SOLUTIONS WITH SIGN INFORMATION FOR NONLINEAR ROBIN
PROBLEMS WITH NO GROWTH RESTRICTION ON REACTION

NIKOLAOS S. PAPAGEORGIOU, CALOGERO VETRO, FRANCESCA VETRO

ABSTRACT. We consider a parametric nonlinear Robin problem driven by a nonhomo-
geneous differential operator. The reaction is a Carathéodory function which is only
locally defined (that is, the hypotheses concern only its behaviour near zero). The
conditions on the reaction are minimal. Using variational tools together with trunca-
tion, perturbation and comparison techniques and critical groups, we show that for all
small values of the parameter A > 0, the problem has at least three nontrivial smooth
solutions, two of constant sign and the third nodal.

1. INTRODUCTION

Let Q C RY be a bounded domain with a C?-boundary 0. In this paper we study
the following nonlinear parametric Robin problem

—diva(Vu(z)) + £(2)|u(2)[P72u(z) = Af(z,u(z)) in Q,
(Py) ou
on,

In this problem a : RY — RY is a continuous and strictly monotone map (thus a(-) is
maximal monotone too), which satisfies certain other regularity and growth conditions
listed in hypotheses H(a) below. These hypotheses form a general framework, which
incorporates many differential operators of interest (see the Examples in Section 2).
The potential function £ € L>(Q), £(z) > 0 for a.a. z € Q. In the reaction (right hand
side of (Py)), A > 0 is a parameter and f(z,x) is a Carathéodory function (that is, for
allz € R, z — f(z,x) is measurable and for a.a. z € Q,  — f(z,x) is continuous). The
distinguishing feature of our work, is that we do not impose any global growth condition
on f(z,-). We only assume that f(z,-) is (¢ — 1)-superlinear near 0 with 1 < ¢ < p and
also that f(z,-) is locally L>(Q2)-bounded. Hence the conditions on f(z,-) are minimal

+B(2)|[ulfPu=0 ondQ, A>0,1<p< +oo.

and so the setting of problem (P)) is general. In the boundary condition, 2% denotes

on,

the conormal derivative corresponding to the map a(-). The boundary condition is
interpreted via the nonlinear Green’s identity (see Gasinski-Papageorgiou [2], p. 210)
and if u € C(Q2), then

ou

ony
with n(-) being the outward unit normal on 9Q. The boundary coefficient 5 € C%*(92)
with a € (0,1) and B(z) > 0 for all z € 9€2. The case f = 0 which corresponds to the
Neumann problem, is also included in our setting.

= (a(Vu),n)gy,
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Under these general conditions on the data of the problem, we show that for all
A > 0 small, problem (P,) has at least three nontrivial smooth solutions, all with
sign information (two solutions have constant sign and the third is nodal (that is, the
solution is sign changing). Our work here complements those of Papageorgiou-Winkert
[17] and of Guarnotta-Marano-Papageorgiou [6], which have a nonparametric reaction
of arbitrary growth with two zeros of constant sign. So, the reaction f(z,-) is forced
to have an oscillatory behavior near zero. No such condition is used in this work. We
also mention the recent work of Papageorgiou-Radulescu-Repovs [15], who impose a
symmetry condition on f(z,-) and produce a whole sequence of distinct nodal solutions
converging to zero in C*(Q).

2. MATHEMATICAL BACKGROUND - HYPOTHESES

The main spaces that we will use in the analysis of problem (Py) are the Sobolev
space W'P(Q), the Banach space C'(2) and the “boundary” Lebesgue spaces L*(992),
1 < s < +o0. By |- || we denote the norm of WP (Q) defined by

lull = [llullz + [Vul2]V? for all u € WHP(€).

The Banach space C'(2) is ordered with positive cone Cy = {u € C'(Q) : u(z) >
0 for all z € Q}. This cone has a nonempty interior given by

Dy ={ueCy :u(z)>0forall z € Q}.

On 02 we consider the (N — 1)-dimensional Hausdorff (surface) measure o(-). Using
this measure on 02, we can define in the usual way the Lebesgue spaces L*(09), 1 < s <
+o00. From the theory of Sobolev spaces, we know that there exists a unique continuous
linear map 7o : WH?(Q) — LP(9R2), known as the “trace map”, such that

Yo(u) =u - for all u € WH(Q) N C(9).

1 1 1
The trace map is not surjective. In fact im~y = WP (092) with — + -~ =1 and
p p

ker v = W, P(2). Moreover, the trace map vo(-) is compact into L¥(9Q) for all 1 < s <

N -1
% if p < N and into L*(0f2) for all 1 < s < 400 if p > N. In what follows, for
-P
the sake of notational economy, we drop the use of the trace map 7o(-). All restrictions
of Sobolev functions on 0f2, are understood in the sense of traces.

Now let [ € C*(0, +00) which satisfies
tl'(t)
1(t)
for all t > 0, some c;,co > 0and 1 < s < p.
The hypotheses on the map a(-), are the following:

H(a): a(y) = ao(|y|)y for all y € RY with ag(t) > 0 for all ¢ > 0 and

(i) ag € C*(0,+00), t — tag(t) is strictly increasing on (0, +00), lim,_,q+ tag(t) = 0
tag(t)
o) s g
ao(t)

[
(”yy“) for all y € RV \ {0}, some c3 > 0;

(1) 0<c< < cpand ot < U(t) < et 4P

and lim;_,o+

(i) [Va(y)| < s
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(i) (Va(y)e, O)ax > <|’y|'>

(iv) if Go(t) fo ag(s)sds, t > 0, then there exist 1 < 7 < ¢ < p such that

€J? for all y € RV \ {0}, all £ € RY;

cat? < ag(t)t? — 7Gy(t) for all t > 0, some ¢y > 0,

Gol(t
limsupqt—(;() << +o0.

t—0t

Remark 1. Hypotheses H(a) (i), (ii), (iii) are dictated by the nonlinear regularity theory
of Lieberman [8] and the nonlinear maximum principle of Pucci-Serrin [18]. Hypothesis
H(a) (iv) serves the needs of our problem. It is mild and it is satisfied in all cases of
interest (see the examples below).

From these hypotheses we see that Gg(-) is strictly increasing and strictly convex.
We set G(y) = Go(|y|) for all y € RY. Evidently G(-) is convex and we have

VG(y) = Gaqyr)% — ag(lyl)y = aly) for all y € RV \ {0}.

The convexity of G(+) and since G(0) = 0, imply that
(2) G(y) < (a(y),y)rv  for all y € RY.

From (1) and hypotheses H(a), we easily deduce the following lemma which summa-
rizes the main properties of the map a(-) (see Papageorgiou-Radulescu [11]).

Lemma 1. If hypotheses H(a) (i), (ii), (iii) hold, then

(a) a(-) is continuous and strictly monotone (hence maximal monotone too);
(b) la(y)| < esllyl*=" +[y|*~"] for ally € RY, some c5 > 0;

c
(C) (a(y)>y)RN Z pTll‘y’p fO?" all Yy € RN.
This lemma and (2) lead to the following growth estimates for the primitive G(-).

Corollary 1. If hypotheses H(a) (i), (ii), (iii) hold, then lylP < G(y) < e[l +

(&1
p(p—1)
ly[?] for ally € RN, some cg > 0.

The examples that follow show that the framework provided by hypotheses H(a) is
general and includes many cases of interest.

Examples 1. Let a : RY — RY be given as:

(a) a(y) = |y|P"%y, 1 < p < +o00. This map corresponds to the well-known p-Laplace
differential operator Ayu = div(|Vul|P~2Vu) for all u € W(Q).

(b) aly) = |y|P %y + |y|? %y, 1 < ¢ < p < +oo. This map corresponds to the
(p, q)-Laplace differential operator Ayu + Agu for all u € WHP(Q).

Such operators arise in the mathematical models of various physical processes.
Recently there have been several existence and multiplicity results for such equa-
tions. An informative survey of these results with several relevant references can
be found in the paper of Marano-Mosconi [9).

(c) aly) = [1 + |y|2]p7_2y, 1 < p < +oo. This map corresponds to the extended
capillary differential operator.
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(d) a(y) = |y|P~2y [1+T|y|p], 1 < p < 4oo. This map corresponds to the

differential operator u — A, u+div (W]
of plasticity theory (see Fuchs-Li [1]).

Vu|p_2Vu) which arises in problems

The hypotheses on the potential function £(-) and the boundary coefficient are the
following:

H(&): € € L™(Q), £(z) > 0 for a.a. z € Q.
H(B): B € C"*(09) for some a € (0,1), B(z) > 0 for all z € 9.

Ho: £€Z0Oor 5 #0.

Remark 2. These hypotheses include also the Neumann problem, which corresponds to
the case g = 0.

Consider the C'-functional v : W?(Q) — R defined by

y(u) = /QpG(Vu)dz + /Qf(z)|u|pdz + /asz B(2)|ulPdo for all u € WHP(Q).

Using Lemma 4.11 of Mugnai-Papageorgiou [10] (for the case £ #Z 0) and Proposition
2.4 of Gasinski-Papageorgiou [5] (for the case 5 # 0), together with Corollary 1, we
infer that

(3) y(u) > crljul|P for some ¢; > 0, all u € WHP(Q).
Let A: WhP(Q) — WP(Q)* be the nonlinear operator defined by

(A(u), h) = /Q (a(V), Vi)gndz  for all u, h € WP(Q).

From Gasinski-Papageorgiou [3] (Proposition 3.5), we have:
Proposition 1. If hypotheses H(a) (i), (i), (iii) hold, then A : WHP(Q) — WhP(Q)* is
continuous, monotone (hence maximal monotone too) and of type (S.), that is, u, — u
in WP(Q) and limsup,,_, . (A(uy,), u, —u) <0 imply u, — u in WHP(Q).
Let X be a Banach space and ¢ € C1(X,R), ¢ € R. We introduce the following sets:
K,={ue X :¢'(u) =0} (the critical set of ¢),
o ={u e X :p(u) <c} (the c-sublevel set of ).
Given a topological pair (Y7,Y3) such that Yo CY; C X, by Hp(Y1,Ys), k € Ny, we

denote the k"-relative singular homology group with integer coefficients. Let u € K,
be isolated and ¢(u) = ¢. Then, the critical groups of ¢ at u are defined by

Cr(p,u) = H(p*NU, N U\ {u}) for all k € Ny,

with U being a neighborhood of u such that K, N ¢*NU = {u} (isolating neighbor-
hood of u). The excision property of singular homology implies that this definition is
independent of the choice of the isolating neighborhood U.

Next let us introduce the basic notation used in this paper. For every = € R, we set
2% = max{=£z,0}. Then given u € W?(Q), we define u*(z) = u(z)* for all z € Q. We
know that

ut € WH(Q), u=u"—u", [u| =ut +u".

Given a measurable function k : Q x R — R (for example, a Carathéodory function),

by Ni(-) we denote the Nemytskii (superposition) operator corresponding to k, defined
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by Ni(u)(-) = k(-,u(-)). Evidently z — Nj(u)(z) is measurable on Q. If u,v € Wh?(Q)
and u < v, then by [u, v] we denote the order interval in WP (Q) defined by
[u,v] = {h € W'P(Q) : u(2) < h(z) < v(z) for a.a. z € Q}.
Now we introduce the hypotheses on the reaction f(z,z).
H(f): f: QxR — Risa Carathéodory function such that f(z,0) =0 for a.a. z € Q
and
(¢) for every p > 0, there exists a, € L>(€); such that |f(z,z)| < a,(z) for
a.a. z € all |z| < p;
f(z,7)

(i7) with ¢ € (7,p) as in hypothesis H(a) (iv), we have lim,_,g 2] = 400
x| 2y

uniformly for a.a. z € {2;

(i11) with 7 € (1,q) as in hypothesis H(a) (iv) and F(z,z) = [; f(z,s)ds, we

TF(z,2) — f(z,2)x
|7

(iv) for every p > 0, there exists Ep > 0 such that for a.a. z € €2 the function

have 0 < liminf,_,q uniformly for a.a. z € €;

z — f(z,2) + &,|x[P2x is nondecreasing on [—p, pl.

Remark 3. We stress that no global growth condition is imposed on f(z,-). Also, note
that no sign condition is assumed.

3. SOLUTIONS OF CONSTANT SIGN

In what follows by £, (resp. L£_) we denote the set of all parameters A > 0 such
that problem (P) admits positive (resp. negative) solutions. Also by S (resp. Sy)
we denote the corresponding set of positive (resp. negative) solutions of problem (Py).

Proposition 2. If hypotheses H(a), H(&), H(B), Hy and H(f) hold, then
(a) Ly #0, L_#0 and Sy C Dy, Sy, C—Dy;
(b) IfN€ Ly (resp. N€ L_),0<n< X anduy € SY (resp. vy €Sy ), thenn € L
(resp. m € L_) and there exists u, € S, (resp. v, € S, ) such that u, < uy
(resp. vy < vy).

Proof. (a) We start by considering the following auxiliary nonlinear Robin problem
—diva(Vu(z2)) + £(2)|u(2)|P2u(z) =1 in Q,

4
) 88;; + B(2)|[ulP?u=0 on dQ, u> 0.

On account of (3) and using the nonlinear regularity theory of Lieberman [8] and the
nonlinear maximum principle of Pucci-Serrin [18], problem (4) admits a unique solution
ue Dy.

Let X+ =

1
—————— (see hypothesis H(f) (i)). Then we have
[N (@)oo

(5) —diva(Vi(2)) + £(2)u(z)P " = 1> A, f(2,1(z)) for aa. z€Q
(see Papageorgiou-Radulescu [12]). N
We introduce the Carathéodory function k, (z, x) defined by

~ N fzat)  ifa <a(z),
(6) ky(z,z) = {Lf(z,ﬂ(z)) if u(z) < x.



6 NIKOLAOS S. PAPAGEORGIOU, CALOGERO VETRO, FRANCESCA VETRO

We set K, (z,z) = IS k4 (z, s)ds and consider the C'-functional ¢, : WP(Q) — R
defined by

Uy (u) = 1fy(u) - / K, (z,u)dz for all u e WH(Q).
p Q

From (3) and (6) it is clear that ¢, (-) is coercive. Also, using the Sobolev embedding

theorem and the compactness of the trace map, we see that {/;+() is sequentially weakly
lower semicontinuous. So, by the Weierstrass-Tonelli theorem we can find uy € WP (Q)
such that

7) 3 (o) = inf[ (u) - w € WHP(Q)].
Fix w € D, with |||l = 1. On account of hypotheses H(a) (iv), H(f) (ii), given
¢y > ¢ and n > c5||Va||l, we can find ¢ € (0, mingu) (recall that u € D) such that

(8) G(y) < —Oly\q for all |y| < 6 and A F(z,z) > Dyt for aa. 2 € Qall 0 <x <6.
q q

Choose t € (0, 1) small such that
9) t|Vau(z)] < 6 and 0 < tu(z) <6 for all z € Q.
Using (8) and (9) and since |||, = 1, we have
t qu

Uy (t1) < o Lalval —n] <o,
= ?Z+(Uo) <0= 1;+(0) (see (7)),
= uy #0.

From (7) we have
W, (ug) =0,
(10) = (A(ug), h /f )|uo|P™ 2u0hdz—|—/ B(2)|uol?™ 2uohcla—//<:+(z ug)hdz

for all h € Whr(Q).
In (10) first we choose h = —u, € WP(Q). Using (3) and (6), we obtain

crflug [P <0,
= Uy > O, U 7£ 0.

Next in (10) we choose h = (ug — @)+ € WP(). We have

(A(uo), (g — ) / ™ =+ [ A~ 7)o

= [ Rt — s (see (6)

<A@, (10— D7) + [ € =D et [ BT - D) (see ()
= Uy < u.

So, we have proved that

(11) Uy € [O,M, Ug 7§ 0.
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From (6), (10), (11) it follows that uo is a positive solution of problem (%) and we
have

(12) —diva(Vue(z)) + £(2)ug(2)P" = Xy f(2,uo(2)) for a.a. 2 € Q (see [12]).
From Proposition 7 of Papageorgiou-Radulescu [13], we have ug € L*°(£2). Then the

nonlinear regularity theory of Lieberman [8] implies that uy € C\ {0}. Let p = |Jug||o
and let £, > 0 be as postulated by hypothesis H(f) (iv). We have

(13) M lf(z ) + Ep:ﬂ’*l] >0 foraa ze€Q al0<xz<p.
From (12) and (13), we obtain

div a(Vuo(2)) < [I€lloe + A&)uo(2)P! for aa. z €
= wup € Dy (see Pucci-Serrin [18] (pp. 111, 120)).

So, we conclude that A, € £, that is, £, # 0 and S} C D, for all A € L.

For the negative solution we consider the auxiliary problem (4) with —1 as forcing
term (instead of 1). Evidently v = —u € —D, is the unique solution of this new
auxiliary nonlinear Robin problem. Using v € —D, and reasoning as above with

A= TN we produce a negative solution vy € W*(Q) of problem (P5 ). In
FACHAIES -
fact we have vy € [v,0] N (—=D4).

Therefore we have A\_ € £_, hence £L_ # ) and Sy, C —D, forall A € L_.

(b) Now let A € L, 0<n < Xand uy € S} C Dy. For p = ||uy]|oo, let Ep > 0 be as
postulated by hypothesis H(f) (iv). We introduce the Carathéodory function e (2, z)
defined by

gy - AMEE) G ife (),
" e {n[f(z,uA(Z))+€puA(2)”‘1] if ur(2) <.

We set Ef(z,2) = [] e} (2, s)ds and consider the C'-functional @} : W'?() — R
defined by

. .
Py (u) = ;y(u) - %prqu — / Ef(z,u)dz for all u € W(Q).
Q

From (3) and (14) it is clear that $;F(-) is coercive. Also, it is sequentially weakly lower
semicontinuous. So, as before by minimization, we produce u, € W'?(Q2) a minimizer

of @, (-) such that
Uy, € [0,uy], uy # 0,
= u, €S, CDyandsone Ly and uy < uy.
In a similar fashion, if A € £_, n € (0,A) and vy € S, € —D,, then we show that
n € L£_ and we produce v, € S;” € —D, such that vy < v, O

Remark 4. Part (b) of the above proposition implies that £.,£_ C (0,4o00) are inter-
vals, with left end 0 € £, L_.

From Papageorgiou-Radulescu-Repovs [14] (see the proof of Proposition 7), we know
that S is downward directed (A € L), that is, if uy, us € Sy, then there exists u € Sy
such that v < uy, u < uy and S, is upward directed (A € £_), that is, if v, v, € S},
then there exists v € Sy such that v; < v, vy <w.



8 NIKOLAOS S. PAPAGEORGIOU, CALOGERO VETRO, FRANCESCA VETRO

Next we prove the existence of extremal constant sign solutions for problem (P)),
that is, we will show the existence of a smallest positive solution u} € D, (u} < u for
all u € S)) and of a biggest negative solution v} € —D, (v < v} for all v € S} ). These
extremal solutions will be used in Section 4 to produce a nodal solution.

Proposition 3. If hypotheses H(a), H(§), H(B), Ho, H(f) hold, then for every A € L
problem (Py) has a smallest positive solution v} € D, and for every X € L_ problem
(Py) has a biggest negative solution v} € —D,.

Proof. Let A € L. The set S} C D, is downward directed. So, invoking Lemma 3.10,
p. 178, of Hu-Papageorgiou [7], we can find {u,},>1 C Sy decreasing such that

inf S = inf u,.
n>1
We have
(15) (A(uy), h) +/§(z)ufl_1hdz—l— B(2)ul " hdo = / M (z,up)hdz
Q 89 Q

for all h € WhP(Q), all n € N,
(16) 0<wu, <wu; €D, forallneN.

If in (15) we choose h = u,, € W'P(Q) and we use (13), (16) and hypothesis H(f) (i)
we infer that

(17) {tp }ns1 € WHP() is bounded.

Then from (15), (17) and Proposition 7 of Papageorgiou-Radulescu [13], we can find
cg > 0 such that

un, € L2(Q) and ||uy||eo < g for all n € N.

The nonlinear regularity theory of Lieberman [8] implies that there exist a € (0,1)
and c9 > 0 such that

(18) u, € C**(Q) and [unllgro@ < co forallmeN.

Recalling that C%*(Q) is embedded compactly in C*(Q), from (18) and the mono-
tonicity of {uy,},>1, we infer that

(19) u, — u) in C*(Q) as n — +oo.
On account of hypothesis H(f) (ii), we can find 6 > 0 such that
(20) M(z,z) > Ax?™! foraa. z€Q,all0 <z <4
We consider the following auxiliary nonlinear Robin problem
—diva(Vu(2)) + £(2)|u(2)[P72u(z) = Mu(2)]92u(z) in Q,

21 0
(1) ©g B(2)|ulP2u=0 on 99, u > 0.
on,
Since ¢ < p, we can easily see that for every A > 0, problem (P,) has a unique solution
yr € Dy.
Suppose that u} = 0 (see (19)). Then we can find ny € N such that

0 <u,(z) <4 forall z€Q, all n > ny,
(22) = M(z,un(2)) > Aup(2)71 for aa. z € Q, all n > ng (see (20)).
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We introduce the Carathéodory function 9, (z, z) defined by
el ife <
(23) Ia(z,x) = ") B 1 TS un(2), with n > ny.
Aup (2)071 if u,(2) < o,

Let ©5(z,2) = [; ¥a(2, s)ds and consider the C'-functional i, : W'(Q) — R defined
by
pa(u) = —y(u) — / Ox(z,u)dz for all u € WP(Q).
p Q

As before using (3), (23) and the direct method of the calculus of variations we can
find g € W'P(Q) such that

pa(Uy) = infux(u) : u € WHP(Q)] < 0 = uy(0) (since ¢ < p),
= N #0.
Also, we have
N,\(y/\)
(24) = /f ) |oA[P 2 ynhdz +/ B(2)|[Ux|P*grhdo = / Unf(z,9x)hdz
Q

for all h € WHP(Q). In (24) first we choose h = —y; € WP(Q). Then
cllysll? 0, (see (3) and (23),
= ﬂ,\ >0, #0.
Also in (24) we choose h = (Y — u,)"™ € WHP(Q). Then

(A@), G — un)* /@ BN — e+ [ BEE G — wn)do
o0
- / NS Gy — un)dz (see (23))
Q
SAMOWM@—%VM (see (22))
— (A(tn), (B — )" /g W ) e+ [ B = ) o

(since u,, € SY),
= 1 <wu, foralln>ng.
Therefore we have
Z/U\A € [07un]> n Z no, @\)\ # 07

= 1 =uyx (see (23), (24)),
= y\ <u, foralln>ng,

= gy <) and so u) # 0,

which contradicts our hypothesis that u} = 0. Therefore u} # 0 and by passing to the
limit as n — +o00 in (15) and using (19), we infer that

u} € SY C D, and u} = inf S}
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A similar argument produces a maximal negative solution v} € —D,. In this case
since S, € —D4 (A € L£_) is upward directed, we can find an increasing sequence
{vn}n>1 € S, € =D, such that sup,; v, = sup Sy (see [7]). O

4. NODAL SOLUTIONS

In this section, we use the extremal constant sign solutions of Proposition 3, to
produce a nodal (sign changing) solution for problem (Py) (A € £, N L_). The idea is
simple. We focus on the order interval v, u}] and we look for a nontrivial solution
in that order interval. If yy # u?, yx # v7, then on account of the extremality of u) and
v, the solution 7, will be nodal.

So,let A € £, NL_ and let u} € D, and v} € —D, be the two extremal constant sign
solutions from Proposition 3. We introduce the Carathéodory function ﬁ(z, x) defined
by

R M(z,0)M(2)) if x < v)(2),
(25) Mz, x) = ¢ A f(z,2) if v}(2) < = < u(2),
M(z,ud(z)  if ud(z) < o

Also we consider the positive and negative truncations of ﬁ(z, -), that is, the Carathéodory
functions

(26) f;r(z, x) = ﬁ(z,ﬁ) and ﬁ\‘(z,x) = fA,\(z, —x7).
We set Fy(z, ) = Iy F(z, 8)ds and Fi(z,2) = IS F(z, s)ds and then introduce the
C'-functionals @y, @y : WP(Q) — R defined by

D —1 u) — E (2 u)dz
Balu) = 29w / Bz, u)dz,

1 N
Px(u) = —y(u) — / FE(z,u)dz  for all u € WHP(Q).
p Q

Using (25), (26) and the fact that u} € D, and v} € —D, are the extremal constant
sign solutions of (Py) (A € L, N L_), we easily obtain the following result concerning
the critical sets of @y and of 3y

Proposition 4. If hypotheses H(a), H(§), H(B), Ho, H(f) hold and X € L, N L_,
then K, C [v},u}] N CY(Q), Kgr = {0,ul}, Ky = {0,v2}.

* 7 *

Next we compute the critical groups of @y (A € £, N L_) at the origin. We will
use this computation to distinguish the solution we will produce from the trivial one.
Our result here extends Proposition 4.1 of Papageorgiou-Winkert [17] and Lemma 3.4
of Guarnotta-Marano-Papageorgiou [6]. Our proof is based on their proofs. The result
is in fact of independent interest, since it determines the critical groups of a functional
with general concave nonlinearity near zero.

In what follows let 7y = max{||u}||eo, [|[V]]|s0 }-

Proposition 5. If hypotheses H(a), H(§), H(B), Hy, H(f) hold and N € L, N L_,
then Ci(©x,0) =0 for all k € Ny.

Proof. Let r > p and > 0. On account of hypotheses H(f) (i), (ii), we have

(27)  Fi(z,1) > An|z|? — ciplz|"]  for a.a. z € Q, all x € [—my, My, some ¢19 > 0.
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Also from hypothesis H(a) (iv) and Corollary 1, we have

(28) G(y) < cnlly|? + |yfF] for all y € RY, some ¢1; > 0.
Let uw € WHP(Q), u # 0 and ¢ > 0. Using (27) and (28), we have
Balta) < e [Vl + ) Vul) + 5 [ @iz + 5 [ pe)urdo

= Ant?[ull§ + Acsot” [[ull;.
Since ¢ < p and ) > 0 is arbitrary, we can find ¢* € (0, 1) such that
oa(tu) <0 for all t € (0, 7).
Let t; = sup{t € [0,1] : @x(tu) < 0} and Cy = {t € [0,1] : Br(tu) > 0}. We set
~ inf C)\ if C)\ 7é (Z),
29 ly =
(29) 2 {1 if Oy = 0.

We will show that %\1 = ;5\2 First we show that %\1 < %\2 Arguing by contradiction
suppose that to < t;. From hypotheses H(f) (i), (iii), we see that given ¢ > 0, we can
find ¢, > 0 such that

(30)
TF\(z,2) — faz,2) > —¢|z|P — c|z|” for a.a. z € Q, all x € [—my, m,] (see (25)).
Suppose that for some ¢y € (0,1), we have @, (tou) = 0. Then

~

PAW),y) —7oaly)  (with y = tou)
> [c12 — €llly||P — ¢|ly||”  for some c1a,¢. > 0 (see (3) and (30)).

dt — oz (tu) = (P\(tou), tou) (by the chain rule)
t=to
= (@i(tow), tou) — 7@x(tou)  (recall Gy(tou) = 0)
=

Choosing € € (0, ¢12), we obtain

d . ~ :
toa@x(tu)‘ > cpslly||P — ¢ ||ly||”  for some ¢13 > 0 and with y = tou.
t=t

Since p < r, if p € (0,1] is small and 0 < |Ju|| < p, then

d
(31) dtgok(tu) >0 with ¢y € (0,1) such that @, (tou) = 0.
t=to
But from (29), we have
@)\@Qu) = 0,
(32) = @Ga(tu) >0 forall t € (ty,ty + 6] with § < #; — 5 (see (31)).

Let Cy = {t € (fs + 0,41] : $a(tu) = 0} and define
g {mina,\ if §>‘ # 0,
1 it Cy = 0.
From (29), (32) and (33) we infer that
(34) te >ty + 0.

(33)
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Since @y (t.u) = 0, from (31) we have
(35) Ga(tu) <0 forallt € (t, —0,t,), 0 < t, — (Iy +6) (see (34)).

From (32), (35) and Bolzano’s theorem, we see that there exists te(ta+6t, — g)
such that @y (fu) = 0, which contradicts (33). Hence #; < Z,. In fact from the definition
of t; and (29) we see that #; = t.

Let t( )= t, = t5. Then

~

Pa(tu) <0 for all t € (0,%(u)) and Py(tu) > 0 for all t € (t(u),1].
For B, = {y € W(Q) : |ly|| < p}, let Oy : B, \ {0} — [0,1] be defined by

\(u) 1 if ue B,\ {0}, pa(u) <0,
A f(u) ifueB,\ {0}, Gr(u) > 0.

It is easy to see that 8, (-) is continuous. Then we introduce the map juy : B,\{0} =
(A8 N B,) \ {0} defined by

u if ue B,\ {0}, §r(u) <0,
pa(u) = § 5 . - ~
Or(w)u if ue B,\ {0}, @x(u) > 0.
The continuity of é\,\() implies the continuity of py(-). Moreover, we see that
A _ =id _ :
(@nB,)\{0} (@3nB,)\{0}

It follows that (23N B,)\ {0} is a retract of B, \ {0}. The set B,\ {0} is contractible.
Therefore (23N B,)\ {0} is contractible (see Gasiniski-Papageorgiou [4], Problems 4.153
and 4.159). Also using the deformation

h(t,u) = (1 —t)u for all (¢t,u) € [0,1] x (#5 N B,),

we see that @} N Ep is contractible too. Invoking Proposition 6.1.31, p. 385, of
Papageorgiou-Radulescu-Repovs [16], we have

Hy(@RNB,, (33NB,)\ {0}) =0 forall k e Ny,
= C’k(@,\,O) =0 forall £ € N,.

Now we can prove the existence of nodal solutions.

Proposition 6. If hypotheses H(a), H(§), H(ﬁ) Hy, H(f) hold and A € L. N L_,
then problem (Py) has a nodal solution yy € [v},u}] N C*(Q).

Proof. From (25), (26) and (3) we see that $ is coercive. Also it is sequentially weakly
lower semicontinuous. So, we can find 7 € W1P(Q) such that

(36) OL(@)) = inf[Pf (u) : u € WHP(Q)).
As before, since ¢ < p, we have that
Px (@) < 0= g5(0),
(37) = a0 #0.
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From (36) it follows that
u) € Ky = {0,22} (see Proposition 4),

= u)=ude D, (see (37)).

« —

Note that
Pa o N e (see (26)),
= u) € D, is a local C*(Q)-minimizer of $y,
(38) = )€ D, is a local W"?(Q)-minimizer of @y

(see Papageorgiou-Radulescu [13], Proposition 8).
Similarly using this time the functional @, , we show that
(39) v} € =Dy is a local WHP(Q)-minimizer of 3.

We may assume that 9, (0)) < @ (a2).
The reasoning is similar if the opposite inequality holds using this time (39) instead
of (38). Also, on account of Proposition 4, we may assume that

(40) K3, is finite.

Otherwise we already have an infinity of smooth nodal solutions and so we are done.
Then from (38), (40) and invoking Proposition 5.7.6, p. 367, of Papageorgiou-
Radulescu-Repovs [16], we can find p € (0,1) small such that

(41) Pa(v2) < @a(w) < inf[@a(u) « lu —wil| = p] = i, [lvg —uzll > p.
The functional @y(-) is coercive (see (3) and (25)). Therefore
(42) ©) satisfies the Palais-Smale condition.

Then (41), (42) permit the use of the mountain pass theorem (see Papageorgiou-
Réadulescu-Repovs [16], Theorem 5.4.6, p. 329). So, we can find y, € WP(Q2) such
that

yn € K5, C [v2,u}] N CHQ) (see Proposition 4), iy < @x(yy),
= & {ul, vt} (see (41)).

Since y, is a critical point of @) of mountain pass type, from Theorem 6.5.8, p. 431,
of Papageorgiou-Radulescu-Repovs [16], we have

(43) C(@x ) # 0.

On the other hand, from Proposition 5, we have
(44) Ck((,/O\)\, 0) =0 forall k € Ng.
Comparing (43) and (44), we see that

Yx 7é 07
=y € [}, u}] N CH(Q) is a nodal solution of (Py).

Therefore we can state the following multiplicity theorem for problem (Py).
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Theorem 1. If hypotheses H(a), H(E), H(B), Ho, H(f) hold, then for all A > 0 small
(A€ Ly NL_ # D) problem (Py) has at least three nontrivial solutions ug € Dy,
vg € =D, and yo € [vo, up] N CH(Q) nodal.
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