THE 2 x 2 UPPER TRIANGULAR MATRIX ALGEBRA AND ITS GENERALIZED
POLYNOMIAL IDENTITIES
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ABSTRACT. Let UTy be the algebra of 2 x 2 upper triangular matrices over a field F' of characteristic zero. Here we
study the generalized polynomial identities of UT5, i.e., identical relations holding for UT> regarded as UT>-algebra.
We determine the generator of the Ty 7,-ideal of generalized polynomial identities of UT> and compute the exact values
of the corresponding sequence of generalized codimensions. Moreover, we give a complete description of the space of
multilinear generalized identities in n variables in the language of Young diagrams through the representation theory of
the symmetric group S,. Finally, we prove that, unlike in the ordinary case, the generalized variety of UTs-algebras
generated by UT» has no almost polynomial growth; nevertheless, we exhibit two distinct generalized varieties of almost
polynomial growth.

1. INTRODUCTION

Let A be an associative algebra over a field F' of characteristic zero, F(X) be the free algebra generated by the
countable set X = {x1,x2,...} and W be a unitary associative algebra over F. Then A is called W-algebra if it has
a structure of W-bimodule with some additional conditions. A generalized polynomial identity of A is a polynomial
f(z1,...,2,) of the free W-algebra W (X) that vanishes under all substitutions of the elements of A. Roughly speaking,
f(z1,...,2,) is a polynomial of F(X) with “coefficients” in W. Notice that such “coefficients” may appear also between
two variables. Clearly these identities are a natural generalization of the ordinary polynomial ones arising when W
coincides with F. The set of all generalized polynomial identities GId(A) is a Ty -ideal of W(X), i.e., an ideal stable
by endomorphisms of W(X), and one of the main problems is to find a set of generators of such Ty -ideal.

The idea of generalized polynomial identities stems from the observation that sometimes when we study polynomials
in matrix algebras, we want to focus on evaluations where certain variables are always replaced by specific elements.
Therefore, it would be useful to have a theory that allows us to consider “polynomials” whose coefficients can be taken
from an algebra, instead of from a field.

Generalized identities first appeared in 1965 in Amitsur’s fundamental paper [1] on primitive rings satisfying general-
ized polynomial identities. In 1969, Martindale developed this idea further and applied it to prime rings [15]. Later, two
generalizations were pursued: Martindale [16] and Rowen [20-22] investigated generalized polynomial identities involving
involutions, while Kharchenko [10-12] explored generalized polynomial identities involving derivations and automor-
phisms. These two directions were further developed and studied by various authors (see [2] and its bibliography). In
recent years, in case W = A is finite dimensional and the bimodule action is the natural left and right multiplication,
Gordienko in [8] proved the so-called Amitsur conjecture, i.e., the limit lim,,—, 1 oo ¥/gc,(A), where gc, (4), n > 1, is the
generalized codimension sequence, exists and is a non-negative integer called the generalized PI-exponent of A. He also
proved that the generalized exponent equals the ordinary one defined by mean of the ordinary codimension sequence
¢n(A). For what concern the general the problem of describing the concrete generalized identities of an algebra so far
it has been achieved only for the algebra M, (F') of n x n full matrices for all n > 1 (see for example [4]).

The codimension sequence of an algebra was introduced by Regev in [19] and it measures the rate of growth of
the multilinear polynomials lying in the corresponding T-ideal. In the same paper, Regev proved that if A satisfies
a nontrivial polynomial identity, i.e., it is a Pl-algebra, then its codimension sequence ¢, (A), n > 1, is exponentially
bounded. Later Kemer in [13] showed that the variety generated by the algebra UTy of 2 x 2-upper triangular matrices
is of almost polynomial growth, i.e., it has exponential growth of the codimensions but every proper subvariety has
polynomial growth. Analogous results were proved in various settings such as varieties of group-graded algebras [23],
algebras with derivation [6], special Jordan algebras [17]. It is worth mentioning that in the case of algebras with
involution, Mishchenko and Valenti in [18] constructed out of UT, a suitable algebra generating a variety of almost
polynomial growth.

Motivated by the above results, here we deal with the generalized polynomial identities of UT5 and we investigate
the growth of the generalized codimension sequence gc, (A) of any algebra A lying in the generalized variety generated
by UT2

The paper is organized as follows. After a necessary background on the generalized identities involving basic defini-
tions and preliminary settings given in Section 2, we describe in Section 3 the T-ideal of generalized identities of UT5
as UTs-algebra finding its generator. In Section 4 we study the space of multilinear generalized identities of UT5, of
degree n as a representation of the symmetric group .S,,, decomposing its character into irreducibles by computing the
corresponding multiplicities. Finally, in Section 5, we prove the main result of the paper, i.e., the generalized variety
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of UTs-algebras generated by UTs, gvar(UT»), has no almost polynomial growth but we are able to construct inside
gvar(UT3) a subvarieties of almost polynomial growth. Moreover, we present another variety of UTy-algebras of almost
polynomial growth of the codimensions that is not contained in gvar(UT5).

2. ON GENERALIZED POLYNOMIAL IDENTITIES AND W-ALGEBRAS

Throughout this paper F' will denote a field of characteristic zero and all the algebras will be associative and have
F' as their underlying field.

Given an algebra W, we say that an algebra A is a W-algebra, if A is a W-bimodule such that, for any w € W,
ai,ag € A,

(2.1) w(araz) = (waq)az, (araz)w = ay(asw), (ayw)as = ai(wasg).

When W = F, a W-algebra is just an F-algebra, that is an algebra over the field F'. Clearly, W itself has a natural
structure of W-algebra by taking the left and right W-actions to be the usual left and right multiplications of W. In
general, this is not the only way to define a structure of W-algebra on W itself; in fact, there might exist different left
and right W-actions on W itself that induces a structure of W-algebra (see for example Section 5).

For fixed W the class of W-algebras is a variety in the sense of universal algebra and is nontrivial since it contains
W itself. Ideals of W-algebras (W -ideals) are understood to be invariant under the bimodule action of W, and
homomorphisms ¢ : A — B between W-algebras A, B must satisfy p(wav) = we(a)v for a € A, w,v € W.

The variety of W-algebras contains the free (associative) W-algebra W (X)), freely generated by the countably infinite
set of variables X := {x1, 2, ... } which satisfies the following universal property: given a W-algebra A, any map X — A
can be uniquely extended to a homomorphism of W-algebras W(X) — A.

We can give the following combinatorial description of W (X). First notice that it is not restrictive to assume that
W is an unital algebra; in fact, if not, we can consider the unital algebra W+ = W + F'1 obtained from W by adding
the unit element 1. So, given a basis By := {w; };ez of W such that wg = 1, if we identify x; = la; = x;1 for i > 1,
then a basis of W(X) is the following

BW(X} = {wiolewilsz W, X, Wy, | n Z 1, jl; ‘e ,jn 2 1, Wiy e e oy Wiy, S Bw} .

The multiplication of two elements w;,xj, w;, T, - - - w;, _, ¥, w;,, and Wy, Ty, Wy, Ty, * * + Wk, Ty, Wk, of By (x) is given by
first juxtaposition wi, xj, wi, Tj, - Wi, _, T, Wi, Wo Ty Wk, Ty * * * W, _, T1,, Wi, and then expanding w;, wy, = Zpez pWp,
ap € F. So, W(X) is also understood as some sort of non-commutative polynomials with coefficients in W. Clearly,
the free W-algebra is endowed with a W-bimodule action that satisfies relations (2.1) determined by first juxtaposition

W (Wi Tjy Wiy Ty +++ Wiy, 4 T, Wi, )WL = WWig Ty Wiy Ty + Wi,y T, Wi, W,

and then expanding wiw;, and w;,w; in the given basis By of W, for wy, w; € Bw and w;,©j, ws, j, - - Wi, _, T, W;,, €
By (xy. The elements of the free W-algebra are called generalized W -polynomials or simply generalized polynomials
when the role of W is clear. A Ty -ideal of the free W-algebra is an W-ideal which in addition is invariant under all
algebra endomorphisms ¢ of W(X) such that p(wfv) = wp(f)v for all f € W(X) and w,v € W; by the universal
property, under the endomorphisms that we call substitutions, which send variables of x; € X in elements of W({X).

Given a W-algebra A, a generalized polynomial f(x1,...,x,) € W(X) is a generalized W -identity, or simply gener-
alized identity if there is not ambiguity about W, of A if f(aq,...,a,) =0 for any a1, ...,a, € A, i.e., [ is in the kernel
of every homomorphism from W{X) to A. We denote by GIdy (A), or simply GId(A) when ambiguity does not arise,
the set of differential identities of A, which is a Ty -ideal of the free W-algebra. Remark that in case W = F, then we
are dealing with the ordinary polynomial identities.

For n > 1, we denote by GPY , or simply G P,, the vector space of multilinear generalized polynomials with coefficient
in W in the variables z1,...,z,, so that

G P, := spanp{wi, To(1) Wi, Zo(2) Wi,y To(n) Wi, | 0 € SpyWig, ..., wi, € By},
where S,, denotes the symmetric group acting on {1,...,n}. As in the ordinary case, since F' has characteristic zero,
a Vandermonde argument and the standard linearization procedure show that the Ty -ideal GId(A) is completely
determined by its multilinear generalized polynomials (see [5, Proposition 4.2.3]). We also consider the vector space
GP,
GP,(4) = ——* |
n(4) GP, NGId(A)

and its dimension gc¢,(A) := dimp GP,(A) is the nth generalized codimension of A. Remark that if W is a finite-
dimensional algebra, then ge,(A) is finite for n > 1.

The symmetric group S,, acts naturally on the left on G P, by permuting the variables: for o € S,,, o(wz;v) = w2 ,(;)v.

Since GP, N GId(A) is stable under this Sy,-action, the space GP,(A) is a left S,-module and its character, denoted by
gxn(A), is called the nth generalized cocharacter of A. Also, since the characteristic of F is zero,

9xn(A) =Y maxa,
AFn

where A is a partition of n, x, is the irreducible S,-character associated to A and m) > 0 is the corresponding
multiplicity.
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A variety of W-algebras generated by a W-algebra A is denoted by gvary,(A), or simply gvar(A), and is called
generalized W -variety, or simply generalized variety, and GId(V) := GId(A). The growth of ¥V = gvar(A) is the growth
of the sequence gc, (V) := gc,(A), n > 1. We say that the generalized variety V has polynomial growth if ge, (V) is
polynomially bounded and V has almost polynomial growth if gc, (V) is not polynomially bounded but every proper
generalized subvariety of V has polynomial growth.

In the last part of this section our focus will be on generalized polynomials that are trivial. Recall that a generalized
polynomial f € W(X) is said W-trivial, or simply trivial, if f = 0; otherwise f is W-nontrivial, or simply nontrivial.
Since determining whether a generalized polynomial is trivial or not is not always straightforward, we shall introduce
some techniques and approaches that can help.

Let f = f(z1,...,2,) € GP, be a multilinear generalized W-polynomial in the variables x1,...,x,. Given o € S,
we denote by f, the sum of the monomials of f in which the variables occur exactly in the order z, (1), Zg(2),- -, To(n)s
and we call it a generalized monomial of f. If A is a W-algebra, then f is called A-proper if f, ¢ GId(A) for some
o € S,. Clearly, if f is W-proper, then it is W-nontrivial. In general, the converse is not always true. Although, when
W = F “proper” and “nontrivial” are synonymous.

Now we shall focus on linear elements of W(X) in a single variable z, i.e., elements of GP, = spanp{wzv|w,v € By }.
Let us introduce the following notation. Let Endg(W) be the algebra of endomorphism of A with product o given by
the usual composition of function. Denote by L, R : W — Endr (W) the operators of left and right multiplications,
i.e., for w € W, the left (resp. right) multiplication by w is the endomorphism L,, : W — W (resp. R, : W — W)
of W defined by

Ly (v) :=wov (resp. Ry (v) := vw)7
for all v € W, and consider Ly Ry = spanp{L, o R, | w,v € By} C Endp(W).
Lemma 2.1. The linear map ¢ : Lw Rw — G Py given by
©(Ly o Ry,) = waw,
for any w,v € By, is an isomorphism.
Proof. Clearly, ¢ is surjective. Now, let 221 a; Ly, o R, € ker p, where w;,v; € By and «; € F for 1 <4 < m. Then
f=X" aywav; =0, ie., fisageneralized polynomial W-trivial. As a consequence, if we consider W as a W-algebra

with the natural the left and right W-actions defined by multiplication, then it follows that Y., a;w;av; = 0 for all
a€eW,ie, > " a;Ly, o Ry, =0. Thus ¢ is also injective, as required. |

As a direct consequence of Lemma 2.1, we have the following criterion that establishes whether a linear generalized
polynomial in one variable is trivial or not.

Proposition 2.2. Let f =Y " aw;zv; € GPi. Then f is W-trivial if and only if Y ;| a;Lqy, 0 Ry, = 0.

Corollary 2.3. Let W be W-algebra with the left and right actions defined by multiplication and f € W(X). If
f € GPLNGIA(W), then f is W-trivial.

Proof. Let f = 2111 aywizv; € GPINGIA(W), where w;,v; € By and ; € Ffor1 <i<m. If; =0foralll <i <m,
then f is W-trivial. So, let us assume that a; # 0 for some 1 <4 < m. Since f € GId(W), Y* | a;w;av; = 0 for all
aeW,ie, >t a;Ly, (Rvi (a)) =0 for all a € W, and by Proposition 2.2 f is W-trivial. |

So, when we consider W as W-algebra with the natural left and right W-actions defined by multiplication, then there
are no nonzero linear generalized identities in one variable. It is important to notice that in case we are considering W
with the structure of W-algebra given by another action, then this result is not in general true (see Section 5).

In what follows we shall assume that W = UT5, the algebra of 2 x 2 upper triangular matrices over F, i.e., we shall
work in the class of UTs-algebras. Also, we shall consider as a basis the set Byr, = {1 := e11 + ea2, €29, €12}, where
e;;’s are the standard matrix units.

3. GENERALIZED POLYNOMIAL IDENTITIES OF UT5,

In this section we shall compute a basis for the T-ideal of generalized identities, and the corresponding codimension
sequence, of UT, as UTs-algebra with the left and right UTs-actions given by the usual multiplication.

Let [z1,22] := 2122 — zax1 be the commutator of x1 and xo. Also, in what follows we use [z1,za,...,zk] toO
denote a left normed commutator. A straightforward computation shows that the following polynomial is a generalized
polynomial identity of UT5 :

(3.1) [x1, 23] — [£1, %2, e22] = 0.

Also, it is a UTs-nontrivial polynomial since it is UTs-proper. Next, we find some consequences that we will use to
reach our goal.

Lemma 3.1. The following polynomials are generalized identities of UTy and consequences of (3.1):

exa[x, x2]; [w1, 2] — [T1,T2]ean; [w1, ®2][ws, xa]; [T1, X2]e12; era[xr, x2].



4 MARTINO AND RIZZO

Proof. By acting on (3.1) by e2s from the right we get that eas[z1, z2]eaa = 0. By Proposition 2.2 eaazess = egax, then it
follows that eaa[z1, 22] = 0. Moreover, as a consequence of (3.1) and eag[x1, x2] = 0, we obtain that [x1, xo]—[z1, T2]eas =
0.

Also, by multiplying [z1, 22]—[z1, 22]eas = 0 by [23, 24] on the right and by using ess[z1, 22] = 0 we get [21, x2][z3, 24] =
0.

Finally, the generalized identities eja][z1,22] = 0 and [z, 23]e12 = 0 follow from egs[x1, 23] = 0 and [z1,x2] —
[x1,x2]eas = 0, respectively, by acting by eqa respectively from the left and the right. O

We are now in a position to prove that the generalized polynomial (3.1) span GId(UT?) as T-ideal.

Theorem 3.2. Let UTy be the UTs-algebra with the action given by the right and the left multiplication. Then GId(UT3)
is generated, as Tyr,-ideal, by the following polynomial:

[21, z2] — [21, 22, €22].
Moreover, gc,(UTy) = (n+2)2" "1 + 2.

Proof. Let I be the Tyr,-ideal generated by the above polynomials. It is clear that I C GId(UT%). In order to prove the
opposite inclusion, let w be a monomial of GP,,. If w does not contain any ess or e, i.e., it is an ordinary monomial,
then, since [x1,xa][z3,z4] € I (Lemma 3.1) and by applying the well-known reduction process modulo the ordinary
polynomial identities of UT5 (see for instance [7, Theorem 4.1.5]), w can be written as a linear combination of zyzg - - - @,
and
Ty, X, [Ty Tpys oo Tpr i

where 0 <m<n—-2, 1 <---<lpandk>p; < - < Pn_m_1-

Now, suppose that in w appears at least one ess. By Proposition 2.2, esaxess = €90z, e32xe12 = 0 and eqaxe92 = €19,
then we may assume that w contains exactly one ess. By the Poincare-Birkhoff-Witt Theorem and by ess[xy, 23] € T
(Lemma 3.1), w can be written as a linear combination of essx12 - - - ,, and polynomials of the type

xil ...xiTcl ...Cs’

where i; < --- < i, and ¢y,...,cs are left-normed commutators and just one of them contains ess. Since [z1, z3][x3, T4] €
I (Lemma 3.1), then s = 2 and one in between of the two commutators ¢, c2 contains ess. Now, since ega[z1, 22, [T1, T2]—
[x1,22]eaz € I (Lemma 3.1), we may assume that s = 1. Moreover, since [r1,x2] — [x1,Z2]eas € I (Lemma 3.1), then
we can assume that ese appears in the second position of the commutator (otherwise we can erase eas and come back
to the previous case of ordinary polynomials). Now, take the left-normed commutator [z, €22, 2;,, ..., 2;,] and notice
that using the same reasoning as we did before, we may assume that j; < --- < js. Also, by the Jacobi identity
[x2, €22, 1] = [x1, €22, x2] — [x1, T2, e22] it turns out that
(2, €22, 1] = [71, €22, T2] — [71, 2] (mod I).

This implies that the left-normed commutator can be written as [z;,, €22, Tiy, . . ., ;] Where i3 <ig < -+ < .

Finally, let w be a monomial of GP, containing at least one e15. Again by Proposition 2.2, ejoxeis = 0, egoxe;s =0
and ejaxegs = e1ox, then w must contain just one ejs. Moreover, since by Lemma 3.1 eja[x1, 2], [21,22]e12 € I, all the
variables on the left and on the right of e;s are ordered. Thus w can be written modulo I as

Z‘il T xiT€12mj1 e mj7L77‘7

where 0 <r <n, i <---<ipand j; < -+ < Jn_p.

By putting together all the previous remarks, we have proved that GP, is generated modulo I by the polynomials:

Tl Tn;,

€22%1 "+ T

@ _ .
(3.2) X15' = @iy o T €128, T,
Lk) _ .
X( )—Ill"'l’ls[l'k,‘fml,...7I’m,t],
(P) _
Xoo' = Tp, < Tp, [Tqy, €22, Tgp, -+, Tg, ]

where Z = {iy,...,i.}, L={l1,...,ls} and P = {p1,...,pu} are subsets of {1,... ,n}, i1 < -+ <ip, j1 <+ < Jnr,
h<-<lgk>m < <m,pr < <pu, 1 <@<<g,0<r<nt>landv>1
Next we prove that these elements are linearly independent modulo GId(UT5). To this end, let

f=oaxy - xp + ey Ty + ZﬁzXl(g) + ) e XER 4 Z5PX2(7;)
z Lok P

be a linear combination of the generalized polynomials (3.2) and suppose by contradiction that f # 0. We shall make
suitable evaluations to prove that f = 0 and this will complete the proof.

First, if we evaluate ©1 = --- = x,, = e;1, then we get aje11 + fzrei2 = 0, where Z = {1,...,n}, thus oy = gz = 0.
Now let us make the evaluation z; = .-+ = x, = egs. In this case we get asess + fSrre12 = 0, where 7/ = 0, so
ay = fr = 0. For a fixed Z = {i1,...,4,}, we set x;;, = --- = x; = e and z;, = --- =z, = ez and we get

Bze12 = 0 thus Sz = 0. Now, for fixed £ = {l,...,ls} and k, from the evaluation z;, = --- = 2y, = e11 + eaa, T = €12
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and Ty, = -+ = Ty, = €22, We get v pe12 = 0, thus v, = 0. Here remark that all the polynomials of the type Xg)
evaluate to zero since in X %) it must be k > my < - - - < m; whereas in XQ(;D) it must be ¢; < g2 < -+ < g, Finally, for
any fixed P = {p1,...,pu}, we make the substitution z,, =---=x,, = e11 + e, T4 =e€12 and x4, = -+ = x4, = €22

and we get dpeja = 0, that is ép = 0. Therefore, all the scalars appearing in f are zero, i.e., f = 0, a contradiction.

Thus the elements in (3.2) are linearly independent modulo GId(UT3) and, since GP, NI C GP, N GId(UT3), this
proves that GId(UT3) = I and the polynomials in (3.2) are a basis of GP,, modulo GP, NGId(UT). Hence, by counting
we get

i =23 () 5 (e 5 (-2 50 5 () K0 25 00)

r=0 r=1 r=0
=(n+2)2" 2.

4. GENERALIZED COCHARACTER SEQUENCE OF UT,

In this section, we shall determine the generalized cocharacter of UT, as UTs-algebra where the action of UT5, as
bimodule over itself is the usual product of UT5.

We shall start by proving some technical lemmas that give us a lower bound for the multiplicities m) of nth generalized
UTs-cocharacter of UTy

(4.1) 9Xn(UT2) = maxa.
AbFn

To this end recall that any irreducible left S,-module W) C GP, with character x, can be generated as S,,-module

by an element of the form er, f, for some f € W) and some tableau Ty of shape A. Here ep, = > sc Rr, (sent)oT is a
TECTX

minimal quasi-idempotent corresponding to T, where Rp, and Cr, are the subgroups of S, stabilizing the rows and

columns of T}, respectively.

Lemma 4.1. m,) > 2n +3 in (4.1).
Proof. Let us consider the standard tableau

Ty =[1[2]-- [n],

and the following 2n + 3 generalized polynomials associated to it

(4.2) a(z) =",

(4.3) a;g)( ) = eax”,

(4.4) agg( ) =2 x, ego]a™ ™t 1<i<n,
(4.5) a%)( y=alez™ 7, 0<j<n.

These polynomials are obtained from the quasi-idempotents corresponding to the tableau T(,) by identifying all the
elements. Clearly, the polynomials (4.2)—(4.5) do not vanish in UT,. We claim that these generalized polynomials are
linear independent modulo GId(UT%). So, let f € GId(UTz) be a linear combination of such polynomials, i.e.,

z) + Zﬁi%z + Z%am
i=0

First suppose that a # 0 or v, # 0. Then, by making the evaluation = = ej; one gets aey; + ype12 = 0. Hence, it
follows that o = v, = 0, a contradiction.

Now assume that 8y # 0 or 79 # 0. Then, if we consider the evaluation z = ess, we obtain Syess +Ype12 = 0. Hence,
it follows that By = v9 = 0, a contradiction.

Next, assume that there exists v; # 0 for some 1 < j < n — 1. If we substitute * = dei1 + eg2 with § € F, 6 # 0,
we get Z?Zl §7; = 0. Since F is an infinite filed, we can choose 61,...,0,-1 € F such that 6; # 0 and §; # 4, for
1 <i#j<n-—1. Then we get the following homogeneous linear system of n — 1 equations in the n — 1 variables

Y155 Yn—1
Z%%*O, 1<k<n-1

Since the matrix associated to the above system is a Vandermonde matrix, it follows that v; = 0, forany 1 < j <n -1,
a contradiction.
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Finally, if 8; # 0 for some 1 < i < n, then by making the substitution z = deq1 +e22 + €12, we get that Y., §°8; = 0.
Now, as above, one may choose distinct d1,...,d, € F such that §; # 0 for 1 < i < n. Hence, we obtain the following
linear system of n equations in the n variables 51,..., 8,

Z(s Bi=0, 1<k<n,

Again, we obtained a linear system whose associated matrix is a Vandermonde matrix. Thus, it follows that 5; = 0
for any 1 < i < n, a contradiction. Therefore the 2n + 3 generalized polynomials (4.2)—(4.5) are linearly independent
modulo GId(UT5).

Notice that the complete linearization of a(z) is e(,)(21,...,2n) = er,, (¥1---x,), and, for every 0 < i < n, the
complete linearization of aég)(:z:) and a§2 (z) are the polynomials efiﬁ’i(xl, oy @) = eq, (T1 0 T[T, €] @iqr :z:n)
and 6(12)’ (:vl, ceyTp) = €Ty (w1 ---z4€122541 - - - Ty), respectively. Then it follows that the polynomials e, 6?721) i f:f;

are also linearly independent modulo Id*(UT3) and as a consequence m ) > 2n + 3, as desired.
Lemma 4.2. Ifp>1 and q > 0, then m(pqq,) > 3(qg+ 1) in (4.1).

Proof. For any 0 <i < q, let T\ @ be the standard tableau

(p+4.p)
it 1 i+2 [ Ji+p—1] i+p [1[---Jili+2p+1]---[n]
i+p+2|i+p+3 |- | i+2p |i+p+1 ’

and let associate to it the following generalized polynomials

bg;zl(x,y) = Iﬂif~~~i[x,y] g...gxqfi,

p—1 p—1
ciy(x,y) =o' & Elwerny — yernx) -Gt
p—1 p—1
dz(j,zz(xv y) =2’ g E(zexny — yexpr)y - jal’,
p—1 p—1
where the symbol ~or " means alternation on the corresponding variables. For any 1 < ¢ < ¢, these polynomials are

obtained from the quasi-idempotents corresponding to the tableau 7

(r+a.p) by identifying all the elements in each row.
Also, they are not generalized identities of UT5.

Next, we shall show that the generalized polynomials b](gle(ac, Y), c](,i,z](x, y) d,(f,)q(x, y), 0 < i < g, are linear independent
modulo GId(UT3). To this end, let us consider

f= Zazb() z,y JrZﬂz pqx Y) +Z%d(l z,y) € GId(UTy).

First, suppose that there exists ﬂi # 0 for some 0 < i < ¢q. By evaluating x = dej; + eg, with 6 € F, § # 0, and
y = e, we get > i_o(—1)P716B; = 0. Since F is infinite, we may take d1,...,04+1 € F, where §; # 0, §; # 0y, for all
1<j+#k<q+1. Thus, as in the proof of the previous lemma, we obtain the following homogeneous linear system of
g + 1 equations in the ¢ + 1 variables fy, ..., 84

q
(4.6) D 8Bi=0, 1<j<q+1

Since the matrix associated to the system above is a Vandermonde matrix, it follows that 8; = 0, for all 0 < i < q.

Now if there exists a; # 0 for some 0 < ¢ < ¢, then we substitute x = dey1 +e12+ €92, withd € F, § # 0, and y = eqq,
and we get > ¢ (—1)P"'’a; = 0. Thus, as above, since F is infinite, we obtain a homogeneous linear system of ¢ + 1
equations in the ¢ + 1 variables ay, ..., a4 equivalent to (4.6). Therefore o; = 0 for all 0 < i < ¢, a contradiction.

Finally, assume that there exists v; # 0 for some 0 < i < ¢. By making the evaluation x = dej; + e12 + e, with
6 € F,5#0, and y = egy, we obtain Zgzo d%y; = 0. Then, as above, we get a homogeneous linear system of g + 1
equations in the ¢ + 1 variables g, ..., v, equivalent to (4.6). So, 7; = 0 for all 0 <4 < ¢, a contradiction.

Thus, the 3(¢+ 1) generalized polynomials bz(f;)q(w, Y), cz(f,)q(x, Y) dz(,?](x, y), 0 < i < g, are linearly independent modulo
GId(UT>) and, so, as in Lemma 4.1, m,14,) > 3(q + 1), as required. O

Lemma 4.3. Ifp>1 and g >0, then m(yqqp1) > q+1 in (4.1).

Proof. For any 0 < i < g, define T," @ to be the standard tableau

(p+a,p,1)

i+p i+1 ] i+p 1] Ji]i+2p+2]-- [n]
i+p+1l|i+p+3]--- |i+2p+1 :
i+p+2
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and associate to it the generalized polynomial

hg,)q(fﬂvyaz) =g 3xyzy---galt
p—1 p—1
where the symbol ~ or ~ or ~“ means alternation on the corresponding variables. For any 1 < i < ¢ these generalized

polynomials are obtained from the quasi-idempotents corresponding to the tableau T((;qup 1

elements in each row. Clearly, hg;)q(x, y,2), 1 <i < g, do not belong to GId(UT:). We claim that the ¢ + 1 generalized
polynomials hg,)q(x, y,2), 0 < i <gq, are linear independent modulo GId(UT3). If not, there exist ay, ...,y € F not all
zero such that

by identifying all the

q
Z ozihz(f;z (x,y,2) € GIA(UT3).
=0

If we substitute x = Beq; + €12 + €99, with 8 € F, B # 0, y = e11, and z = eg9, then we obtain Zg:o Bta; = 0, and
again with a Vandermonde argument we get that a; = 0 for all 0 < i < ¢, a contradiction.

Therefore the g + 1 generalized polynomials hggz(x,y, z), 0 <1 < g, are linearly independent modulo GId(UT%), as
claimed. Again, as in Lemma 4.1, this implies that m(,1¢ 1) > ¢+ 1. (]

Next, we shall prove the main theorem of the section.
Theorem 4.4. If gx,(UT2) =) ,.,, maXx is the nth generalized cocharacter of UTs, then

2n + 3, if A= (n)
my = 43+, A=+ a.p)

0, in all other cases

Proof. Let dy = deg x» be the degree of xx, A n. Then gc,(UTz) = )" ,.,, mrdy, and by Lemmas 4.1, 4.2 and 4.3 we
have that

(4.7) 9en(UTz) = (2n+ 3)d(n) + Z 3(q+ Dd(ptqp) + Z (@ + Dd(prq,p,1)-
1<p<| 2] 1<p<| 25
0<g<n-—2p 0<g<n—2p—1

Thus, to complete the proof is enough to show the (4.7) is actually an equality. To this end, notice that for n = 2p + ¢,
by the hook formula (see for example [9, Theorem 2.3.21]) we have that

d B n! B (n) n—2p+1
D T plglp+q+1) (@ +2)  \p) m—p+1
Then, it follows that

n n
Y (@t Ddgigp = (n+1) ( ) -3 ( )p +
1<p<[ 3} p=1 p=1 \P

p=1
0<q<n—2p
L3] n n n L3] n n n [5] n
KRl (YR SN ) B0 ST IR ) S B
p=1 M T NP p=1 M T VP p=1 P
where in the last equality we use that (H_ZH) = (Z) n_Z;_H. Recall that z(;:}) = ](;) and Z;:o (;) = 2¢. Hence, if
n =2k,
"2k -1
> (a+ Ddpigp = 2k +1)(2%F —1) — k2% — 4k ( . ) =22 _ 9k —1.
1<p<k p=1 NPT
0<g<n—2p

In case n = 2k + 1,

Y @+ Ddiprgp =2k +2) (22“1 -1 <2kk:11>) — @+ D2+ (k4 1) <2kk++11> 221D <p2—k1>

1<p<k p=1
0<g<n—2p
=22kl _ o) 2.
Thus, we have that
(4.8) S (@t Vdprgp =2"—n—1.
1<p<|%]

0<g<n-—2p
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Now, for n = 2p + ¢ + 1, by applying the hook formula again, we get that

d - n! _< n )P(”—?P)
) = - Digp+ Dp+q+2p+a) - (a+2) \p+1)n—p+1’
Then, by recalling that (pil) = (Z) i () =)L and (1) + (7) = (”H), it follows

p+17 \n—p+1 p/ n—p+1 p+1 p p+1
25+ ntl .
Yo @+ Vdgprgpn = <( 1)1)-( _1>> (n — 2p).
n—1 1 p+ D
1<p<| 5] P

0<g<n—2p—1

Hence, with a similar computation as above, we obtain that

(4.9) > (g4 Ddpagpn =Mm—42""+n+2.
1<p<["3H]
0<g<n-—2p-—1

Thus, by (4.8), (4.9) and since d(,,) = 1, it follows that

(2n +3)d(n) +3 Z (¢ +1)d(pigp) + Z (¢ + V)dprqp.1)

1<p<|3] 1<p<| "5t
0<q<n—2p 0<q<n—2p—1

=2m+34+32"-—n—1)+n—-42"""4+n4+2=n+22"""1 42

Since by Theorem 3.2 gc, (UT) = (n + 2)2" 71 4+ 2, we get that 4.7 is actually an equality and we are done. O

5. ON ALMOST POLYNOMIAL GROWTH

In this section, we shall construct a variety of UTs-algebras inside gvar(UT») of almost polynomial growth of the
codimensions. We shall also present another variety of UTs-algebras that have almost polynomial growth of the
codimensions but it is not contained in gvar(UT5).

Let us define on UT, a new structure as UTs-bimodule in the following way: let 1 := e11 + e22 and esq act by left
and right multiplication as in the previous case and let

612'&2(1'612:0

for all a € UTy. It readily follows that this action defines UT, as a new UTy-algebras that we will denote it by UT{L.
Such a notation is justified by noticing that if we let D be the subalgebra of UT, spanned by ej; and eso, then the
above action is the natural generalization of the left and right multiplication of UTs by elements of D, i.e., we can also
view UT, as a D-algebra.

Following step-by-step the lines of Theorem 3.2 and Theorem 4.4 with the necessary changes, we can prove the
following results.

Theorem 5.1. Let UTL be the UTs-algebra with the above action. Then GIA(UTY) is generated, as Tyr,-ideal, by
the following polynomials:

e12w;  we1; |1, 2] — w1, @2, €20].
Moreover, ge,(UTP) =n2m~1 4 2.

Theorem 5.2. Let gx,(UTPY) = Y aen MAX be the nth generalized cocharacter of UTP. Then

n+2, if A= (n)

iy = 2(¢+1), ifx=(p+qDp)
q+1, if A= (p+q,p1)
0, in all other cases

Remark that by Theorem 5.1 UTP € gvar(UT:) and gvar(UTL) grows exponentially, then it immediately follows
that

Corollary 5.3. guar(UTy) does not have almost polynomial growth of the codimensions.

Next, we shall prove that gvar(UTy) is a variety of UTs-algebras of almost polynomial growth. If V is a variety of
UTs-algebras, then for every n > 1, we write

9xa(V) = _ m¥xx,
AFn

where mY denotes the multiplicity of irreducible character x in gx, (V).
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Remark 5.4. Recall that the n + 2 linear independent generalized polynomials corresponding to the partition A = (n)
are:

a(z) = z",

agz)( ) = exz”,
aéQ) (z) = 2" Mz, e)a™ ", 1<i<n.
The 2(q + 1) linear independent generalized polynomials corresponding to the partition A = (p + q,p) are:

bg}](x,y) =2'Z---7
p—1 p—1

z,yly-gatTt, 0<i<gq
N——

) (z,y) = o' g B(wessy — yeppa) y---gat~', 0<i<q.
p—1 p—1
Finally, the ¢ + 1 linear independent generalized polynomials corresponding to the partition A = (p + q,p, 1) are:
W@,y ) =2t g Tagzg-gatT, 0<i<q,
p—1 p—1
Lemma 5.5. Let U be a proper subvariety of guar(UT)). Then there exist constants M < N such that
aMyaN M Z wiriyzN ~t e GId(U),
i<M
for some pu; € F.
Proof. Let a(x), agQ) (x), bz(,{t)z(%y), dz(,{t)z(m,y), and hg,)l(x,y7z), 0<i<n,0<j<gq, be the polynomial of Remark 5.4.
Since U & V = gvar(UTY), then there exists A - n such that m& < mY. Thus by Theorem 5.2, it follows that either

(5.1) ajalx —&—ZaQ)aéQ) ) € GId(U),

with aq, agi) not all zero, or

q

(5.2) Zq: )+ > did ) e GIA(U),

=0 =0

with 3;,d; not all zero, or

(5.3) thU (z,y,2) € GIAU),
with 7; not all zero. Suppose that (5.2) holds. Then

q
= T T q—i ~ q—i
y) = ZBM u[% yly--- gt + 25 7' g T(weny — yenr)y- -yt~ € GlAWU).
= p—1 p— 1 p— 1 p_" 1
If we substitute in f(z,y) the variable y with y; + y2, we obtain that

—_~—

q
f(@,y1,92) Z ' T Ty + o) (1 +y2) - (1 4 ye) 20
=

p—1

”i{

+ 25 2 T Bwenn(y1 +y2) — (W1 + 2)e2nw) (1 +u2) - (U +1p) 277 € GIAQ).

p— 1 p—1

Now, let us consider in the polynomial f(z,y;,y2) the component f'(x,y;,y2) of degree 1 in y,. By substituting in
f'(z,y1,y2) the variable y; with 2% and y, with [z,y], we get that

Zﬂlx T- z, [z, y]] 22 Ca2 gt 4 Z 5 T T(wean[x, y] — [, yleow) 22 - 20 e GId(U).
i p—1 p—1
Since eas[z,y], [z, y] - [x,y]egg € GIA(UTP) C GId(U), it follows that

q —

= ST T 222 pdl 72 2 pd—1

(5.4) g(z,y) = Zﬁlx Tx[z,ylg?- 22z Z%x T Zz,ylea?- 222t € GIA(U),

i=0 p—1 p— p— 1 p—1
where v, = 8; +6; € F,0<1i <gq.
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Suppose first that 5; # 0 for some 0 < i < ¢, and let t = max{i|5; # 0} and N’ = deg g(z,y). Since g(z,y) € GId(U),
we have that

Brat T3 gl Y eyl TR € GLAW),

i<t+2p—1
for some 7; € F. Since §; # 0, we get that
It+2pny’72p7tfl + Z uixinylfifl c GId(Z/I),
i<t+2p
for some u; € F. Now, if we set N = N’ — 1 and M = ¢ + 2p, then it follows that
aMyaN=M 4 Z wir'yz™ " € GId(U),
i<M
for some pu; € F, as required.

Assume now that in (5.4) 8; = 0 for all 1 < ¢ < g. Then 7; # 0 for some 1 <14 < g. So, let t = max{i|~; # 0} and
N’ =degg(z,y) in (5.4). Then

2 gl T S il yle TR € GHAW),
i<t+2p—2

for some fy; € F. Since ¢ # 0, we get that
$t+2p—1y$N/—2p—t—1 + Z ,uixiny’—i—l c GId(U),
i<t+2p—1
for some p; € F. Now, if we set N = N’ —1 and M =t + 2p — 1, then it follows that
aMyaN M Z pirtyzN =t e GId(U),
i<M

for same u; € F, as required.
Now, suppose that (5.1) holds. Then, we have that

n
(5.5) arx”™ + ozgo)emzn + Z ozg)osifl[z, ex]z" ™" € GIA(U).
i=1
Let us substitute z with z1 4+ z3 in (5.5), and consider the homogeneous component of degree 1 in 5. Then in this
homogeneous component, we substitute x; with « and x2 with [z,y]. Thus, with similar computations as in the previous
case, we reach the desired conclusion.

Finally, suppose that (5.3) holds in ¢. By substituting in hf,)q(x y,2) the variable z with 22, we obtain (5.2), and,
by the first case, the proof is complete. O

Proposition 5.6. Let U be a proper subvariety of guar(UTL). Then there exists a constant N such that mY{ < N for
any AFn, n>1.

Proof. By Lemma 5.5, there exists N such that
(5.6) aMygN=M 4 Z wirtyzN e GId(U),
i<M
for some p; € F and a suitable M < N. We shall prove that m& < 2N for all A - n. By Theorem 5.2 it is enough to

consider the cases when either A = (n), or A= (p+¢,p), or A= (p+¢,p, 1).
We prove the statement for A = (p 4+ ¢,p). The other cases will follow with similar arguments.

If ¢ < N there is nothing to prove. So, let us assume that ¢ > N and consider the polynomials b,(,?] (z,y) and dl(,%(x, Y),
0 <i < g, defined in Remark 5.4. Notice that from relation (5.6) it follows that

5.7 Mz gz, y)g NM = zxm 2NV~ (mod GId(U)),
(5.7) T Fl,yly- > 2yl g ( )
p—1 p—1 <M p— 1 p—1
and
(5.8) M :E];- ;:E(gcemy —yexpr)y- - gaN M = KZM pix wp 1 i(zeaay — yeanw) g--- gy~ (mod GIA(U)).
- p—1 p—1

Hence, since ¢ > N, we can apply the relation (5.7) to any polynomial b;f;z](x, y) such that ¢ > M, and, as a consequence,

we get that
b\ (x,y) = Y bY) (2, y) (mod GIA(U)).

P’q p.q
Jj<M
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Similarly, since ¢ > N, we can apply the relation (5.8) to any polynomial dz(,le(x,y) such that ¢ > M, and we obtain
that

dl(,%(x,y) = Z dl(,{zl(x,y) (mod GId(U)).
j<M
Therefore, it follows that m{ < 2M < 2N = N, as required. |
Theorem 5.7. The variety of UTs-algebras generated by UTP has almost polynomial growth.

Proof. Let U be a proper subvariety of V = gvar(UT{). We shall prove that & has polynomial growth of the codimen-
sions. By Lemma 5.5, there exist constant M < N such that

aMygN—M 4 Z pirtyz™N ~t € GId(U)
i<M
for some pu; € F. By a standard multilinearization process (see for instance [7, Theorem 1.3.8]), we get
D To)) T (Yo (M+1) To(N) £ D D Hie(1) To(YTa(itn)  To(n) € GIAWU)
ogESN <M ocESN
where z1,...,z5 are new variables.
In the previous identity, we substitute y by [y1, 2], we multiply on the right by z; --- zp; and we alternate x; with

2;, for all 1 <4 < M. Since [z, zo][73, 24] € GIA(UTL) C GId(U), it follows that

T Imlynyelz o EZuragn - an € GIAU).
Now, we multiply on the left by zj;11 - -2y and we alternate x; with z; for all M +1 < 5 < N. It readily follows that
(59) i1~-~5:N[y1,y2]21---2N EGId(U)
Take the previous identity and substitute firstly y; by y1e22 and, secondly, yo by yseos. We get

Ty In(Yie2ays — Yayie22)21 - Zn € GIA(U),

Ty TN (y1y2e22 — y2e22y1)21 - 2y € GIA(U).
Let us sum the previous identities and, since [z1, Ta] — [x1, Z2]e2s € GIA(UTY) C GId(U) and (5.9) holds, we obtain

Ty In(Y1e22y2 — y2ea2yr)z1 -+~ Zn € GIAU).
By renaming the variables, we get
(510) i’l""’fNCi'N+1€222N+121"'ZN S GId(U)
The identities (5.9) and (5.10) tell us that the irreducible Sy(y1)-character corresponding to the partition A = (N +
1, N + 1) participates into the 2(N + 1)th generalized cocharacter of U with a zero multiplicity, i.e., ml(”NH‘NH) =0.

Finally, take identity (5.9), multiply it on the right by yn41 and alternate y;, y2 and yny1. By renaming as before
the variable y; by zy4+1 and ys by zy4+1, we get
AT i‘N.f?N+1QN+1£’N+121 - ZN E Gld(U)

Thus, as in the previous case, ml(/{N-',-l,N-&-Ll) =0.

Hence, if A F n is such that A > N + 2 then mzf = 0 or, equivalently, if x appears with a non-zero multiplicity in
the generalized S,,-cocharacter of U, then A must contain at most N + 1 boxes below the first row. Therefore

o)=Y mix.
AFn
[A[=A1<N+1
Recall that \; stands for the number of boxes of the ith row of .
Since |A] = A1 < N 41, then Ay > n — (N + 1) and by the hook formula

n!
dy = < — <Nt
We are now in a position to reach the goal, in fact by the previous remark and by Proposition 5.6
gen(U) = gxn(U)(1) = Z m¥dy < Z NpN+L < (N 412NN+
AFn AFn
IA| = A1 <N+1 A=A <N+1

since the number of partitions such that |A\| — Ay < N + 1 is bounded by (N + 1)2. Therefore gc,, (U) is polynomially
bounded and we are done. ]

Let us denote by UTY the F-algebra UTs regarded as UTs-algebra, i.e., UTY" has a structure of UT,-bimodule where
1:= 1yr, acts by left and right by multiplication, es2 -a =a - ez =0 and e12 - a = a - e1a2 = 0 for all a € UT;. Clearly,
from the definition of this new action it readily follows that egox = 0, xegs = 0, e1ox = 0 and zejo = 0 are generalize
identities of UTY". Thus, we are dealing with ordinary polynomial identities, and by the results in [3,13,14] we have
the following.
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Theorem 5.8. Let UTY be the UTy-algebra with the above action. Then GIA(UTY') is generated, as Tyr,-ideal, by the
following polynomials:

e22T; Tega; [r1,Tal[T3, T4
Moreover, ge,(UTE) =2"1(n —2) + 2.

Theorem 5.9. Let gx,,(UTY) =3 ,.,, maxx be the nth generalized cocharacter of UTY . Then

1, if A= (n)
mx=9q¢+1, ifA=(p+q,p)orA=(p+qp]l).
0, i all other cases

Theorem 5.10. The variety of UTy-algebras generated by UTYL has almost polynomial growth.

Notice that from Theorems 3.2 and 5.8 it follows that U T2F ¢ gvar(U Tg) Also, as a consequence of Theorems 5.1
and 5.8 we have that GId(UTY") ¢ GIA(UTY) and GId(UTY) ¢ GId(UTY"). Thus by Theorems 5.7 and 5.10 we have

the following.

Corollary 5.11. The algebras UTL and UTP generate two distinct varieties of UTs-algebras of almost polynomial
growth.
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