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Abstract. This paper presents an innovative procedure for the analysis of nonlocal plates with
arbitrary shape and various boundary conditions. In this regard, the Eringen’s nonlocal model is
used to capture small length scale effects. The proposed procedure, referred to as Line Element-
Less Method (LEM), is a completely meshfree approach requiring the evaluations of simple line
integrals along the plate boundary parametric equation. Further, the deflection function is
represented by a series expansion is terms of harmonic polynomials whose coefficients are found
by performing variations of appropriately introduced functionals, leading to a linear system of
algebraic. Notably, the proposed procedure yields approximate analytical solutions for general
shapes and boundary conditions, and even exact solutions for some plate geometries.

Introduction

The mechanical behavior of most structures at the nanoscale is typically size dependent, and
classical approaches of continuum mechanics cannot capture this peculiar characteristic.
Therefore, more sophisticated continuum theories have been introduced, and several different
models have been developed [1-4].

One of the most widely adopted is the nonlocal elasticity theory, firstly introduced by Eringen
[5-6], in which the stress at some reference point is assumed to be a function of the strain field at
every point in the body, and the size-effect feature is captured in the model through an additional
material parameter generally referred to as “the nonlocal parameter”. This has paved the way for
the application of Eringen’s nonlocal elasticity theory in a plethora of studies involving the
mechanical behavior of structural systems at the nanoscale, mostly related to nanobeams [7-9].

Recently, Eringen’s nonlocal elasticity theory has been also used for the analysis on nanoplates.
Initial contributions in [9-11] treated both isotropic linear elastic Kirchhoff plates as well as
nonlinear plates considering higher-order shear deformation theory. Notably, most of these studies
have focused on plates with simple rectangular shape. In this regard, the classical Navier’s or
Levy’s approaches have been used in [10, 12]. Few other studies have focused on the analysis of
nonlocal plates of different shapes [13], with most contributions mainly related to circular shapes
[14, 15].

On this base, this study deals with the bending response of micro and nanoscale Kirchhoff plate,
using Eringen’s nonlocal theory, and considering arbitrary geometries and general boundary
conditions. Specifically, the so-called Line Element-less Method (LEM) [16-25], is here extended
to determine the deflection and bending moments of nonlocal plates subjected to transversal loads.
Notably, the proposed procedure only requires the solution of simple line integrals of harmonic
polynomials with unknown coefficients, along the boundary parametric equation and, eventually,
the solution of a set of linear algebraic equations for these unknown terms. The LEM is completely
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element-free, since it does not require any discretization, be it in the domain or in the boundary,
and it also differs from other so-called meshfree procedure since the expansion coefficients are not
determined by collocation. Notably, this procedure yields approximate analytical solutions for
generally shaped nonlocal plates, and even exact closed-form solution for some geometries and
boundary conditions. These aspects clearly represent attractive features of the proposed procedure,
especially with respect to other meshfree methods that are of numerical nature only. In this regard,
several applications will be discussed, assessing the simplicity and accuracy of the considered
approach.

Preliminary Concepts on Nonlocal Plate in Bending
Consider a homogeneous, isotropic, linear elastic Kirchhoff plate of arbitrary shape with contour

I', domain Q, and uniform thickness h, subjected to a transverse distributed load ¢(x,y), and
satisfying the Eringen’s nonlocal model [5]. The plate is characterized by the modulus of elasticity
E, Poisson’s ratio v, and nonlocal parameter A = (l e, )2 >0, where [ is an internal characteristic
length, whereas ¢, is the small length scale coefficient. Note that when A =0 the classical local

Kirchhoff plate is obtained. The corresponding biharmonic governing differential equation for
bending of the Eringen’s nonlocal plate in terms of deflection function can be written as

2 2 2 2 2 2
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where D = ER’ / 12(1—1/2) is the plate flexural rigidity. Notably, as it can be seen in Eq. (1), the

only difference with respect to classical plate differential equation (local model) stands in the
additional term AV’q(x,y) at the right-hand-side of Eq. (1), which is therefore an inherent effect

due to the employed Eringen’s nonlocal model.
Further, introduce the Marcus’ moment sum M(x,y), defined as [26, 27]
M (x,y) :(Mx +M, )/(1+V), where M (x,y) and M (x,y) are the bending moments, Eq. (1)

can be decomposed into two Poisson’s equations as

VM (x,y) = —q(x,y)

2.a,b
DVZW(x,y):—(l—lVZ)M(x,y) (2.2,)

Note that, in this manner, the solution of the plate problem Eq. (1) reduces to the integration, in
sequence, of the two Poisson differential equations Egs. (2), respectively, which is sometimes
preferred depending upon the method of solution employed. As far as the boundary conditions
(BCs) are concerned, denote as n the outward unit normal vector at a point of a generic curvilinear
edge of the contour I'. Thus, the BCs for the simply support curvilinear edge can be assumed as

those of the classical local plate, that is w(x,y)=0 and M, (x,y)=0, where
M, (x,y)=n; M _+n>M +2n.n M, denotes the normal bending moment applied at the edge, and
n, and n, are the components of the unitary vector n along the x and y axes, respectively. Note
that analogous expression can be found for different BCs in [25].

Line Element-Less Method for nonlocal plate analysis
In this section LEM approach is introduced for the analysis of nonlocal Kirchhoff plates of general

shape, subjected to a transversal load q(x, y). Specifically, based on the previous studies on the
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use of the LEM [16-25] and considering Egs. (2), M (x,y) and w(x, ) canbe expressed in terms

of the so-called harmonic polynomials B, and Q, , generally defined recursively as.

F (x,y) =5 x-0y
O, (x’ y) =0, x—F_y

which are valid for £ >0, and with £, =1 and O, =0.

Based on the above relations, a solution of Eq. (2.a) can be obtained expressing the moment
sum function in terms of harmonic polynomials, plus a particular solution of the Poisson equation

Eq. (2.a), namely M_(x,y). That is

(3.2, b)

M(x,y)éiakPk (x,y)+ikak (x,y)+Mc(x,y) 4)

where a, and b, are (2p+1) unknown coefficients to be determined, and p is the truncation
limit of the series expansion. Note that, for the typical case of a uniformly distributed load
q(x,y) = q,. the following expressions of M, (x,y)=-q, (x2 +y° ) / 4. As far as the unknown
coefficients in Eq. (4) are concerned, the (2p+1) values of a, and b, can be determined

appropriately imposing the specified BCs of the plate. In this context, it is convenient to address
the case of polygonal plates with simply-supported edges, while the generalization to arbitrary
shaped plates is reported in [25]. Specifically, in this case, the moment sum function must be zero
along the entire contour of the polygonal plate; thus, M, (x,y)=M (x,y)=0in T.

Therefore, the unknown coefficients (ak,bk) in Eq. (4) can be evaluated applying a
minimization procedure on the closed contour path integral of the squared moment sum function;
that is ¥(ay, by) = gﬁr[M (x, y)]2 dy. Thus, performing variations of the aforementioned
functional with respect to (a,,b, ), yields a linear algebraic system of (2p+1) equations in the
unknowns (a D, ) . In this manner, once the coefficients are determined, the moment sum function

can be found through Eq. (4).
Next, the deflection function w(x,y) can be obtained solving Eq. (2.b). In this regard,

following a similar approach, a solution of this equation can be sought assuming w(x, y) as the

sum of harmonic polynomials, and a particular solution of the Poisson equation Eq. (2.b), namely
w, (x,y); that is

w(x,y)zie,fk (x,y)+idek (x,y)+wc(x,y) ®)]

where ¢, and d, are (2m+1) unknown coefficients to be determined, and m is the truncation

limit of the series expansion. Again, note that the particular solution w, (x, y) can be evaluated

applying the procedure in [25], considering the term at the right-hand side of Eq. (2.b).
As far as the unknown coefficients in Eq. (5) are concerned, the (2m +1) values of ¢, and d,

are determined appropriately imposing the BCs. In this regard, considering the case of a simply-
supported plate, the coefficients (Ck ,d, ) can be found minimizing the closed contour path integral
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of the squared deflection function; that is @(cy, dy) = gﬁf[w(x, y)]2 dy. Next, introducing Eq. (5)
into the previous functional, and performing variation with respect to the unknown coefficients
leads to an algebraic linear system in terms of the unknowns (ck,dk) . Solution of the this set of

(2m+1) equation yields the sought deflection function of the plate w(x, y) through Eq. (5).

Numerical Applications
In this section, the proposed LEM is applied to some nonlocal plate configurations, considering
various shapes and boundary conditions. Specifically, the proposed method is employed for the
analysis of different well-known examples, showing the ability of the approach to yield even exact
solutions. In this regard, a triangular simply-supported plate and a simply-supported circular plate
are considered.

Specifically, firstly consider the case of an equilateral triangular shaped plate with length side

231 under a uniformly distributed load ¢, and with simply-supported edges. Applying the
previously described procedure, the obtained closed-form expression of the deflection function is

W) =B (1- )| (21-3) =3¢ (4 -7 =57 +162) ©)

Notably, Eq. (6) reverts to the classical solution of the Krichoff local plate for 4 =0. In this regard,
deflection profile for x =0 is shown in Fig. 1(a) for different values of nonlocal parameters.
Next, consider next the case of a circular plate of radius » under a uniformly distributed load
q,- Note that, in this case, the equilibrium equations of axisymmetric bending of circular
nanoplates can be more simply written in polar coordinates as in [15]. Then, applying the
previously described procedure, the closed-form expression of the deflection function is given as

_ qo(r2 _x2—y2)[_(x2 +y2)(1+v)+r2(5+v)+8/1(3+v)J

w(x.y) 64D (1+v) @

Notably, again Eq. (7) reverts to the classical solution of the Krichoff local plate for 4 =0. In this
regard, the deflection profile for x=0 is given in Fig. 1(b) for different values of nonlocal

parameter.
w(0,y) w(0,y)

— A=0 — A=0
A=05 A=05
A=t A=
— A=15 — A=15
-2.0 -1.5 -1.0 -0.5 0.5 1.0 Y =2 -1 1 2 Y
() (b)

Fig. 1: Profile of w(0, y) for different value of 1. (a) Simply-supported Triangular Plate; (b)
Simply-supported Circular Plate.

Summary

In this paper, the so-called Line Element-Less Method (LEM) has been proposed for the analysis
of nonlocal plates with arbitrary shape. Specifically, the classical Kirchhoff plate model has been
assumed, employing the well-known Eringen’s nonlocal elasticity theory to capture small length
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scale effects. The method is based on an expansion of the deflection function in terms of harmonic
polynomials, whose expansion coefficients can be easily found solving a linear system of algebraic
equations. Notably, the entire procedure proves to be entirely mesh-free, since it only requires the
definition of simple line integrals which appear in appropriately introduced functionals. These
functionals are employed to take into account the pertinent plate boundary conditions (BCs). It is
worth mentioning that, the proposed approach yields approximate analytical solutions for general
plate shapes and BCs, while exact closed form expressions of the deflection functions of nonlocal
plates can be found for particular shapes.

References

[1] A.C. Eringen, E.S. Suhubi, Nonlinear theory of simple micro-elastic solids-I. Int. J. Eng. Sci.
2 (1964)189-203. https://doi.org/10.1016/0020-7225(64)90004-7

[2] M. Di Paola, A. Pirrotta, M. Zingales, Mechanically-based approach to non-local elasticity:
variational principles. Int. J. Solids Struct. 47 (2010) 539-548.
https://doi.org/10.1016/j.ijs0lstr.2009.09.029

[3] M. Di Paola, G. Failla, A. Pirrotta, A. Sofi, M. Zingales. The mechanically based non-local
elasticity: an overview of main results and future challenges. Phil. Trans. R. Soc. A. (2013)
37120120433. https://doi.org/10.1098/rsta.2012.0433

[4] F.P. Pinnola, S.A. Faghidian, R. Barretta, F. Marotti de Sciarra. Variationally consistent
dynamics of nonlocal gradient elastic beams. Int. J. Eng. Sci. 149 (2020) 103220.
https://doi.org/10.1016/j.ijengsci.2020.103220

[5] A.C. Eringen, D.G.B. Edelen. On nonlocal elasticity. Int. J. Eng. Sci. 10 (1972) 233-248.
https://doi.org/10.1016/0020-7225(72)90039-0

[6] A.C. Eringen. Linear theory of nonlocal elasticity and dispersion of plane waves. Int. J. Eng.
Sci. 10 (1972) 425-435. https://doi.org/10.1016/0020-7225(72)90050-X

[7] J. Peddieson, G.R. Buchanan, R.P. McNitt. Application of nonlocal continuum models to
nanotechnology. Int. J. Eng. Sci. 41 (2003) 305-312. https://doi.org/10.1016/S0020-
7225(02)00210-0

[8] R. Barretta, L. Feo, R. Luciano, F. Marotti de Sciarra. Application of an enhanced version of
the Eringen differential model to nanotechnology. Compos. B Eng. 96 (2016) 274-280.
https://doi.org/10.1016/j.compositesb.2016.04.023

[9] J.N. Reddy. Nonlocal nonlinear formulations for bending of classical and shear deformation
theories of beams and plates. Int J Eng Sci. 48 (2010) 1507-1518.
https://doi.org/10.1016/j.1ijengsci1.2010.09.020

[10]P. Lu, P.Q. Zhang, H.P. Lee, C.M. Wang, J.N. Reddy. Nonlocal elastic plate theories. Proc.
R. Soc. Lond. A Math. Phys. Eng. Sci. 463 (2007) 3225-3240.
https://doi.org/10.1098/rspa.2007.1903

[11]R. Ansari, J. Torabi, A. Norouzzadeh. Bending analysis of embedded nanoplates based on the
integral formulation of Eringen's nonlocal theory using the finite element method, Physica B. 534
(2018) 90-97. https://doi.org/10.1016/j.physb.2018.01.025

[12]T. Aksencer, M. Aydogdu. Levy type solution method for vibration and buckling of
nanoplates using nonlocal elasticity theory. Physica E. 43 (2011) 954-959.
https://doi.org/10.1016/j.physe.2010.11.024

617



Theoretical and Applied Mechanics - AIMETA 2022 Materials Research Forum LLC

Materials Research Proceedings 26 (2023) 613-618 https://doi.org/10.21741/9781644902431-99

[13]H. Irschik, R. Heuer. Analogies of simply supported nonlocal Kirchhoff plates of polygonal
planform. Acta Mech. 229 (2018) 867-879. https://doi.org/10.1007/s00707-017-2005-2

[14] J.W. Yan, L.H. Tong, C. Li, Y. Zhu, Z.W. Wang. Exact solutions of bending deflections for
nano-beams and nano-plates based on nonlocal elasticity theory. Compos. Struct. 25 (2015) 304-
313. https://doi.org/10.1016/j.compstruct.2015.02.017

[I5]W.H. Duan, C.M. Wang. Exact solutions for axisymmetric bending of micro/nanoscale
circular plates based on nonlocal plate theory. Nanotechnology. 18 (2007) 385704.
https://doi.org/10.1088/0957-4484/18/38/385704

[16] G. Battaglia, A. Di Matteo, G. Micale, A. Pirrotta. Arbitrarily shaped plates analysis via Line
Element-Less =~ Method  (LEM).  Thin-Walled  Struct. 133 (2018)  235-248.
https://doi.org/10.1016/j.tws.2018.09.018

[17]G. Battaglia, A. Di Matteo, G. Micale, A. Pirrotta. Vibration-based identification of
mechanical properties of orthotropic arbitrarily shaped plates: Numerical and experimental
assessment. Compos. Pt. B-Eng. 150 (2018) 212-225.
https://doi.org/10.1016/j.compositesb.2018.05.029

[18] A. Pirrotta, C. Bucher. Innovative straight formulation for plate in bending, Comput. Struct.
180 (2017) 117-124. https://doi.org/10.1016/j.compstruc.2016.01.004

[19] A. Pirrotta, C. Proppe. Extension of the line element-less method to dynamic problems.
Meccanica. 55 (2020) 745-750. https://doi.org/10.1007/s11012-019-01120-1

[20]M. Di Paola, A. Pirrotta, R. Santoro. Line Element-less Method (LEM) for beam torsion
solution (Truly no-mesh method). Acta Mech. 195 (2008) 349-63. https://doi.org/10.1007/s00707-
007-0557-2

[21]M. Di Paola, A. Pirrotta, R. Santoro. De Saint-Venant flexure-torsion problem handled by
Line  Element-less = Method  (LEM). Acta  Mech. 217  (2011) 101-118.
https://doi.org/10.1007/s00707-010-0376-8

[22] A. Pirrotta. LEM for twisted re-entrant angle sections. Comput Struct. 133 (2014) 149-155.
https://doi.org/10.1016/j.compstruc.2013.11.015

[23]G. Barone, A. Pirrotta, R. Santoro. Comparison among three boundary element methods for
torsion problems: CPM, CVBEM, LEM. Eng. Anal. Bound. Elem. 35 (2011) 895-907.
https://doi.org/10.1016/j.enganabound.2011.02.003

[24]R. Santoro. Solution of de Saint Venant flexure-torsion problem for orthotropic beam via LEM
(Line  Element-less Method). Eur J Mech A-Solids. 30 (2011) 924-939.
https://doi.org/10.1016/j.euromechsol.2011.06.003

[25] A. Di Matteo, M. Pavone, A. Pirrotta. Exact and approximate analytical solutions for nonlocal
nanoplates of arbitrary shapes in bending using the line element-less method. Meccanica. 57
(2022) 923-941. https://doi.org/10.1007/s11012-021-01368-6

[26] E. Murtha-Smith. Plate analogy for the torsion problem. J Eng Mech. 116 (1990) 1-17.
https://doi.org/10.1061/(ASCE)0733-9399(1990)116:1(1)

[27]H. Irschik. Analogies between bending of plates and torsion problem. J Eng Mech. 117 (1991)
2503-2508. https://doi.org/10.1061/(ASCE)0733-9399(1991)117:11(2503)

618



	Line element-less method (LEM) for arbitrarily shaped nonlocal nanoplates: exact and approximate analytical solutions
	Introduction
	Preliminary Concepts on Nonlocal Plate in Bending
	Line Element-Less Method for nonlocal plate analysis
	Numerical Applications
	Summary
	References


