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Summary

The present paper proposes an Hybrid Equilibrium Element (HEE) formulation
for the prediction of cohesive fracture formation and propagation with the crack
modelled by extrinsic interface embedded at element sides. The hybrid equilib-
rium element formulation can model high order (quadratic, cubic and quartic) stress
fields which strongly satisfy homogeneous equilibrium equations, inter-element and
boundary equilibrium equations. The HEE can implicitly model both the initially
rigid behaviour of an extrinsic interface and its debonding condition with separa-
tion displacement and softening. The extrinsic interface is embedded at the element
sides and its behaviour is governed by means of the same degrees of freedom of
HEE (generalized stresses), without any additional degree of freedom. The proposed
extrinsic cohesive model is developed in the thermodynamic framework of damage
mechanics. The proposed crack propagation criterion states that crack grows when
the maximum principal stress reaches the tensile strength value, in a direction orthog-
onal to the principal stress direction. The crack is embedded at an element side and
the mesh around crack tip is adapted, by rotation of the element sides, in order to have
the interface aligned to the crack growth direction. Three classic two-dimensional
problems of fracture propagation are numerically reproduced and the results com-
pared to the experimental data or to the other numerical results.
KEYWORDS:
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1 INTRODUCTION

The mechanical behaviour of brittle and quasi-brittle materials under tensile stress is characterized by irreversible micro-
mechanical phenomena such as diffuse damage, oriented micro-cracking and fracture, which can dangerously degenerate to
material failure and to the collapse of structural elements. Many approaches have been developed for modelling and for the
numerical simulation of fracture propagation phenomena, and most of them can be framed in the continuum damage mechanics
or in the discrete crack models. Classic continuum damage models are susceptible of localization phenomena with pathological
mesh dependency, which can be faced by regularization techniques such as the gradient or non-local formulations1,2,3 or, fol-
lowing a recent trend, by phase-field damage models4,5. In continuum damage mechanics the crack pattern is not postulated a
priori neither explicitly modelled, whereas in discrete crack formulations the location of the crack path is geometrically defined
as a potential separation surface within the solid, where a discontinuity in displacement field is explicitly modelled.
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The discrete crack (DC) can be modelled by zero-thickness interface elements with their own nonlinear constitutive equations.
When the failure surface is a priori known, such as the delamination surface of composite materials, interface elements need
to be inserted following the FE mesh conforming to the potential discontinuity surface. More flexible formulations for crack
modelling are the strong or embedded discontinuity (EFEM) approaches6,7,8,9 and the eXtended-generalized FEM (XFEM,
GFEM)10,11,12, which enable crack propagation with arbitrary path across the elements, without re-meshing. The two different
approaches of discrete crack modelling (EFEM and XFEM) are compared by Oliver et al in Ref.13.

The crack path can be predicted by discrete formulation in the framework of linear Elastic Fracture Mechanics (LEFM) by
evaluation of stress intensity factors (SIFs)14, strain energy release rates (SERRs)15 or by the well known J-integral method16,17.
An alternative approach is the so called Cohesive Fracture Mechanics (CFM), which combines the DC kinematic formulation
with Cohesive Zone Models (CZM). The CZMs describe the Traction Separation Law (TSL) at the discontinuity surface and,
as pointed out since the pioneering works of Dugdale18 and Barenblatt19, allow us to overcome the mathematical issue of the
stress singularity ahead of the crack tip of LEFM20. The constitutive modelling of the separation surface has been thoroughly
investigated from several point of view, such as: isotropy and orthotropy behaviours21, coupled damage-plastic22, independent
mode I and mode II fracture toughness23,24,25, thermodynamic consistency26,27,28, cohesive-frictional behaviour29,26, finite dis-
placement conditions23,30 etc. The references here cited represent a short and largely incomplete review of the huge literature
on interface constitutive models.

Most of the available CZMs are defined as intrinsic, assuming an elastic behaviour in the pre-failure regime, with a reversible
separation between the two edges of the discontinuity surface for tensile and tangential traction values lower then interface
strength. The elastic separation generally is not a mechanical deformation but the approximation given by the penalty method,
which is applied to keep joined the two connected bodies in both the opening and closure conditions. Drawback of the penalty
method is the additional and artificial compliance which alters the body elastic response and can produce spurious traction
oscillations at the crack tip31 end error in the evaluation of wave speed in dynamic analysis.

The extrinsic TSLs, as opposed to intrinsic ones, models an initial rigid behaviour, with perfect adhesion of the two edges
of separation surface for traction lower then interface strength. Extrinsic models overcome the above mentioned drawbacks of
intrinsic models and are appealing in the modelling of crack propagation. However, the coupling of an extrinsic interface with
a displacement based finite element formulation for the analysis of cohesive crack is not straightforward and it requires some
special numerical treatment, such as the Discontinuous Galerkin (DG) method proposed in Ref.32, which weakly enforces the
displacement continuity at the interface by application of Nitsche’s method33. Nitsche’s method, in the form of DG and coupled
with an extrinsic TSL, is also the numerical resolution strategy adopted in Ref.34 for the analysis of interfacial cracking between
non-matching meshes, for debonding analysis in composite materials Ref.35, or for intergranular degradation and failure in
polycrystalline materials through the boundary element method in Refs.36,37. The DG method coupled with an extrinsic TSL is
adopted in Ref.38 for static and dynamic analysis of interface separation, and the results are compared to the intrinsic interface
formulation, showing significant improvement in evaluation of the wave speed. In Refs.39,40 the dynamic crack propagation on
an arbitrary path has been modelled by the DG method with extrinsic TSL. An alternative approach for the modelling of an
extrinsic TSL in a known crack path with FEM is proposed in Ref.41 and is based on a mixed formulation through which the
perfect adhesion at the interface is enforced and the cohesive tractions are assumed as Lagrangian variables. The main drawbacks
of all such formulations for the analysis of crack propagation phenomenon are: the mesh generation, which requires an interface
element inserted at every inter-element boundary and independent nodes for each element; the mesh dependency of crack path,
which can be mitigated by mesh refinement.

More recently, the analysis of cohesive crack propagation at the inter-element interface has been faced by the author in Ref.42
by mean of the Hybrid Equilibrium Element (HEE) formulation, which can implicitly embed an extrinsic interface at any element
side with neither additional degree of freedom, nor additional nodes, and without any remeshing. HEE provides a very accurate
solution of the elastic problem employing higher order stress fields, namely: quadratic, cubic or quartic, which strongly satisfy the
homogeneous equilibrium equations and inter-element and boundary equilibrium equations43,44,45,46,47,48. Embedded interface
can model perfect adhesion at the pristine condition and a linear softening, with active separation between the edges of interface,
when activation condition is attained. Interface behaviour is modelled as an extrinsic TSL developed in a the thermodynamic
framework of damage mechanics. The HEE formulation was also extended to the dynamic analysis of elastic solids in Ref.49.

The stress based formulation developed in Ref.42 can be considered an effective alternative for the analysis of fracture propa-
gation. However, the approach proposed in Ref.42 models the inter-element crack through a fixed mesh and with a mixed mode
crack opening criterion, which is governed both by the tensile traction component and by the tangential one. As a consequence,
it is not immune to mesh dependence of the crack trajectory and the overall response is strongly affected by the mesh size and
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orientation chosen for the non linear analysis. In present paper the formulation proposed by the author in Ref.42 for the inter-
element crack propagation is significantly improved and the most relevant novelty are the crack propagation criterion and the
remeshing of elements ahead of the crack tip. In detail, the criterion assumed for determining the crack propagation direction is
that of the maximum principal stress, which can be considered the most suitable criterion for a stress based approach, at least for
isotropic materials. The crack grows when the maximum principal stress 𝜎1 reaches the tensile strength value 𝑠0 and the crack
propagates in the direction orthogonal to the principal stress direction, which generally does not coincides to any element side.
Therefore, the mesh around crack tip has to be adapted to the direction of crack propagation, by rotation of the element sides, so
that the embedded interface is aligned to the crack growth direction. Finally, the resolution approach of the nonlinear problem
of damage evolution, which cannot be solved at the single Gauss point level but for the whole element with embedded interface,
is improved and simplified.

The paper is organized as follows: the HEE is developed in Section 2. The HEE with an interface embedded at one element
side and the extrinsic TSL are proposed in Section 3. The crack propagation criterion and the remeshing of elements ahead of
the crack tip are presented in Section 4. The results of the numerical simulations are reported in Section 5 and, finally, closing
remarks are given in Section 6.

2 HYBRID EQUILIBRIUM ELEMENT FORMULATION

Let us consider a 2D elastic body occupying the closed region Ω. The body is referred to a Cartesian reference system (𝑥, 𝑦)
and each point x is subjected to vector field body force b (x, 𝜏) in Ω , vector traction t (x, 𝜏) on the free boundary Γ𝑇 , imposed
vector displacement u (x, 𝜏) on the constrained boundary Γ𝑈 at each time 𝜏 ∈

(

𝑡0, 𝑡
). The equilibrium formulation belongs to

the class of stress-based approaches and the weak form solution of the elasto-static problem is given as stationary condition of
the complementary energy functional, with stress satisfying the domain and boundary equilibrium equations.

Mixed and hybrid formulations can be encompassed in the more general framework of multifield finite element methods (see
Ref.50 for more details). Mixed elements are, generally, conforming with continuous displacement interpolating nodal values.
Stress fields are discontinuous and satisfy equilibrium equation only weakly. Solution of elastic problems for such elements is
generally given as stationary condition of the Hellinger-Reissner functional. Conversely, hybrid equilibrium elements are not
conforming and are based con stress fields which strongly satisfy equilibrium equations. The solution of elastic problems is given
as stationary condition of the complementary energy functional and displacement field plays the role of Lagrangian variable.

The two-dimensional static equilibrium formulation considered in the present paper follows the same reasoning path as
proposed in Refs.51,42 and the following assumptions are considered:

• The two-dimensional solid continuum domain Ω is discretized by a set  of non-overlapping triangular subdomains Ω𝑒,
with 𝑒 ∈  , such that Ω =

⋃

𝑒∈ Ω𝑒.
• The set of all element sides is denoted by  = 𝑇 ∪ 𝑈 ∪ 𝑖𝑛𝑡 where 𝑇 is the set of external free boundary element

sides, 𝑈 is the set of constrained boundary sides and 𝑖𝑛𝑡 is the set of internal element sides (inter-element sides).
• The set of three sides of element 𝑒 is denoted by 𝑒 =

(

𝑠1, 𝑠2, 𝑠3
)

⊂  and the element subdomain boundary Γ𝑒 ≡ 𝜕Ω𝑒 =
⋃

𝑠∈𝑒
Γ𝑠 is composed of three sides Γ𝑒

𝑖 = Γ𝑠𝑖 with 𝑠𝑖 ∈ 𝑒 and 𝑖 = 1, 2, 3.
• Each element side can lie at the free boundary Γ𝑠 ⊂ Γ𝑇 and 𝑠 ∈ 𝑇 , or can lie at the constrained boundary Γ𝑠 ⊂ Γ𝑈 and

𝑠 ∈ 𝑈 , or can be an internal side between two subdomains Γ𝑠 ≡ 𝜕Ω𝑒1 ∩ 𝜕Ω𝑒2, with 𝑒1 ≠ 𝑒2 and 𝑠 ∈ 𝑖𝑛𝑡.
• The set of integration points of the side Γ𝑒

𝑖 is denoted by 𝑒
𝑖 , that is: x𝑔 ∈ Γ𝑒

𝑖 with 𝑔 ∈ 𝑒
𝑖 .

• The subset of active integration points, that are points x𝑔 ∈ Γ𝑒
𝑖 with increasing damage �̇�𝑔 > 0, is denoted by 𝑒

𝑖 ∪ 𝑒
𝑖 .

• The subset of fully damaged integration points, that are points x𝑔 ∈ Γ𝑒
𝑖 with damage 𝜔𝑔 = 1, is denoted by 𝑒

𝑖 ∪ 𝑒
𝑖 .

The element sides Γ𝑠 with 𝑠 ∈  can be curved and the hybrid approach of the equilibrium formulation is developed with
the stress fields 𝝈𝑒 independently defined and satisfying the equilibrium equation in each subdomain (div𝝈𝑒 + b𝑒 = 0 in Ω𝑒).
The inter-element equilibrium condition at all internal sides and the boundary equilibrium condition at all free boundary sides
are imposed by the classical hybrid formulation, for which independent displacement field u𝑠 (x) with x ∈ Γ𝑠 is defined for each
element side 𝑠 ∈ , and is assumed as Lagrangian variable in order to mutually connect adjacent elements or to apply traction
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on the free boundary (see for example Refs.46,52,48,51,42). For the triangular finite element discretization, the hybrid equilibrium
formulation gives the following modified complementary energy functional:

Π𝑐
(

𝜎𝑒∈ ,u𝑠∈𝑒

)

=
∑

𝑒∈

1
2 ∫
Ω𝑒

𝝈𝑒 ∶ D ∶ 𝝈𝑒 𝑑Ω −
∑

𝑒∈
𝑠∈𝑒

∫
Γ𝑠

n𝑒
𝑠 ⋅ 𝝈𝑒 ⋅ u𝑠 𝑑Γ +

∑

𝑠∈𝑇
∫
Γ𝑠

t ⋅ u𝑠 𝑑Γ (1)

with u𝑠 ≡ u on constrained sides 𝑠 ∈ 𝑈 and n𝑒
𝑠 the outward unit vector normal to side Γ𝑠 ⊂ 𝜕Ω𝑒.

The stationary condition of the functional Π𝑐 , with respect to the Lagrangian variable u𝑠 gives the weak form of the inter-
element equilibrium condition for an internal side and the weak form of the boundary equilibrium condition for a free boundary
side. The stationary conditions of the functional Π𝑐 , with respect to the stress tensor 𝝈𝑒 provides a weak form of the compatibility
condition between elastic strains 𝜺𝑒 ≡ D ∶ 𝝈𝑒 and displacement at the boundary sides u𝑠 with 𝑠 ∈ 𝑒. Details of the static
formulation are given in Refs.51,42.

In hybrid equilibrium formulations the finite element is defined by the element stress fields satisfying the domain equilibrium
equation, which does not interpolate nodal degrees of freedom, but are functions of generalized stresses. In the present paper, the
hybrid equilibrium element is developed only for two-dimensional membrane problems with polynomial stress fields of order
𝑛𝑠 = 2, 3, 4.

Let a triangular Hybrid Equilibrium Element (HEE) of domain Ω𝑒 be considered and referred to a local Cartesian reference
(𝑥, 𝑦) centred at vertex 1, as shown in Figs. 1a-c. The quadratic stress fields (𝑛𝑠 = 2) of a two-dimensional element are defined
by the following polynomial functions

𝜎𝑥 (𝑥, 𝑦) = 𝑎1 + 𝑎2𝑦 + 𝑎3𝑦
2 − 𝑎9𝑥 − 𝑎10𝑥

2∕2 − 2𝑎12𝑥𝑦 − 𝑏𝑥, (2)
𝜎𝑦 (𝑥, 𝑦) = 𝑎4 + 𝑎5𝑥 + 𝑎6𝑥

2 − 𝑎8𝑦 − 𝑎10𝑦
2∕2 − 2𝑎11𝑥𝑦 − 𝑏𝑦, (3)

𝜏𝑥𝑦 (𝑥, 𝑦) = 𝑎7 + 𝑎8𝑥 + 𝑎9𝑦 + 2𝑎10𝑥𝑦 + 𝑎11𝑥
2 + 𝑎12𝑦

2, (4)
where, 𝑏𝑥 and 𝑏𝑦 are components of uniform volume force vectors acting on the element, and terms 𝑎1,… , 𝑎12 are generalized
stress variables. The stress fields of Eqs.(2-4) implicitly satisfy the domain equilibrium equation and for the 𝑒− 𝑡ℎ element can
be represented in the following Voigt notation

𝝈𝑒(x) = S𝑒(x)a𝑒 + 𝝈0
𝑒 with x ∈ Ω𝑒 (5)

where S𝑒(x) is the stress modelling matrix, vector a𝑒 (of dimension 𝑛𝑎 = 12) collects all generalized stress variables, 𝝈0
𝑒 =

[

−𝑏𝑥,−𝑏𝑦, 0
]𝑇 is a particular solution of the domain equilibrium equation, due to a uniform body force, and 𝝈𝑒 =

[

𝜎𝑒
𝑥, 𝜎

𝑒
𝑦, 𝜏

𝑒
𝑥𝑦

]𝑇 .
The proposed formulation still satisfies the equilibrium equations if non-uniform body forces are considered, but only with
polynomial function of order lower than that of stress formulation. The cubic and quartic stress fields are analogously defined
and the dimension of generalized stress vector a𝑒 is 𝑛𝑎 = 18 for the cubic stress and 𝑛𝑎 = 24 for the quartic one. See AppendixA
for the respective forms of the matrix S𝑒(x) and vector a𝑒 in the quadratic, cubic and quartic stress field formulations.

Displacement is independently defined at each element side and continuity at the vertexes is not strongly imposed. In the pro-
posed stress-based approach, equilibrium condition is pointwise satisfied, whereas displacement continuity can only be weakly
imposed. The geometry and displacement of all element sides Γ𝑠 are modelled by a classic isoparametric mapping

x𝑠 (𝜉) = N (𝜉) x𝑠 , (6)
u𝑠 (𝜉) = N (𝜉)u𝑠 , (7)

where N (𝜉) is the matrix collecting the shape functions and the vectors x𝑠, u𝑠 collect respectively coordinates and kinematic
degrees of freedom of side Γ𝑠.

The complementary energy functional Π𝑐 in Eq.(1) can be rewritten in the following discretized form
Π𝑐 =

∑

𝑒∈

[1
2

a𝑇
𝑒 C𝑒a𝑒 − a𝑇

𝑒 H𝑒u𝑒 + T𝑇
𝑒 u𝑒

]

, (8)
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a) b) c)
FIGURE 1 Nine-node, twelve-node and fifteen-node triangular Hybrid Equilibrium Elements (HEE).

where
C𝑒 = ∫

Ω𝑒

S𝑇
𝑒 D S𝑒𝑑Ω, (9)

H𝑒 =
[

h𝑒
1,h

𝑒
2,h

𝑒
3
] with h𝑒

𝑖 = ∫
Γ𝑒
𝑖

S𝑇
𝑒 n𝑒

𝑖 N𝑑Γ, (10)

T𝑒 =
[

t𝑒1, t
𝑒
2, t

𝑒
3

] with t𝑒𝑖 = ∫
Γ𝑒
𝑖=Γ𝑠𝑖

N𝑇 t𝑑Γ and 𝑠𝑖 ∈ 𝑒 ∩ 𝑇 , (11)

u𝑒 =
[

u𝑒
1,u

𝑒
2,u

𝑒
3

]

=
[

u𝑠1 ,u𝑠2 ,u𝑠3

] and 𝑠𝑖 ∈ 𝑒, (12)

n𝑒
𝑖 =

⎡

⎢

⎢

⎣

𝑛𝑒𝑖𝑥 0
0 𝑛𝑒𝑖𝑦
𝑛𝑒𝑖𝑦 𝑛𝑒𝑖𝑥

⎤

⎥

⎥

⎦

. (13)

The stationary conditions of the functional Π𝑐 with respect to the Lagrangian variable u𝑠 gives the weak form of inter-element
equilibrium condition for an internal side 𝑠 ∈ 𝑖𝑛𝑡 and the weak form of boundary equilibrium condition t𝑒𝑠 = h𝑒

𝑠
𝑇 a𝑒 for a

boundary side 𝑠 ∈ 𝑒 ∩ 𝑇 (see Ref.42 for details).
The stationary condition of functionalΠ𝑐 in Eq.(8), with respect to the generalized stress vector a𝑒, gives the following element

equation of the discretized static hybrid equilibrium formulation
𝜕Π𝑐

𝜕a𝑒
= C𝑒a𝑒 − H𝑒u𝑒 = C𝑒a𝑒 − h𝑒

1u
𝑒
1 − h𝑒

2u
𝑒
2 − h𝑒

3u
𝑒
3 = 0, (14)

which states the relationship between nodal displacement and generalized stress variables at the element level. The element
nodal force vector can also be written as q𝑒 = H𝑇

𝑒 a𝑒 and the equation of the single hybrid equilibrium element is
[

C𝑒 −H𝑒
−H𝑇

𝑒 0

] [

a𝑒
u𝑒

]

=
[

0
−q𝑒

]

(15)
where the compliance matrix C𝑒 is symmetric, positive definite and not singular, so that it can be inverted and the generalized
stress vector a𝑒 can be condensed out at the element level; that is, mathematically

a𝑒 = C𝑒
−1H𝑒u𝑒 (16)

q𝑒 = H𝑇
𝑒 C𝑒

−1H𝑒u𝑒 = K𝑒u𝑒 (17)
where the matrix K𝑒 = H𝑇

𝑒 C𝑒
−1H𝑒 is the element stiffness matrix and the HEE can be implemented in a classic displacement-

based finite element code. Vector q𝑒 =
[

q𝑒
1,q

𝑒
2,q

𝑒
3

] collects the nodal forces of the three element sides and such forces coincide
to the boundary traction forces for a boundary side, that is q𝑒

𝑠 = t𝑒𝑠 = h𝑒
𝑠
𝑇 a𝑒 for side 𝑠 ∈ 𝑒 ∩ 𝑇 .

The use of the same order for the stress fields and for displacement of side (𝑛𝑠 = 𝑛𝑑) allows the proposed formulation to
accurately verify the inter-element equilibrium condition, with co-diffusive stresses 𝝈𝑒1 and 𝝈𝑒2 through the inter-element side
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Γ𝑖𝑛𝑡 = 𝜕Ω𝑒1 ∩ 𝜕Ω𝑒2 . Therefore, in order to impose the inter-element equilibrium condition, the nine-node HEE in Fig. 1a is
employed with a quadratic stress field, while the twelve-node HEE in Fig. 1b is employed with a cubic stress field and the
fifteen-node HEE in Fig. 1c is employed with a quartic stress field. The inter-element equilibrium condition at internal sides and
boundary equilibrium condition at external sides are strongly satisfied only for straight sides, whereas are weakly imposed for
curved sides.

3 HEE WITH EMBEDDED EXTRINSIC INTERFACE

The hybrid equilibrium element, with its property of independent displacement fields for each side, is particularly suitable for
modelling of decohesion along an element side, without any additional degree of freedom. For the sake of clarity let us initially
consider an interface Γ0 inserted into the two-dimensional elastic domain Ω so that Γ0 ∪ Ω and Γ0 ∩ 𝜕Ω = 0. The domain
discretization is defined in such a way that no one HEE is crossed by the interface and the interface is discretized by the set
0∪𝑖𝑛𝑡 of internal element sides, that is: Γ0 =

⋃

𝑠∈0
Γ𝑠. From the kinematic point of view the interface behaviour is modelled

by the jump or separation displacement between the positive and negative edges of the interface, that is e ∶= [[u]] = u+ − u−.
The behaviour is initially modelled as linear elastic by the following relationship between traction components s = 𝝈n0, with
n0 the unit vector normal to the interface Γ0, and the separation displacement

e = A𝑒𝑙s, (18)
where A𝑒𝑙 is the interface compliance diagonal matrix. The elastic interface introduces an additional elastic strain energy
contribution in the complementary energy functional in Eq.(1) which is given as

Π𝑐 =
∑

𝑒∈

1
2 ∫
Ω𝑒

𝝈𝑒 ∶ D ∶ 𝝈𝑒 𝑑Ω +
∑

𝑠∈0

1
2 ∫

Γ𝑠

s ⋅ A𝑒𝑙 ⋅ s 𝑑Γ −
∑

𝑒∈
𝑠∈𝑒

∫
Γ𝑠

n𝑒
𝑠 ⋅ 𝝈𝑒 ⋅ u𝑠 𝑑Γ +

∑

𝑠∈𝑇
∫
Γ𝑠

t ⋅ u𝑠 𝑑Γ (19)

In the proposed HEE formulation the interface is embedded at the element side and the relevant traction can be modelled as
function of the same vector a𝑒 of generalized stress variables as adopted for the stress functions in Eqs.(2-5) of the HEE. For an
interface embedded at the side Γ𝑒

1 with normal n𝑒
1 (outward from the e-th finite element and defined in Voigt notation in Eq.(13),

the traction vector in equilibrium with element stress fields can be defined in the following Voigt notation
s(x) = n𝑒

1
𝑇𝝈𝑒(x) = n𝑒

1
𝑇 S𝑒(x) a𝑒 with x ∈ Γ𝑒

1 ⊂ Γ0. (20)
and the complementary energy functional in Eq.(19) can be written in the following discretized form

Π𝑐 =
𝑛𝑒
∑

𝑒=1

[1
2

a𝑇
𝑒

(

C𝑒 + CΓ
𝑒

)

a𝑒 − a𝑇
𝑒 H𝑒u𝑒 + T𝑇

𝑒 u𝑒

]

, (21)
where

CΓ
𝑒 = ∫

Γ𝑒
1⊂Γ0

S𝑇
𝑒 n𝑒

1 A𝑒𝑙n𝑒
1
𝑇 S𝑒𝑑Γ. (22)

is the additional compliance matrix due to the embedded elastic interface. The embedded elastic interface at side Γ𝑒
1 modifies

the equation of the single HEE, defined in Eq.(15), with the additional interface compliance matrix CΓ
𝑒 and Eq.(15) becomes

[

C𝑒 + CΓ
𝑒 −H𝑒

−H𝑇
𝑒 0

] [

a𝑒
u𝑒

]

=
[

0
−q𝑒

]

(23)
and the generalized stress vector and the nodal force vector are given as

a𝑒 =
(

C𝑒 + CΓ
𝑒

)−1 H𝑒u𝑒 (24)
q𝑒 = H𝑇

𝑒

(

C𝑒 + CΓ
𝑒

)−1 H𝑒u𝑒 = K𝑒u𝑒, (25)
where the matrix K𝑒 = H𝑇

𝑒

(

C𝑒 + CΓ
𝑒

)−1 H𝑒 is the stiffness matrix of the HEE with embedded elastic interface.
In the proposed formulation the elastic interface can be embedded at one or more sides of an hybrid equilibrium element

without any additional degrees of freedom, simply considering the additional interface compliance matrix CΓ
𝑒 defined in Eq.(22).
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3.1 Extrinsic interface
The HEE formulation with embedded interface is also particularly effective for modelling an extrinsic interface, which gives null
separation displacement for the pristine interface. The extrinsic interface with a rigid-damage cohesive zone model (CZM) has
been applied by the use of a discontinuous Galerkin method in Refs.32,40,53,54 for numerical analysis of delamination phenomena
and for analysis of crack propagation. The discontinuous Galerkin method is also proposed in Ref.34 for interfacial cracking
with extrinsic interface combined with non-matching discretization of the domains.

The extrinsic interface is modelled in the present paper by the rigid-damage CZM proposed by the Author in Refs.42,55,56
in the rigorous thermodynamic framework of damage mechanics. The CZM is hereafter developed in a complementary form
starting from the following Gibbs free energy function, defined for a unit of interface surface,

𝐺 (s, 𝜔) = 1
2

𝜔
1 − 𝜔

s𝑇 A𝑒𝑙s (26)
where 0 ≤ 𝜔 ≤ 1 is the scalar damage variable. The interface elastic compliance matrix is diagonal and defined as 𝐴𝑒𝑙

𝑖𝑗 = 𝛿𝑖𝑗∕𝑘0
with 𝛿𝑖𝑗 being the Kronecker delta and 𝑘0 a stiffness parameter.

Thermodynamic consistency, in the form of the second principle, is enforced by the Clausius–Duhem inequality in the form
of non-negative mechanical energy dissipation density, which can be formulated both in terms of Helmholtz free energy density
and in terms of the Gibbs energy, that is

𝐷 = s ⋅ ė − Ψ̇ = �̇� − ṡ ⋅ e ≥ 0 (27)
where Helmholtz free energy density is the Legendre transformation of Gibbs energy, that isΨ (e, 𝜔) = s⋅e−𝐺 (s, 𝜔). Considering
the specific expression of Gibbs energy in Eq.(26)), upon expansion of the term �̇� and after substitution of Eqs.(31 - 29), Eq.
(27) yields

𝐷 = 𝜕𝐺
𝜕s

ṡ + 𝜕𝐺
𝜕𝜔

�̇� − ṡ ⋅ e ≥ 0. (28)
Purely elastic processes are reversible and non-dissipative and the absence of damage increments �̇� = 0 implies that

e ∶= 𝜕𝐺
𝜕s

= 𝜔
1 − 𝜔

A𝑒𝑙s (29)
which defines the separation displacement e as the conjugate variable of interface traction s and Eq.(29) states the traction-
separation law of the rigid-damage interface. Processes with increasing damage are dissipative and thermodynamic consistency
imposes that

𝐷 = 𝜕𝐺
𝜕𝜔

�̇� = 𝑌 �̇� ≥ 0. (30)
where 𝑌 is the energy release rate, the conjugate variable of damage, and is obtained from Eq.(26)

𝑌 ∶= 𝜕𝐺
𝜕𝜔

= 1
2

1
(1 − 𝜔)2

s ⋅ A𝑒𝑙 ⋅ s. (31)

3.1.1 Damage activation condition
Thermodynamic consistency is enforced in the framework of damage mechanics and the following damage activation function
is defined as

𝜙 (𝑌 ) ∶= 𝑌 − 𝑌0 ≤ 0 (32)
where 𝑌0 is the threshold for activation and evolution of damage, which coincides to the fracture energy 𝐺𝐼 and is defined as

𝑌0 = 𝐺𝐼 =
𝑠20
2𝑘0

= 1
2
𝑘0𝑒

2
𝑓 (33)

being 𝑠0 the interface strength and 𝑒𝑓 = 𝑠0∕𝑘0 the separation displacement at the full debonding condition. The damage model
is completed by the following associative flow rules and loading-unloading conditions

�̇� ∶=
𝜕𝜙
𝜕𝑌

�̇� = �̇� (34)
�̇� ≥ 0, 𝜙�̇� = 0, �̇��̇� = 0. (35)

through which an incremental a linear behaviour with null dissipation is modelled when 𝜙 < 0, whereas an incremental a non-
linear behaviour with increasing damage and positive dissipation 𝐷 = 𝑌 �̇� > 0 is obtained when the activation condition attains
the limit condition 𝜙 = 0.
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The proposed CZM is isotropic and produces a bilinear TSL with the same response in the pure opening condition, in the
pure sliding, as represented in Figs.2a and b. Moreover, the two modes are fully coupled in the CZM for the dependence of the
damage activation condition in Eq.(32) on the energy release rate Y, which is defined in Eq.(31) in terms of normal and tangential
traction components. The model could be also extended to a more general formulation by a complementary formulation of the
non-associative damage model proposed by the author in Ref.25, in order to account for two different responses in pure mode I
and in pure mode II loading conditions.

a) b)

FIGURE 2 Bilinear response of the proposed extrinsic interface model with linear unloading-reloading conditions: a) pure
opening mode with unlimited strength in compressive normal traction; b) pure sliding mode.

A HEE with embedded rigid-damage interface at element side Γ𝑒
1 behaves elastically if the damage activation condition in

Eq.(32) is negative at all points of interface (

𝜙 (x) < 0 for x ∈ Γ𝑒
1

). The elastic behaviour of the interface is modelled by the
traction separation law in Eq.(29) and the interface compliance matrix in Eq.(22) assumes the following form

CΓ
𝑒 = ∫

Γ𝑒
1⊂Γ0

𝜔
1 − 𝜔

S𝑇
𝑒 n𝑒

1 A𝑒𝑙n𝑒
1
𝑇 S𝑒𝑑Γ =

∑

𝑔∈𝑒
1

𝜔𝑔

1 − 𝜔𝑔
S𝑒
𝑔
𝑇 n𝑒

𝑔 A𝑒𝑙n𝑒
𝑔
𝑇 S𝑒

𝑔𝐽𝑔w𝑔 . (36)

where: 𝑒
1 is the set of integration points x𝑔 ∈ Γ𝑒

1, S𝑒
𝑔 = S𝑒

(

x𝑔
), n𝑒

𝑔 = n𝑒
1

(

x𝑔
), 𝐽𝑔 = 𝐽

(

x𝑔
) is the Jacobian of isoparametric

mapping of element side Γ𝑒
1 and w𝑔 is the integration point weight. The solution of an elastic loading step of an element with

embedded rigid-damage interface can be performed using the element Equation (23) with the additional compliance matrix in
Eq.(36). Moreover, the undamaged condition of a pristine interface (𝜔𝑔 = 0 with 𝑔 ∈ 𝑒

1) ensues that the additional compliance
matrix is null (CΓ

𝑒 = 0
) and, as a clear consequence, a pristine interface can be implicitly considered embedded at every element

side and explicitly modelled only when the damage activation condition in Eq.(32) is attained.

3.2 Damaging loading step
When the damage activation condition is attained, in the pristine interface or in the already partially damaged one, the damage
increases and the first of Equations (23), where interfacial elastic compliance matrix is defined in Eq.(36), is not verified. The
problem of damage evolution is non-linear and requires an iterative Newton-Rapson (NR) strategy which cannot be solved at the
single Gauss point level, as is classically done in displacement based formulation, but it has to be solved for the whole element
with the embedded interface and is hereafter described. For a HEE with embedded interface at the loading step (𝑛 + 1) and for
nodal displacement u𝑒

(𝑛+1) the solution of the incremental damage problem is given by the vector of generalized stress a𝑒
(𝑛+1) and

by the vector of damage values 𝝎(𝑛+1) = 𝝎(𝑛) + Δ𝝎 with Δ𝜔𝑔 ≥ 0 with 𝑔 ∈ 𝑒
1, which have to verify: the HEE Equation (23),

the damage activation condition in Eq.(32) and the flow rules in Eqs.( 34- 35). The resolution of such problem has already been
faced by the author in Ref.42, however the formulation proposed in the present paper is significantly improved and simplified.
For the sake of simplicity the indexes 𝑒 and (𝑛 + 1) are omitted (u = u𝑒

(𝑛+1), 𝝎 = 𝝎(𝑛+1) and a = a𝑒
(𝑛+1)) and the first of the
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Eqs.(23), for a HEE 𝑒 with the interface embedded at its side Γ𝑒
1 is written in the following residual form

R𝑒 (𝜔, a) = C𝑒a + ∫
Γ𝑒
1

S𝑇
𝑒 n𝑒

1 e (𝜔, a) 𝑑Γ − H𝑒u = 0 (37)

where e (𝜔, a) = 𝜔
1−𝜔

A𝑒𝑙s (a) is the separation displacement of the interface and the traction s is defined in Eq.(20). The evolution
of damage is considered only for that Gauss points x𝑔 where the activation condition is not verified at the beginning of the
loading step (iteration 𝑖 = 0 of NR process) and the set of active integration points is denoted by 𝑒

1 ∪ 𝑒
1, that is 𝜙(0)

𝑔 ≡
𝜙
(

𝜔(0)
𝑔 , s(0)

(

x𝑔
)

)

≥ 0 with 𝑔 ∈ 𝑒
1, while others points are considered as elastic with null damage increments. If one or

more integration points results active, i.e. with non-negative activation function, at the end of the NR process, than the iterative
procedure is repeated including such points.

The damage value 𝜔(𝑖)
𝑔 of an active point 𝑔 ∈ 𝑒

1 at iteration (𝑖) of the NR process is updated by enforcing the activation
condition in Eq.(32), namely the new value of damage 𝜔(𝑖+1)

𝑔 is obtained by assuming null the damage activation function for a
given traction s(𝑖)𝑔 , as follows:

𝜙
(

𝜔(𝑖+1)
𝑔 , s(𝑖)𝑔

)

= 1
(

1 − 𝜔(𝑖+1)
𝑔

)2
s(𝑖)𝑔

𝑇 A𝑒𝑙s(𝑖)𝑔 − 𝑠20∕2𝑘0 = 0, (38)

from which, due to the diagonal form of interface elastic compliance matrix (𝐴𝑒𝑙
𝑖𝑗 = 𝛿𝑖𝑗∕𝑘0), the following updated damage value

is obtained
𝜔(𝑖+1)
𝑔 = 1 −

√

s(𝑖)𝑔
𝑇

s(𝑖)𝑔
𝑠0

. (39)
It is noteworthy that the increment of damage Δ𝜔𝑔 = 𝜔(𝑖+1)

𝑔 − 𝜔𝑔 may be negative, specially at the first iterations, and its
positiveness is checked at the end of the iterative process.

The correction of damage modifies also the separation displacement in Eq.(29) which assumes the following updated form

ē(𝑖)𝑔 =
𝜔(𝑖+1)
𝑔

1 − 𝜔(𝑖+1)
𝑔

A𝑒𝑙s(𝑖)𝑔 =

⎛

⎜

⎜

⎜

⎝

𝑠0
√

s(𝑖)𝑔
𝑇

s(𝑖)𝑔
− 1

⎞

⎟

⎟

⎟

⎠

A𝑒𝑙s(𝑖)𝑔 (40)

At non active points damage and separation displacement are not modified, that is: 𝜔(𝑖+1)
𝑔 = 𝜔(𝑖)

𝑔 and ē(𝑖)𝑔 = e(𝑖)𝑔 .
The iterative process of incremental damage is outlined in the Figures 3a, b where separation displacement and traction at

the loading step (𝑛 + 1) are compared to the theoretical bilinear response, for the partially damaged condition in Fig.3a and
for the pristine condition in Fig.3b. In Figures 3a, b the solution at the previous loading step (𝑛) is represented by the traction
and the separation displacement e(𝑛) = A

(

𝜔(𝑛)
)

s(𝑛). The trial solution (iteration 𝑖 = 0) at the loading step (𝑛 + 1) assumes
an elastic behaviour with damage 𝜔(0) ≡ 𝜔(0)

(𝑛+1) = 𝜔(𝑛) and the elastic response is represented by the separation displacement
e(0) = A

(

𝜔(0)) s(0) and traction s(0), which does not verify the damage activation condition, that is𝜙 = 𝑌
(

𝜔(0), s(0)
)

−𝑌0 > 0. The
consequent damage correction given in Eq.(39) modifies the separation displacement to the new value ē(0) = 𝜔(1)

1−𝜔(1) A
𝑒𝑙s(0) which

clearly shows the negative damage increment at the first iteration in both the partially damage condition and in the pristine one.
In particular, in the pristine state the activation condition is attained with null separation displacement and the negative value
of the modified separation displacement ē(0) with positive traction, is due to a negative value of damage at the first correction.

It can be observed that updated values of damage and of separation displacement only depend on traction at the current
iteration (s(𝑖)𝑔 ), which is function of generalized stress vector a(𝑖) (see Eq.(20)). As a consequence, residual in Eq.(37) can be
likewise written as function of the generalized stress vector, that is

R̄𝑒
(

a(𝑖)) = R𝑒
(

𝜔(𝑖+1), a(𝑖)) = C𝑒a(𝑖) + ∫
Γ𝑒
1

S𝑇
𝑒 n𝑒

1 ē(𝑖). 𝑑Γ − H𝑒u ≠ 0 (41)

The solution of Eq.(37) can be approached by an iterative NR method by the following approximation of the residual in a Taylor
expansion limited to the first term, that is

R̄𝑒
(

a(𝑖+1)) ≈ R̄𝑒
(

a(𝑖)) +
𝑑R̄𝑒

𝑑a
Δa = 0. (42)
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a) b)

FIGURE 3 Correction of traction and separation displacement in the iterative process of incremental damage are compared to
the theoretical bilinear response for: a) partially damaged interface; b) pristine interface. The solution at the previous loading
step (𝑛) is represented by separation displacement e(𝑛) = A

(

𝜔(𝑛)
)

s(𝑛). The trial solution (iteration 𝑖 = 0) at the loading step
(𝑛 + 1) is e(0) = A

(

𝜔(0)) s(0). Separation displacement after damage correction is ē(0) = 𝜔(1)

1−𝜔(1) A
𝑒𝑙s(0).

In detail, the total derivative of the residual is defined as follows
𝑑R̄𝑒

𝑑a
= C𝑒 + CΓ

𝑒 + CΓ𝑐𝑠
𝑒 (43)

where
CΓ𝑐𝑠

𝑒 = ∫
Γ𝑒
1

S𝑇
𝑒 n𝑒

1 A𝑐𝑠 n𝑒
1
𝑇 S𝑒 𝑑Γ =

∑

𝑔∈𝑒
1

S𝑒
𝑔
𝑇 n𝑒

𝑔 A𝑐𝑠
𝑔 n𝑒

𝑔
𝑇 S𝑒

𝑔𝐽𝑔𝑤𝑔 . (44)

is the consistent compliance matrix of the interface due to the damage evolution and the following matrix
A𝑐𝑠

𝑔 = −
𝑠0

𝑘0
(

s(𝑖)𝑔
𝑇

s(𝑖)𝑔
)

3
2

s(𝑖)𝑔 ⊗ s(𝑖)𝑔 (45)

models the constitutive non-linear behaviour with incremental damage of active integration points 𝑔 ∈ 𝑒
1. The generalized

stress can be iteratively corrected as follows
a(𝑖+1) = a(𝑖) + Δa = a(𝑖) −

[

C𝑒 + CΓ
𝑒 + CΓ𝑐𝑠

𝑒

]−1 R̄𝑒
(

a(𝑖)) (46)
and the NR process converges in few iterations and stops when the relative error of the damage activation condition respect to
its initial value, in all the active Gauss points, is lower than a fixed tolerance 𝑡𝜔, that is: ||

|

|

𝜙
(

𝜔(𝑖)
𝑔 , s(𝑖)𝑔

)

|

|

|

|

≤ 𝑡𝜔𝜙(0)
𝑔 with 𝑔 ∈ 𝑒

1.

3.3 Full debonding condition
The full debonding condition with null traction at the interface and damage 𝜔 = 1 produces a null stiffness matrix and its
implementation is a trivial problem in displacement-based formulation. Conversly, such a problem cannot be analysed in HEE
formulation by same the approach proposed in the previous section, for which the interface compliance matrix defined in Eq.(36)
assumes an indeterminate form at the fully debonded points.

The problem of full debonding condition has already been addressed by the author in Ref.42 by a Lagrangian approach which
is hereafter described. The set of fully damaged integration points at the embedded interface Γ𝑒

1 is denoted by 𝑒
1, that is: 𝜔𝑙 = 1

at points x𝑙 ∈ Γ𝑒
1 with 𝑙 ∈ 𝑒

1. The interface compliance matrix is evaluated only at pristine or partially damaged integration
points and is defined as follows

CΓ
𝑒 =

∑

𝑔∈𝑒
1−

𝑒
1

𝜔𝑔

1 − 𝜔𝑔
S𝑒
𝑔
𝑇 n𝑒

𝑔 A𝑒𝑙n𝑒
𝑔
𝑇 S𝑒

𝑔𝐽𝑔w𝑔 . (47)
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and the equation of a HEE with one or more fully damaged integration points at the embedded interface Γ𝑒
1 assumes the following

form
⎡

⎢

⎢

⎣

C𝑒 + CΓ
𝑒 (𝜔) L𝑒 −H𝑒

L𝑇
𝑒 0 0

−H𝑇
𝑒 0 0

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

a𝑒
𝜹𝑒
u𝑒

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

0
0

−q𝑒

⎤

⎥

⎥

⎦

. (48)

where L𝑒 =
{

S𝑇
𝑙 n𝑒

𝑙 with 𝑙 ∈ 𝑒
1

}, 𝜹𝑒 =
{

𝜹𝑙 with 𝑙 ∈ 𝑒
1

} is a vector collecting the Lagrangian variables, each of which measures
the separation displacements 𝜹𝑙 = e

(

x𝑙
) at fully damaged integration points, and the second row of Eq.(48) gives the condition

of null traction, that is: n𝑒
𝑙
𝑇 S𝑒

𝑙a𝑒 = s
(

x𝑙
)

= 0 with 𝑙 ∈ 𝑒
1.The Lagrangian approach is employed both for the linear elastic loading step and for the non-linear one with increasing

damage (for more details see Ref.42).

4 COHESIVE CRACK GROWTH

The HEE formulation with embedded interface at the element side can model elements with curved sides. However, all the
internal sides Γ𝑠 with 𝑠 ∈ 𝑖𝑛𝑡 are modelled as straight sides and only the element sides Γ𝑠 with 𝑠 ∈ 𝑇 ∪ 𝑈 at the external
boundary are allowed to be curved. Only one extrinsic interface can be embedded per element and, in a two-dimensional problem,
the crack can be spatially modelled by a piece-wise linear geometry. Moreover, the crack branching can also be modelled.

The HEE formulation is coupled with the embedded extrinsic interface to simulate inter-element crack propagation in quasi-
brittle materials. The same problem has been as already approached by the Author in Ref.42 by a formulation with fixed mesh
and with a mixed mode crack opening condition, with the consequent mesh dependence of the crack trajectory and of the overall
response. In Ref.42 the crack propagations condition coincides to the damage activation condition in Eq.(32), which is governed
both by the tensile traction component and by the tangential one.

In the present paper, the criterion assumed for determining the growth direction is that of the maximum principal stress14,
which is, in author’s opinion, the most suitable criterion for the analysis of cohesive crack propagation in isotropic quasi-brittle
materials by the stress based approach proposed in the manuscript. Other relevant criteria for determining the direction of crack
growth are the maximum energy release rate criterion57 and the minimum strain energy density criterion58, but they can be
considered more suitable in an elastic fracture based framework. Based on the maximum principal stress criterion, crack grows
when the maximum principal stress 𝜎1 (with principal direction n1) reaches the tensile strength value 𝑠0 and the crack propagates
in the orthogonal direction n2 ⟂ n1 , which generally does not coincides to any element edge. Therefore the mesh around crack
tip must be adapted to the direction n2, by rotation of the element sides, so that the embedded interface is aligned to the crack
growth direction n2.

4.1 Crack propagation and local re-meshing
The crack growth criterion is checked at the three vertexes of all pristine elements at the end of each loading step, once reached
the convergence of the non-linear steps. The crack propagates as an inter-element interface embedded at an element edge when
the maximum principal stress at one of the three element vertexes reaches the tensile strength (𝜎1 ≥ 𝑠0) and the direction of
propagation n2, which is orthogonal to the maximum stress direction n1, crosses the element or coincides to one of the two
straight sides of the vertex. The vertex where crack growth criterion is verified is called active vertex and coincides to the crack
tip of the existing embedded crack when crack propagates. The HEE where the crack propagates is called Crack Propagation
Element (CPE). If direction of propagation n2 coincides to one the two straight sides of the active vertex the inter-element crack
is embedded at this side of the CPE without any remeshing. Whereas, in the most general case direction of propagation n2
crosses the CPE and the mesh surrounding this element has to be adapted to direction n2. In detail, the straight side closest to
direction of propagation n2 rotates around the active vertex and the inter-element crack is embedded at this side.

The problem of crack propagation from element 𝑒0 to element 𝑒1 is represented in Fig.4a, where the mesh surrounding crack
tip is represented with the existing crack embedded in element 𝑒0 at its side Γ𝑒0

1 . The mesh is composed of nine-node elements
and the crack growth criterion is checked in all the pristine elements. In element 𝑒1 the principal stresses 𝜎1 > 𝜎2 at the crack
tip (geometrically coincident to nodes 3 and 4) are represented in the Figure with the relevant directions n1 ⟂ n2. Element 𝑒1
is the Crack Propagation Element and the active vertex coincides to nodes 3 and 4. The propagation criterion is verified with
𝜎1 ≥ 𝑠0 and the direction of crack propagation n2 is internal to the element 𝑒1, so remeshing of elements surrounding crack tip
has to be performed in order to have the closest element side (Γ𝑒1

1 in Fig.4a) aligned to the direction of crack propagation n2.
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The remeshing procedure involves also the adjacent elements which share nodes 1 and 9 of element 𝑒1 or which have nodes
geometrically coincident to these nodes. In order to have a modified mesh with similar sizes of the two adjacent element elements
𝑒1 and 𝑒2, remeshing is performed by moving the second end of the element side Γ𝑒1

1 (nodes 1 and 9) to the intersection between
crack propagation direction n2 and the orthogonal to the segment connecting the corners of elements 𝑒1 and 𝑒2 opposite to the
common side.

In Fig.4b the same part of the mesh is depicted after the minimal re-meshing. The side Γ𝑒1
1 of element 𝑒1 is rotated around the

active vertex so that to the straight side Γ𝑒1
1 is coincident to the direction of propagation (t𝑒11 ∥ n2). Translation of nodes at the

second end of side Γ𝑒1
1 , due to the mesh adaptation, is represented in Fig.4a by means of by vector v; translations of mid side

nodes keep the side straight and preserve their relative position at the side, e.g. the mid-side nodes of the nine-node elements
moves to the mid-side position of the new straight side. The new section of the crack is embedded into side Γ𝑒1

1 of element 𝑒1.
Remark. For each active HEE, the direction of propagation of the embedded crack is fixed at its activation and it does not

modify even if the principal stress directions n1 and n2 at the active vertex change.

a) b)

FIGURE 4 Crack propagation from element 𝑒0 to element 𝑒1. a) The interface is embedded at side Γ𝑒0
1 of element 𝑒0. The

maximum principal stress criterion is verified at a vertex of element 𝑒1 with 𝜎1 ≥ 𝑠0 and with direction of crack propagation n2
internal to the element. b) The side Γ𝑒1

1 of element 𝑒1 is rotated around the vertex so that to the straight side Γ𝑒1
1 is coincident to

the direction of propagation (t𝑒11 ∥ n2).

4.2 Modified crack propagation criterion
A deep numerical investigation of cohesive crack problems shows that the criterion of crack propagation described in the previous
Section models the correct direction of crack propagation, compared to experimental data, only at the beginning of the cracking
process and tends progressively to fail as long as the process zone width increases. The reasons of such erroneous evaluation of
the direction of crack propagation are hereafter analysed.

At the first formation of crack the width of process zone is practically null and the cracking phenomena can be regarded as
a fracture mechanics problem. Moreover, neglecting the problem of stress singularity at the crack tip, which cannot be caught
through the proposed formulation, the state of stress at the activation condition almost coincides to pure mode I debonding
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condition, with 𝜎1 = 𝑠0 and 𝜎2 ≈ 0. Under such a condition the principal directions of stress and the direction of crack
propagation are univocally defined. As long as the applied load increases and the process zone extends, the first principal stress
at the crack tip remains limited to the strength values, i.e. 𝜎1 ≤ 𝑠0, while the second principal stress increases and the two-
dimensional stress state tends to became hydrostatic with 𝜎1 ≈ 𝜎2 ≤ 𝑠0 with uncertain and numerically unstable direction of
crack propagation. Furthermore, in a fully cohesive crack propagation and with the limitation of the first principal stress to the
strength value (𝜎1 ≤ 𝑠0) the inversion of principal stresses, with 𝜎2 ≥ 𝜎1 ≥ 𝑠0, can also be observed with the consequent rotation
of the new crack direction of an angle ±𝜋∕2 with respect the previous section of crack.

The directional bias of crack propagation is well known in literature 59,60 and several resolution strategies have been proposed.
In Ref.61 a mesh-induced erroneous direction of propagation was encountered with both pure embedded crack and coupled
smeared-embedded crack. The numerical difficulties were mitigated by a non-local formulation of the smeared part of the model.
In Ref.62 the crack was embedded in a 𝐶1 continuity displacement based formulation, which employs Powell-Sabin B-splines
and produces smooth stress field around the crack tip. The criterion for crack nucleation was initially based on such smooth
stress field, giving a directional bias of crack propagation, but was improved by an the use of an averaged stress tensor.

In order to overcome such a numerical instability, the following modified crack propagation criterion is proposed: the angle
𝛼𝑤 (from the x-axis) of the direction of crack propagation n̄2 is given as weighted mean value between the angle 𝛼𝑝 of the
previous section of crack and the angle 𝛼𝑛 of principal direction n2 at the active vertex; that is

𝛼𝑤 = (1 − 𝑟)𝛼𝑝 + 𝑟𝛼𝑛 (49)
𝑟 =

|

|

𝜎1 − 𝜎2||
𝜎1 + 𝜎2

=
𝜏𝑚𝑎𝑥
𝜎𝑚

(50)
where the weighting parameter 𝑟 is the stress ratio between the maximum tangential stress 𝜏𝑚𝑎𝑥, or the radius of the Mohr circle
of the two-dimensional stress state, and the mean stress 𝜎𝑚 that is the coordinate of the centre of the Mohr circle. The three angle
𝛼𝑤, 𝛼𝑝 and 𝛼𝑛 are represented in Fig. 5 for a parameter 𝑟 = 0.5.

The proposed parameter properly governs the transition from the initial cracking process, with pure mode I stress state, to the
fully cohesive crack propagation with, in case, hydrostatic stress state. At the initial cracking process, with pure mode I stress
state, the weighting parameter is 𝑟 = 1 and the angle of crack propagation coincides to the angle of principal direction n̄2 ≡ n2
(or 𝛼𝑤 = 𝛼𝑛) at the active vertex of the element crossed by the new section of crack. On the contrary, in a fully cohesive crack
propagation with almost hydrostatic stress state the weighting parameter is 𝑟 = 0 and the crack grows with the same angle of
the previous section of crack (𝛼𝑤 = 𝛼𝑝).

In a fully cohesive crack propagation regime, the inversion of the principal stresses can also produce branching with activation
of crack orthogonal to the second principal stress 𝜎2 and the modified criterion assumes a direction of crack n̄1 with the following
weighted angle 𝛽𝑤 = (1 − 𝑟)𝛽𝑝 + 𝑟𝛽𝑛, where: 𝛽𝑝 = 𝛼𝑝 ± 𝜋∕2 is the angle of the direction orthogonal to the previous section of
crack and 𝛽𝑛 ≈ 𝛼𝑛 ± 𝜋∕2 is the angle of principal direction n1. It is noteworthy that the two directions of propagation n̄1 and n̄2
are generally not perfectly orthogonal, as the principal direction n1 and n2 refers to active vertexes geometrically coincident but
of different elements, so with different stress states.

The modified crack propagation criterion applied to crack growing and to crack branching is represented in Figs.5 where the
crack grows from element 𝑒0 to element 𝑒1 and also branches to element 𝑒2. In Fig.5 the mesh surrounding crack tip is represented
and the inter-element crack is embedded within element 𝑒0 at its side Γ𝑒0

1 . The maximum principal stress criteria is verified in
element 𝑒1 with 𝜎1 ≥ 𝑠0 and in element 𝑒2 with 𝜎2 ≥ 𝑠0. For sake of simplicity, the same principal directions n1 and n2 are
represented at the vertex of element 𝑒1 and at the vertex of element 𝑒2, but the stress fields of the elements, and the relevant
principal directions, are one independent of each other. In the figure, directions of propagation n̄2 of angle 𝛼𝑤 crosses element
𝑒1 and directions of branching n̄1 of angle 𝛽𝑤 crosses element 𝑒2, so the mesh surrounding these elements has to be adapted by
rotation of the straight sides closest to the directions of propagation around the relevant active vertexes and inter-element cracks
have to be embedded at these sides. Remeshing is represented in Fig.5 by the vectors 𝑣1 and 𝑣2, which show the translation
applied to the vertex nodes.

The proposed criterion of cohesive crack propagation can model a progressive variation of crack direction, in case, with
transversal crack, but it cannot model an abrupt change in the direction of crack. In order to avoid spurious oscillation of crack
direction, a maximum value Δ𝛼𝑚𝑎𝑥 of rotation angle between two consecutive branches of crack is established, which can be
summarized by the following relations: |𝛼𝑤 − 𝛼𝑝

| ≤ Δ𝛼𝑚𝑎𝑥 and |𝛽𝑤 − 𝛽𝑝| ≤ Δ𝛼𝑚𝑎𝑥 .
The proposed remeshing procedure can lead to the formation of elements with bad-aspect ratio, which per se does not induce

instability or pathological response. In fact, the formulation is not based on an isoparametric mapping and stress fields are defined
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FIGURE 5 Representation of crack propagation, from element 𝑒0 to elements 𝑒1 and representation of crack branching, from
element 𝑒0 to elements 𝑒2. The principal stress criterion is verified at the active vertexes of element 𝑒1 with 𝜎1 ≥ 𝑠0 with modified
direction of crack propagation n̄2, of angle 𝛼𝑤, internal to the element; the relevant remeshing is governed by the translation
vector v2. The criterion also is verified at the active vertexes of element 𝑒2 with 𝜎2 ≥ 𝑠0 and with direction of crack branching
n̄1, of angle 𝛽𝑤, internal to the element; the relevant remeshing is governed by the translation vector v1.

directly in Cartesian coordinates and, although with bad aspect ratio, a HEE gives a solution which strongly satisfies equilibrium
equations. Nevertheless, this problem has been addressed locally for an element with angle corner 𝛼 > 2

3
𝜋 and for the adjacent

element that shares the side opposite to such corner, as represented in Fig.6a. The elements 𝑒1 and 𝑒2 form a quadrilateral where
the common side is a diagonal. The remeshing procedure modifies the two elements changing the common side to the second
diagonal of the quadrilateral, as represented in Fig.6b.

a) b)

FIGURE 6 Representation of remeshing procedure for elements with angle corner 𝛼 > 2
3
𝜋.
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5 NUMERICAL SIMULATION

The HEE formulations has been implemented in the finite element code FEAP v8.563 using a triangular HEE with the quadratic,
cubic and quartic stress fields. In detail, the nine-node hybrid equilibrium element (HEE2) with the quadratic stress field, the
twelve-node element (HEE3) with the cubic stress field and the fifteen-node element (HEE4) with quartic stress field are rep-
resented in Figs.1a, c. The accurate performances of the purely elastic formulation with high-order stress fields, for both the
analysis of static and dynamic problems, have been investigated by the author in Refs.42,49.

The HEE formulation with triangular two-dimensional elements can be affected by Spurious Kinematic Modes on well-
known patches of elements, as described in Refs.51,52,64,65,66. These SKMs can be restrained by the approach proposed in Ref.51.
However, the numerical simulations proposed in this paper are based on meshes which are not affected by any SKM. The
mesh generator creates hexagonal geometry of triangular HEE, in a honeycomb-like pattern, with at least three elements at the
boundary edges and two elements at the corners. Therefore, no one of the three SKMs (single element at a corner, two elements
at a straight boundary edge and four internal elements forming a closed star with diagonal internal sides) analysed in Ref.51 are
modelled in the mesh.

5.1 Three points bending test
The first numerical simulation is the three point bending test (3PBT) of a symmetric beam with a pre-existing crack at the
notch. Set-up and dimensions of the 3PBT with relevant boundary conditions are represented in Fig. 7 a. Only the area of the
two-dimensional domain between the two lower support points, which is highlighted in grey in the Figure, is discretized in the
numerical simulation. The loading test is numerically modelled under displacement control, so the load is applied by imposed
vertical displacement at the upper edge midpoint and the history of the resultant force at the loading point is captured. The
3PBT of symmetric beam with single edge cracked is well known in literature67,68,69 and, for the present paper, the numerical
simulation was performed with the same dimensions and with the same material parameters of the concrete beam proposed in
Ref.67. The material parameters are: Young’s modulus 𝐸 = 20GPa; Poisson’s ratio 𝜈 = 0.2; tensile strength 𝑠0 = 2.5MPa;
fracture energy 𝐺𝐼 = 0.1Nmm−1.

Due to the symmetry of analysed problem, and as already shown in Refs.67,68,69, the crack has to propagate along the vertical
line between the tip of existing crack and the loading point at the upper edge. In order to test validity and effectiveness of the
proposed formulation the 3PBT is modelled by two different meshes, which are plotted in Figs. 7b, c. The Mesh 1 plotted in
Fig.7b is defined by HEEs with vertical sides so that the vertical line where the crack has to propagate is already modelled.
Conversely, Mesh 2 plotted in Fig.7c has horizontal element sides and the vertical line of the crack is not discretized. Therefore,
in order to model the vertical crack, the element sides at the crack tip has to be rotated according to the re-meshing approach
proposed in Sec.4. The numerical results of the TPBT were carried with quadratic stress field and nine-node HEEs.

The numerical responses of the single edge cracked 3PBT, carried out by the two meshes, are plotted in Fig. 8 in terms of
imposed displacement 𝑢 and reaction force 𝐹 and are compared to the theoretical maximum carrying load, which was calculated
using the theory of Linear Elastic Fracture Mechanics (LEFM) in Ref.67. The labels a and b in the Figure respectively point out
the loading conditions corresponding to vertical displacements 𝑢𝑎 = 0.14mm and 𝑢𝑏 = 0.28mm, to which the following stress
maps have been carried out. The colour contour maps of the maximum principal stress at the two considered loading conditions ,
obtained by finite element simulation with HEE and embedded interface for Mesh 1 of Fig.7b, are respectively plotted in Figs.9a
and b. These maps of stress are plotted in the deformed configuration showing a perfectly symmetric response with a correct
propagation of a vertical crack. Moreover, it can be observed in Fig.9b that, due to the inversion of the principal directions at
the crack tip, the element sides have been rotated along the horizontal direction, which is orthogonal to the direction of crack.
The rotated sides undergo an initial damage activation at the Gauss point geometrically coincident to the crack tip, but crack
propagates only in vertical direction. Figure 9a shows that such phenomenon is not observed at the beginning at the cracking
process. The colour contour maps of the maximum principal stress at the same loading conditions of vertical displacements
𝑢𝑎 = 0.14mm and 𝑢𝑏 = 0.28mm (labels a and b in Fig.8) and achieved by Mesh 2 plotted in Fig.7c, which does not model
the vertical sides, are respectively plotted in Figs.10a and b. There can be observed that the crack carried out in the numerical
simulation is still vertical, but the solution is not perfectly symmetric. In fact, the rotation of the element sides along the vertical
direction generates an nonsymmetric mesh, which cannot produce a symmetric response. The comparison of the responses
obtained with the two different meshes shows an overall very good agreement.
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a)

b)

c)

FIGURE 7 Single edge cracked 3PBT of beam with pre-existing crack: a) set-up and dimensions; b) mesh 1, with vertical
element sides; c) mesh 2, with horizontal element sides.

5.2 L-shaped concrete panel
The second numerical simulation regards the propagation of a crack into the so called L-shaped concrete panel (LSCP), whose
set-up, sizes and boundary conditions are represented in Fig. 11 a. The area of crack experimentally observed is highlighted
in dark grey. Thickness of specimen is 𝑡 = 100mm. Experimental results are documented in Ref.70 and the cracking problem
has been numerically modelled through numerous different formulations: in Ref.69 by a nonlocal peridynamic formulation; in
Ref.71 in a smeared crack approach coupled with a tensile stress damage; in Ref.72 the numerical results of a strong discontinuity
approach are compared to the results obtained with a fracture energy based smeared crack formulation.

The numerical simulation was performed under displacement control, therefore load was applied in terms of prescribed verti-
cal displacement and the reaction force at the loading point computed. The material constitutive parameters are: Young’s modulus
𝐸 = 20GPa; Poisson’s ratio 𝜈 = 0.18; tensile strength 𝑠0 = 2MPa; fracture energy 𝐺𝐼 = 0.09Nmm−1. This constitutive
parameters are slightly different from the experimental ones: 𝐸 = 25.85GPa; 𝜈 = 0.18; 𝑠0 = 2.7MPa; 𝐺𝐼 = 0.065Nmm−1.

The numerical results were carried with quadratic stress field (HEE2), cubic stress field (HEE3) and quartic stress field (HEE4)
with the mesh plotted in Fig.11 b, for which domain was discretized in 1872 quadratic elements and 8571 nodes, in 1872 cubic
elements and 11428 nodes and in 1872 quartic elements and 14285 nodes. Moreover, the numerical simulation was performed
with the finer mesh plotted Fig.11c with 4400 quadratic elements and 19065 nodes.

The responses of the four numerical analyses carried out for the LSCP are plotted in Fig.12 in terms of imposed displacement
𝑢 and reaction force 𝐹 and are compared to the experimental data reported in Ref.70. The lower values of the post peak load
in the numerical prediction, respect to the experimental load, could be due to aggregate interlock, which could be approached
by an elastic-plastic-damage model. A more accurate response could also be modelled with a richer damage softening curve,
such as a bilinear one. The labels a and b in this figure respectively point out the condition of maximum load and the solution at
vertical displacements 𝑢 = 0.4mm. The colour contour maps of the maximum principal stress, at the loading conditions a and b
reported in the graph in Fig.12, given as results of the finite element simulation with quadratic elements (HEE2) and with Mesh
1, are respectively plotted in Figs.13a and b. The colour contour of the maximum principal stress carried out with quadratic
elements and with Mesh 2 are respectively plotted in Figs.13c and d. These stress maps are plotted in the deformed configuration
and they show almost coincident results, both in terms of stress and in terms of crack path. Moreover, it is noteworthy that the



17

0 0.08 0.16 0.24 0.32 0.4
displ. u [mm]

0
20

40
60

80
1
00

L
oa

d 
F

 [
K
N
]

Mesh 1
Mesh 2
LEFM

a

b

FIGURE 8 Numerical responses of the single edge cracked 3PBT with the meshes plotted in Figs. 8a, b, in terms of imposed
displacement 𝑢 and reaction force 𝐹 . The numerical results are compared to the theoretical maximum carrying load, calculated
by the theoretic formulation of Linear Elastic Fracture Mechanics (LEFM) in Ref.67. The labels a and b point out the loading
conditions corresponding to vertical displacements 𝑢 = 0.14mm and 𝑢 = 0.28mm.
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FIGURE 9 Contour of the maximum principal stress carried out by the numerical simulation of the 3PBT with the mesh with
vertical sides in Fig.7b, at two loading conditions: a) vertical displacement 𝑢 = 0.14mm; b) vertical displacement 𝑢 = 0.28mm

crack paths represented in these figures overlap area of crack experimentally observed and highlighted in Fig.11a. The results
of this test show also a remarkable low influence of the element size.

5.3 Single-edge notched concrete beam
The third numerical simulation regards the propagation of a crack into the Single-Edge Notched concrete Beam (SENB), whose
set-up, sizes and boundary conditions are represented in Fig.14, whereas the results of the experimental tests are given in Ref.73.
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FIGURE 10 Contour of the maximum principal stress carried out by the numerical simulation of the 3PBT with the mesh without
vertical sides in Fig.7c, at two loading conditions: a) vertical displacement 𝑢 = 0.14mm; b) vertical displacement 𝑢 = 0.28mm

a) b) c)

FIGURE 11 a) Set-up and sizes of the L-shaped concrete panel. The zone in dark grey highlights the region where crack is
experimentally observed70. Thickness is 𝑡 = 100mm. b) Mesh 1. c) Mesh 2.

The area zone where crack experimentally develops is highlighted in dark grey. Thickness of specimen is 𝑡 = 50mm and the
constitutive parameters are: Young’s modulus𝐸 = 38GPa; Poisson’s ratio 𝜈 = 0.18; tensile strength 𝑠0 = 3MPa; fracture energy
𝐺𝐼 = 0.069Nmm−1. The left hand side of the concrete beam is irrelevant from the mechanical point of view, being subjected
to neither loads nor boundaries, and it is neglected in the domain discretization. The area of the concrete beam discretized in
HEE is coloured in light grey in Fig. 14.

The SENB fracture problem was analysed in Ref.54 in a discontinuous Galerkin finite element formulation (DGM) coupled
with rigid-cohesive interface modelled at all the inter-element sides, in Ref.74 by XFEM approach and in Ref.69 through a
nonlocal peridynamic approach.

The numerical simulation was performed under plane stress conditions with quadratic stress field (HEE2) and the load level
was governed by the arclength control of the crack opening displacement (CMOD). Two meshes were employed: a coarse one
with 2720 elements and 12432 nodes; a finer mesh with 5640 elements and 25656 node.
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FIGURE 12 Numerical responses of the LSCP, in terms of imposed displacement 𝑢 and reaction force 𝐹 . The numerical results
are compared to the experimental data reported in Ref.70. The labels a and b point out respectively the maximum load conditions
and the loading condition corresponding to vertical displacement 𝑢 = 0.4mm.

The responses of the numerical analyses of SENB carried out with the two meshes are plotted in Fig.15 in terms of CMOD and
force 𝐹 . The numerical results are compared to the experimental data reported in Ref.73 and to others numerical solutions54,74,69.
The labels a and b point out respectively the maximum load conditions and the loading condition corresponding to CMOD value
of 0.15mm.

The colour contour maps of maximum principal stress, at the loading conditions a and b reported in the graph of Fig.15, given
as results of the finite element simulation with quadratic elements (HEE2) with Mesh 1, are respectively plotted in Figs.16a and
b. The maps of maximum principal stress carried out with Mesh 2 are respectively plotted in Figs.16c and d. These maps of stress
are plotted in the deformed configuration and they show almost coincident results, both in terms of stress and in terms of crack
path. Moreover, it is noteworthy that the crack paths numerically represented in the Figures overlap area of crack experimentally
observed and highlighted in Fig.14.

6 CONCLUSIONS

The paper proposes an approach for modelling a crack propagation at the inter-element interface of Hybrid Equilibrium Elements,
which is not affected by mesh dependency neither in terms of size, nor in terms of side orientation. The HEE formulation gives a
solution of the two-dimensional elasto-static problems, which strongly satisfy the continuum equilibrium equations in the whole
domain and makes it possible to implicitly embed an extrinsic interface at every element side with neither additional degrees
of freedom nor addition nodes. Interface is embedded only at sides where crack growth criterion is attained and is modelled
by an extrinsic cohesive model, developed in the rigorous thermodynamic framework of damage mechanics, which produces
a bilinear traction separation law with initially rigid behaviour. The crack growth criterion is based on the maximum principal
stress rule with direction of propagation orthogonal to the principal stress direction, which generally does not coincides to any
element side. The last issue requires the remeshing of the elements ahead the crack tip with an adaptive orientation of the element
sides to the direction of crack propagation. An extrinsic interface is eventually embedded to the element side aligned to the
crack growth direction. The direction of propagation of the embedded crack in a HEE is fixed at its activation and is no longer
amended thereafter.

A modified crack growth criterion is also proposed in order to overcome the numerical instability encountered in the direction
of crack propagation and arising from the state of stress at the crack tip of the cohesive zone. In fact, due to the increase of
the second principal stress, an almost hydrostatic state of stress at the crack tip of the cohesive zone generates uncertainty and
instability in the direction of crack propagation. The proposed modified crack growth criterion assumes as angle of the direction
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LC b, mesh 1
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FIGURE 13 Contour of maximum principal stress carried out by the numerical simulation of the LSCP with mesh 1 and with
mesh 2, at the two loading conditions (LCs a and b) pointed out in Fig.12

of propagation a weighted value between the angle of the previous branch of crack and the angle of the maximum principal
stress. The weight parameter is given as a function of the two principal stresses.

The proposed HEE formulation, with embedded extrinsic interface and remeshing with adaptive orientation of the element
sides have been implemented in a finite element code and the numerical simulations of three well known crack propagation
problems have been carried out with different mesh sizes, mesh orientations and stress orders. The numerical results clearly
shows that numerical solutions of crack propagation problems are not significantly affected by a mesh dependency both in
terms of crack path and load-displacement response. However, the problem of the maximum size of element that can be used
with a sufficiently good approximation of stress field and overall non-linear response is not faced in the present paper and is
considered a relevant aspect for future insights. The numerical results are compared to experimental data and to the numerical
results obtained by different approaches already available in literature, showing very good agreement.

Future developments of the proposed model could be: the modelling of frictionless and frictional contact under crack closing
and the formulation of the HEE for the dynamic analysis of crack and fragmentation problems.



21

FIGURE 14 Set-up and sizes of the single-edge notched concrete beam. The zone in dark grey highlights the region where
crack is experimentally observed73. The light grey area is discretized in HEE. Thickness is 𝑡 = 50mm.
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FIGURE 15 Numerical responses of the SENB, in terms of CMOD and force 𝐹 . The numerical results are compared to the
experimental data reported in Ref.73 and to others numerical solutions54,74,69. The labels a and b point out respectively the
maximum load conditions and the loading condition corresponding to CMOD value of 0.15mm.

APPENDIX

A HIGH-ORDER STATIC COEFFICIENT MATRICES

The two-dimensional stress components are defined as functions of the Cartesian coordinates in Eqs.(2-4) for the quadratic
formulation and are represented in Eq.(5) in the Voigt notation. The element stress modelling matrix S𝑒(x) and the vector a𝑒 of
the generalized stress variables for the quadratic formulation (𝑛𝑠 = 2, 𝑛𝑎 = 12) are

S𝑒(x) =
⎡

⎢

⎢

⎣

1 𝑦 𝑦2 0 0 0 0 0 −𝑥 −𝑥2∕2 0 −2𝑥𝑦
0 0 0 1 𝑥 𝑥2 0 −𝑦 0 −𝑦2∕2 −2𝑥𝑦 0
0 0 0 0 0 0 1 𝑥 𝑦 𝑥𝑦 𝑥2 𝑦2

⎤

⎥

⎥

⎦

(A1)

a𝑒 =
[

𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑎7 𝑎8 𝑎9 𝑎10 𝑎11 𝑎12
]𝑇 , (A2)
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FIGURE 16 Contour of maximum principal stress carried out by the numerical simulation of the SENB with mesh 1 and with
mesh 2, at the two loading conditions (LC a and b) pointed out in Fig.15

for the cubic formulation (𝑛𝑠 = 3, 𝑛𝑎 = 18), and

S𝑒(x) =
⎡

⎢

⎢

⎣

1 𝑦 𝑦2 𝑦3 0 0 0 0 0 0 −𝑥 −𝑥2∕2 0 −2𝑥𝑦 −𝑥3∕3 −𝑥2𝑦 0 −3𝑥𝑦2

0 0 0 0 1 𝑥 𝑥2 𝑥3 0 −𝑦 0 −𝑦2∕2 −2𝑥𝑦 0 −𝑥𝑦2 −𝑦3∕3 −3𝑥2𝑦 0
0 0 0 0 0 0 0 0 1 𝑥 𝑦 𝑥𝑦 𝑥2 𝑦2 𝑥2𝑦 𝑥𝑦2 𝑥3 𝑦3

⎤

⎥

⎥

⎦

(A3)

a𝑒 =
[

𝑎1 𝑎2 𝑎3 ... 𝑎16 𝑎17 𝑎18,
]𝑇 (A4)

and for the quartic formulation (𝑛𝑠 = 4, 𝑛𝑎 = 25)

S𝑒(x) =
⎡

⎢

⎢

⎣

1 𝑦 𝑦2 𝑦3 𝑦4 0 0 0 0 0 0 0 −𝑥 −𝑥2∕2 0 −2𝑥𝑦 −𝑥3∕3
0 0 0 0 0 1 𝑥 𝑥2 𝑥3 𝑥4 0 −𝑦 0 −𝑦2∕2 −2𝑥𝑦 0 −𝑥𝑦2

0 0 0 0 0 0 0 0 0 0 1 𝑥 𝑦 𝑥𝑦 𝑥2 𝑦2 𝑥2𝑦
−𝑥2𝑦 0 −3𝑥𝑦2 −𝑥4∕4 −2∕3𝑥3𝑦 −3∕2𝑥2𝑦2 0 −4𝑦3𝑥
−𝑦3∕3 −3𝑥2𝑦 0 −3∕2𝑥2𝑦2 −2∕3𝑦3𝑥 −𝑦4∕4 −4𝑥3𝑦 0
𝑥𝑦2 𝑥3 𝑦3 𝑥3𝑦 𝑥2𝑦2 𝑥𝑦3 𝑥4 𝑦4

⎤

⎥

⎥

⎦

(A5)

a𝑒 =
[

𝑎1 𝑎2 𝑎3 ... 𝑎23 𝑎24 𝑎25,
]𝑇 . (A6)
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