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MODEL SELECTION PROCEDURE FOR MIXTURE
HIDDEN MARKOV MODELS
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ABSTRACT: This paper proposes a model selection procedure to identify the number
of clusters and hidden states in discrete Mixture Hidden Markov models (MHMMs).
The model selection is based on a step-wise approach that uses, as score, information
criteria and an entropy criterion. By means of a simulation study, we show that our
procedure performs better than classical model selection methods in identifying the
correct number of clusters and hidden states or an approximation of them.

KEYWORDS: model selection, clusters, hidden states, entropy-based scores, informa-
tion criteria

1 Introduction

In many research fields, we deal with data whose independent units present one
or more categorical sequences that represent the evolution of a specific feature
over time (longitudinal data). Thus, it is necessary to define suitable meth-
ods capable of modelling an evolving process by describing some unknown
variables that influence the observed sequences. Latent class models such as
MHMMs can be used to analyse longitudinal data under the assumptions that
(i) the sequences follows a latent Markov process and that (ii) the popula-
tion is heterogeneous (Vermunt et al., 2008; Bartolucci & Pandolfi, 2015).
These models present two latent levels: one related to the hidden states of the
discrete-time Markov chain and one representing the population’s subgroups.
The identification of the number of clusters and hidden states can be achieved,
according to the literature on Mixture and Hidden Markov models, by fitting
different models to the data and then selecting the model by using the results of
information criteria (IC) such as AIC and BIC or classification criteria based
on entropy (Dias et al., 2009; Crayen et al., 2012). However, these criteria tend
to underestimate or overestimate these numbers (Wang & Chan, 2011). Here,
we define a model selection procedure that combines IC and an entropy crite-
rion to balance their limitations. Performing a simulation study, we show that
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the proposed procedure exhibits promising results compared to the classical
techniques.

2 Mixture Hidden Markov models

Let Yi =(Yi1,Yi2, . . . ,YiT ) be the generic i-th sequence of length T with card|Yi|=
R, Ui = (Ui1,Ui2, . . . ,UiT ) the i-th hidden random vector with card|Ui|= S and
assume n independent sequences. Let M = {M1,M2, . . . ,MK} be a set of Hid-
den Markov Models, where Θk = {πk,Ak,Bk} is the set of parameters for each
sub-models Mk, related to each sub-population k = 1, . . . ,K. For each sequence
Yi, we define the prior cluster probabilities that the model parameters are the
ones related to the k-th sub-model Mk as P(Mk) = wk. Then, the log-likelihood
is

�(Θ;Y ) =
n

∑
i=1

logP(Yi|Θ) =
n

∑
i=1

log

(
K

∑
k=1

wik ∑
u

πk
u1

bk
u1
(yi1)

T

∏
t=2

ak
ut−1,ut

bk
ut
(yit)

)
,

(1)
where the hidden state sequences u = (u1,u2, . . . ,uT ) take all possible com-
binations of values in the hidden state space S and where yit are the obser-
vations of subject i at time t, πk

u1
= P(u1 = s|Θk) with s ∈ {1, . . . ,Sk} is the

initial probability of the hidden state at time t = 1 in sequence u for cluster
k; ak

ut−1,ut
= P(ut = j|ut−1 = i,Θk) with i, j ∈ {1, . . . ,S} is the transition prob-

ability from the hidden state at time t − 1 to the hidden state at t in cluster
k; and bk

ut
(yit) = P(yit = r|ut = s,Θk) with s ∈ {1, . . . ,S} and r ∈ {1, . . . ,R}

is the probability that the hidden state of subject i at time t emits the ob-
served state at t in cluster k. Parameters can be estimated by means of the
Expectation-Maximization; and the log-likelihood is calculated by using the
forward-backward algorithm.

3 Proposed model selection procedure

Our proposed procedure combines IC and entropy for identifying MHMMs
models on the basis of both goodness-of-fit and degree of class separation.
Hence, the procedure consists of two stages. Firstly, we estimate models with
different number of clusters and states, for each model the IC value is calcu-
lated and the models having these values below a predetermined threshold (the
mean of the IC) are selected. At the second stage, an entropy criterion is used
to identify among the models selected at the first-stage the one with the best
degree of separation between classes (clusters and states). At the second stage,

when dealing with MHMMs, it is necessary to define a criterion that takes into
account two levels of entropy: the first En1(S) relating to the classification of
observations in latent states and the second En2(K) concerning the degree of
separation between clusters.

Enew(S,K) = 1− 1
2n

[
En1(S)
T logS

+
En2(K)

logK

]
(2)

where

En1(S) =
n
∑

i=1

T
∑

t=1

K
∑

k=1

Sk

∑
s=1

P(uit = s|Yi,Mk) logP(uit = s|Yi,Mk),

En2(K) =
n
∑

i=1

K
∑

k=1
P(Mk|Yi) logP(Mk|Yi).

P(Mk|Yi) is the posterior probability that the given i-th observed sequence
has been generated by the k-th model; P(uit = s|Yi,Mk) is the posterior prob-
ability that the t-th element in the i-th hidden sequence takes the s-th hidden
states given the observed sequence Yi and that the sequence has been generated
by the model related to the k-th cluster. The S = ∑K

k=1 Sk is the total number of
hidden states in all the K clusters. Enew takes value from 0 to 1. Values close
to 1 are related to low entropy and a good degree of class separation, values
close to 0 are related to a high entropy level and unreliable classification.

4 Simulation study

We compare our procedure of modeling selection to other methods such as
AIC, BIC, sample-size adjusted BIC (ssBIC) through a Monte Carlo simu-
lation study. We define 24 scenarios considering 4 models having different
number of clusters K and latent states (S1,S2, . . . ,SK), by varying the number
of sequences n ∈ {200,2000} and the state-dependent conditional probabili-
ties bk

ut
(yit) to represent low, medium, and high levels of uncertainty in hidden

states classification of observations. We generate 100 longitudinal datasets for
each scenario for a total of 2400 datasets, the analysis is carried out by using
the R package “seqHMM” (Helske & Helske, 2017). In Table 1 we report
methods’ success rate for n = 2000, where success means identifying a model
having the correct number of clusters K, and number of hidden states equal
to the exact number or one from this number. The last column report the re-
sults of our procedure considering the AIC as the IC used at the first stage as
it showed better results than other IC.
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is the probability that the hidden state of subject i at time t emits the ob-
served state at t in cluster k. Parameters can be estimated by means of the
Expectation-Maximization; and the log-likelihood is calculated by using the
forward-backward algorithm.

3 Proposed model selection procedure

Our proposed procedure combines IC and entropy for identifying MHMMs
models on the basis of both goodness-of-fit and degree of class separation.
Hence, the procedure consists of two stages. Firstly, we estimate models with
different number of clusters and states, for each model the IC value is calcu-
lated and the models having these values below a predetermined threshold (the
mean of the IC) are selected. At the second stage, an entropy criterion is used
to identify among the models selected at the first-stage the one with the best
degree of separation between classes (clusters and states). At the second stage,

when dealing with MHMMs, it is necessary to define a criterion that takes into
account two levels of entropy: the first En1(S) relating to the classification of
observations in latent states and the second En2(K) concerning the degree of
separation between clusters.
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P(Mk|Yi) is the posterior probability that the given i-th observed sequence
has been generated by the k-th model; P(uit = s|Yi,Mk) is the posterior prob-
ability that the t-th element in the i-th hidden sequence takes the s-th hidden
states given the observed sequence Yi and that the sequence has been generated
by the model related to the k-th cluster. The S = ∑K

k=1 Sk is the total number of
hidden states in all the K clusters. Enew takes value from 0 to 1. Values close
to 1 are related to low entropy and a good degree of class separation, values
close to 0 are related to a high entropy level and unreliable classification.

4 Simulation study

We compare our procedure of modeling selection to other methods such as
AIC, BIC, sample-size adjusted BIC (ssBIC) through a Monte Carlo simu-
lation study. We define 24 scenarios considering 4 models having different
number of clusters K and latent states (S1,S2, . . . ,SK), by varying the number
of sequences n ∈ {200,2000} and the state-dependent conditional probabili-
ties bk

ut
(yit) to represent low, medium, and high levels of uncertainty in hidden

states classification of observations. We generate 100 longitudinal datasets for
each scenario for a total of 2400 datasets, the analysis is carried out by using
the R package “seqHMM” (Helske & Helske, 2017). In Table 1 we report
methods’ success rate for n = 2000, where success means identifying a model
having the correct number of clusters K, and number of hidden states equal
to the exact number or one from this number. The last column report the re-
sults of our procedure considering the AIC as the IC used at the first stage as
it showed better results than other IC.
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classification
uncertainty (S1,S2, . . . ,SK) BIC AIC ssBIC Enew Our Procedure

LOW

(2,3) 1.00 - 0.91 (0.029) 0.96 (0.020) 0.85 (0.036) 0.85 (0.036)
(2,2,3) 0.62 (0.048) 0.40 (0.049) 0.58 (0.049) 0.62 (0.048) 0.66 (0.047)
(2,2,3,3) 0.30 (0.046) 0.37 (0.048) 0.34 (0.047) 0.21 (0.041) 0.60 (0.049)
(2,2,3,3,2) 0.19 (0.039) 0.38 (0.048) 0.24 (0.043) 0.19 (0.039) 0.48 (0.050)

MEDIUM

(2,3) 1.00 - 0.86 (0.035) 1.00 - 0.49 (0.050) 0.73 (0.044)
(2,2,3) 0.20 (0.040) 0.40 (0.049) 0.29 (0.045) 0.41 (0.049) 0.59 (0.049)
(2,2,3,3) 0.02 (0.014) 0.35 (0.048) 0.08 (0.027) 0.10 (0.042) 0.53 (0.049)
(2,2,3,3,2) 0.00 (0.000) 0.12 (0.032) 0.00 (0.000) 0.29 (0.045) 0.31 (0.046)

HIGH

(2,3) 1.00 - 0.58 (0.049) 1.00 - 0.46 (0.050) 0.62 (0.048)
(2,2,3) 0.10 (0.030) 0.40 (0.049) 0.14 (0.035) 0.42 (0.049) 0.59 (0.049)
(2,2,3,3) 0.00 (0.000) 0.00 (0.000) 0.00 (0.000) 0.10 (0.030) 0.28 (0.045)
(2,2,3,3,2) 0.00 (0.000) 0.00 (0.000) 0.00 (0.000) 0.19 (0.039) 0.25 (0.043)

Table 1: Results of the Monte Carlo study for n = 2000. Low, medium and
high level of uncertainty in hidden states classification scenario

As we can see, the proposed procedure has a better performance than the
classic IC-based model selection methods when the number of clusters is K >
2. We also note how, unlike these methods, it is less affected by an increase in
the uncertainty of hidden states’ classification.
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ABSTRACT: This contribution proposes a model-based classifier developed for com-
positional data. A full mixture of experts model with Dirichlet components is used to
incorporate information both on the composition and on a set of covariates. Estima-
tion issues are dealt with by a Bayesian approach, allowing the researcher to use the
posterior distribution of the parameters to measure the classification uncertainty.

KEYWORDS: Dirichlet, mixture model, Bayesian, simplex.

1 Introduction

Many fields have witnessed the increasing popularity of compositional data
(i.e., vectors representing parts of a whole), which are defined on the D-part
simplex S D =

{
y = (y1, . . . ,yD)

ᵀ : yd > 0,∑D
d=1 yd = 1

}
(Ongaro et al., 2020).

Due to the unit-sum constraint imposed by S D, standard statistical methods
are often unsuitable to deal with compositional data. Several ad-hoc proposals
have been prompted by mapping the simplex into a different (unconstrained)
space, but leaving the simplex often results in interpretative difficulties, espe-
cially when the relationship among variables is of interest. This is particularly
true in the classification context, where methods for compositional data still
present many unsolved issues (Gu & Cui, 2021). In this work, we define a
full mixture of experts model (fmem, Bouveyron et al., 2019) and use it to
implement a supervised classification algorithm for compositional data in the
presence of covariates. Since we adopt a Bayesian approach to inference, we
take advantage of posterior samples to measure the classification uncertainty.

2 Full mixture of experts model

A fmem is a generalization of a finite mixture model with G components where
the mixing weights p and (some of) the component-specific parameters can be
linked to a set of covariates through proper link functions. Since the random
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