PARAMETER DEPENDENCE FOR THE POSITIVE SOLUTIONS OF
NONLINEAR, NONHOMOGENEOUS ROBIN PROBLEMS
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ABSTRACT. We consider a parametric nonlinear Robin problem driven by a nonlinear
nonhomogeneous differential operator plus an indefinite potential. The reaction term
is (p — 1)-superlinear but need not satisfy the usual Ambrosetti-Rabinowitz condition.
We look for positive solutions and prove a bifurcation-type result for the set of positive
solutions as the parameter A > 0 varies. Also we prove the existence of a minimal
positive solution v} and determine the monotonicity and continuity properties of the
map A — u3.

1. INTRODUCTION

Let 2 C RY be a bounded domain with a C?-boundary 0. In this paper, we study
the following nonlinear parametric Robin problem
(£)

{—div a(z, Vu(2)) + &(2)u(2)P~ ! = fa(z,u(2)) in Q,

Pt B(z)uPt =0 on 90, u>0,1<p<oo, A>0.

In this problem a : @ xRN — R¥ is a continuous map with y — a(z,y) monotone (hence
maximal monotone too). The map a(z, ) satisfies certain other regularity and growth
conditions listed in hypotheses H(a) below. These hypotheses are general enough to
incorporate in our framework many differential operators of interest such as the p-
Laplacian and the (p, ¢)-Laplacian (sum of a p-Laplacian and of a ¢-Laplacian). The
potential function £(-) is sign-changing. In the reaction term fy(z,z), A > 0 is a
parameter and (z,z,\) = fi(z,x) is Carathéodory, that is, for all x € R and all A > 0,
z — fi(z,2) is measurable, while for a.a. z € Q, (z,\) = f\(z,2) is continuous. We
assume that f(z,-) exhibits (p — 1)-superlinear growth near +oo but without satisfying
the usual in such cases Ambrosetti-Rabinowitz condition (the AR-condition for short).
On the other hand near zero, f\(z,-) has a concave term (that is, a term which is
(p—1)-sublinear as x — 0"). So, we have a “concave-convex” problem, but without the
two nonlinearities being decoupled and global. In the boundary condition, g—“a denotes

the conormal derivative of u, defined by extension of the map !
CHQ) > u — (a(z, Vu),n)gw,

with n(-) being the outward unit normal on 0). The boundary coefficient 3(-) satisfies
B(z) > 0 for all z € OS2

Our aim is to study the nonexistence, existence and multiplicity of the positive solu-
tions as the parameter A > 0 varies. In the past such studies were conducted primarily
in the context of Dirichlet problems driven by the Laplacian or p-Laplacian. We refer to
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the works of Ambrosetti-Brezis-Cerami [3]|, Garcia Azorero-Peral Alonso-Manfredi [9],
Guo-Zhang [13] who deal with equations in which the potential function £ = 0 and the
reaction term has the special form

@)= 42" forallz >0 with 1<g<p<r<p.

Marano-Papageorgiou [18] extended the aforementioned works to nonlinear equations
driven by the Dirichlet p-Laplacian and a reaction term of the form

iz, ) = Mgz, 2) + h(z,x)

with g(z,2) a (p — 1)-sublinear Carathéodory function and h(z,x) a (p — 1)-superlinear
Carathéodory function. The work of Marano-Papageorgiou [18] was extended by Papa-
georgiou-Radulescu-Repovs [25] to semilinear Robin problems driven by the Laplacian
plus an indefinite potential term and by Fragnelli-Mugnai-Papageorgiou [8] to nonlinear
problems driven by the Neumann p-Laplacian plus an indefinite potential. In all the
aforementioned works, the parameter enters into the equation by multiplying the con-
cave term. We also mention the works of Aizicovici-Papageorgiou-Staicu [2], Cardinali-
Papageorgiou-Rubbioni [5], Gasinski-Papageorgiou [12] and Motreanu-Tanaka [20]. In
[2] the problem is Robin driven by a nonhomogeneous differential operator with zero
potential term and f)(z, -) is strictly (p—1)-sublinear near +0o and near 0" (a geometry
complementary to the one assumed here). In [5], the equation is nonlinear logistic of the
superdiffusive type and the operator is the Neumann p-Laplacian with zero potential.
Also, in [12], the equation is Dirichlet driven by the p-Laplacian with zero potential
and the reaction term is Af(z,z) with f(z,-) being (p — 1)-superlinear. Finally in [20]
the authors deal with Dirichlet and Neumann problems driven by a nonhomogeneous
differential operator and with a reaction with zeros.

Using variational methods based on the critical point theory, together with perturba-
tion and truncation techniques and comparison arguments, we prove a bifurcation type
result describing in a precise way the set of positive solutions of (P)) as the parameter
A > 0 varies. Also, we show that for every admissible parameter A > 0, the problem (P))
admits a smallest positive solution u} and determine the monotonicity and continuity
properties of the map A — u3.

2. MATHEMATICAL BACKGROUND - HYPOTHESES

Let X be a Banach space and X* its topological dual. By (-, ) we denote the duality
brackets for the pair (X*, X). Given ¢ € C'(X,R), we say that ¢ satisfies the “Cerami
condition” (the “C-condition” for short), if the following is true:

“Every sequence {un}neny € X such that {o(u,)}neny € R is bounded and (1 +
|un]))¢' (un) = 0 in X* as n — +00, admits a strongly convergent subsequence”.

This is a compactness-type condition on . It leads to a deformation theorem from
which one can derive the minimax theory for the critical values of . Prominent in that
theory is the so-called “mountain pass theorem” of Ambrosetti-Rabinowitz [4]. Here
we state it in a slightly more general form (see Motreanu-Motreanu-Papageorgiou [19],
Theorem 5.40, p. 118).

Theorem 1. If ¢ € C'(X,R) satisfies the C-condition, ug,u; € X, [Ju; —ug|| > p >0,
max{p(ug), p(u1)} < inf{p(u) : [[u —uol| = p} =m, and ¢ = inf,er maxo<i<1 p(¥(t))
with T’ = {y € C([0,1], X) : v(0) = ug, (1) = w1 }, then ¢ > m, and c is a critical value
of ¢ (that is, there exists u € X such that p(u) = ¢, ¢'(u) =0).
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In the analysis of problem (Py), we will use the Sobolev space W'?(Q), the Banach
space C'1(Q) and the “boundary” Lebesgue spaces LI(92) (1 < ¢ < o).
By || - || we denote the norm of W'?(Q) defined by

lull = [JJull2 + [ Vul2]? for all u e Whe(Q).

The Banach space C'(f2) is an ordered Banach space with positive (order) cone given
by
C, ={uecC Q) : u(z) >0 forall z € Q}.
This cone has a nonempty interior given by
Dy ={u€C, :u(z)>0forall z € Q}.

In fact the latter is the interior of C'; also when C'(Q) is equipped with the relative
C(Q)-topology.

On 09 we consider the (N — 1)-dimensional Hausdorff (surface) measure o(-). Using
this measure on 02, we can define in the usual way the boundary Lebesgue spaces
L1(092) (1 < g < 00). From the theory of Sobolev spaces we know that there exists
a unique continuous linear map o : W?(Q) — LP(99Q), called the “trace map”, such
that

Yo(u) = u|aQ for all u € WHP(Q) N C*H(Q).
We know that

1 1 1
im vy = W»"*(0Q) (]; + E = 1) and  ker yp = W()LP(Q)-

The trace map is compact into L9(0S2) for all ¢ € [1, %) if N > p and into

L1(09) for all 1 < ¢ < oo if N < p. In what follows we drop the use of the map ~o(+).
All restrictions of Sobolev functions on 02 are understood in the sense of traces.

Now we will introduce the hypotheses on the map a(z,y). So, let § € C*((0,+0o0))
be a function such that

(1) 0<c< 7 co and ot <O(t) < (T 7

for all t > 0, some ¢, > 0,1 <7 <p<o0.
Let Ry = [0,4+00). The hypotheses on the map a(z,y) are the following:

H(a): a(z,y) = ao(z,|y|)y with ag € C(Q x Ry), ag(z,t)t > 0 forall z € Q, all t > 0
and
(i) ag € CH(Qx(0,+00)), for all z € Q the function t — ag(z, )t is strictly increasing
on (0,+00) and lim+ ag(z,t)t = 0;
t—0

0(ly|)

(i1) |Vya(z,y)| < 03’T for all z € Q, all y € RY \ {0}, some c3 > 0;
(133) (Vya(z,y)&, E)rn > %KP for all z € Q, all y, & € RN with y # 0;

(iv) there exists 6 € (0, 1) such that |V.ag(2,t)| < cs(1+ |Ind|)aog(z,t) for all z € Q,
all ¢t € [9, 1], some ¢4 > 0;

(v) if Go(z,t) = fg ao(z, s)sds for all t > 0, then pGy(z,t) — ag(z,t)t > —n for all
t > 0, some 1 > 0;

(vi) there exists ¢ € (1, p) such that for all z € Q
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o 1 — Go(z,1'/7) is convex,
e 1im G050

t—0+t q .
o ct? < ag(z,t)t* — qGo(z,t) for all z € Q, all £ > 0, some ¢ > 0.

= 0 uniformly for all z € Q,

Remark 1. Hypotheses H(a) (i) — (iv) allow us to use the nonlinear regularity theory
of Lieberman [16] and the nonlinear maximum principle of Zhang [28]. Note that if
Gol(z,t) = [} ao(z,s)sds (see hypothesis H(a) (v)), then Gy € C(Q x Ry) and, for all
z € Q, Go(z, ) is strictly convex and strictly increasing. We set G(z,y) = Go(z, |y|) for
all (z,y) € Q x RY. Then G € C*(Q x RY) and G(z,-) is convex. We have

V,G(z,y) = (Go)i(z, |y])’y?| =ao(z, |y])y = a(z,y) forall z € Q, ally e RY \ {0},

V,G(z,0)=0.
Therefore G/(z, ) is the primitive of a(z,-). The convexity of G(z,-) and the fact that
G(z,0) =0 for all z € Q, imply that
(2) G(z,y) < (a(z,y),y)ry forall z€Q, ally € R,

The next lemma summarizes the main properties of the map a(z,-) and it is a con-
sequence of (1) and of hypotheses H (a) (i), (i7), (7i7) (see also Papageorgiou-Radulescu
[22]).

Lemma 1. If hypotheses H(a) (i), (i7), (iit) hold, then
(a) a € C(Q x RN, RM) N CHQ x RV \ {0},RY) for all z € Q the map y — a(z,y)
is strictly monotone (thus maximal monotone too);
() la(z,y)| < st + |y|P~Y) for all z € Q, all y € RN, some c5 > 0;

(¢) (alz, ) y)ey > 5[yl for all = € O, all y € RN

Using Lemma 1 and (2), we infer the following growth estimates for the primitive
G(z,y).

Corollary 1. If hypotheses H(a) (7), (ii), (iii) hold, then
&1

p(p—1)
Example 1. Suppose that @ € C'(Q) satisfies
0<mn<a(z)<m and |Va(z)] <m forall z€Q.

We consider the following maps

[yl < G(z,y) < ce(1+ |y[F™Y) for all z € Q, all y € RY, some cg > 0.

ai(z,y) =a(z)|yl"?y 1<p< oo,
az(z,y) = [P Py +a(z)|y|" %y 1<q<p<oo,

~ p=2
ag(z,y) =a()[1+yl’]7y 1<p<oo.

They satisfy hypotheses H(a). Note that if @ = 1, then a; corresponds to the p-

Laplacian and as to the (p, ¢)-Laplacian.

Next let us introduce the hypotheses on the potential function £(-) and the boundary
coefficient ((+):
H(§): € € L>®(Q).
H(B): B € C%(d9Q) for some o € (0,1) and B(z) > 0 for all z € 9.
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Remark 2. When = 0, we recover the Neumann problem. So, our work unifies Robin
and Neumann problems. In contrast, in [2] 5(z) > 0 for all z € S

Suppose that fy: 2 x R — R is a Carathéodory function such that
|folz,2)| < ap(2)(1 + |z|P" ") for a.a. z € Q, all z € R, with ag € L®(Q).
Here p* denotes the critical Sobolev exponent for p € (1, 00) defined by
o= NN—_";) if p <N,
+oo if N <p.

We set Fy(z,x) = [ fo(z,s)ds and consider the C'-functional ¢ : W'P(Q2) — R
defined by

0o(1) :/QG(z,Vu)dz—Ir%/Qf(z)|u|pdz+%/mﬁ(zﬂmpda—/QFo(z,u)dz

for all u € WHr(Q).
From Papageorgiou-Réadulescu [24] (Proposition 8), we have:

Proposition 1. If hypotheses H(a) (i) — (iv), H(E), H(B) hold and uy € WHP(Q) is a
local C*(Q)-minimizer of po(-), that is, there exists py > 0 such that

po(to) < @o(ug +h)  for all h € CH(Q), [hller @) < po,

then ug € CH*(Q) for some pu € (0,1) and ug is a local WP (Q)-minimizer of o, that
is, there exists p1 > 0 such that

wo(uo) < wolug +h)  for all h € WHP(Q) with ||h]] < p;.
Consider the operator A : W'P(Q) — WhP(Q)* defined by

(A(u), h) = /Q(a(z,Vu),Vh)RNdz for all u,h € W"P(Q).

From Gasinski-Papageorgiou [11] (Proposition 3.5), we have:

Proposition 2. If hypotheses H(a) (i), (i), (i7i) hold, then A : W1P(Q) — W1P(Q)* is
bounded (that is, it maps bounded sets to bounded sets), continuous, monotone (hence
mazximal monotone too) and of type (S)4, that is,
“Up <> w in WHP(Q) and lim sup(A(u,), u, — u) < 0 = u, — u in WHP(Q)".
n—-+00

The next result is a variant of the strong comparison principle of Fragnelli-Mugnai-
Papageorgiou [7] (Proposition 3). The present formulation is more suitable for our needs
here.

In what follows by D, we denote the following open cone in C*(Q)

D, ={ueC Q) :u(z)>0foral zeQ, Ou <0p.
on AN u=1(0)
Proposition 3. If hypotheses H(a )() (1v) hold, e L>(Q), £>0 for a.a. z €,
hi, ho € L®(Q), 0 < ¢7 < hy(2) — hi(2) for a.a. z € Q and u,v € C1(Q) \ {0} satisfy
u <v and

— dv a(z,Vu(z)) + g(z)]u(z)|p_2u(z) =hi(z) fora.a. z€Q,
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— div a(z, Vu(2)) + £(2)|v(z)P20(2) = ha(z)  for a.a. z € €,
then v —u € ﬁ+.
Proof. We have
—div [a(z, Vv(2)) — a(z, Vu(z))]
(3) =ha(2) — hi(z) — E(2)[|v(2)[P20(z) — |u(z) [P 2u(z)] for a.a. = € Q.

Let a = (a)d_; (ax is the k™-component function of a(-)). The mean value theorem
implies that

N 1
ak(zay)_ak(zay/)zz a
i=1 0

for all y = (y;)N, ally = (y)¥, e RN and all k € {1,...,N}.
We introduce the following functions

(y — o)) (yi — y;)dt

Bz / (2, V() + (T 0(2) = V=) (Vi) = Tou))e

with V; = -2, for all z € Q, all k € {1,...,N}. Then G (-) € W"*(Q). Using
these functions as coefficients, we introduce the following linear differential operator in
divergence form

N
_ o 0 (. ow .
L(w) = —div ( E Cri(z (%z) E 8zk < <Z)(9zi) for all w € H (Q).
Let e=v —wu € C; \ {0}. Then from (3) we have

(4)  L(e) = ha(2) — hi(z) — E(2)[|v(2) [P 20(z) — [u(2)[P2u(z)] for a.a. z € Q.

Suppose that for some zg € 2 we have u(zy) = v(z). Then the uniform continuity of
the map x — |z|P"?z on [—||v||so, ||]|0c] (the map is Holder continuous if 1 < p < 2 and
locally Lipschitz if p > 2, see [9], inequalities (3.1)) and the fact that & € L>(R2), imply
that for 0 > 0 small we have

L(e)(z) > s >0 fora.a. z€ Bs(z) ={z€Q : |z— 2| <}

Invoking the Harnack inequality (see Pucci-Serrin [26], Theorem 7.2.1, p. 163) we
have e(z) = (v — u)(2) > 0 for all z € Bs(z), a contradiction since u(zy) = v(2o)
(alternatively, instead of Harnack’s inequality, we can use the tangency principle of
Pucci-Serrin [26], Theorem 2.5.2, p. 35 or Theorem 4 of Vazquez [27]). So, we have
proved that

e(z) = (v—u)(z) >0 forall z € Q.

Next let X9 = {z € 9Q : e(z) = (v —wu)(z) = 0} and assume that 3y # () (otherwise we
already have ¢ = v —u € D, C int ;). Recall that 99 is a C*-manifold. Then given
2p € Yo, we can find p > 0 small and an p-ball B, such that

B,CQ and 2z € dQNIB,.
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Choosing p > 0 small from (4) and since u(zy) = v(z) (recall zy € Xy), we see that L(+)
is strictly elliptic. So, from the strong maximum principle (see Theorem 4 of Vazquez
[27] or Theorem 2.8.3, p. 43 of Pucci-Serrin [26]), we have

Oe ~ O(v—u)
8_71(20)_ on
= e=v—u€D,.

(Zo) < O,

g

Let # € R. We set 2& = max{4z, 0} and then given u € WP(Q) we define u*(-) =
u(-)*. We know that

ut e WH(Q), u=u"—u", |ul=u"+u".
Also given ¢ € C'(X,R) (X being as before a Banach space), we define
K,={ueX : ¢(u)=0}

the critical set of ¢.
Finally we introduce the hypotheses on the reaction term fy(z,x). In what follows
Fa(z,x) = [ fa(z,8)ds.
H(f): f: QxR x(0,400) = R (f(z,2,\) = fa(z,2)) is Carathéodory, for a.a. z € ,
all A >0, fi(z,0) =0 and
() there exist ay € L>(f2) and ry € (p, p*) nondecreasing in A > 0 such that

A = ||aa||s is bounded on bounded sets of (0, +00),
|fa(z,2)] < ax(z)(1 4+ 2™ for aa. 2z € Q, all 2 >0,
rx — 1o € (p,p*) as A — 07

(73) for every A > 0, we have

F
lim A (27 CL’)
T—+00 xp

(i17) for every A > 0, there exists v, € L'(Q) such that

= 400 uniformly for a.a. z € ;

A = ||7a]lo 18 bounded on bounded sets of (0, +00)
and if dy(z,x) = fa(z,z)x — pF\(z, ), then
da(z,2) < dx(z,y) + (2) foraa ze€Q, all0 <z <y;
(iv) for every A > 0, every s > 0, there exists 0,(s) > 0 such that
0x(s) = 400 as A = 400,
inf[fy(z,2) : > s] > 60\(2) for a.a. z €
(v) for every A > 0, there exist ¢x € [1,¢), nx > 0 and ) € (0, 1] such that
mr® < fr(z,x) foraa. z€Q al0 <z <6,
and there exist r, € (ry,p*) and by, by, by > 0 such that
by = 0T as A\ = 0T,
Mz, ) < ba® ™t F ™t —boaP™t for a.a. 2 € Q, all 2 > 0;
(vi) for every A > X > 0, every s > 0, there exists 7, x(s) > 0 such that
Oz, 2) = fu(z,2) > moa(s) foraa. zeQ alx>s;
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(vii) for every A > 0 and every p > 0, there exists Eg’ > 0 such that, for a.a.
z € €1, the function

r— fiulz,x) + gf\%”_l
is nondecreasing on [0, p].

Remark 3. Since we are looking for positive solutions and all the above hypotheses
concern the positive semiaxis R, = [0, +00), without any loss of generality we assume
that

fulz,) =0 foraa. ze€, allz <0, all A > 0.

Hypotheses H(f) (it), (i7i) imply that fy(z,-) is (p — 1)-superlinear near +oo. However,
this superlinearity condition is not formulated using the AR-condition. Instead we
employ a quasimonotonicity condition on dy(z,-) (see hypothesis H(f) (i7i)). This way
we can fit in our framework superlinear reactions with “slower” growth which fail to
satisfy the AR-condition (see the Examples below). Recall that the AR-condition says
that for all A > 0, we can find M) > 0 such that

(5a) 0 < pFi(z,2) < falz,x)z for a.a. z € Q, all x > M,,
(5b) 0 < essinfoF\ (-, M))
(see Ambrosetti-Rabinowitz [4] and Mugnai [21]).
The quasimonotonicity condition H(f) (i7i) is a slightly more general version of a

condition used by Li-Yang [17]. It is satisfied if for all A > 0, there exists M, > 0 such
that for a.a. z €

f,\(z,x)

ap—1

T — is nondecreasing on [M,, +00),

or equivalently that
x — dy(z,z) is nondecreasing on [My, +00).

For details, see Li-Yang [17]. Hypothesis H(f) (v) implies the presence of a “concave”
term near zero.

Example 2. Hypotheses H(f) above incorporate in our setting the classical “concave-
convex” nonlinearity encountered in the literature

fi@) =AMzt 42" forallz >0, with 1 <g<p<r<p"

This function clearly satisfies the AR-condtion (see (5a), (5b)). On the other hand the
function

) Azd—t — exf1 if0<x<1,
f)\(:l:) -1 .
2 tlne+AN1—-¢) ifl<u,

with 1 < ¢ < 0 < p, 0 < ¢ < 1 satisfies hypotheses H(f) but not the AR-condition.
Finally we present a function satisfying hypothes H(f), in which the parameter A > 0
enters in a nonlinear nonmultiplicative way

z?! if 0 <z <py,
@) .
2P Inx 4+ py if py <z,

with 1 < ¢ <p, ux = p4 ' [1 = 2 %Inpy], pa € (0,1], p — 0" as A — 0.
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Since ¢y < p < r*, by increasing appropriately by (preserving the property that
by — 07 as A — 07) and b; > 0, we can always assume that by > [|{]| (see hypothesis

H(E))-
We introduce the following truncation-perturbation of fy(z,-):

~ 0 if £ <0
6 - =5
(©6) Iz @) {f,\(z, T) + boxP~t if x> 0.

This is a Charathéodory function. We set F Mzox) = [ ]/”;(z,s)ds and consider the
Cl-functional @y : W'?(Q)) — R defined by

Balu) = / G(z. Vs + 1 /

Q

)+ bz + - | peupdo - [ B
Q Q
for all u € WhP(Q).

Proposition 4. If hypotheses H(a), H(§), H(B), H(f) hold, then, for every A > 0, @y
satisfies the C'-condition.

Proof. Consider a sequence {tu, }ney € WHP(2) such that

(7) |Pa(un)| < My for some My >0, all n € N,
(8) (14 |lun @) (tn) — 0 in WHP(Q)* as n — +oo.
From (8) we have
(P\(un), h) < M, for all h € WP(Q) with e, — 0T,
1+ Jun]]
(9)
= [+ [ 6+ bl hds + [ BNl e — [ Fieu) s
Q B Q
< Sl s e,
1+ (|

In (9) we choose h = —u, € W'?(Q) and obtain

c

! I [V, [P +/[§(2) + bo](u, )P dz <e, forallneN
Q

(see Lemma 1, hypothesis H(5) and (6))
= ¢|lu,||” <e, forsome cy >0, all n € N, (recall that by > ||¢]|«)
(10) = wu, =0 in WP,
Next in (9) we choose h = u € W'P(Q). Then
(11)
—/(a(%vui)avui)wdz—/ §(2) (uy )'dz— 5(2)(ui)pda+/ Iz uy dz < e,
0 0 o9 Q

for all n € N (see (6)).
On the other hand from (6), (7) and (10), we have

(12) /Q PGz, Vurt)dz + /Q €y + | B utydo - /Q By (2, ut)dz < My,
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for some M, > 0, all n € N.
We add (11) and (12). We obtain

/[pG(z, Vul) — (alz, Vul), Vu )pn]dz + / dx(z,u})dz < M3
0 Q

for some M35 >0, alln € N

= / dx(z,uf)dz < My for some M, > 0, all n € N (see hypothesis H(a) (v)).

Claim: {u}}en € WHP(Q) is bounded.

We argue by contradiction. So, suppose that the Claim is not true. Then we may
+

assume that ||u|| — +o00 as n — +oo. Let y, =

“ iH, n € N. Then |y,|| =1, y. >0
un

for all n € N and so, by passing to a subsequence if necessary, we have

(14) Y — y in W(Q) and y, — y in L™(Q) and in LP(99), y > 0.

First we assume that y # 0. Let Q* = {z € Q : y(z) > 0}. Then |Q*|y > 0 (here by
| - | ¥ we denote the Lebesgue measure on RY). We have

uf(z) = +oo for a.a. z € Q.

Then, on account of hypothesis H(f) (ii), we have

Rz u,(2)  Fa(zu,(2))

(15) T Yn(2)P = 400 for a.a. z € Q.
Hypotheses H(f) (i), (i7) imply that we can find ¢19 > 0 such that

(16) —c1p < Fy(z,2) foraa. z€ Q,allz > 0.

We have

F + F + F +
/—A(Z;““)dz:/ —A(i’u”)yﬁdw/ —A(i’“”dz
Q ”un ||p * (un )p Q\Q* ||un ||p

F +
< / A(Z—,Un)ypdz _ G || x for all n € N (see (16)),

- (wh)p = P

Fi(z,ul) )
(17) = Tt d — 400 as n — +oo (see (15) and use Fatou’s lemma).
u

Hypotheses H(f) (i4i) implies that
da(z,z) > —y\(2) foraa. z€ Q, all 2z >0,
= ph(z,2) < fi(z,2)x+7(2) foraa. z€Q alx>0.
Then using (15) we have

+
/pF’\<Z7u”)dz
Q

[ (1P
z,ul
f/\(+ fl) Aot ||7i||1
o [luf]lP [ (17
<ecpp+ Il (see (1) and hypotheses H(a) (v), (vi))

[t [P
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(18) < M5 for some M5 >0, all n € N.

Comparing (17) and (18), we have a contradiction.
Next suppose that y = 0. Consider the C''-functional @y : W'?(Q2) — R defined by

Si(y) = — L po L P 1 Pdo — | F
2w = sVl [ ) + bz 45 [ pupdr — [ Beuga:

for all u € WHP(Q). Evidently, ¢ < @) (see Corollary 1). For every n € N, let
tn € [0, 1] be such that

(19) oa(thu,) = max[py(tu,) : 0 <t < 1J.

Let 7 > 0, ny = mm{ L, } and set v, = (%’)ijn, n € N. From (14) and since

y = 0, we have v, — 0 in L™ (Q) as n — +oo. Then from hypothesis H(f) (i) and
Krasnoselskii’s theorem (see Gasinski-Papageorgiou [10], Theorem 3.4.4, p. 407), we
have

/F,\(z,vn)dz—>0 as n — +00.
Q

Recall that ||| — +o0. So, we can find ny € N such that

D v 1
— ] ——€(0,1) for all n> n.
(Uo) [t | ’

Therefore for all n > ng we have

Paltntty) = Ea(vn)  ( see (19))

1 1
= p(pi ) [Vl + = / E(2)vPdz + , mﬁ(z)vﬁda — / Fi(z,v,)dz

(see (6) and note that v,, > 0 for all n € N)

Vu,l||P + —vnp /f vpdz——vnp /F z,vndz}

e KA A ol = [ Fazv)
7o

> ;I|vn||§+un

1
with p, = — fQ z)vbdz — =||val|b — [, Fa(z,v)dz, n > ng. It follows that
p

(20) @A(tnun) > 7+ u, foralln>ng (recall ||y,|| =1 for all n € N).
Evidently p, — 0 as n — +o00. Therefore from (20) we have

(21) oatput) > 5 for all n > ny > ny.

Since T > 0 is arbitrary, from (21) we conclude that

(22) Or(thut) = 400 as n — +oo.

Note that

(23)

?x(0) = 0 and Py (u) < M, for all n € N (see (7), (10) and recall that @) < @).
From (22) and (23) it follows that
€ (0,1) for all n > ns.
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Hence for n > ny we have
d
0=t, d—go,\(tu )
(@A(t uwl), tyu,t)  (by the chain rule)

()| + / Stz + [ )ty
_ /Q Fa(n bt (bt )z (see (6),

—ln

= pPa(tausy) — / dx(z, tyul)dz = 0 for all n > n,
0

= ppa(taul) — / dx(z, taut)dz — ||yall <0 for all n > ny,
0
see hypothesis H(f) (i7i) and recall ¢, € (0,1), n > ny)
(24) = poa(taut) < Mg for some Mg > 0, all n > ny (see (13)).

Comparing (22) and (24) we have a contradiction. This proves the Claim. On account
of the Claim, we may assume that

(25) w5 W in WHP(Q) and w! — @ in L™(Q) and in LP(09).
From (9), (10) and (6), we have
(26

/g Pt hdz + 6( ) (g )P~ 1hda—/fA Y hdz| <& ||h|

foralln € Ny all h € W”’(Q) with &/ — 0.
In (26) we choose h = u} —u € wi P(Q)), pass to the limit as n — 400 and use (25).
Then

lim (A(w)),ut —u) =0,

n—-+400o romn

ul — uin WHP(Q) (see Proposition 2),
u, — U in W'?(Q) (see (10)),

P, satisfies the C-condition.

4

4U

i

Next we show that for A > 0 small the mountain pass geometry (see Theorem 1) is
satisfied.

Proposition 5. If hypotheses H(a), H(E), H(B), H(f) hold, then we can find \g > 0
such that for all X € (0, \) there exists py > 0 for which we have
inf[pa(u) = fJull = pa] = mx > 0.

Proof. Hypothesis H(f) (v) implies that

b b b
(27) Fy(z,1) < 229 + g™ — 222 foraa. z€Q,allz >0,

5} Tx p
Then for all u € W'?(Q), we have

> “ p 1 P 1 p
22w > A Vulg o [ )+ bllldz+ 5 [ pC)pupas
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by

[
T

™ (see (27) and (6))

Tx

b
Dty -

> capflull” = cas[ballul|™ + [lu
(28) = [eaa — cas(Oallul| 77 + flul[™ ") lul["-
Let Jy(t) = bxt™ P +t™P for all t > 0. Since gy < p < 1y, it follows that

"] for some c9, c13 (recall by > ||€]|o0)

Jy(t) = 400 ast— 0" and t — +oo.
So, we can find ¢ € (0,400) such that
Jr(to) = %Izlg Jy(1).
We have
J\(to) =0,
= bp—a)td " = (e =)ty P,
tg*—qA _ br(p — a)

= )
Ty — P
1
by(p — —ax
_ t0:<’\(p Q)\)) A_
Ty — P
Then we have
pP—a) Tk —P
T« —=p \T balp — QA)) R
2 nlt) = by (P )T (— |
29 alto) ’ (b,\(P—QA)) Ts —P
Note that
PZD 1 and by — 0" as A — 0F (see hypothesis H(f) (v)).
Tx — gX

Then from (29) it follows that
Ja(tg) = 0t as A — 0T,
Therefore we can find Ay > 0 such that
c13x(tg) < c1a for all X € (0, \g).
Using this in (28), we see that
inf[@x(u) : |lul] = px =to(A)] =my >0 for all A € (0, \g).

We introduce the following two sets:

L :={A >0 : problem (P)) admits a positive solution},

Sy is the set of positive solutions of problem (Py).

In the next result we will use the nonlinear strong maximum principle of Zhang [28]
(nonlinear Hopf boundary point theorem). The result of Zhang [28] concerns nonlin-
ear, nonhomogeneous differential operators with nonstandard growth (that is, p(z)-
equations). Of course such a result includes as a special case, operators with standard
balanced growth as is our operator here. In Zhang [28] the conditions on the map a(z, y)
are the “nonstandard” counterpart of the conditions used by Lieberman [15] in his first
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global nonlinear regularity results. Later Lieberman [16] extended those regularity re-
sults using the more general which as we already remarked, we use here (see hypotheses
H(a) (4), (i), (i17)). So, these conditions together with hypothesis H(a) (iv) taken from
Zhang [28] (see (7)), guarantee the validity of Theorems 1.1 and 1.2 of Zhang [28] in our
setting. In fact a look at the proof of Theorem 1.1, p. 29 of [28] reveals that with very
minor changes remains valid, under our conditions (see (1) in this paper). Therefore
the result of Zhang [28] can be used here.

Proposition 6. If hypotheses H(a), H(&), H(5), H(f) hold, then Sy C D,.
Proof. Let A € L and uy € S\. Then
—diva(z, Vuy(2)) + €(2)un(z)P! = fa(z,ux(2)) for a.a. z € Q,

ou
ong,

From (30) and Papageorgiou-Radulescu [24] (Proposition 2.10), we have
uy € L*(Q).
Then the nonlinear regularity theory of Lieberman [16] implies that
uy € Cy \ {0}.

Let p = |Jux|loo and let 8;’ > 0 be as postulated by hypothesis H(f) (vii). From (30) we
have

(30) + B(2)uf" =0 0n 99, (see Papageorgiou-Radulescu [23]).

div a(z, Vua(2)) < [|€lloe + EJur(2)P~" for aa. z € Q
= wuy € Dy (see Zhang [28], Theorem 1.2).
Hence we conclude that Sy C D,. O

Next we prove a structural property of L.

Proposition 7. If hypotheses H(a), H(E), H(B), H(f) hold, then (0,\] C L for each
AeL.

Proof. Let 7 € (0,\) and let uy € Sy C D, (see Proposition 6). Recall by > [|{]|~ and
consider the following Carathéodory function

zZ,.Xr) = f’?’(z7x) + b2<m+)p*1 if r < U)\(Z),
oy ) {fT(%UA(z)) Fhun(P i un(z) < 7

We set K, (z,2) = [ k-(2, s)ds and let oyt WP(Q) = R be the C'-functional defined
by

b 1 p 1 2 |ulPdo — z,u)dz
@/JT(U)=/QG(Z,W)derE/Q[é(Z)+bz]IU| d2+p/aﬂﬂ( JJulPd /QKT(, )

for all u € W?(Q). From (31) and since by > [|¢||s, we see that i, is coercive. Also,

using the Sobolev embedding and the compactness of the trace map, we have that 127()

is sequentially weakly lower semicontinuous. So, by the Weierstrass-Tonelli theorem,
we can find u, € W?(Q) such that

(32) Ur(ur) = inf[Y, (u) : u € WHP(Q)).



PARAMETER DEPENDENCE FOR THE POSITIVE SOLUTIONS OF ROBIN PROBLEMS 15

Hypothesis H(a) (vi) implies that we can find 6 € (0, min{é,, ming uy, 1}) (recall that
uy € D) such that

(33) Glz,y) <[yl forall y € RY, Jy| <4,
Let u € Dy and choose t € (0,1) small such that
(34) tu(z), t|{Vu(z)| € (0,0] for all z € (.

From (33), (34) and hypothesis H(f) (v) (recall 5 < J,), we have

~

W (tu) Stq014||U||q+tp/ B(2)|ulPdo — 1P nx|[ul|3),
o

for some c14 > 0 (note that [tul’ < |tu|? since ¢ < p, 5 < 1).
Recall that 1 < ¢\ < g and t € (0,1). So, by choosing ¢ € (0,1) even smaller if
necessary, we have

U (tu) <0,
= Pr(ur) <0 =1,(0) (see (32)),
= u, #0.
From (32) we have
O (ur) =0,
(35)
A(u,), h bl [P~2u, hd P 2uhdo = | ko(z,u.)hd
= (A(ur) >+/Q[£(Z)+ o] fu- " u Z+/695(2)\UI urhdo /Q (2, ur)hdz

for all h € WP(Q2). In (35) we choose h = —u; € WH(Q). Then
C1
p—1
= cllu||P <0 for some ¢15 > 0 (recall by > ||€]|0),
(36) = wu,>0,u, #0.
Also, in (35) we choose h = (u, — uy)* € WHP(Q). Then
(Afw). (ar = u)) +

Q

[Vus|[F + /Q[ﬁ(z) + bo](u;)Pdz < 0 (see hypothesis H(fS) and (31)),

[€(2) + boJul ™ (ur — un)*dz + . B2l (ur — uy)Tdo
_ /Q (2, u) + bl (ur — un)dz  (see (31))

< /Q[fk(z,u)\) + bw’;_l](uT —uy)Tdz (see hypothesis H(f) (vi))

#NWM%—WW+/

[€(2) 4 boJul  (ur —up)Tdz + | B(2)ul (uy — upy)tdo
Q 09

(since uy € Sy),
= u, <wuy (recall by > ||{|| and see hypothesis H(f)).

Therefore, we have proved that

(37) ur € [0,uy] = {u € W(Q) : 0 <u(z) <uy(z) for a.a. z € Q},
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u, # 0 (see (36)).

From (35), (37) and (31), we obtain
(A(u,),h) + /Qf(z)uﬁ_lhdz +/<9 B(z)ul hdo = /QfT(z,uT)hdz

for all h € WP(Q)

Q

= u, €5, CD; andsorTelL.
Therefore (0,\] C L. O

The above proposition implies that £ is an interval. Moreover, an interesting byprod-
uct of the above proof, is the following monotonicity-type property for the solution
multifunction A — S):

(WM) “If A€ £, 7 € (0,\] and uy € Sy C D, then 7 € £ and we can find u, € S; C
D/ such that uy —u, € C; \ {0}.”

With a little additional effort, we can have the following strong monotonicity property
for the solution multifunction A — 5.

Proposition 8. If hypotheses H(a), H(§), H(B), H(f) hold, X € L, n € (0,\) and
uy € S\ € Dy, then p € L and there exists u, € S, such that uy —u, € D,.

Proof. From Proposition 7 and the (WM)-property above, we already know that p € £
and we can find v, € S, € D, such that

(38) uy —u, € Cp\ {0}
Let p = |lu|lo and let E;’,Eg > 0 be as postulated by hypothesis H(f) (vii). We set
& = max{gf\’, Eg, €]} and £ > £°. Evidently for a..a. z €  we have that

z— falz,2) + 27" and =z — fulz, ) + graP!

are nondecreasing on [0, p|.

We have
— diva(z, Vuu(2)) + [£(2) + Eu, ()P~
= fulz,u(2)) + Eup(2)P !

(39)
—diva(z, Vua(2)) + [€(2) + E)ua(2)P! for a.a. z € Q (recall that uy € S)).
If hy(2) = fu(z,uu(2)) + Euu(2)P7", ho(2) = fa(z, ur(2)) + EPux(2)P~", then
hi,hy € L>(Q),
0 <muls) < ho(z) —hi(z) foraa. zeQ.
From (39) and Proposition 3, it follows that

uy —u, € Dy



PARAMETER DEPENDENCE FOR THE POSITIVE SOLUTIONS OF ROBIN PROBLEMS 17

Now we prove that £ # ) (that is, existence of admissible parameters).
Proposition 9. If hypotheses H(a), H(E), H(B), H(f) hold, then L # (.

Proof. Let A\g > 0 be as in Proposition 5 and let A € (0, \g). From Proposition 4 we
know that

(40) o) satisfies the C-condition.
Also from Proposition 2 we have
(41) 0 = &x(0) < inf[@r(u) : u € WP(Q)] = .
If w € Dy, then hypothesis H(f) (i7i) implies that
(42) Pa(tu) - —c0  ast — +oc.

On account of (40), (41), (42) we can apply Theorem 1 (the mountain pass theorem)
and find u, € W'?(Q) such that

(43) Uy € K@/\ and T/i\l)\ < (/ﬁ)\(U)\).
From (43) and (41), we have
U 7é 0

(44) (A(ux),h)+/[f(Z)erz]luAlp_ZUAhder/m 5(z)|u/\|p_2u/\hd‘7:/Qf/i\(zaUA)hdZ

Q

for all h € Whr(Q).
In (44) we choose h = —u; € WHP(Q). Then

C1
p—1
= celluy ||P <0 for some ci6 > 0 (recall that by > ||€]|~),
= wuy > 0,uy #0.
Then (44) becomes

(A(uy), h) + /Q E(2)ub " hdz + » B(2)ul " hdo = /Q fa(z, ux)hdz

for all h € WP(Q) (see (6))
= wuy €5, C D, and X € L, hence L # () (in fact (0, ) C L).

[Vuy [ + /Q[f(z) + by (uy )Pdz < 0 (see Lemma 1, hypothesis H (/) and (6)),

O
We set \* =sup £ > 0.
Proposition 10. If hypotheses H(a), H(&), H(), H(f) hold, then \* < oco.

Proof. We fix > ||£]|c0- We claim that we can find X > 0 such that
(45) f5(z,2) > paP™t for aa. 2 € Q, all z > 0.

To see this, we fix \Y > 0. Hypotheses H(f) (i), (i7¢) imply that we can find M; > 0
such that

(46) fro(z,z) > paP™t for a.a. z € Q, all 2 > M.
Since gyo < ¢ < p, hypothesis H(f) (v) implies that we can find d§y € (0, dy0] such that
(47) fro(z,x) > n)\oxq%(’_l > ,uxp_l for a.a. z € Q, all 0 < x < dy.
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From hypothesis H(f) (iv) we know
0x(dp) = +o00 as A — 4o0.
Therefore we can find A > A° such that
05(60) > I~
Then hypothesis H(f) (iv) implies that
(48) fi(z,m) > 05(60) > pME™ > paP™! for aa. z € Q, all § < x < M;.

From (46), (47), (48) and since A — fy(z,x) is increasing (see hypothesis H(f) (vi)),
we infer that (45) holds.

Consider A > \ and suppose that A € £. Then we can find uy € Sy, C D,. We set
0 < my = ming u,.

For § > 0 small, let m§ = my + 4. For p = |luy|/oo let @ > 0 be as postulated by
hypothesis H(f) (vii). We can always assume that {’; > ||€]|co- Then

—div a(z, Vm3) + [(2) + E)m)"

= [€(2) + &I (md)r!

[+ ()" (recall that > [[¢]|.c)

<[pn+ fA]m/\ + x(8)  with x(6) = 0" as § — 0T

< fi(z,ma) + EmE T + x(5)  (see (45))

(z,ma) + EmE " + [f5(2,ma) = falz,ma)] + x(0)

< falz,my) + 6/\m/\ ! —nya(ma) +x(0)  (see hypothesis H(f) (vi))
< Az ua(2)) + Eua ()P =y 5(ma) + x(9)

(see hypothesis H(f) (vii) and recall m) = ming u,)
1
= 577,\5(7")\)
for 0 > 0 small (recall x(§) — 0" as § — 0T)
< falz,ua(2)) + Eua (2
(49) = —div a(z, Vuy(2)) + gf\’u,\(z)p_l for a.a. z € Q (since uy € S)).

From (49) it follows that

A\

< falz un(2)) + Eun(2)P”

mS < wuy for & > 0 small.

This contradicts the fact that my = ming uy. Therefore A ¢ £ and we have

A*:sup£§X<+oo.

Combining Propositions 7 and 10, we have
(50) (0,A") € L C(0,\].
Proposition 11. If hypotheses H(a), H(§), H(B), H(f) hold and X € (0,\*), then

problem (Py) admits at least two positive solutions uy,uy € Dy and uy < Uy.
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Proof. Let 7 € (A, \*). From (50) we have that 7 € £ and so we can find u, € S; C D,.
Then from Proposition 8 we know that we can find uy € S\ C D, such that
(51) u; —uy € int Cy.

Using this uy € Sy € Dy and p > ||£]|l, We introduce the following truncation-
perturbation of the reaction term for problem (P):

_ Iz un(2) + pun(2)P1if 2 < uy(z),
ex(z,x)

(52) Iz, o) + pP? if uy(z) < .

This is a Carathédory function. We set Ex(z,z) = [J
functional @y : WP(Q) — R defined by

2w = [ 6Vt [ €0+t [ pElrdr - [ B

for all u € WHP(Q). From (52) it is clear that ey(z, ) has the same asymptotic behavior

as © — +oo with the function f ( -). So, with minor modifications in the proof of
Proposition 4 we show that

ex(z, s)ds and consider the C-

(53) ¥, satisfies the C-condition.

Claim: We may assume that uy € D, is a local minimizer of ¢,. Consider the following
truncation of ey(z,-):

S (s p) = ex(z,x) if v < wu.(2),
(54) \(z2) {e,\(z,uT(z)) if u,(2) < .

This is a Carathédory function. We set E,\(z,ac) =Jy
functional @} : W1P(Q) — R defined by

5 (u) = /QG(Z,Vu)dz +%/Q[§(z) + plfulds +% ROTE /QEA(z,u)dz

for all w € WP(Q). Evidently @} is coercive (see (54), (52)) and sequentially weakly
lower semicontinuous. So, we can find u} € W'P(Q) such that

(55) Pi(ui) = inf[@5(u) : w € WH(Q)].

From (55) we have

(@) (u3) = 0,

éx(z,s)ds and consider the C'-

(56)
= () B+ / (6(2) + o) P2z + /

B(z)|u§|p_2u§hda://e\,\(z,ui)hdz
)

Q

for all h € Whr(Q).
In (56) first we choose h = (uy — u})*™ € W'?(Q). Then

(A), (ux — u)) + / ) P2 (un — ) dz
Q

+ [ B i (un — i) Fdo
[2}9]
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= [ )+ Y — ) s (see (54), (52)
Q

— (Alun), (= 13)7) + / 6(2) + e un — )z

+ [ B(2)uy Huy — ul)Tdo (since uy € Sy),
o9
= uy < uy.

Also, in (56) we choose h = (u} —u,)™ € WHP(Q). Then
(A(u3), (ux —ur)™) + /Q[E(Z) + ) (u3)P () — ur) Tdz

+ [ B W) (U — ur)do
o9

= /[f,\(z,uT) + puP ) (uy —u)tdz  (see (54), (52) and recall uy < u,)
Q

< /[fT(z, ur) + pul ™ (uy — ur)tdz  (since A < 7, see hypothesis H(f) (vi))
Q

— (Afur), ( — ur)*) + / 6() + il (0 — ) dz

+ [ B(2)ur (u} — u,)Tdo(since u, € S,),
o0
= u) < u,.

These facts and the nonlinear regularity theory of Lieberman [16], imply that
uy = [ux,u ] N Dy

If uy # u}, then this is the desired second positive solution of (Py) (see (54), (52)).
So, we have two positive solutions uy,uy € Dy, uy < uj and we are done.
So, we assume that
uy = Uy.

Note that

Prliow,) = %ho,uT] (see (52), (54)).
From (51) and (55), we see that
uy is a local C*(Q)-minimizer of &
=y is a local W'P(Q)-minimizer of @.

This proves the Claim. From the proof of the Claim, we have that

(57) Kz, Clux) N Dy ={u€ Dy :up(2) <u(z) for all z € Q}.
From (57) we see that we may assume that
(58) K3, is finite.

Otherwise we already have an infinity of positive smooth solutions of (Py) (see (52),
(57)). So, we are done. On account of the Claim and (58), we can find p € (0, 1) small
such that

(59) Pa(un) < inf[@a(u) : [u—usll = p] = ma.
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(see Aizicovici-Papageorgiou-Staicu [1], proof of Proposition 29). Hypothesis H(f) (i)
and (52) imply that

(60) oa(tu) - —oc0  ast — +oc.

Then (53), (59), (60) permit the use of Theorem 1 (the mountain pass theorem). So,
we can find @y, € WH?(Q) such that

(61) a)\ < K§5>\ and 771)\ < @1)\(@))
From (57), (59), (61) we conclude that
uy € D, is a second positive solution of (Py), uy # Uy, uy < Uy.
]

Next we check the admissibility of the critical parameter A\* € (0,400) (that is,
whether \* € L).

Proposition 12. If hypotheses H(a), H(E), H(B), H(f) hold, then \* € L, that is,
L= (0, \].

Proof. Let {\,}nen C (0, A*) and assume that A — (A*)™ as n — +o0. Let u, € S, C
D, for all n € N. We have

(62) (A(uy), h) +/Q§(z)ufb_1hdz+

for all h € WhP(Q), all n € N.
In (62) we choose h = u,, € W'?(Q). Then

(63) —/Q(a(z,Vun),Vun)RNdz—/Qg(z)ugdz_ .

for all n € N. From the proof of Proposition 7, we know that we can assume that these
solutions satisfy

(64) /QpG(z,Vun)dz + /Qf(z)uﬁdz—i- ” B(z)ubdo — /QpF,\n(z,un)dz <0

for all n € N. Adding (63), (64) and using hypothesis H(a) (v), we obtain

Bl b = [ i, ()i
Q

o0

/B(z)uﬁda—l—/ o, (2, up)updz =0
Q

(65) / dy, (z,up)dz < Mg for some Mg > 0, all n € N.
Q

Using (65) and reasoning as in the Claim in the proof of Proposition 4, we show that
{t fnen € WHP(Q) is bounded.
So, we may assume that
(66) U, — U, in WH(Q) and u,, — u, in L™ (Q) and in LP(99).

In (62) we choose h = u,, — u, € WP(Q), pass to the limit as n — 400 and use (66).
Then

lim (A(un), un — us) =0,

n—-+4o0o

(67) = u, — u, in W(Q) (see Proposition 2).

Passing to the limit as n — 400 in (62) and using (67), we obtain
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(Aus), h) + /Q o s+ [

= u, is a nonnegative solution of (Py«).

B(z)ul hdo = /ny(z,u*)hdz for all h € WhP(Q)

We need to show that u, # 0. Then u, € S\« C D, and \* € L.
To this end, first note that
(68)
fa(z,0) > fr,(z,2) > o™ — g™ foraa. 2z € Q, all 2 > 0, some ¢y > 0

(see hypotheses H(f) (i), (v)).
Motivated by (68), we consider the following nonlinear auxiliary Robin problem

(69)
—diV a(z, Vu(z2)) + £ (2)[u(2)[P?u(z) =, Ju(2)| ™1 "?u(z) = eglu(z)[™1 " u(z) in Q,
+ B(2)|ufP?u =0 on JN).

8na

If & = 0 (that is £ < 0 for a.a. z € ), then instead of (T we use any positive
L (Q)-function.
We consider C'-functional 6, : W1?(Q) — R defined by

~

i = [ Gtz [ ez [ 6o P

for all u € WP(Q). Since ¢y, < p < ry,, the functional is coercive. It is also sequentially
weakly lower semicontinuous. So, we can find u € WH?(Q) such that

(70) 0. (0) = inf[0, (u) : u € W(Q))].
As in the proof of Proposition 7, exploiting the fact that ¢\, < p < r),, we have that

0. () < 0=0,(0),
= u#0.

From (70) we have
0, (u) =
71 + p—2-~ h,d ~p72~hd
() = /é )ulP~"u Z+/mﬁ(z)|u| thdo
= [ @) (s

for all h € WhHr(Q).
Choosing h = —u~ € WH(Q) in (71), we obtain

T>0,%#0.

So, problem (69) admits a positive solution %, which by the nonlinear regularity theory
of Lieberman [16] and the nonlinear maximum principle of Zhang [28] belong in D,
(that is, w € D).
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We will show that this positive solution u € D, of (69)_18 in fact unique. For this
purpose, we introduce the integral functional j : L'(Q) — R = R U {400} defined by

i(u) = Jo Gz Vun)dz 43 fo €4 (2Jubdz 4 foo f()uido i u>0,us € WH(Q),
oo otherwise.

Using hypothesis H(a) (vi) and Lemma 1 of Diaz-Sa& [6], as in Papageorgiou-Radulescu
[22], we show that j(-) is convex (recall ¢ < p, see hypothesis H(a) (vi)).
Suppose v € WHP(Q) is another positive solution of (69). Again, we have
veD,.
Hence, if dom j = {u € L'(Q) : j(u) < +oo} (the effective domain of j(-), then for [¢|
small we have for all h € C1(9)

u?+th € dom j and v?+th € dom j.

Note that j(-) is Gateaux differentiable at u¢ and at v? in the direction h and using the

chain rule and the nonlinear Green’s identity (see, for example, Gasinski-Papageorgiou
[10], Theorem 2.4.53, p. 210), we have

hdz

j,(aq)(h) = 1/ —div CL(Z’ Vj])ﬁ—l— f+(2)ﬂp_1 hds — / ﬁAlﬂq*l_th 016ﬂ7”k1—1
470 et Q w1

- [ AT 0 i,
Q Q

q ’@’q—l '1‘)’q—1

for all h € C1(Q).
The convexity of j(-) implies the monotonicity of j/(-). Hence

1 1 o ) o
O S \/&—\2 |:,’7A1 (aq_q/\l - ’i‘}’q—q/\1> — C16 (u DY R ’,&’T‘/\l Q):| (uq _ "Uq)dz

= u=0 (sinceqy <qg<p<ry).

This proves the uniqueness of the positive solution u € D, of (69).
Now let n € N. We will show that

(72) u<wforall ues,,.

Fix u € S, and consider the Carathéodory function 7(z, x) defined by
0 if x <0,

(73) 7(z,2) = ¢ py, ™7t — g™t if 0 <z <u(z),
My u(2)™ ™ = cgu(z)™ ™t if u(z) < @

We set T'(z,z) = [ 7(z, s)ds and consider the C*-functional 6y : W'(Q) — R defined
by

emg:Aa@vw@+%Aﬁ@mm@+%éf@mmw—éﬂam@

for all u € W?(Q). Evidently 6y(-) is coercive (see (73)) and sequentially weakly lower
semicontinuous. So, we can find u € W?(Q) such that

0o(0) = inf[fp(u) : u € W'P(Q)] <0 =6p(0) (recall gy, < g <p<T7y)
= u#0 and ue€ Ky,.
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We have
0o (u) =
/ £+ (2)[alP2ihdz + / B(2)|@P2iihdo — / (2, 0)hd>
o0 Q

for all h € WhP(Q)
First we choose h = —u~ € W'P(Q) and obtain u > 0. Next we choose h = (i—u)" €
WP (Q). We have

(A@), (@ — u)* / P a-wds+ | BT @ wdo
_ /Q I u® ™! — ergu™ V(@ — w)de (see (73)

< / P () (@ — )t dz

— (A, (7 — u)* /g Y@ - u)dz + | B2 (@ - u) do

o0
(since u € Sy,),

< (A(u), (@—u)" / EN(2)uP A — u)tdz + B( YuP~HU — u)Tdo
= u<u.
From these observations and the nonlinear regularity theory, we have

u € [0,ulN Dy

is a positive solution of (69),

g )

= u,

=
=
= (72) holds.

—

So, we have
u < u, foralln > 1,
= u < u, (see (66))
= u, €Sy andso A€ L (thatis, L= (0,\]).
U

We summarize the work done in this section, with the following bifurcation-type
result.

Theorem 2. If hypotheses H(a), H(E), H(B), H(f) hold, then there exists \* > 0 such
that

(a) for all A € (0, \*) problem (Py) has at least two positive solutions
uy, Uy € Dy, uy <y, uy # Uy;
(b) for A = X* problem (Py) has at least one positive solution
Uy € Dy

(c) for X > X* problem (Py) has no positive solution.
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3. MINIMAL POSITIVE SOLUTIONS

In this section we show that for every A € £ C (0, A*] problem (P)) has a smallest
positive solution vy € D;. We also study the monotonicity and continuity properties
of the map A — uj}.

Proposition 13. If hypotheses H(a), H(E), H(5), H(f) hold, then for every A € L =
(0, \*] problem (Py) admits a smallest positive solution uy € D.

Proof. We know that S, is downward directed, that is, given uy,us € Sy, we can find
u € Sy such that v < uy, u < uy (see Papageorgiou-Radulescu-Repovs [25], proof of
Proposition 9). Then invoking Lemma 3.10, p.178, of Hu-Papageorgiou [14], we can
find {u, }neny C Sy decreasing such that

inf S, = inf u,,.
neN

From the proof of Proposition 12, we have
{ty }nen € WHP(Q) is bounded, @ < u,, for all n € N.
So we may assume that
(74)  w, = u} in W'(Q) and u,, — u} in L™(Q) and in LP(0Q), @ < uj.

For every n € N, we have
1) (Al )+ [ )l s+
Q

for all h € Whr(Q).
In (75) we choose h = u,, — u} € WHP(Q), pass to the limit as n — 400 and use (74).
Then

O L WACBI
Q

o0

n1_1£100<14(un), Up — uA> =0,

(76) = u, — u} in W"(Q) (see Proposition 2).
If in (75) we pass to the limit as n — 400 and use (76), then

(A(uy), h) + /Qf(z)(u;)plhdz + o B(2)(uy)Pthdo = /Qf,\(z, u)hdz
for all h € Whr(Q)

u < uy.
Therefore uy € Sy and u} = inf S). 0
Consider the map € : £ = (0, \*] — C1(Q) defined by

e(A) = u}.

In the next proposition we establish the monotonicity and continuity properties of
this map.

Proposition 14. If hypotheses H(a), H(&), H(B), H(f) hold, then the map € : L =
(0, \*] — Cy defined above is

e strictly monotone in the sense that

A<T€eEL=u. —u\ € Dy;
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o ¢(-) is left continuous, that is if {\n, A\}nen C L, then
A = AT = Uy — ) in CHQ).

Proof. Let T € L and A < 7 (hence A € L, see Proposition 7). On account of Proposition
8 we can find uy € S\ C D, such that

This proves the strict monotonicity of e(-).

Next let {A\;, A\}neny € £ and assume that A\, — A~. From the first part of the
proof we know that {u} }nen € Dy is increasing. In addition {u} }nen € W'P(Q) is
bounded. The nonlinear regularity theory of Lieberman [16] implies that there exist
v € (0,1) and Mg > 0 such that

uy, € CHY(Q) and  u} lora@ < Mo for all m e N.

The compact embedding of C*7(€2) into C*(Q) and the monotonicity of {u} }nen imply
that for the original sequence we have

(77) wy =y in C'(Q).
Evidently u} € Sx. Suppose that @} # u}. Then we can find z, € Q such that

ux(20) < ux(20)
= u\(20) < uy,(20) for all n > ng (see (77)),

a contradiction to the strict monotonicity of e. Therefore u} = u} and this proves the
left continuity of the map e(-). d

We can state the following result which complements Theorem 2.

Theorem 3. If hypotheses H(a), H(&), H(B), H(f) hold, then for every A G L=(0,\*
problem (Py) admits a smallest positive solution vy € D, and the map e : L = (0, \*] —
CH(Q) is

o strictly monotone, that is A <17 € L = u} —ul € ﬁ+;

o &(-) is left continuous, that is {\,, \}nen C L and Ay = X~ = u} — u} in C' ().
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