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Abstract. Calculus marked an epochal change in the evolution of scientific
thought. However, this subject poses several difficulties, and researchers in math-
ematics education highlighted obstacles and proposed different approaches in this
field of mathematics. We think that a fruitful perspective can be rooted in the
history of mathematics and scientific instruments. Indeed, we retrace the first app-
roach, due to Leibniz, to the “inverse tangent problems” (nowadays lost, after the
19th-century arithmetization of calculus). One of the authors recently invented and
patented an educational artifact called T-integraph, starting from these historical
ideas. To overcome its material limitations, we propose an interactive and multi-
touch app for the tangent, one of the mathematical contents “touched” using the
T-integraph. After a brief description of the software system, we sketch a hands-on
workshop activity involving pre-service Mathematics teachers.

Keywords: History of Mathematics - Mathematics Education - Scientific
instruments - Digital Tool - Tangent - Calculus

1 Introduction

Calculus marked an epochal change in the evolution of scientific thought. However,
this subject poses several difficulties: researchers in mathematics education highlighted
obstacles and proposed different approaches in this field of mathematics [25]. We think
that a fruitful perspective can be rooted in the history of mathematics and scientific
instruments. Indeed, we retrace the first approach, due to Leibniz, to the “inverse tan-
gent problems” (nowadays lost, after the 19th-century arithmetization of the calculus):
mathematical contents emerged and got consolidated by (ideal or practical) geometric-
mechanical devices. From this perspective, we introduce a recent educational artifact
(invented and patented by the first author), that can be assembled in various configura-
tions involving different calculus contents. As a first step towards digital translation, this
paper introduces a mobile device application related to the simplest configuration: an
interactive and multitouch app for the tangent linked to everyday experience. We plan
to adopt this app in workshop activities with pre-service Mathematics teachers.
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In mathematics education, students’ activities with the mediation of artifacts can be
set in the theoretical framework of the Theory of the Semiotic Mediation [6], and the
exploration is often structured following four main questions [5]:

1. How is it made?

2. What does it make?

3. Why does it make it?

4. What could happen if ...?

The adoption of digital technology appears to be strongly relevant to the last question.
Indeed, digital applications can easily introduce modifications that the concrete artifact
cannot. Furthermore, the use of technology, including mobile learning in education, has
become increasingly important as it provides new opportunities for students to enhance
their learning and engagement. In particular, mobile learning involves the use of portable
devices like smartphones and tablets [23] that allow students to cross the boundaries of
the classroom by supporting teaching activities in a more interactive way [2].

2 Instruments for the Inverse Tangent Problem

The geometrical resolution of differential equations by mechanical tools constitutes an
exciting chapter in the history and philosophy of science and technology (some iconic
representations are visible in Fig. 1). The starting geometrical problem is to construct
a curve given the properties of its tangent, the so-called “inverse tangent problem” (as
historical references, see [9, 26]; for a brief introduction, see [10]; for some foundational
reflections, see [20]). The first actual inverse-tangent construction dates to the 1670s,
when the architect Claude Perrault proposed the construction of a curve given its tangent:
a new curve, the tractrix, is introduced as the trace of a pocket watch on a plane while
moving the endpoint of its chain along a straight line. Indeed, according to the friction
between the weight and the base plane, the string always remains tangent to the curve
described by the weight. The role of the “traction” made this kind of construction named
“tractional,” and interested many influential mathematicians, from Leibniz to Euler.

To solve an inverse tangent problem mechanically, we must constrain a point to move
along a direction. Instead of using a dragged weight, this can be better accomplished by
something that guides the direction of the motion, like the blade of a pizza cutter or the
front wheel of a bike. The “wheel” became the crucial component of machines for the
inverse tangent problem in the first half of the 18th century (Perks, Poleni, and Suardi).

After a period of oblivion, the same technical adoption of the wheel was indepen-
dently rediscovered in the late 19th century. However, this time, the aim of the devices
was no longer to trace a curve but to perform a transformation for practical uses: while
moving a pointer along a traced curve, the integral of the followed curve is traced by the
machine. Such a device (and many related variations) was named integraph.
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Fig. 1. Historical drawings related to inverse tangent problems. Top left: a representation of 1670s
Perrault’s construction. Bottom left: a sketch of possible devices for the tractrix by Huygens (late
17th century). Bottom right: a machine for the exponential curve by Poleni (1729). Top right: an
integraph by Abdank-Abakanowicz (1886). We can find these images and their histories in [26].

3 A New Artifact for Calculus

Based on the historical instruments introduced above, in the workshop [11] we proposed
for the first time an artifact for calculus integrating the 18th and 20th centuries resolu-
tions of inverse tangent problems, with a specific focus on the simplicity of the design.
The artifact, which can be called “T-integraph” (because there is a T-shaped rod with
two perpendicular guides), is introduced on www.machines4math.com (also with some
related videos); it is built by digital construction tools, and the source files (together with
assembling instructions) are freely available at www.thingiverse.com/thing:5532958.


http://www.machines4math.com
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Fig. 2. The new kit for calculus: its components and various configurations

The components of the T-integraph are shown at the top left of Fig. 2. There are two
pointers (one with a couple of wheels) that can be used to follow an already traced curve or
trace a curve-to-be using a marker. There is also a wooden base (where paper sheets can be
attached) and a transparent plastic case that can slide on it. Finally, two rods can be joined
to make a “T”: these rods can be used as guides for the pointers. These components can
be assembled in different configurations. We propose three didactical activities (based
on the mathematical content), each one involving one or more configurations of the
concrete artifact.

First activity: the tangent. After tracing a curve on a sheet of paper, we propose to
move the pointers on the traced curve. The aim is to focus on the difference of use between
the “smooth pointer” (the one whose bottom is smooth) and the “wheeled pointer” (the
one whose bottom has two parallel wheels). The introduction of the wheels imposes that,
to move the wheeled pointer on a curve, one has to rotate the piece so that its direction is
tangent to the traced curve. The first activity ends with the passage from direct to inverse
tangent problems: we proposed to link the direction of the wheels to a rod, and to move
the other extremity of the rod along a line (cf. Top right of Fig. 2). Therefore, users
experience the construction of the tractrix in the manner of early modern geometers, and
have to link the mechanical components to the possibility of tracing a curve given its
tangent properties.

Second activity: the exponential (cf. Bottom left of Fig. 2). We propose the con-
struction of an exponential curve without limits or summations, but by the geometrical



Get in (Multi)touch with the Tangent 33

property of the constant subtangent. These mathematical contents correspond to the ones
behind the 18th-century constructions described in the previous section, the only change
being the introduction of a sheet with a suitable Cartesian coordinates system and the
adoption of components kept as simple as possible (the kit aims to be “transparent” to
hide nothing to users). As a variation, if one imposes the direction of the wheel not as the
one passing through the peg fixed on the sliding case but perpendicular to it, the device
traces parabolas [19].

Third activity: derivatives and antiderivatives (cf. Bottom right of Fig. 2). In this
case we adopted a sheet with two reference frames (one for each pointer). While fol-
lowing a curve with the wheeled pointer, we have seen that the direction of the wheels
has to be the tangent to the followed curve (cf. The first activity). But the T-shaped rod
imposes that the direction of the tangent has to be parallel to the line passing through the
peg fixed on the case and the other pointer. With a suitable reference frame, that means
that the ordinate of the smooth pointer represents the slope of the tangent to the curve
followed by the wheeled pointer: that corresponds to the definition of the derivative. On
the other hand, if we move the smooth pointer, the wheeled pointer traces an antideriva-
tive. As suggested in [7], integraphs may constitute tools to make students discover the
fundamental theorem of calculus by themselves (e.g., by approximating piecewise the
function to be integrated by many constant functions).

4 The Tangent with T-integraph

From now on, we focus on the first activity involving the concrete T-integraph (for the
tangent). In the first experimental adoptions of the T-integraph in workshops, when mov-
ing the wheeled pointer along a curve (beginning of the first activity on the tangent),
the link between the direction of the wheels and the tangent to the curve emerged quite
naturally (both for high school and university students). The richness of introducing
the wheel for the tangent is that, besides solving the direct tangent problem (given a
curve, to find its tangent), such a tool can be used to guide the direction of a curve
to-be (inverse tangent problem). That means that, by guiding the wheel, one can con-
struct derivatives and primitives given the graph of a function, and geometrically solve
differential equations (as one can explore in the second and third activities).

Even though students easily recognized the relation between the tangent and the
wheel, they had difficulties in producing arguments to justify such a relation. In our
a-priori analysis, we suggest that the direction of the wheel can embody the “tangent as
limit of the secants.” As a possible insight, consider an n-sided regular polygon inscribed
in a fixed circle C (Fig. 3). Rotate the polygon side-by-side on the plane and make the
two vertices of the bottom side lie on a given curve: if we call “direction” the intersection
of the rotating figure with the base plane, the direction is a secant to the given curve. If
we consider polygons with more and more sides, the figure tends to the circle C, and its
direction tends to the limit to the secants, i.e., the tangent to the curve.
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To make students recognize this behavior of the wheel, we asked them some questions
on possible variations of the artifact (cf. Question 4, Sect. 1), e.g., considering not-
round wheels. However, it appeared hard to involve students in the ideas/contents of the
previous paragraph without suitable visual and dynamic support. For this reason, we
thought to implement this scenario in an app.
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Fig. 3. Left: Considering a regular polygon rotating along a curve, by increasing the number of
the sides, we can imagine that the direction of the rolling wheel is the tangent as the limit of the
secants. Right: Considering a wheel rolling on a curve, the direction of the wheel (in the image
represented by a bar) is the tangent to the curve.

5 The Tangent with the Multitouch App

With the aim expressed above, we designed an app, called Turn&Run, to make the user
dynamically move a wheel by guiding its direction. In the concrete artifact, to move the
center of the wheeled pointer is not enough to make it run on a curve; indeed, wheels add
a (non-holonomic) constrain, and neglect the motion in the component perpendicular
to their direction. Therefore, in each instant, the user has to move forward the wheeled
pointer (“running” or rolling action) while rotating it (“turning” or steering action).

In a DGS like GeoGebra [8, 12], the user can easily move a point along a curve.
However, GeoGebra does not allow purely geometrical constructions for Calculus; for
example, one can trace curves like the exponential only by formulas, but not starting
by its tangent proprieties (it does not solve geometrically inverse tangent problems).
Specifically, to simulate the wheeled pointer, one has to introduce a constraint permitting
the motion only along a direction (that the user has to guide). Such a condition is not
implemented in GeoGebra.

The first aim of our app is to simulate the activity of moving the wheeled pointer (cf.
Fig. 4). In the concrete activity, the user grasps the pointer with two fingers to rotate and
move it forward (the turn & run combined motions). To simplify the user experience,
we decided to implement the wheeled pointer of the T-integraph as a Wheel in the
Turn&Run digital app. In this setting, the direction of the wheels (concrete artifact) can
be represented by a line, the projection of the Wheel on the base plane (digital artifact).
Moreover, the multitouch function introduces the use of two fingers to move the wheel,
making native and natural the guide of the wheel (both in position and direction).
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The second aim of the app is to overcome the physical limits of the T-integraph.
As introduced in the previous section, a possible way to link the tangent and the wheel
direction can be to consider non-round wheels. It has been implemented in the app.

Fig. 4. Use gestures to “guide the tangent” in the concrete (left) and digital (right) artifacts. Note
that in both cases we use two fingers.

6 Software System

The system to support the study was designed and implemented as a mobile application
using Unity, a multi-platform game engine that provides effective tools and a practi-
cal visual development environment and whose behavior can be defined using the C#
programming language.

Indeed, this software engine, while more known for immersive and extended real-
ity systems [3, 4, 14], provides excellent tools for designing usable systems to support
mathematics lessons [21, 24]. In the specific case of the proposed system, it is an applica-
tion that must be user-friendly for the student. Development was implemented using the
2021.3.x Unity version. The first screen displayed to the user is intended to give him/her
information on how to use the app and allows him/her to choose from a drop-down
menu the combinations of curve and wheel shapes on which he/she wants to practice
(cf. Fig. 5). Based on the chosen combination, a second screen is accessed where the
whole heart of the system is contained. Indeed, the second screen allows the user to
interact with the Wheel shape. Specifically, techniques have been used to separate the
screen into two parts, the upper one in which there is a top-down view of the Wheel, and
the lower one in which there is a frontal perspective view instead. On this screen, there
are also two checkboxes.

Checkbox 1 allows the user to show or hide the direction of the Wheel (i.e., the straight
line that extends the segment of the projection of the Wheel on the base plane).
Checkbox 2 allows the user to activate or deactivate the trace of the Wheel on the plane.

The user can move the wheel in the top section of the screen (top view) by placing two
fingers on two points on the wheel object. The wheel moves if the two fingers are moved
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in an allowable configuration (i.e. if the fingers remain at a nearly constant distance and
the wheel is not moved perpendicular to its direction). Otherwise, the system provides
haptic feedback to emphasize the wrong gesture.

Select the wheel shape and
curve, then press start to move it.

Turn&Run

| Square v |Straight Line v

d i pitd
.mEI ‘\ I
makematics . informatica * unipa STRIO TRORKOGE DOAO®

g
Select the wheel shape and
curve, then press start to move it.

Turn&Run

None v|  Straight Line v
v None

Square

Circle

Triangle

Dodecagon
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Fig. 5. Screenshots of “Turn&Run.”

If the shape of the wheel is a circle, with the fingers one has to guide together how
to go forward (run) and rotate the direction (turn). If the shape of the wheel is not a
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circle, then the direction of the wheel (the “turning”) can only change when the wheel
touches the plane at a point; indeed, when the intersection is a side, the direction of the
wheel cannot change before it is rotated a little to reach the intersection of a single point
(running).

An idea for further developments is to add gamification techniques by integrating
some game design elements to improve the learning of mathematical concepts and stim-
ulate the user to improve in performing the task assigned to the student. In fact, in the
part of the system related to the task to be performed, an on-screen feedback mecha-
nism will be implemented to provide the student with information about performance
and learning progress and feedback that haptically helps him/her to achieve the correct
performance of the task. Using these types of feedback [15] students can be helped to
self-assess themselves, identifying gaps to be filled.

Learning Analytics techniques were incorporated to collect data to support the use-
fulness of the use of mobile learning in teaching. Specifically, the standard Experience
API (xAPI) [13] was incorporated into the system to track student interactions. The use
of xAPIs could improve the user experience by tracking milestones achieved, penalties
earned, time spent performing a task, and the user’s interaction with the system and
virtual objects, with the purpose of conducting a quantitative analysis of the system.

7 Methodology

In this section, we sketch one of the workshop activities with university students (pre-
service Mathematics teachers). These activities are aimed at testing the app and its design.
The current version of the app cannot yet be used as a stand-alone tool but requires the
mediation of researchers. The aim of the planned activity is to make students grasp the
idea of a tangent (as a ground to achieve further fundamental calculus concepts) through
a hands-on approach linked to their everyday experience and previous mathematical
knowledge. Therefore, we are planning to use the app with small groups of pre-service
teachers (two to three people) and in the presence of the researcher. The purpose of
the researcher is to propose to the students the didactics activities with the app and
orchestrate the related discussions [1, 6].
The workshop will be organized in these steps:

1. The researcher selects a smooth curve and a triangular Wheel. Then he/she asks the
user to move the Wheel along the selected curve (the vertexes should stay on the
curve, not the sides). [Aim: first exploration of the multitouch interface]

2. Group discussion on the emerging gestures, on allowed and forbidden motions, and
their relationship with the position of the Wheel (differences when it intersects the
plane in one vertex or in one side). [Aim: to understand the behavior of the wheel]

3. Focus on the direction of the Wheel (checkbox 1, Sect. 6) and on how its trace
approximates the curve (checkbox 2, Sect. 6). Group discussion. [Aim: to evince the
relationship between the curve and its approximation (trace and direction)]

4. The researcher proposes to reason on how to improve the approximation of the
curve by changing the shape of the Wheel. Discussion and experimental activities
in Turn&Run on the increase of the number of the sides of the Wheel (by staying
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inscribed always in the same circle). [Aim: to link the better trace approximation to
the behavior of the direction (the direction is a secant line closer to the tangent)]

5. The researcher asks whether it is possible to further improve the approximation of
the curve and which Wheel can be chosen with this aim. Experimental activities and
group discussion [Aim: to recognize the circular Wheel as an infinitangular polygon:
direction as the tangent (limit of the secants)]

6. The researcher proposes to choose a curve with singular points and to move the
circular wheel on it. Focus on the behavior of direction/tangent in the singular points.
[Aim: changing the curve, in a singular point the tangent is not unique. Note that
the wheel direction is the tangent when the circular wheel “runs”; if the wheel turns
without running the direction is not necessarily the tangent]

We are working to qualitatively analyze the steps above using a semiotic lens accord-
ing to the TSM [6]. We will focus on the use of gestures, argumentations, proofs, etc.
also in relation to the experimental evidence coming out from the use of the material
T-integraph [18].

8 Conclusions

The use of material and digital technology in mathematics education is increasingly
widespread. Material mathematical artifacts have been studied in various teaching exper-
iments, but the development of digital technologies opened up questions and new per-
spectives for research [8, 22]. The material artifact provides stronger sensory feed-
back (one really “touches” the components and feels the physical resistance during the
motion). On the other hand, the digital setting can overcome the physical limits of the
material artifact and provide interesting changes (as we did for the shape of the wheel).

Therefore, the main idea of this paper is to integrate and enhance the potential of a
material artifact for Calculus (the T-integraph) in a digital setting, creating an improved
interactive version that keeps the manipulation similar to the original device thanks to
the multi-touch function. We sketched one of the workshop activities with pre-service
Mathematics teachers to test the app and its design. The proposed activity focuses on the
digital implementation of the wheel, the main component of instruments solving inverse
tangent problems. Gestures, argumentations, and proofs of the pre-service teachers are
analyzed using the Semiotic Mediation framework, also to consider the future possibility
of introducing gamification techniques. The idea is to provide a system with character-
istics similar to those of Serious Games (SGs) [16]. SGs in fact represent those digital
systems such as games and video games applied to nongame contexts, but whose purpose
is to promote the achievement of an educational goal.

Further research will focus on the didactics consequences and how this app can
become a useful tool to build and explore (from a different perspective) elementary con-
cepts of calculus, in continuity with the historical approach by Leibniz and the research
on micro-straightness [17]. Besides being helpful support for more complex contents
(e.g., derivative-primitives, differential equations), we hypothesize that our digital tool
can foster a first hands-on approach to Calculus, even in lower grades. To conclude, we
plan to digitally develop all the configurations of the T-integraph (see Sect. 3) to cover
other Calculus topics (like derivatives, integrals, and differential equations).
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