s along the curve L.
(iii) If s < n — 2, the intersection of a general divisor in |Ws| with the base locus of |Ws1|
is the base locus of |Wy].

Proof First of all observe that the linear system | Hy+- - -+ H, | corresponds to O(0, 1, ..., 1)
on (P')". A basis for this linear system is given by the 2" ~! monomials

[T xyicltc@....n}
iel, jel€
where we set 1€ := {2,...,n} \ I. For any integer | < s < n — 1, the subsystem |W;| =
|Hy 4+ -+ H, —sEq| corresponds to O(0, 1,..., 1) ® I;l (i.e. the sections vanishing with
multiplicity at least s at g;). We can suppose that the point that we blow up is g1 := ((1 :

0),...,(1:0) e (PH", so that the system | W[ has the following monomial basis
[T xiwilrci...onb 1l=st. 2
iel,jelc

Let us prove (i). Observe that the monomial y; --- y, appears in a basis for |W;/|, for any
1 < s < n—1.Inorder for this monomial to vanish, itmustbe y; = Oforsome j € {2, ..., n}.
We substitute in the monomial x ]_[i;,é i and since x; can not vanish, we get that at least
another y; vanishes. Iterating the above reasoning, in order to make all the monomials vanish,
at least n — s variables y; must vanish, which gives the statement.

Let us prove (ii). Since the ideal Z;, of the curve L is (ya, ..., Y»), it is enough to observe
that every monomial in (2) belongs to the power Z3 , and there is at least one monomial that
does not belong to Ii“.

Finally, since by (i) we know the base locus of |W; 1], in order to prove (iii) it suffices to
show that a general element in | W] intersects a fiber H; — Ej 541, with [I| =n —s — 1,
along the fibers Hyy(jy — Ej,s, for j ¢ 1. Indeed the fiber H; — Ej ;11 can be described by
the vanishing of all the variables y;, for i € I. If we substitute in a defining equation for W,
all the monomials but [ [;;. jere Xiyj vanish. Since x; 7 0 for every i € I, the vanishing of
this monomial gives the statement. O

Let us consider the blow-upo: X — X T along L, with exceptional divisor E. Since the
normal bundle of L in X7} is O(— DL Eis isomorphic to Pl x P2, By abuse of notation,
in what follows we will denote simply by H; the pull-back o*H; and by E; the pull-back
oc*E;.

Lemma23 Foranyl <s <n—1, let Wy be the strict transform of Wy. The restriction of

|W;| to E cuts on a general P2 the linear system of hypersurfaces of degree s, withn — 1
general points of multiplicity s — 1.
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Proof Since we are blowing up (PH)" at the invariant point g1, and then along the invariant
curve L, X is a toric variety. The fan ¥ C Q" of (P')" has 2n rays, generated by =e;,
for 1 < i < n. We can suppose that the point g; corresponds to the n-dimensional cone

(—e;i | i €e{l,...,n}), whileNL corresponds to the (n — 1)-dimensional cone (—e; | i €
{2, ..., n}). Therefore the fan ¥ of the blow up X is obtained from X by a stellar subdivision
of the above two cones with respect to the rays p; := — Y /e and py := — Y 7 5e;
respectively. Each ray corresponds to an invariant divisor, and to a variable in the Cox ring
C[Ty, S1, ..., Ty, Sy, Uy, Uz] of X, as follows:

e = H; =>T,i=1,...,n

—e1 = H| — E =5
—e,=>H —EI—E=S;,i=2,...,n

p1r = E—E = U;
p = FE = U;.
We can now describe the sections of |Ws| =| Z?:z H; — sE| — sE| in Cox coordinates as
[ msiwu)"= 1. 0 l=st. €)
iel,jel®

Let us consider the restriction of these sections to the exceptional divisor E = P! x P"~2,
The fan of E lies inside Q"' and can be obtained taking the images of the cones containing
p2, via the quotient by p,. The quotient map can be described via the matrix

10 0...00
0-10...01
00 —-1...01

N |

00 O0...—-11

The rays of the cones containing p; are ey, p1, —ez, ..., —ep, so that their images via the
quotient are

n—1
&1, —€1, €2, ..., Ep—1, — E Ei,
i=2

where g1, ..., &,_1 is the canonical basis of Q" 1. Moreover, if we substitute U = 01in (3),
we obtain the restriction of the sections of |W| to E, namely

[T misiirc@...onpitl=sg,

iel jelc

corresponding to {[[,c; zi | |I| = s} on P"~2, with variables zo, . .., z,. These squarefree
monomials are a basis of the linear system of hypersurfaces of degree s, having multiplicity
at least s — 1 at the n — 1 fundamental points of P" 2,

O

Lemma24 Letv = (ay,...,an,—b1,...,—b,) € ZN*T be a vector satisfying the follow-
ing inequalities:

l.ai>0andbj >0, foranyl <i < Nand1 < j <r;
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N
2. 3 h a4 =3 b

Then v is a non-negative linear combination of ej and e; — ej, for1 <i < Nand N +1 <
j<N-+r.

Proof We argue by induction on b := Z;zl bj.If b = 0 we have that

N N
v={(ay,...,an,0...,0) :Zai(ei —ent1) + (Zai) eN+1
i=0 i=1

and since a; > 0, the claim follows. Let us suppose the statement to be true for » > 0 and

let us consider v := (ay,...,any, —b1...,—b,) € ZN+T such that Zr/:l bj = b+ 1. There
exist at least two indexes 1 <i < N and 1 < j < r such that a;, b; > 0. We can write
v={(a,...,ai—1,...,an,=by,...,—(bj = 1),..., —by) + (e; — en+;). We conclude
by the induction hypothesis. O

3 Fiber-generated effective cones

In this section we first give the definition of fiber generated pseudoeffective cone and, after
that, we present the main results of our work.

Definition 3.1 Forany 1 < k < n — 1 we define the cone of fibers CF;(X}) € Eff, (XP) to
be the cone generated by the classes

H —Eip, |Il=n—k 1<i=<r
E;y, 1<i<r

i.e. the k-dimensional fibers through the points and the classes of k-dimensional linear spaces
in the exceptional divisors. If the equality Eff (X L) = CFx(X{) holds, we say that the
pseudoeffective cone Eff; (X{) is fiber-generated.

Below, you find two different characterizations of fiber-generation: the first is geometric
and depends on the nefness of a specific class; the second is numeric and depends on the
nonnegativity of a combination of suitable integers.

Lemma3.2 LetT" = {q seees qr} be a set of distinct points of(IP’l)”. Foranyl <k <n-—1,
the pseudoeffective cone Eff (X{) is fiber-generated if and only if the class

’
Z Hp — ZE,j,n—k
||=k j=1

is nef.
Proof First of all observe that Eff; (X L) is fiber-generated if and only if the nef cone
Nef,,_«(XT) coincides with the dual cone of CFy(XT.). Using the matrix of the intersection

product (see Remark 2.1), we can see that the dual of CFy (XT.) has the following (Z) +2"—1
extremal rays

H; for|I| =k, and ZH’_ZEJ~”—’<’ for S C{1,...,r},
|1|=k jes

@ Springer



G. Bini, L. Ugaglia

so that ﬁk(XI’i) is fiber-generated if and only if all the above classes are nef. Observe
that any class Hj is nef since it is the intersection of the nef divisors H;, for i € I (see
for instance [5]). We now claim that any class of the form Z|1|=k H; — ZjeS Ejn,
with S € {1,...,r} is nef if and only if the class Zm:k Hy — Z;’:l Ej i is. Indeed,
given any k-dimensional subvariety V C X7, not contained in an exceptional divisor, we
have [V] = 3o, asHy — Z?zlbjEj,k € Effy(X}), where ay,b; > 0. For any
S C{l1,...,r} we can write

V1| Do Hi =) Ejnk | = VI | D0 Hi =D Ejui |+ bj.
j=1

=k Jjes I |=k JES

We conclude observing thatif } ,;_ Hr — Z;z 1 Ej n—k is nef then the above intersection
products are all non-negative. O

Lemma 3.3 The pseudoeffective cone Effy (X 1) is fiber-generated if and only if for any k-
dimensional variety Y, not contained in an exceptional divisor and having class [Y] =

Dit=n—k @rHr = 3 b Ej k, the inequality 3 _, _yar = 3" b holds.

Proof Observe thatif Y is not contained in an exceptional divisor, then [Y] = ZI I=n—k @1 H;—
Z;zl bjEjk, withay, b; > 0.1f the inequality Y, _, ;a7 > Z;’=1 bj holds, then we can
apply Lemma 2.4 with N = (Z) We conclude that [Y] is a non-negative linear combination
of Ejrand Hf — Ej g, for [I| =n—kand 1 < j <r,sothat Wk(Xil) is fiber-generated.
On the other hand, if Eff;(X L) is fiber-generated, then by Lemma 3.2 the class
ZI 1=k H; — Z;:] E;j .k is nef. Taking the intersection product of the latter with [Y]
we get the inequality in the statement. O

Our first result is that if we blow up few very general points, then all the pseudoeffective
cones are fiber-generated.

Proposition 3.4 Ifr < 2, the cone Effy(X") is fiber-generated for anyn > 2 and 1 < k <
n—1

Proof If r < 2, the blow up X7 is a toric variety. In order to prove the statement it is enough
to deal with the case r = 2. By [9, Prop. 3.1], forany 1 <k < n — 1, the cone ﬁk(Xg) is
generated by the classes of invariant k-cycles, i.e. the classes of cycles corresponding to the
cones of codimension & in the fan of X7.

We recall that the fan & € Q" of (P1)" has 2n rays, generated by +e;, for 1 <i < n.For

any 0 < k < n — 1 there are on—k (Z) cones of codimension £ in X, namely

(teiliel), |Il=n—k.

If we blow up two points g1, g2 € (P')", we can suppose that they correspond to the n-
dimensionalcones C; = (¢; | i € {1,...,n})and Cy = (—e; | i € {1, ..., n}) respectively.
Therefore the fan X’ of the blow up X} is obtained from X by a stellar subdivision of C; and
C, with respect to the rays p := ) _; ¢; and —p respectively, so that it has 2n + 2 rays. For
any k > 1 the cones of codimension k in X’ can be described as the cones of codimension
k of X, together with the cones of the form (e;, p | i € I) and (—e;, —p | i € I}, for all
the subsets / C {1, ...,n} such that |[/| = n — k — 1. We summarize these cones and the
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corresponding cycles in the following table.

(e |iel)s H —Ex, |I|=n—k,
(—ei liel) s Hy— Exg, [l =n—k,
(ei,p |iel) & Eg, [l =n—k—1,
(—ei,—p |iel) & Eyg, [I|l=n—k—1,
<ei,—€j|i€I,j€J><=>H1uj, |+ |J|=n—k, INJ =40.

We conclude by observing that the classes above are exactly the generators of the cone of
fibers CFy (X%). O

Remark 3.5 If ' = {qi, g2} consists of 2 points lying on a s-dimensional fiber F of a
projection py: (P)* — (P)"~*, with |J| = n — s, the variety X[. is still toric and we can
reason in the same way. In particular Eff; (X") has the the same generators as before, for
k < s, while for k > s the cone Eff; (X[.) is generated by the following classes:

Hy —Eix, H —Eyg, Il=n—k, 1 ¢J
Hy —E\x— Exx, Il=n—k, I CJ
Evk, Eok.

We immediately get the following characterization in the case of cycles of codimension 1.

Corollary 3.6 For any n > 2 the cone Eff,,_; (X7) is fiber-generated if and only if r < 2.

Proof By Proposition 3.4 we only need to show that if » > 3, the cone Eff,_1(X?”) is not
fiber-generated. The class H; + H, — E1 — Eo — E3 corresponds to a hyperplane of P
passing through 4 points via the map ¢ described in (1), and in particular it is effective. We
conclude observing that H; + H, — E1 — E» — E3 does not belong to the cone of fibers
CF,-1(X3). O

In the case of curves, it is possible to give a sharp bound for fiber generation, by means
of the following.

Theorem 3.7 For any n > 2, the cone Eff1(X?) is fiber-generated if and only if r < n!.

Proof We argue as in the proof of [3, Prop. 4.1]. Let us consider the embedding (P')" C

P2"~1 and let us take n general hyperplane sections Wy, ..., W,. Since the W; are general,
.= Wi nN---N W, consists of n! distinct points of (PhH". We claim that the class D :=
Hy +---+ H, — Ey — --- — Ey is nef on X{.. Indeed, given any curve C on X}, not

contained in an exceptional divisor, there exists at least one W; whose proper transform does
not contain C. Since the class of W; is D, we get D - C > 0 and the claim follows. Arguing
by semicontinuity we deduce that the class Hy + --- + H, — Ey — --- — Ej is nef on X,
too.

Therefore, if r < n!, the class Hy +--- + H, — E; — --- — E, is nef on X, so that, by
Lemma 3.2, Eff (X)) is fiber-generated. If otherwise » > n!, the above class is not nef since
its n-th power is negative, and we conclude again by means of Lemma 3.2. O

Going back to any 1 < k < n — 1, in order to prove our general bound (Theorem 2) we
need the following results about the blow up X7 of (PH" at one point g1. We recall that L
is the curve with class Hy», .y — E1,1 (i.e. the strict transform of the fiber of the projection
P2t (PH" — (PHr1, passing through ¢).
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Lemma3.8 Let Y be a purely k-dimensional subvariety on the blow up X' of PYHY" at a
point q1, with class [Y] = Zm:n—k arHy —biEy . If by — Y c;a1 = B > 0, then the
curve L is contained in Y with multiplicity at least B.

Proof We recall that forany | <s <n — 1, we set Wy := Z?:z H; — sE{. We have
Wi-Wy oo Wi Y = (1 H)F = D E1 i) - Y

= k! Z Hi —Ei,i | Y

1<{2,..
1= ="
= k! (Z ar — b1>
lel
= —klp <O.
By Lemma 2.2, the general variety V in the intersection product Wy - - Wj_1 has codi-

mension k — 1, as the divisors W; are general. For the same reason the intersection V N Y
has dimension 1 and it contains L as an irreducible component. As explained in [6, p. 118],
the intersection multiplicity i (L, V - Y; X') is the coefficient of L in the intersection class
V.Y.

By Lemma 2.2 (iii), L is the only irreducible component of V N Y contained in the base
locus of |Wg], so that the intersection product of Wy with every irreducible component but
L is nonnegative. We then have the following inequality

—kB=Wi-(V-Y)=i(L,V-Y; X})(Wi - L),
and since Wy - L = —k, we deduce that
i(L,V-Y; X1) = (k—1)B. )

Let us consider the commutative diagram

E<ls %
nl \L(T

L — X}

where o is the blowing up of L, while 7 is the projective bundle morphism. By [6, Ex. 12.4.4],
we have

(L, V-Y; X)) =i(L,Wy -+ Wi - Y; X)) =e (W) - e (Wi—1) - er(Y) +¢q,

where ¢ is the coefficient of [L] in the cycle 7, (j*(V . 1?)). We claim that in our case g = 0,
so that, since by Lemma 2.2 (ii), ef (W) = s for any s > 1, substituting in (4) we get the
statement, ey (Y) > B.

In order to prove the claim, we first recall that E is isomorphic to P! x P"~2. The pull-
backs j *(V) and Jj *(Y) cut on a general P"~2 two cycles of codimension k — 1 and n — k
respectively. We conclude by showing that these two cycles do not intersect, so that the
pushforward 7, (j *(\7 Y )) is O-dimensional, and in particular the coefficient ¢ of [L] must
be 0. Indeed, by Lemma 2.3, j*(W;) cuts on P"~2 the linear system of hypersurfaces of
degree s, with n — 1 points of multiplicity s — 1. This implies that j *(V) does not intersect
the (k — 3)-dimensional base locus of i (Wk 1) (which is the union of (k — 3)-dimensional
linear spaces). Hence j (V) and j (Y) do not intersect on a general P~ -2,

O
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We are now able to give an upper bound that works for any n and k (even if it is not sharp in
general).

Theorem 3.9 The cone Effy(X?) is fiber-generated for any r <n —k + 1.

Proof By Theorem 3.7 and Proposition 3.4 the statement is true whenk = lork =n—1, so
that in what follows we can assume 2 < k < n — 2. We proceed by induction on 7 as in [3,
Thm. 4.3], the base of induction being n = 2. Assume the theorem is true for Eff; (X "), for
any k < m < n.LetT C (P!)" be a set consisting of r — 1 very general points g1, . . ., gr—1
in a fiber F of the projection morphism pjy : (PYy* — P!, and a very general point g, not
contained in F. Notice that F ~ (P')"~!. We denote by F’ be the proper transform of F in
X", the blow up of (P!)" along T, so that the class of F’ in X} is H; — Z;;ll E;j.

Let Y be an irreducible k-dimensional subvariety of X7, not contained in an exceptional

divisor, so that
Y1= > a/Hj— Zb Ej.
|I|=n—k

where ay, b; are nonnegative integers. By Proposmon 3.3 we need to prove that

> ar=) by 5)
j=1

|I|=n—k
We distinguish two cases.

(i) Y is contained in F’. Since the points g1, ..., g,— 1 are very general in F' we have that
F'~ X~ l . By the induction hypothesis, Eff; (X~ ) is fiber-generated, so that inequal-
ity (5) holds

(ii) Y is not contained in F’. In this case we set Z := Y N F’, so that Z is an effective
cycle of dimension £k — 1 in Xf:ll The 1-dimensional fiber of the projection (3 ) :
(PH" — (P'Y*~!, passing through the point g, intersects F in a unique point ,. The
blow up of F’ at the point corresponding to g, coincides with the blow-up X ;"1 of
F along the r very general points gy, ..., g,—1,qr. By Lemma 3.8, Z has multiplicity
by > B = max(0, b, — Y 1er a1) at gr. Therefore the strict transform Z’ of Z is a
(k — 1)-dimensional effective cycle in X ?’1, with class

r—1
1= a;H =Y bjEj1—brErs 1.
1¢1 j=1

(with a slight abuse of notation we are considering the classes H; of Ny_1(X}'), such
that 1 € I, as classes in Ny_1 (X}~ 1)). Notice that r < (n — 1) — (k — 1) + 1, so the
inductive procedure can be applied. Therefore, Effy_ (X7~ 1) is fiber-generated and the
coefficients of [Z'] satisfy the inequality g1 a1 = I =1 b., + b,. We can then write

r—1 r—1 r
0< Za; — ij _[;r < Zal — ij — (br — Zm) = Za[ — ij,
1¢1 j=1 1¢1 j=1 lel j=1

as required. Hence we can apply Lemma 2.4 and deduce that Eff, (XT) is fiber-generated.
Reasoning by semicontinuity as in [3, Cor. 2.3], we conclude that Eff (X ") is fiber-
generated too. O
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4 Other results

In this section we first show that for any n and £, if we blow up a sufficiently big number
r of points, the cone Eff;(X}') is not fiber-generated. As a consequence, we consider the
particular case of Effz(Xj), and finally we discuss Question 3.

Proposition 4.1 The cone Effy(X™) is not fiber-generated for r > (n —k + 1)!.

Proof If k = 1 or k = n — 1, the assertion follows from Theorem 3.7 and Corollary 3.6, so
we can restrict to the case 2 < k < n — 2. Let us fix the projection 7r; : (P1)" — (P1y?—k+1,
where J = {1,...,n —k + 1}, and let X"~**! be the blow up of (P!)"~**+1 at the points
q7,...,q),imagesofqi, ..., g, viaz,. Since by hypothesis 7 > (n—k+1)!, by Theorem 3.7
the cone Eff (X f’k“) is not fiber-generated, so that by Proposition 3.3 there exists a curve
class [C] = ) ;arH; — Z;:lbjEj,l, where I C J, and |I| = n — k, satisfying the
inequality

r
Zal < ij.
I Jj=1

Observe that the image C’ of C in (P!)"~**! is a curve passing through q; with multiplicity at
leastb;, forany 1 < j < r. The fiber product Z := (IE”I)/‘_l x C C (Pl)” is a k-dimensional
variety having multiplicity at least b; at each point g;, so that its class can be written as
[Z] = Y, arH; — Z;‘=1 bjEj, with I € {1,...,n}and |I| = n — k. Since Z is the
product of (PHy¥—1 and C, we have that

o = ar if I C J,
=10 otherwise

and in particular the coefficients satisfy >, 0y = Y ;a5 < Z;z 1 b;. Since [Z] belongs to
the cone Effy (X ™), by Proposition 3.3 we conclude that the latter is not fiber-generated. O

As we pointed out in the Introduction, when n = 4, Theorem 2 and the above proposition
show that only three cases remain open, i.e. Efo(Xf), forr = 4,5, 6. We are now going to
deal with the first of these cases.

Proposition 4.2 The cone Eff; (Xi‘) is fiber-generated.

Proof Let us consider two divisors D and D, having classes

[D1]=H1+ H,+ H3+ Hy —2E1 —2E;, — E3 — Ey4,
[Dy] = Hy + Hy + Hy + Hy — Ey — E; —2E3 — 2Ey,

i.e. D (resp. D>) can be described as the intersection of X with a hyperplane passing through
g3 and g4 (resp. g1 and g7) and tangent to X at g1 and ¢» (resp. at g3 and g4). We have that
dim |D;| = 3 and its base locus is 1-dimensional. Indeed, with the help of computer algebra
system MAGMA [1] it is possible to see that it is the union of the 8 fibers through ¢ and ¢
and 2 rational normal curves of degree 4. Since none of the components of the base locus is
contained in Dj, we have that Dj|p, has only finitely many base points and in particular it
is nef.

Let us consider now a surface Y with class Zm:z arHy — Y by Ey 2. If Y is not contained
in Dy, its restriction to D> is an effective 1-cycle, so that its intersection product with D1 |p,
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is non-negative. Therefore we can write

4
0<Ylp, Dilp, =2 Y ar—Y b
11=2 k=1

and by Lemma 2.4 we deduce that [Y] lies in the cone spanned by fiber classes.

If Y is not contained in D; we can conclude in the same way, so that we only have to
consider the case in which Y € D; N D,. Since the latter intersection is irreducible, we have
Y = D1 N Dy, sothata; = 2 for any [ such that |I| = 2,and by =2 forany 1 < k < 4.
Therefore Y " a; — > by = 4 > 0 and again we can apply Lemma 2.4. O

Let us go back now to Question 3. As proved in [2], X/ is a Mori dream space exactly in the
following cases:

Clearly, if n = 2 there is nothing to prove, while if n = 3 an affirmative answer to Question 3
follows from Theorem 3.7. If n = 4, by the same theorem and Proposition 4.2, the only open
caseisk =2, r = 5. Finally, if n > 5 and r < 4, the bound of Theorem 3.9 implies that for
any k < n — 3 the pseudoeffective cone Eff (X") is fiber-generated, so that in particular it is
polyhedral. Therefore the only open case is k = n — 2 and r = 4. We remark that, as proved
in Lemma 3.2, Eff; (X?) is fiber-generated if and only if the numerical class in Lemma 3.2
is nef. Therefore, it is natural to ask the following.

Question 4.3 [s the numerical class )y, Hr — 3y Ej2 nefwhenn =4, r =5 or
n>5r=4’?

An affirmative answer to this question would allow us to answer Question 3 too (see the
Introduction). We hope to return to this problem in the next future.
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